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Abstract

We study the licensing of a quality-improving innovation in a duopoly model

with heterogeneous consumers. Firms compete in prices facing a logit de-

mand framework. The innovator is an outsider to the market and sells

licenses via up front fee (determined in an auction), royalty or their com-

bination. We show that if the market is covered then irrespective of the

magnitude of the innovation both firms acquire the new technology and pay

positive royalty and zero up front fee. The increase in social welfare due

to the innovation is totally extracted by the innovator. For the uncovered

market case we show that if the consumer heterogeneity is sufficiently high

then again both firms become licensees. The licensees pay positive royalty

and zero up front fee -if the value of an outside alternative option is low- and

both positive royalty and positive up front fee -if the value of the outside

alternative option is high.
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1 Introduction

Licensing is one of the most frequently used methods of technology transfer in

modern industries. The analysis of optimal patent licensing was initiated by

Arrow (1962) who compared the revenues an innovator obtains from selling a

cost-reducing innovation in a perfectly competitive industry and in a monopolistic

industry. He showed that when only a per unit royalty is charged, the former

industry generates a higher revenue than the latter. Subsequently, Katz and

Shapiro (1985, 1986), Kamien and Tauman (1984, 1986) and Kamien, Oren and

Tauman (1992) compared the licensing policies of upfront fee, auction and royalty

for the oligopoly case and showed the superiority of the first two policies over the

third.

Empirical evidence from licensing contracts however shows1 that royalty is

used in reality much more often than the early theoretical models predicted.

Subsequent studies made an attempt to bridge this gap. These studies include

models with an incumbent innovator (Wang 1998, Kamien and Tauman 2000)

differentiated products (Muto 1993, Fauli-Oller and Sandonis 2002, Wang 2002,

Poddar and Sinha 2004), asymmetric information (Gallini & Wright 1990, Beggs

1992), strategic delegation (Saracho 2002), risk aversion (Bousquet et.al 1988),

moral hazard (Choi 2001), Stackelberg leadership (Filippini 2005) etc.

Most of the patent licensing literature has dealt with the licensing of process

innovations. Kamien et.al (1988) and Lemarie (2005) are two exceptions. The

first paper focuses on the licensing of a new product and the second on the

licensing of a demand-enhancing innovation.2 As a matter of fact though, quality-

improving (or product) innovations constitute the majority of innovations in quite

a few industries (Lunn 1986, Petsas and Gianikos 2005 provide relevant empirical

evidence). Unlike a cost-reducing, a quality-improving innovation affects directly

consumers’ preferences and their willingness to purchase a product. However,

such an innovation has an effect on the cost structure as well. The production cost

of a higher quality product could be either higher or lower than the pre-innovation

cost. In the latter case the innovation can be classified as quality-improving and
1Subsection 3.3.1 provides a list of relevant empirical analyses.
2A detailed discussion of these papers appears in Section 4.
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cost-reducing at the same time.

In this paper we analyze the licensing of an innovation that improves the

quality of a product and also affects its marginal cost. We focus on a model

where consumers’ preferences depend on the quality level of a product and on

an idiosyncratic random term. The random term captures the effect of unknown

characteristics -other than the quality- that affect consumers choices. We assume

that the random term has a double exponential distribution, giving rise to the

logit demand framework. We analyze a duopoly where firms compete in prices

with exogenously determined pre-innovation quality levels. The innovator sells his

technology either exclusively to one firm or to both. His licensing strategy consists

of up front fee, royalty or their combination –where the fee is determined in an

auction. We determine the optimal licensing strategy for both cases of a covered

and an uncovered market under the assumption that each licensee produces only

the high quality product.

For the covered market case, i.e, for the case where in equilibrium all con-

sumers purchase a product, we show that irrespective of the magnitude of the

innovation the innovator maximizes his revenues when he sells a license to both

firms. Furthermore, the optimal combination of fee and royalty is obtained when

the innovator charges only royalty and zero fee. Under the optimal licensing

strategy, consumers obtain higher quality products but pay higher prices relative

to the pre-innovation case and their total surplus remains unchanged. Firms’ net

profit is unchanged too and all the increase in social surplus is extracted by the

innovator.

For the uncovered market case we assume the existence of an outside alter-

native (a no-purchase option) with random utility. We show that if the variance

of consumers’ preferences is sufficiently large then again the new technology is

fully disseminated. The optimal combination of fee and royalty depends now on

the evaluation of the outside alternative. If the evaluation is sufficiently low, the

optimal combination includes only royalty and no fee. Otherwise, it includes both

royalty and fee.

The structure of the paper is as follows. Section 2 deals with the covered

market case. Sections 2.1 and 2.2 present the logit model and its price equilibrium.
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Section 2.3 analyzes the optimal licensing policy and its welfare implications.

Section 3 extends the analysis to the uncovered market case. Sections 3.1 and 3.2

present the model and its price equilibrium and Section 3.3 analyzes the optimal

licensing strategy of the innovator. Section 4 discusses the relation of our work

to the literature and Section 5 provides concluding remarks. The proofs of most

of our results appear in the Appendix.

2 The covered market case

2.1 The Model

Consider an industry with two firms, a finite number of consumers and an outside

innovator (an independent research lab). Let M = {1, 2} denote the set of firms.

Firm i produces a product of quality si, i ∈ M . The marginal cost of production

is independent of the quantity produced. However, it depends on the quality

level of the product. The marginal cost of producing the product of quality si is

denoted by3 ci = c(si). Given any two quality levels, the two firms compete in

prices.

There are N consumers each one purchasing one or zero units of one product.

Consumer m’s evaluation for the product of firm i is given by

Vmi = y + θsi − pi + εmi

where y is the income of the consumer, θ is the marginal valuation of quality

(common for all consumers), pi is the price charged by firm i and εmi is a random

term distributed according to the double exponential distribution

F (x) = Pr(εmi ≤ x) = exp {− exp−[(x/µ) + γ]}

where γ and µ are positive constants and i ∈ M . The random variables εmi

are independent across both products and consumers, namely for every consumer

m, εm1 and εm2 are mutually independent and for every product i consumers

obtain independent signals ε1i, ε2i, ..., εNi. The mean and variance of εmi are

given respectively by E(εmi) = 0 and V ar(εmi) = µ2π2/6, for all m and i (see
3Our analysis holds also for the case where c(.) does not depend on si.
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Anderson et.al 1992). Hence, the parameter µ is a measure of the dispersion of

consumers’ preferences and expresses the degree of horizontal differentiation in

the market.

Consumer m observes the realization of εmi, i = 1, 2 and selects the product

which maximizes his net utility. The probability that consumer m will select

product i is Prob(Vmi ≥ Vmj), i 6= j, i, j ∈ M . In the absence of an outside

alternative, and if y is sufficiently large, the market is covered and the expected

demand of firm i ∈ M is given by the following logit formula (see Anderson et.al

1992)

di(pi, pj) = N
exp [(θsi − pi)/µ]∑

j∈M
exp [(θsj − pj)/µ]

(1)

The innovator -who is not one of the firms- is a provider of a quality-improving

innovation. His only source of income is the revenue he obtains from selling

licenses to the firms for the use of the innovation. The innovator’s choice variables

are the number of licenses to sell and the form of the licensing policy.

The licensing policies

We consider three licensing policies or strategies: (i) the auction only strategy;

(ii) the royalty only strategy; (iii) the combination of the two. Let us describe

each one of these.

(i) The innovator sells one or two licenses via a first-price auction. If he

auctions off one license, the highest bidder wins the license and pays up front its

bid as fee. Ties are resolved randomly. If the innovator auctions off two licenses,

he sets a minimum bid as without it both firms would bid a zero amount and still

win the licenses. We focus on the auction policy and not to the (more classical)

policy where the fee is set directly by the innovator, as under the former policy

the innovator extracts a revenue which is either equal or higher than the revenue

he extracts under the latter policy.

More precisely, when an exclusive license is sold the revenue the innovator

obtains under the auction mechanism is strictly higher than the revenue under

the pre-determined fee mechanism. This happens because the opportunity cost

of the exclusive licensee differs under the two scenarios. Under the auction, the
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opportunity cost is the profit of a non-licensee when its opponent uses the new

technology while under the pre-determined fee policy, the opportunity cost is the

profit of a non-licensee when its opponent uses the old technology.4

If the innovator auctions off two licenses both firms will win for a zero bid,

unless a minimum reservation bid is imposed. This is equivalent to setting a

pre-determined fee which induces both firms to acquire a license. Hence when

two licenses are sold, the two methods (auction with a minimum bid and pre-

determined fee) are equivalent. To unify the two we will assume that the innovator

auctions off either an exclusive license or two licenses with a minimum bid.

(ii) The innovator sells either one or two licenses charging each licensee a per-

unit of production royalty. If he chooses to sell one license only and both firms are

willing to pay the announced royalty, the licensee is determined at random. If two

licenses are sold, any firm that is willing to pay the royalty becomes a licensee.

The royalty charges are paid after the market competition. We note that we

slightly depart from other studies in the literature where it is usually assumed

that the innovator does not choose the number of licensees but only announces

the rate of royalty (and allows any firm that wishes to acquire a license to do so).

(iii) The innovator first announces a per-unit royalty and then auctions off

one or two licenses. If one license is auctioned off, the highest bidder wins and

pays up front its bid as fee. Ties are resolved randomly. If the innovator auctions

off two licenses, he sets a minimum bid. Each firm that places a bid at least as

high as the minimum bid becomes a licensee. After the market competition each

licensee pays the royalty charge. We focus on the auction plus royalty for the

same reason described for strategy (i).

Description of the interaction

The interaction between the innovator and the firms depends on the licensing

strategy chosen by the innovator. Let us start with the most general strategy,

namely strategy (iii).

At the first stage of the interaction the innovator announces a per unit royalty
4Katz and Shapiro (1985) observed first the superiority of the flat auction policy over the pre-

determined fee policy and Liao and Sen (2005) extended their result to the case where royalties

are included also in the policy.
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rate r ≥ 0 and a number k of licenses, k ∈ {1, 2}, to be auctioned off. In the

specific case where k = 2 he also announces a minimum reservation bid5 β. At the

second stage, and after the announcement of the first stage becomes commonly

known, the two firms place bids simultaneously. A negative bid means no purchase

of a license. The allocation of licenses is then determined: if k = 1, the highest

bidder wins the license and pays the innovator upfront its bid. Ties are resolved

at random. If k = 2, a firm obtains a license if and only if its bid is not below β.

At the last stage, and after the outcome of the previous stage becomes commonly

known, the two firms engage in a simultaneous price competition. Each licensee

i then pays the innovator the royalty charge rqi where qi is the number of units

licensee i produces. The first two stages constitute the licensing stages of the

interaction and the last stage constitutes the price stage of the interaction.

If the innovator uses strategy (i), i.e., the auction only strategy, the interaction

is described as above but for r = 0. Finally, if strategy (ii) is used the game is

the following. At the first stage the innovator chooses the number of licenses

k ∈ {1, 2} and a per-unit of royalty r ≥ 0. At the second stage, and after the

announcement of the first stage becomes commonly known, the two firms decide

simultaneously whether to pay or not the royalty announced. If k = 1 and both

firms are willing to pay r the winner is determined at random. If k = 2 any firm

that is willing to pay the announced royalty becomes a licensee. Finally, the last

stage is as in strategy (iii).

In the next section we analyze the price stage of the interaction for arbitrary

quality levels.

2.2 The price stage

Let

xi = exp[(θsi − pi)/µ], i ∈ M (2)

By (1) and (2) the demand functions of the two firms are

d1(p1, p2) = N
x1

x1 + x2
, d2(p1, p2) = N

x2

x1 + x2
(3)

5The case where the two firms are charged different royalties and fees is also possible.
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Denote by

λ1(p1, p2) =
x1

x1 + x2
=

d1

d1 + d2
, (4)

the proportion of consumers buying product 1. The payoff of firm 1 is

π1(p1, p2) = N [p1 − c(s1)]λ1(p1, p2) (5)

By (2)− (5)

∂π1(p1, p2)
∂p1

≥ 0 ⇔ p1 − c(s1) ≤ µ
x1 + x2

x2

By (2) x1 is decreasing in p1 and limp1→∞ x1 = 0. Thus for every p2 the (unique)

maximizer of π1(p1, p2) is given by

p1 = c(s1) + µ
x1 + x2

x2
(6)

Similarly, for every p1 the (unique) maximizer of π2(p1, p2) is

p2 = c(s2) + µ
x1 + x2

x1
(7)

Let p1(s1, s2) and p2(s1, s2) be the (unique) solution of (6) and (7) (see Anderson

et.al 1992). By (2)− (7) the equilibrium profits are

π1(s1, s2) = µN
x1(s1, s2)
x2(s1, s2)

π2(s1, s2) = µN
x2(s1, s2)
x1(s1, s2)

}
(8)

where (by (2))

x1(s1, s2) = exp[(θs1 − p1(s1, s2))/µ]

x2(s1, s2) = exp[(θs2 − p2(s1, s2))/µ]

}
(9)

are evaluated at the solution of (6) and (7). We note that we can also express

the equilibrium profit of firm i as (see Anderson and de Palma 2001)

πi(s1, s2) = N [pi(s1, s2)− c(si)− µ], i ∈ M (10)

In the symmetric case s1 = s2 = s we have

pi(s, s) = c(s) + 2µ, di = N/2, πi(s, s) = µN, i ∈ M (11)
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Lemma 1. π1(s1, s2) > π2(s1, s2) ⇔ θs1 − c(s1) > θs2 − c(s2).

Proof. This is Proposition 1 of Anderson and de Palma (2001).

By Lemma 1, the profit of firm 1 is higher than the profit of firm 2 if and only if

the quality-marginal cost differential of firm 1 (i.e., the difference θs1 − c(s1)) is

higher than that of firm 2.

Assume that prior to the innovation the two firms produce products of identical

quality s. The innovation raises the quality from s to s∗. To guarantee that the

new quality level is profit-enhancing we assume that the quality-marginal cost

differential increases in quality, i.e.,

Assumption 1. θs′ − c(s′) > θs− c(s), ∀ s′ > s (A1)

The adoption of the innovation induces the following price equilibrium: if only one

firm, say firm 1, obtains access to the new technology the (unique) equilibrium

prices are6

p1 = c∗ + r + µ
x1 + x2

x2
, p2 = c + µ

x1 + x2

x1
(12)

where c∗ = c(s∗), c = c(s) and r ≥ 0 is the per unit royalty that firm 1 pays the

innovator. By (8) the equilibrium profits are

π1 = µN
x1

x2
, π2 = µN

x2

x1
(13)

Note that x1 and x2 depend on r (through (9) and (12)). If both firms have

access to the new technology the (unique) equilibrium prices are

p1 = p2 = c∗ + r + 2µ

where r ≥ 0 is a non-discriminatory per unit royalty that each one of the firms

pays the innovator.

Since the market is covered, the operating profit of each firm when both firms

produce the quality s or both produce the new quality s∗ is µN . Nevertheless, if

firms would have free access to the new technology both of them would produce

the high quality product:7 the profit of a deviant firm would be lower given that

its opponent produces the high quality product.
6For simplicity, we drop the arguments s1, s2 from the equilibrium values of pi(.) and xi(.).
7This is different, for instance, from a pure vertical differentiation model where firms are

better-off differentiating in terms of quality (see Tirole 1988).
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2.3 The licensing stages

Let Gf , Gr and Gfr denote the games induced by the three licensing strategies

described in section 2.1 (where f stands for fee, r for royalty and fr for their

combination). We analyze all three games by backwards induction.

2.3.1 The auction strategy

Under the auction strategy the innovator announces the auctioning of k licenses,

k ∈ {1, 2}. If k = 2 he also announces a minimum bid β. Consider the biding

stage (i.e., the second stage) of the interaction. Let us denote by Gf (1) and

Gf (2, β) the sub-games of Gf the correspond to the announcements k = 1 and

k = 2 respectively. In Gf (1) the maximum amount, α, a firm is willing to bid for

the exclusive license is the difference between its profit as the exclusive user of

the new technology and its profit when the opponent is the exclusive user of the

new technology, i.e.,

α = π1(s∗, s)− π1(s, s∗).

The competition between the two firms for the exclusive license results in a unique

equilibrium where both firms bid α. Consider next the game Gf (2, β). The

maximum amount, β, a firm is willing to bid for a non-exclusive license is equal

to the difference between its profit when both firms use the new technology and

its profit if the opponent only uses the new technology, i.e.,

β = π1(s∗, s∗)− π1(s, s∗)

Given that no firm is willing to pay above β, we focus on Gf (2, β) for the case

β = β. The following hold in the bidding stage of the induced game.

Remark 1. The game Gf (2, β) has two bidding equilibria. In the first equilibrium

both firms bid β and become licensees. In the second, firm i bids β and firm j

bids (anything) below β; firm i only becomes licensee.

Proof. Appears in the Appendix.

Consider now the first stage of the game where the innovator decides on the

number of licenses to sell, i.e., he decides which of the two sub-games to induce.

10



Proposition 1 below shows that the innovator’s revenue in Gf (1) is always higher

than his revenue in Gf (2, β).8

Proposition 1. The game Gf has a unique sub-game perfect equilibrium out-

come. It satisfies the following.

(i) The innovator sells an exclusive license irrespective of the magnitude s∗ of the

innovation and obtains the amount α.

(ii) The revenues of the innovator increase in s∗.

(iii) The post-innovation operating profit of each firm is lower than its pre-

innovation profit.

Proof. Appears in the Appendix.9

Note the different impact of the auction policy in our model as compared with

the standard model of a cost-reducing innovation in a Cournot duopoly with

homogeneous goods (see for example Kamien and Tauman 1986). In the latter

case the innovator auctions off an exclusive license only if the innovation is suffi-

ciently significant. In our model, instead, the innovator sells an exclusive license

irrespective of the magnitude of the innovation.

To shed a light on this difference observe that in both models the equilibrium

bid for an exclusive license is higher than the equilibrium bid for a non-exclusive

license. Further, in both models the difference between these two bids increases

in the magnitude of the innovation. But while in the Cournot model the licensee’s

profit (which determines the bid) increases with the magnitude of the innovation,

the profit in the logit model when both firms produce the high quality product

is independent of the magnitude of the innovation. This results from the cov-

ered market assumption. Hence under the auction strategy, the incentive of the

innovator to sell two licenses in the Cournot model is higher than in the logit

model.
8This holds irrespective of the bidding equilibrium played in Gf (2, β).
9Note that we do not obtain uniqueness of a sub-game perfect equilibrium in Gf but just

uniqueness of a sub-game perfect equilibrium outcome: off the equilibrium path of Gf there are

multiple bids as Remark 1 shows.
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2.3.2 The royalty strategy

Consider next the royalty strategy where a licensee firm has to pay the innova-

tor a certain royalty rate per unit of its production. We analyze the case of an

equilibrium where the innovator, when selling two licenses, treats the two firms

symmetrically and charges both of them the same royalty r. In the next section

we analyze also the non-symmetric case where the two firms are offered differ-

ent royalty rates. Clearly, in both the symmetric and non-symmetric cases, off

equilibrium non-symmetric paths should be considered.

To analyze the off-equilibrium asymmetry, let π1(r1, r2) and π2(r1, r2) denote

the equilibrium profits of firm 1 and 2 respectively when the two firms produce

the high quality product and pay per-unit royalties r1 and r2, respectively. We

use the notation, ri = −, to indicate that firm i is not a licensee, namely πi(r1,−)

is the profit of firm i, i = 1, 2, when firm 1 is the exclusive licensee and pays the

royalty r1. The terms πi(−, r2) and πi(−,−) are similarly defined. We use the

same convention to denote the equilibrium prices and demands.

Consider the second stage of the royalty game Gr where each firm decides

which announced royalty rates to accept and which ones to reject.

Lemma 2. Consider the game Gr and let r̄ = θ(s∗ − s) − (c∗ − c). Irrespective

of the decision of its opponent, a firm is willing to pay a royalty r if r ≤ r̄ and it

is not willing to pay r if r > r̄.

Proof. Appears in the Appendix.

The intuition behind Lemma 2 is as follows. The profit of each firm is an increas-

ing function of its quality-marginal cost differential. When a firm uses the new

technology and pays a royalty r its quality-marginal cost differential changes from

θs−c to θs∗−c∗−r. Hence the maximum royalty the innovator can charge cannot

exceed the difference θs∗ − θs− c∗ + c. Note that Lemma 2 has a counterpart in

the cost-reducing licensing literature, namely the royalty rate cannot exceed the

reduction in the marginal cost.10

For the particular case where the royalty charged is r = r̄, the following also

hold.
10We thank an anonymous referee for pointing out this fact to us.
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Lemma 3. π1(r̄,−) = π1(−, r̄) = π1(r̄, r̄) = π1(−,−).

Proof of Lemma 3. Suppose that firm 1 is the only licensee paying the innovator

the per unit royalty r̄. The quality-marginal cost differential of firm 1 is θs∗ −

(c∗+ r̄) while that of firm 2 is θs−c. By the definition of r̄, θs∗−(c∗+ r̄) = θs−c,

namely the two firms have the same quality-marginal cost differential. By Lemma

1 this implies that two firms have the same profit,

π1(r̄,−) = π2(r̄,−) = π1(−, r̄)

By (13) this implies that x1 = x2 and hence π1(r̄,−) = µN. Further, notice that

π1(r̄, r̄) = µN = π1(r̄,−)

Finally by (11), π1(−,−) = π1(s, s) = µN.

Corollary 1. If the innovator charges the per unit royalty r̄, each firm is indif-

ferent between acquiring a license or not independently of the number of licenses

sold.

We next describe the actions of the innovator in the first stage of Gr. Consider

first the case k = 1. The revenue function of the innovator in this case is R1(r) =

rd1(r,−) and it is maximized with respect to r under the constraint r ≤ r̄. Note

that the equilibrium prices and demands in the logit model when firms are not

cost-symmetric have no closed-form solutions. To deal with this we need Lemmas

4 and 5 below. First, consider the function

f(r) = µ
(x1 + x2)(x2

1 + x2
2 + x1x2)

x1x2
2

.

where x1 and x2 depend on r (see (2) and (12)).

Lemma 4. f has a unique fixed point, r̂.

Lemma 5. The function R1(r) = rd1(r,−) is maximized at the fixed point of f .

The proof of Lemmas 4 and 5 appears in the Appendix. By Lemmas 2 and 5

an exclusive license is sold for the royalty r∗ = min{r̄, r̂}. The next Lemma

characterizes the relation between the two rates r̄ and r̂.
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Lemma 6. Consider the game Gr and let k = 1. The optimal royalty rate for

the innovator is r∗ = r̄ if µ >
r̄

6
and r∗ = r̂, otherwise. The innovator obtains

the amount

R1(r∗) =


r̄N/2, if µ > r̄/6

r̂N
x1

x1 + x2
, if µ ≤ r̄/6

Proof. Appears in the Appendix.

Consider next the case k = 2. The revenue function of the innovator now is

R2(r) = 2rd1(r, r) which is maximized over r ≤ r̄.

Lemma 7. Consider the game Gr and let k = 2. The optimal royalty rate for

the innovator is r∗ = r̄. The innovator obtains the amount R2(r̄) = r̄N.

Proof. When the innovator offers two licenses for a per unit royalty r, both firms

set the price p = c∗ + r + 2µ and split the market, i.e., equilibrium demands are

d1(r, r) = d2(r, r) = N/2. The revenue of the innovator is R2(r) = rN which is

strictly increasing in r. Hence, by Lemma 2 and Corollary 1 the optimal royalty

is r̄ and the innovator extracts the amount r̄N .

We are now ready to characterize the symmetric equilibrium outcome of Gr.

Proposition 2. The game Gr has a unique symmetric sub-game perfect equilib-

rium outcome. It satisfies the following.

(i) The innovator sells two licenses, charges the royalty r̄ and obtains the revenue

r̄N.

(ii) The post-innovation operating profits of the two firms coincide with their

pre-innovation profits.

Proof. (i) By Lemma 6, when the innovator sells an exclusive license he obtains

R1(r∗) =


r̄N/2, if µ > r̄/6

r̂N
x1

x1 + x2
, if µ ≤ r̄/6

Irrespective of µ, R1(r∗) < r̄N (since for µ ≤ r̄

6
, r̂ ≤ r̄). If, on the other hand, he

sells two licenses his total revenue is R2(r̄) = r̄N . Hence R2(r̄) > R1(r∗).
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(ii) By assumption the market is covered with both the old and the new technol-

ogy. By the first part of the Proposition the two firms use the new technology

and pay the same royalty. Hence each one of the them obtains a profit equal to

µN as in the pre-innovation case (see (11)).

On the equilibrium path after the announcement k = 2 and r∗ = r̄, each

firm is indifferent between paying r̄ and becoming a licensee or not paying r̄.

Nevertheless, in any sub-game perfect equilibrium outcome both firms will agree

to pay r̄. Otherwise, if one or both firms refuse to do so, the innovator will obtain

at most r̄
N

2
. He will therefore be better-off slightly reducing r̄ to induce both

firms to pay the new royalty (by Lemma 2 firms are willing to do so) and extract

a revenue very close to r̄N (if the reduction in the royalty is sufficiently small).

Note finally that although Gr has a unique sub-game perfect equilibrium outcome,

it has multiple sub-game perfect equilibria. This is explained by Corollary 1 (for

example, following the off-equilibrium case where k = 1 and r = r̄ there are more

than one optimal firms’ decisions in stage 2).

Note that the royalty rate r̄ is, in fact, the increment in consumer’s expected eval-

uation resulted from the quality increase if the market were perfectly competitive.

To verify this, note that

Vm,s = y + θs− ps + εms

is the value a consumer assigns to a product of quality s, where its price is ps.

Hence

E(Vm,s∗ − Vm,s) = θ(s∗ − s)− (ps∗ − ps),

is the expected incremental value. In a perfectly competitive environment ps∗ =

c(s∗) and ps = c(s) and hence

E(Vm,s∗ − Vm,s) = θ(s∗ − s)− [c(s∗)− c(s)] = r̄.

2.3.3 The auction plus royalty strategy

Under this licensing strategy the innovator announces both the auctioning of a

number of licenses, k ∈ {1, 2}, and a royalty rate r ≥ 0. When k = 2 the innovator

also announces a minimum reservation bid β ≥ 0.
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Consider the second stage of the interaction. Let Gfr(1) and Gfr(2, β) denote

the sub-games corresponding to the cases of one and two licensees respectively.

Let us first analyze Gfr(1). The maximum amount, α(r), a firm is willing

to bid in this case is equal to the difference between its profit as the exclusive

licensee and its profit if its opponent is the exclusive licensee, i.e.,

α(r) = π1(r,−)− π1(−, r)

Clearly, in the unique biding equilibrium of Gfr(1) both firms place the bid α(r).

Consider next the game Gfr(2, β). The maximum bid, β(r), a firm is willing to

pay for a non-exclusive license cannot exceed the difference between the profit of

a firm when both firms are licensees paying r and its profit when its opponent

only is a licensee, i.e.,

β(r) = π1(r, r)− π1(−, r)

Given the above, let us describe the equilibrium bidding strategies of the two

firms in Gfr(2, β) for β = β(r) and for any11 r ≤ r̄.

Lemma 8. Consider the game Gfr(2, β(r)). The following hold.

(i) If r < r̄, Gfr(2, β(r)) has a unique bidding equilibrium. Both firms bid β(r)

and become licensees.

(ii) If r = r̄, Gfr(2, β(r̄)) has three bidding equilibria. In the first, both firms bid

β(r̄) = 0 and become licensees. In the second, firm i bids β(r̄) = 0 and firm j

bids a negative amount; firm i only becomes licensee. In the third both firms bid

a negative amount and neither becomes licensee.

Proof. Follows by Lemmas 2, 3 and Corollary 1.

Consider now the first stage of the interaction. In Gfr(1) the revenue of the

innovator is R1(r) = α(r) + rN
x1

x1 + x2
which is maximized with respect to r

subject to the constraint r ≤ r̄.

Lemma 9. Consider the game Gfr(1). The optimal royalty rate for the innovator

is r∗ = 0. The innovator obtains the amount α(0).

Proof. Appears in the Appendix.
11The constraint r ≤ r̄ guarantees that β(r) ≥ 0. By Lemmas 2 and 3 , β(r) > 0 if and only

if r < r̄ and β(r̄) = 0.
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In Gfr(2, β(r)) the two firms use the new technology, pay the same royalty and

split the market. Hence, the revenue of the innovator is R2(r) = 2[β(r) + rN/2]

which is maximized with respect to r subject again to the constraint r ≤ r̄.

Lemma 10. Consider the game Gfr(2, β(r)). The optimal royalty rate for the

innovator is r∗ = r̄. The innovator obtains the amount r̄N.

Proof. Appears in the Appendix.

Given Lemmas 9 and 10, we can determine the equilibrium outcome of Gfr.

Proposition 3. The game Gfr has a unique sub-game perfect equilibrium out-

come. It satisfies the following.

(i) The innovator sells two licenses.

(ii) The equilibrium licensing strategy consists of the per unit royalty r̄ and zero

up front fee.

(iii) The licensing strategy described in (i)-(ii) is optimal even among all non-

symmetric strategies (where the innovator can charge different royalty rates).

Proof. Appears in the Appendix.12

As a corollary of Propositions 2 and 3, the innovator obtains in Gfr the same

payoff as in Gr. This, combined with Proposition 1, implies that the innovator

obtains a higher payoff in Gr than in Gf –irrespective of the size of the innova-

tion. Again this contrasts the results obtained for cost-reducing innovations in a

Cournot duopoly.

Part (iii) of Proposition 3 asserts that there is no loss of generality to consider

only the symmetric equilibrium. It is shown (in the Appendix) that the symmetric

contract where both firms are offered r = r̄ and β = 0 is optimal over all possible

pairs of contracts ((β
1
, r1), (β2

, r2)) and not only over the symmetric ones.

Finally, let us discuss the intuition behind Proposition 3. As a result of the

innovation, quality increases from s to s∗. Moreover, marginal cost changes from

c(s) to c(s∗). Even in the case where c(s∗) > c(s) the quality improvement effect

dominates the cost-increasing effect (i.e., the quality-marginal cost differential of
12As explained in the Appendix there can be no sub-game perfect equilibrium outcome of Gfr

where one or both firms reject to pay r̄.

17



each licensee increases). When two licenses are offered, the innovator extracts

from each licensee the difference between the profit of a firm when both firms

produce the high quality product and its profit when it unilaterally deviates

and produces the low quality product. The first profit depends neither on the

marginal cost nor on the per-unit royalty level since the market is covered (and

each firm obtains µN). The opportunity cost of a licensee (i.e, its profit when it

unilaterally deviates to the low quality product) has two properties: it increases

with the royalty level and decreases with the new quality. Since the latter effect

dominates the former effect, the innovator finds it optimal to charge each licensee

firm a high per-unit royalty and in turn to offer an up front compensation. As in

Shapiro (1985) (for a cost-reducing innovation in a homogeneous market) under

the non-negative up front fee constraint, the innovator charges a royalty that just

drives the up front fee to zero, i.e., he charges r̄.

Notice further that by charging r̄, the innovator fully extracts the total in-

cremental consumer surplus (as is shown below). If on the other hand, he sells

one license he charges zero royalty –as he wants to maximize the competitive ad-

vantage of the exclusive licensee. But a zero royalty strategy does not allow the

innovator to extract the entire consumer surplus. Hence, the strategy of selling

two licenses with royalty r̄ dominates the strategy of selling one license with zero

royalty.

2.3.4 Welfare implications of the optimal licensing strategy

By Proposition 3 both firms acquire a license, produce the new quality product

and pay the royalty r̄. The net profit of each one of them is π1(r̄, r̄) = π2(r̄, r̄) =

µN which is equal to the pre-innovation profit. Hence there is no change in

producers’ surplus. Consider next the effect of the optimal licensing policy on

consumers. For the logit model consumer surplus is given by (see Anderson et.al

1992)

CS(s1, s2) = µln

(
2∑

i=1

exp[
θsi − pi

µ
]

)

In the pre-innovation case, si = s and pi = c(s) + 2µ, i = 1, 2. Hence,
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CS(s, s) = µln

(
2 exp[

θs− c(s)− 2µ

µ
]
)

In the post-innovation case, si = s∗ and pi = c(s∗) + 2µ + r̄, i = 1, 2. Since

r̄ = θ(s∗−s)− [c(s∗)−c(s)] we have pi = θ(s∗−s)+c(s)+2µ, i = 1, 2. Therefore,

CS(s∗, s∗) = µln

(
2 exp[

θs− c(s)− 2µ

µ
]
)

= CS(s, s)

As a result of the innovation, consumers purchase a product of higher quality

but pay higher price. The royalty rate is such that the increase in quality is ex-

actly offset by the increase in price and, consequently, consumer surplus remains

unchanged. The innovator is the only party that strictly benefits from the inno-

vation as he extracts the amount R2(r̄) = r̄N . Hence, the innovation improves

total welfare by r̄N .

3 The uncovered market case

3.1 The Model

In this section we relax our previous assumption that all consumers will purchase

one of the products in the market. One way of relaxing this assumption is to add

in the model an outside alternative (a fictitious variant) which represents the no-

purchase option of the consumers.13 Each consumer will then have three options:

to purchase product 1 or product 2 or to take the outside option. Similarly to

the products of firms 1 and 2, the outside option has a random utility too. This

utility for consumer m is given by

Vm0 = y + V0 + εm0

where εm0 also follows a double exponential distribution and is independent of

εmi, i = 1, 2, m = 1, 2, .., N, where as in Section 2, the random term εmi corre-

sponds to the preference of consumer m for the product of firm i. When V0 = −∞

we are in the case where the market is covered. For the rest of the analysis we

assume that V0 > −∞. In this case the demand function of firm i ∈ M is (see
13See the discussion in Anderson et.al 1992, pg. 80 and pg. 229-236.
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Anderson et.al 1992)

di(pi, pj) = N
exp [(θsi − pi)/µ]

exp(V0/µ) +
∑

j∈M exp [(θsj − pj)/µ]

We will focus on the most general licensing strategy, namely the auction plus

royalty strategy (but we also provide a discussion on the royalty only strategy).

The interaction between the innovator and the firms is described by a game similar

to the one for the covered market case14 (see pages 6-7). In the next section we

analyze the price competition stage for arbitrary quality levels.

3.2 The price stage

As in Section 2.2 let

xi = exp [(θsi − pi)/µ] , i ∈ M.

The demand function of firm 1 is now

d1(p1, p2) = N
x1

exp(V0/µ) + x1 + x2

The demand function of firm 2 is similarly defined. It is easy to show15 that the

equilibrium prices are given by the unique solution of

p1 = c(s1) + µ
x1 + x2 + exp(V0/µ)

exp(V0/µ) + x2
(14)

and

p2 = c(s2) + µ
x1 + x2 + exp(V0/µ)

exp(V0/µ) + x1
(15)

Let p1(s1, s2), p2(s1, s2) be the unique solution of (2), (14) and (15) (see Anderson

et.al 1992). The equilibrium profits satisfy

π1(s1, s2) = µN
x1

exp(V0/µ) + x2

π2(s1, s2) = µN
x2

exp(V0/µ) + x1

14The only difference is that for the uncovered market we do not allow the innovator to offer

non-symmetric contracts. This is done for simplicity.
15The derivations are straightforward and are omitted.
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where xi = exp[(θsi − pi(s1, s2))/µ], i = 1, 2. In the symmetric case s1 = s2 = s

the firms set the same price, p, which is the unique solution of the equation

p = c(s) + µ
2x + exp(V0/µ)
exp(V0/µ) + x

(16)

where

x = exp [(θs− p)/µ] (17)

Let p(s, s) denote the unique solution of (16) given (17). Note that there is no

closed-form solution for p(s, s) (unlike the covered market where for the symmetric

case s1 = s2 the equilibrium prices can be computed explicitly). The equilibrium

profits are given by

πi(s, s) = µN
x

exp(V0/µ) + x
i ∈ M

where x is evaluated at p(s, s).

Consider now a quality-improving innovation which, similarly to the covered

market case, raises quality from s to s∗. Suppose first that one license is sold,

say to firm 1, for royalty r. Then by (14) and (15) the equilibrium prices are the

solution of

p1 = c(s∗) + r + µ
x1 + x2 + exp(V0/µ)

exp(V0/µ) + x2
(18)

and

p2 = c(s) + µ
x1 + x2 + exp(V0/µ)

exp(V0/µ) + x1
(19)

When two licenses are sold for the same royalty r, then in equilibrium firms charge

the same price which is the unique solution of the equation

p = c(s∗) + r + µ
2x + exp(V0/µ)
exp(V0/µ) + x

(20)

Note that x1, x2 and x depend on r.

3.3 The licensing stages

As noted above, for the uncovered market we focus mainly on the auction plus

royalty policy. Let Gu
fr denote the corresponding game induced by this policy

(the superscript u stands for the uncovered market).
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3.3.1 The auction plus royalty strategy

Consider the second stage of Gu
fr. Let Gu

fr(1) and Gu
fr(2, β) denote the sub-games

of Gu
fr that correspond to the cases k = 1 and k = 2 respectively, where β denotes

again the minimum bid set when k = 2. Given a royalty level r ≥ 0, the maximum

amount a firm is willing to bid in Gu
fr(1) is

αu(r) = π1(r,−)− π1(−, r)

Again, both firms bidding α(r) constitutes the unique equilibrium of the bidding

stage. Consider next Gu
fr(2, β). Let16

βu(r) = π1(r, r)− π1(−, r)

The equilibrium bidding strategies of the two firms in Gu
fr(2, βu(r)) are as in

Gfr(2, β(r)) (see Lemma 8).

Consider now the first stage of the game. In Gu
fr(1) the innovator’s revenue

function is R1(r) = au(r) + rd1(r,−) which is maximized over r under the con-

straint17 r ≤ r̄.

Lemma 11. Consider the game Gu
fr(1). The optimal royalty rate for the inno-

vator is r∗ = 0. The innovator obtains the amount au(0).

Proof. Appears in the Appendix.

Notice that the optimal licensing strategies in Gu
fr(1) and in Gfr(1) are identical

(see Lemmas 9 and 11). However, the innovator obtains a lower payoff when the

market is uncovered: this is due to the competition that the outside alternative

poses on the firms.

In Gu
fr(2, β) the innovator sets the minimum bid β = βu(r). Note that while

in Gfr(2, β(r)) each firm sells N/2 units independently of r, in Gu
fr(2, βu(r)) the

outside alternative makes equilibrium demand depend negatively on r: given any

s∗, an increase in r makes the outside option relatively more attractive. For k = 2

the demand each licensee faces is

d(r, r) =
x

exp(V0/µ) + 2x
N < N/2

16The terms π1(r,−), π1(−, r) and π1(r, r) are defined as in Section 2.3.2. In Gu
fr these

functions and the corresponding bids depend of course on V0.
17The constraint r ≤ r̄ guarantees again the non-negativity of the fee.
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where x depends (via (17) and (20)) on r. The revenue function of the innovator

is R2(r) = 2[βu(r) + rd(r, r)] which is maximized over r ≤ r̄.

Lemma 12. Consider the game Gu
fr(2, βu(r)). The following hold.

(i) The revenue function R2(r) has a unique unconstrained maximum r∗ > 0.

(ii) There exists V ∗
0 such that the optimal royalty is r̄ if V0 < V ∗

0 and it is r∗ if

V ∗
0 ≤ V0 < ∞.

Proof. Appears in the Appendix.

By Lemma 12, whenever the innovator sells two licenses he is best-off charging

positive royalty and zero up front fee18 if the value of the outside alternative is

relatively low and positive royalty and positive up front fee otherwise. Therefore,

for k = 2 and for relatively low V0 the optimal combinations of royalty and

fee under the covered and the uncovered market are identical. However, as the

value of the outside alternative increases, demand becomes more elastic and the

innovator finds it optimal to reduce the royalty. Consequently, in Gu
fr(2, β(r))

the up front fee increases and becomes positive.

Using Lemmas 11 and 12 we next compare the two cases k = 1 and k = 2.

Proposition 4. Consider the game Gu
fr. There exists µ∗ and V ∗

0 such that if

µ ≥ µ∗ the game has a unique sub-game perfect equilibrium outcome and the

innovator sells two licenses. The equilibrium strategy of the innovator consists

of positive royalty and zero up front fee if V0 < V ∗
0 and of positive royalty and

positive up front fee if V ∗
0 ≤ V0 < ∞.

Proof. Appears in the Appendix.

The intuition behind the above result is as follows. When two licenses are sold

for a positive royalty, market prices are higher compared with the case where one

license is sold for zero royalty. However, when µ is high the demand elasticity

is relatively low19 and hence the negative effect of royalties on market demand
18Recall that when r = r̄ the minimum reservation bid is zero, both firms bid 0 and obtain

licenses.
19A high µ implies that the impact of the unobserved factors on the choices of consumers is

relatively high. Hence an increase in prices (due to royalties) has a relatively small effect on
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is low too. This, in turn, allows the innovator to obtain sufficiently high royalty

payments.

We note at this point that our model predicts the use of royalties for a large

number of cases (see Propositions 3 and 4). This is compatible with empirical

evidence on patent licensing suggesting a frequent use of royalties in licensing

agreements. Relevant evidence appears in Rostoker (1984, US industry), Tay-

lor and Silberston (1973, UK industry), Villar (2004, Spanish industry), Mendi

(2005, Spanish industry), Macho-Stadler et.al (1996, technology transfers between

Spanish and foreign firms), Jensen and Thursby (1999, U.S. Universities’ licensing

agreements), Caves et.al (1983).

3.3.2 The royalty strategy

Let us now provide a discussion of the royalty policy for the uncovered market.

Recall by Proposition 2 that when the market is covered, the optimal royalty

strategy of the innovator is to sell two licenses and to charge the royalty r̄. It can

be shown that for the uncovered market too the innovator will sell two licenses.

However the optimal royalty might be different than r̄, depending on the value

of the outside alternative.

To be more precise, let R2(r) = 2rd(r, r) be the innovator’s revenue function

when he sells two licenses with royalty r. The function R2(r) has a unique

unconstrained maximum over r. Let this be denoted by ru. Clearly, the royalty

actually charged will be given by r∗u = min{ru, r̄}. In particular, it can be shown

that there exists a unique value V̂0 such that r̄ < ru if and only if V0 < V̂0.

The reason why we might have different optimal royalties in the two markets

is that unlike the covered market, the revenue of the innovator in the uncovered

market is not always strictly increasing throughout [0, r̄]. This is due to the com-

petition that the outside alternative imposes on the licensees’ demands. Namely,

the innovator cannot always charge as high a royalty as possible since this might

make the outside alternative ’too’ attractive for the consumers. Naturally this is

more likely to be the case when the evaluation of the outside alternative is large.

Hence for large V0 it is optimal for the innovator to set a royalty rate, ru, which

their choices.
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is lower than the maximum rate the firms would accept to pay, r̄.

4 Related literature

In this section we discuss the relationship of our work to the relevant literature.

The licensing of a product innovation was first examined in Kamien et.al (1988)

who analyzed the licensing of a new product in a Cournot oligopoly with an

arbitrary number of firms. Kamien et.al (1988) focused on the up front fee policy

and showed that: (i) when the production cost of the new product is relatively

low the innovator sells an exclusive license, which results in a monopolization of

the market; (ii) when the production cost is relatively high and the number of

firms in the industry is large, the optimal number of licenses sold is an increasing

function of the demand elasticity of the new product with respect to the price of

the exisiting product.

Muto (1993) analyzed the licensing of a cost-reducing innovation in a differ-

entiated Bertrand duopoly. He compared the royalty and fee policies and showed

that (i) when the magnitude of the innovation is small, the outside innovator

sells licenses to both firms using a royalty policy; (ii) when the innovation is

large, the innovator sells an exclusive license using an upfront fee policy. This

last case results in a monopoly and the innovator extracts the monopolistic profit.

In our paper, in contrast, even large innovations are sold to both firms as in the

logit framework both firms survive in the market even for large differences in the

quality of the products.

Poddar and Sinha (2004) analyzed the licensing of a cost-reducing innovation

in a Hotelling duopoly with fixed firms’ locations. They considered the covered

market case only and showed that an outside innovator:20 (i) fully disseminates

the new technology; (ii) prefers the royalty strategy over the upfront fee strat-

egy. It is interesting to note that under an uncovered market the optimal auction

plus royalty strategies in the Hotelling and the logit model would be, in general,

different. The reason is that when a segment of the consumers in the Hotelling

model do not purchase any of the products, the two firms become local monopo-

lists. This gives the innovator an incentive to always charge each of them a zero
20The incumbent innovator case is also analyzed.
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royalty and only upfront fee.

Lemarie (2005) finally examined an innovation that enhances the propensity

of consumers to pay for the products in a duopoly. The two firms produce dif-

ferentiated commodities in a linear demand framework. The primary goal of the

paper is to identify which licensing policy -up front fee or royalty- gives the out-

side innovator the incentive to vertically integrate with one of the two incumbent

firms. Under integration the innovator gives for free the new technology to his

partner and sells it (via royalty or fee) to the rival firm, while if no integration

occurs he sells it to both. The main result is that the innovator has incentive to

integrate only under the royalty policy. This is due to the fact that the integra-

tion reduces the distorting effect of royalties on the industry profit (as then only

the non-integrated firm is charged royalties).

5 Concluding remarks

In this paper we studied the optimal licensing strategy of a quality-improving

innovation using the logit demand framework. For the covered market case we

showed that irrespective of the magnitude of the innovation an outside innovator

sells licenses to both firms in a duopoly. The optimal licensing strategy consists

of royalty only and the innovator extracts all the increment in social welfare.

For the uncovered market case we showed that if the consumer heterogeneity is

sufficiently high then again the innovator sells two licenses and charges positive

royalty. But in this case the up front fee can be either zero or positive, depending

on the consumers’ valuation of the outside alternative.

Regarding some possible extensions of our work, the analysis of a market with

an arbitrary number of firms is of special interest. This will allow us to study

the diffusion rate of the innovation as well as the resulting market structure.

Allowing a licensee to produce both the old and the new quality products is

another interesting task, especially for the uncovered market framework. Finally,

examining the incumbent innovator case is another natural direction.
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Appendix

We inverse the order of proofs of the first two results and begin with the proof of Proposition 1.

The proof of Remark 1 is given next.

Proof of Proposition 1. (i) By (8),

π1(s1, s2) · π2(s1, s2) = (µN)2 (21)

Consider the exclusive license case (k = 1). The amount the innovator extracts from the exclusive

licensee (say firm 1) is

α = α(s∗) = π1(s
∗, s)− π1(s, s

∗) = π1(s
∗, s)− π2(s

∗, s)

Claim 1. The following relation holds

∂πi(s1, s2)

∂si
> 0 ⇔ θ >

∂c(si)

∂si
, i = 1, 2

The proof of this claim is the last part of the proof of Proposition 1.

Consider next the policy of selling two licenses (k = 2). By symmetry, p1 = p2 = c(s∗) + 2µ,

d1 = d2 = N/2 and π1(s
∗, s∗) = π2(s

∗, s∗) = µN . The innovator extracts from each licensee the

amount

β = β(s∗) = π1(s
∗, s∗)− π1(s, s

∗)

The revenue of the innovator in this case is 2β. The innovator sells an exclusive license if and

only if

2[π1(s
∗, s∗)− π1(s, s

∗)] < π1(s
∗, s)− π1(s, s

∗)

or equivalently

2π1(s
∗, s∗) < π1(s

∗, s) + π1(s, s
∗)

By (8) and (11) the last inequality is equivalent to

2µN < µN
x1

x2
+ µN

x2

x1

and this is equivalent to

x2
1 + x2

2 − 2x1x2 > 0

which always holds when s∗ > s.

We next prove that the innovator extracts positive amount when selling one license, namely

π1(s
∗, s) > π1(s, s

∗). By (21)

π1(s, s
∗) =

(µN)2

π2(s, s∗)
=

(µN)2

π1(s∗, s)

Hence π1(s
∗, s) > π1(s, s

∗) is equivalent to π1(s
∗, s) > µN = π1(s, s). But this follows from

∂π1

∂s1
> 0 (provided that Claim 1 holds). In particular we also have that β = π1(s

∗, s∗) −

π1(s, s
∗) = µN − π1(s, s

∗) > 0.
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(ii) The innovator obtains the revenue

α(s∗) = π1(s
∗, s)− π1(s, s

∗)

By (21)

α(s∗) = π1(s
∗, s)− π2(s, s

∗) = π1(s
∗, s)− (µN)2

π1(s∗, s)

Since π1(s
∗, s) is increasing in s∗ so is α(s∗).

(iii) The net profits of both the licensee and the non-licensee firm coincide and are equal to

π2(s
∗, s) or equivalently to π1(s, s

∗). Since
∂π1

∂s1
> 0, π1(s, s

∗) < π1(s
∗, s∗) = π1(s, s), as claimed.

We finally prove Claim 1, i.e.,

∂πi(s1, s2)

∂si
> 0 ⇔ θ >

∂c(si)

∂si

W.l.o.g. let i = 1. The profit of firm 1 is π1(s1, s2) = µN
x1

x2
and

∂π1

∂s1
= N

x1(θ − p′1s + p′2s)

x2

where p′is =
∂pi

∂s1
, i = 1, 2. Therefore

∂π1(s1, s2)

∂s1
> 0 ⇔ p′2s + θ − p′1s > 0 (22)

Differentiating both sides of (6) with respect to s1,

p′1s = c′ +
x1(p

′
2s + θ − p′1s)

x2

where c′ =
∂c(s1)

∂s1
. After rearranging terms

p′1s =
x2

x1 + x2
c′ +

x1

x1 + x2
(θ + p′2s) (23)

Similarly, differentiating both sides of (7)

p′2s =
x2

x1 + x2
(p′1s − θ) (24)

Combining (23) and (24) we have

p′1s = x2
x1 + x2

A
c′ +

x2
1

A
(25)

and

p′2s =
x2

2

A
c′ − θ

x3
2 + x1x

2
2

A(x1 + x2)
(26)

where A = x2
1+x2

2+x1x2. Substituting (25) and (26) in (22) we obtain the result. This concludes

the proof of Proposition 1.

Proof of Remark 1. Showing that both firms biding β constitutes an equilibrium is trivial. So

let us show that there is a second equilibrium where one firm (say firm 1) bids β while the other
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firm (firm 2) bids anything less that β. The net payoff of firm 1 under this proposed equilibrium is

π1(s
∗, s)−β = π1(s

∗, s)−π1(s
∗, s∗)+π1(s, s

∗). If firm 1 deviates to anything less than β its payoff

is π1(s, s). Firm 1 will not deviate from β as long as π1(s
∗, s)− π1(s

∗, s∗) + π1(s, s
∗) > π1(s, s)

which holds if and only if [given that π1(s
∗, s∗) = π1(s, s)] π1(s

∗, s) + π1(s, s
∗) > 2π1(s

∗, s∗)

or if and only if α > 2β which holds by Proposition 1. Further notice that firm 2 also has no

incentive to deviate to β.

We next state and prove Lemma A0 and Lemma A1 which will be used throughout the paper.

Let πi(r1, r2) denote the profit of firm i, i = 1, 2, when both firms use the new quality and firm i

pays the royalty ri, i = 1, 2. Similarly we denote the equilibrium demands di(r1, r2), and prices

pi(r1, r2), i = 1, 2.

Lemma A0. The functions πi(r1, r2), pi(r1, r2) and di(r1, r2), i = 1, 2, are differentiable for

any real numbers r1 and r2.

Proof. The equilibrium prices when firm 1 is charged the royalty r1 and firm 2 is charged the

royalty r2 are given by

p1 = p1(r1, r2) = c∗ + r1 + µ + µ
x1

x2
, p2 = p2(r1, r2) = c∗ + r2 + µ + µ

x2

x1
(27)

where

xi = xi(r1, r2) = exp[(θs∗ − pi(r1, r2))/µ], i = 1, 2.

By (1)
x1

x2
= exp[−(p1 − p2)/µ] (28)

Hence, by (27) and (28)

p1 = c∗ + r1 + µ + µ exp[−(p1 − p2)/µ] (29)

p2 = c∗ + r2 + µ + µ exp[(p1 − p2)/µ] (30)

By (29) and (30)

(p1 − c∗ − r1 − µ)(p2 − c∗ − r2 − µ) = µ2

and hence

p2 =
µ2

p1 − c∗ − r1 − µ
+ c∗ + r2 + µ

By (29)

p1 − c∗ − r1 − µ = µ exp[(−p1 + µ2/(p1 − c∗ − r1 − µ) + c∗ + r2 + µ)/µ]

and

(p1 − c∗ − r1 − µ) exp[(p1 − µ2/(p1 − c∗ − r1 − µ)− c∗ − r2 − µ)/µ] = µ

Let

y =
µ

p1 − c∗ − r1 − µ
(31)

Then

exp[(µ/y + r1 − r2 − µy)/µ] = y
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or

L(y, r1, r2) ≡ (µ/y + r1 − r2 − µy)/µ = ln(y) ≡ M(y)

Note that L(y, r1, r2) is decreasing in y and M(y) is increasing in y. Furthermore, L(y, r1, r2) →

−∞ and M(y) → ∞ as y → ∞ and L(y, r1, r2) → ∞ and M(y) → −∞ as y → 0. Hence,

L(y, r1, r2) = M(y) has a unique solution y∗. Since L and M are differentiable with respect to

y, r1 and r2 then by the implicit function theorem y∗ is a differentiable function of r1 and r2.

By (31) this implies that p1 (and similarly p2) is differentiable in r1 and r2. The result then

follows by (10) [for πi(r1, r2) where ci = c∗ + ri] and by (2) and (3) [for di(r1, r2)].

Before continuing to Lemma A1 we provide some notation. Let λ1r and λ2r be defined by

λ1r =
x1

x1 + x2
, λ2r =

x2

x1 + x2

where

x1 = x1(r,−) = exp[(θs∗ − p1(r,−))/µ], x2 = x2(r,−) = exp[(θs− p2(r,−))/µ]

and p1 = p1(r,−), p2 = p2(r,−) are the prices of firms 1 and 2 respectively when firm 1 is the

exclusive licensee.

Lemma A1. The following three claims hold.

(i) p′1 ≡
∂p1 (r ,−)

∂r
=

λ2r

1 − λ1rλ2r
> 0

(ii) p′2 ≡
∂p2 (r ,−)

∂r
=

(λ2r )
2

1 − λ1rλ2r
> 0

(iii) 0 <
∂p1 (r ,−)

∂r
− ∂p2 (r ,−)

∂r
< 1

Proof. (i) and (ii). Differentiating both sides of the first order conditions (12) with respect to21

r and by (2) (applied to xi = xi(r,−)) we have

p′1 ≡
∂p1(r,−)

∂r
= 1 + µ

[−x1µ
−1p′1 − x2p

′
2µ

−1]x2 + (x1 + x2)x2µ
−1p′2

x2
2

Thus

p′1 = 1 +
x1(p

′
2 − p′1)

x2
= 1 +

x1

x2
p′2 −

x1

x2
p′1

Equivalently,

p′1 =
x2

x1 + x2
+

x1

x1 + x2
p′2 = λ2r + λ1rp

′
2 (32)

Similarly,

p′2 ≡
∂p2(r,−)

∂r
= µ

(−x1µ
−1p′1 − x2µ

−1p′2)x1 + (x1 + x2)x1µ
−1p′1

x2
1

It is easy to verify that

p′2 = λ2rp
′
1 (33)

21Differentiability is established in Lemma A0.
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Combining (32) and (33) we have

p′1 =
λ2r

1− λ1rλ2r
> 0

and

p′2 =
(λ2r)

2

1− λ1rλ2r
> 0

as claimed.

The last two inequalities are equivalent to

p′1 =
x2(x1 + x2)

x2
1 + x2

2 + x1x2
(34)

and

p′2 =
(x2)

2

x2
1 + x2

2 + x1x2
(35)

(iii) By (34) and (35)

p′1 − p′2 =
x1x2

x2
1 + x2

2 + x1x2
∈ (0, 1)

Hence the proof of Lemma A1 is complete.

We next prove Lemmas 2, 4 and 5 in the following order. First Lemma 4 then Lemma 5 and

finally Lemma 2.

Proof of Lemma 4. We first show that f is strictly decreasing in r. Using the form of f from

section 2.3.2 we have

∂f(r)

∂r
= x1x

2
2
(−x1p

′
1 − x2p

′
2)(x

2
1 + x2

2 + x1x2) + (x1 + x2)(−2x2
1p

′
1 − 2x2

2p
′
2 − x1x2p

′
1 − x1x2p

′
2)

x2
1x

4
2

−

(x1 + x2)(x
2
1 + x2

2 + x1x2)(−x1p
′
1x

2
2 − 2x1x

2
2p

′
2)

x2
1x

4
2

= x1x
2
2

A′

x2
1x

4
2

− B

x2
1x

4
2

where

A′ = −(x1p
′
1 + x2p

′
2)(x

2
1 + x2

2 + x1x2)− (x1 + x2)(2x2
1p

′
1 + 2x2

2p
′
2 + x1x2p

′
1 + x1x2p

′
2),

B = (x1 + x2)(x
2
1 + x2

2 + x1x2)(−x1x
2
2p

′
1 − 2x1x

2
2p

′
2)

Hence
∂f(r)

∂r
< 0 ⇔ −x1x

2
2A

′ > −B

It easy to verify that −x1x
2
2A

′ > −B if

(2x3
1 + 2x2

1x2 − x3
2)p

′
1 > (−2x3

1 − 2x2
1x2 + x3

2)p
′
2

Applying (34) and (35) the last inequality is straightforward.

Let h(r) = f(r) − r. Since f is positive for all r ≥ 0, we have h(0) > 0. Since f is decreasing,

h(r) < 0 for all r > f(0). Thus, by the continuity of h(r) there exists r̂ in (0, f(0)) s.t. h(r̂) = 0.

Since h(r) is decreasing r̂ is the only zero of h and thus r̂ is the unique fixed point of f .
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Proof of Lemma 5. Recall that

R1(r) = rd1(r,−) = rN
x1

x1 + x2

Thus,
∂R1(r)

∂r
= N

x1

x1 + x2
+ rNµ−1−x1p

′
1(x1 + x2) + x1(x1p

′
1 + x2p

′
2)

(x1 + x2)2
=

N
x1

x1 + x2
+ rNµ−1 x1x2(p

′
2 − p′1)

(x1 + x2)2

where

p′i =
∂pi(r,−)

∂r
, i = 1, 2

Thus R1(r) increases if and only if

1 + rµ−1 x2(p
′
2 − p′1)

x1 + x2
> 0

By Lemma A1 this is equivalent to 1− r

f(r)
> 0. By the proof of Lemma 4, f(r) is decreasing

in r and hence 1− r

f(r)
is decreasing in r. On the other hand r = r̂ is the solution of 1 =

r

f(r)
.

Thus R1(r) is increasing if and only if r < r̂, and r̂ is the maximizer of R1(r).

Proof of Lemma 2. We use Lemma 1 (which is Proposition 1 of Anderson & de Palma (2001)).

Consider the case k = 1 and assume firm 1 acquires the license for a royalty r. Its quality-

marginal cost differential is θs∗−c(s∗)−r. When r = r̄ both firms have the same quality-marginal

cost differential, θs − c(s), and hence by Lemma 1 π1(r̄,−) = π2(r̄,−). Using Lemma A1 we

can verify that π1(r,−) is strictly decreasing in r and π2(r,−) is strictly increasing in r. Thus if

r < r̄ then π1(r,−) > π1(r̄,−) and π2(r,−) < π2(r̄,−). Hence for all r < r̄, π1(r,−) > π2(r,−).

Likewise, if r > r̄ then π1(r,−) < π1(r̄,−) and π2(r,−) > π2(r̄,−), implying that for all

r > r̄, π1(r,−) < π2(r,−). We conclude that π1(r,−) > π2(r,−) if and only if r < r̄ and

π1(r,−) = π2(r,−) if and only if r = r̄. Thus a firm is willing to pay any royalty r such that

r ≤ r̄ and the opposite happens if r > r̄.

Consider next the case k = 2. The two firms now have the same quality-marginal cost differential,

θs∗−c(s∗)−r. If a firm (say firm 1) unilaterally deviates from the licensing agreement its quality-

marginal cost differential is θs − c(s). When r = r̄ the two differentials are equal and hence

π1(r̄, r̄) = π1(−, r̄). Moreover by Lemma A1 again for all r < r̄, π1(−, r) < π1(−, r̄) = π1(r̄, r̄)

and for all r > r̄, π1(−, r) > π1(−, r̄) = π1(r̄, r̄). We conclude that for k = 2 the maximum

royalty a firm is willing to pay is r̄.

Proof of Lemma 6. By Lemma 2 and Corollary 1 a firm is willing to pay any royalty r such

that r ≤ r̄. We will show that r̄ < r̂ if and only if µ >
r̄

6
. By Lemma 3, π1(r̄,−) = π2(r̄,−).

This is equivalent to x1(r̄,−) = x2(r̄,−). Hence by the definition of f , f(r̄) = 6µ. Thus µ >
r̄

6
if and only if f(r̄) > r̄. On the other hand, f(r̂) = r̂ (Lemma 3). By the proof of Lemma 4, f
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is strictly decreasing. Thus µ >
r̄

6
if and only if r̄ < r̂. By Lemmas 2 and 5 the optimal royalty

level is r̄. Since both firms obtain the same profit (π1(r̄,−) = π2(r̄,−)) and produce the same

output level the innovator obtains r̄
N

2
. If µ ≤ r̄

6
then r̂ ≤ r̄ and the optimal royalty level is r̂.

The innovator obtains r̂N
x1

x1 + x2
.

Proof of Lemma 9. Consider the case where the innovator sells an exclusive license, say to firm

1. Note that d1(r,−) = N
x1

x1 + x2
, π1(r,−) = µN

x1

x2
and π2(r,−) = µN

x2

x1
where xi = xi(r,−),

i = 1, 2. The innovator obtains

R1(r) = π1(r,−)− π1(−, r) + rN
x1

x1 + x2

or

R1(r) = µN(
x1

x2
− x2

x1
) + rN

x1

x1 + x2

By (2)
∂xi

∂r
= −xi

∂pi

∂r
. Let p′i =

∂pi

∂r
. Then

∂R1(r)

∂r
= Nµ

−x1x2µ
−1p′1 + x1x2µ

−1p′2
x2

2

−Nµ
−x2x1µ

−1p′2 + x2x1µ
−1p′1

x2
1

+ N
x1

x1 + x2
+

rN
−x1µ

−1p′1(x1 + x2) + x1(x1µ
−1p′1 + x2µ

−1p′2)

(x1 + x2)2

Rearranging terms we have

∂R1(r)

∂r
= N

(x2
1 + x2

2)(p
′
2 − p′1)

x1x2
+ N

x1

x1 + x2
+ rNµ−1 x1x2(p

′
2 − p′1)

(x1 + x2)2

By Lemma A1,

p′2 − p′1 = − x1x2

x2
1 + x2

2 + x1x2

Therefore

1

N

∂R1(r)

∂r
= − x2

1 + x2
2

x2
1 + x2

2 + x1x2
+

x1

x1 + x2
− rµ−1 x2

1x
2
2

(x1 + x2)2(x2
1 + x2

2 + x1x2)

Since

− x2
1 + x2

2

x2
1 + x2

2 + x1x2
+

x1

x1 + x2
= − x3

2

(x1 + x2)(x2
1 + x2

2 + x1x2)
< 0

we have that
∂R1(r)

∂r
< 0

implying that the optimal royalty is 0. Therefore the innovator obtains R1(0) = α(0).

Proof of Lemma 10. If both firms become licensees then d1(r, r) = d2(r, r) = N/2 and

π1(r, r) = π2(r, r) = µN . The innovator obtains

R2(r) = 2[π1(r, r)− π2(r,−)] + 2rd2(r, r)

or equivalently

R2(r) = 2µN − 2µN
x2

x1
+ rN
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where xi = xi(r,−), i = 1, 2. Thus,

∂R2(r)

∂r
= −2µN

−x2x1µ
−1p′2 + x2x1µ

−1p′1
x2

1

+ N = −2N
x2(p

′
1 − p′2)

x1
+ N

By (34) and (35)

p′1 − p′2 =
x1x2

x2
1 + x2

2 + x1x2
,

and therefore
∂R2(r)

∂r
= −2N

x2
2

x2
1 + x2

2 + x1x2
+ N

The non-negativity constraint on the upfront fee implies that R2(r) is defined on

Â = {r|2µN − 2µN
x2(r,−)

x1(r,−)
≥ 0} = {r|x1(r,−) ≥ x2(r,−)}

By the proof of Lemma 2,

Â = {r|0 ≤ r ≤ r̄}

On the set Â,
∂R2(r)

∂r
> 0 (since x1 ≥ x2). Consequently, the innovator charges r = r̄ and hence

x1 = x2 and β(r̄) = 0.

Proof of Proposition 3. (i) and (ii). We will show that the revenue of the innovator when

he sells an exclusive license is lower than his revenue when he sells two licenses. By Lemmas 9

and 10 we have to show that R1(0) < R2(r̄) where R1(0) = π1(s
∗, s) − π1(s, s

∗), R2(r̄) = r̄N ,

r̄ = θ(s∗ − s) − [c(s∗) − c(s)] and π1(s
∗, s) and22 π1(s, s

∗) are given by (8) for s1 = s∗, s2 = s.

Using (10) and the fact that p1(s, s
∗) = p2(s

∗, s) we have

R1(0) = N [p1(s
∗, s)− c(s∗)− p2(s

∗, s) + c(s)]

Consequently, R2(r̄) > R1(0) if and only if

N [θ(s∗ − s)− c(s∗) + c(s)] > N [p1(s
∗, s)− c(s∗)− p2(s

∗, s) + c(s)]

which is equivalent to

θs∗ − p1(s
∗, s) > θs− p2(s

∗, s) (36)

By Proposition 1, µN
x1(s

∗, s)

x2(s∗, s)
> µN

x2(s
∗, s)

x1(s∗, s)
. Thus x1(s

∗, s) > x2(s
∗, s) and by (9)

exp[(θs∗ − p1(s
∗, s))/µ] > exp[(θs− p2(s

∗, s))/µ].

This implies (36).

Observe that the optimal policy in Gfr is the same as the optimal policy in Gr. The licensees

pay in both games the royalty r̄ (recall that the fee charged in Gfr is zero.) Hence, the argument

that the sub-game perfect equilibrium outcome in Gfr is unique is similar to the argument of

uniqueness of the sub-game perfect equilibrium outcome in Gr. Namely, following a rejection on

behalf of the firms to pay r̄ the innovator could slightly reduce the royalty rate to induce both of

22Note that πi(s
∗, s) is also denoted by πi(0,−). We use either one of these notations,

whichever fits better the context. Similarly, xi(s
∗, s) = xi(0,−) and pi(s

∗, s) = pi(0,−), i = 1, 2.
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them to purchase a license (by Lemma 8, both firms would be willing to purchase a license when

r < r̄). However, in spite of the uniqueness of the sub-game perfect equilibrium outcome in Gfr,

there is a multiplicity of sub-game perfect equilibria. Consider for example the off-equilibrium

path where k = 1 and r = r̄. The resulting sub-game then has multiple bids.

(iii) Consider k = 2 where the innovator charges firm 1 and firm 2 the royalty rates r1 and r2

respectively. The equilibrium payoffs of firms 1 and 2 when both become licensees are denoted

respectively by π1(r1, r2) and π2(r1, r2). The revenue of the innovator is

R2(r1, r2) = π1(r1, r2)− π1(−, r2) + r1d1(r1, r2)+

π2(r1, r2)− π2(r1,−) + r2d2(r1, r2)

Notice that for all r2 ≥ 0, π1(0, r2) > π1(−, r2) and for all r1 ≥ 0, π2(r1, 0) > π2(r1,−).

The problem the innovator solves is maxr1,r2 R2(r1, r2) s.t. π1(r1, r2) ≥ π1(−, r2), π2(r1, r2) ≥

π2(r1,−). By Lemma A0 πi(r1, r2) and di(r1, r2), i = 1, 2 are differentiable in r1 and r2 for all

ri ≥ 0, i = 1, 2. Hence

∂R2(r1, r2)

∂r1
=

∂π1(r1, r2)

∂r1
+ d1(r1, r2) + r1

∂d1(r1, r2)

∂r1
+

∂π2(r1, r2)

∂r1
− ∂π2(r1,−)

∂r1
+

r2
∂d2(r1, r2)

∂r1
(37)

Let

xi = xi(r1,−), yi = xi(r1, r2), i = 1, 2. (38)

Using (37),(38) and Lemma A1 it can be verified (after re-arranging terms) that
∂R2

∂r1
> 0 if and

only if

r1 < r2 + µ
(y1 + y2)(2y1 + y2)

y2
1

− µ
(y1 + y2)

2(y2
1 + y2

2 + y1y2)x
2
2

y2
1y2

2(x2
1 + x2

2 + x1x2)
(39)

Let

h1(r1, r2) ≡ µ
(y1 + y2)(2y1 + y2)

y2
1

− µ
(y1 + y2)

2(y2
1 + y2

2 + y1y2)x
2
2

y2
1y2

2(x2
1 + x2

2 + x1x2)

We claim that for all r1 ≥ 0 and r2 ≥ 0, h1(r1, r2) > 0. This holds if and only if

2y1 + y2 >
(y1 + y2)(y1y2 + y2

1 + y2
2)x2

2

y2
2(x1x2 + x2

1 + x2
2)

(40)

Since the upfront fee is assumed to be non-negative π2(r1, r2) ≥ π2(r1,−). For all r1 ≥ 0 and

r2 ≥ 0 this constraint is equivalent to
y2

y1
≥ x2

x1
(41)

Using (41) it is easy to verify that (40) holds. Hence h1(r1, r2) > 0. To summarize, for all

ri ≥ 0, i = 1, 2,
∂R2

∂r1
(r1, r2) > 0 ⇔ r1 < r2 + h1(r1, r2) (42)

and
∂R2

∂r1
(r1, r2) = 0 ⇔ r1 = r2 + h1(r1, r2) (43)
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Similarly, there exists h2(r1, r2) > 0 such that

∂R2

∂r2
(r1, r2) > 0 ⇔ r2 < r1 + h2(r1, r2) (44)

and
∂R2

∂r2
(r1, r2) = 0 ⇔ r2 = r1 + h2(r1, r2) (45)

Consider an equilibrium outcome (r̂1, r̂2). Suppose first that r̂1 > 0 and r̂2 > 0. Then clearly,
∂R2

∂ri
(r̂1, r̂2) ≥ 0, i = 1, 2. Furthermore,

∂R2

∂ri
(r̂1, r̂2) > 0 implies that r̂i = r̄. If

∂R2

∂ri
(r̂1, r̂2) > 0

for i = 1, 2 then r̂1 = r̂2 = r̄ and the contract is symmetric. Suppose that
∂R2

∂r1
(r̂1, r̂2) = 0

∂R2

∂r2
(r̂1, r̂2) > 0

In this case r̂1 ≤ r̄ and r̂2 = r̄. But by (43) r̂1 > r̂2, a contradiction. A similar contradiction is

derived if
∂R2

∂r1
(r̂1, r̂2) > 0 and

∂R2

∂r2
(r̂1, r̂2) = 0. Finally if

∂R2

∂ri
(r̂1, r̂2) = 0 for i = 1, 2 then by

(43) and (45) r̂1 > r̂2 and r̂2 > r̂1, a contradiction. Consequently if r̂1 and r̂2 are both positive

then r̂1 = r̂2.

Suppose next that r̂i = 0 and r̂j > 0. W.l.o.g. let i = 1. Then
∂R1

∂r1
(ε, r̂2) ≤ 0 for ε ≥ 0

sufficiently small. If
∂R1

∂r1
(ε, r̂2) = 0 for some interval [0, ε0], ε0 > 0 then by (43) ε > r̂2 for any

sufficiently small ε, a contradiction. Otherwise there is a sequence εn, n → 0, εn > 0, such that
∂R1

∂r1
(εn, r̂2) < 0. By (42) and (43), εn > r̂2 for all n, contradicting the fact that εn → 0. Finally

if r̂1 = r̂2 = 0 then again we have a symmetric contract (which by (i) and (ii) of Proposition 3

is non-optimal).

Proof of Lemma 11. To simplify the exposition let ∆ = exp(V0/µ) + x1 + x2, ∆−1 =

exp(V0/µ) + x2 and ∆−2 = exp(V0/µ) + x1, where xi = xi(r,−), i = 1, 2. From the analysis of

Section 3.2 the payoff of the licensee (firm 1) is π1(r,−) = µN
x1

∆−1
and of the non-licensee is

π2(r,−) = µN
x2

∆−2
. Firm 1 produces the quantity d1(r,−) = N

x1

∆
. The revenue function of the

innovator is R1(r) = π1(r,−)− π2(r,−) + rd1(r,−). Hence

∂R1(r)

∂r
= [

x1x2(p
′
2 − p′1)− x1p

′
1

(∆−1)2
− x1x2(p

′
1 − p′2)− x2p

′
2

(∆−2)2
+ µ−1r

x1x2(p
′
2 − p′1)

∆2
+

x1

∆
]N (46)

where p′i =
∂pi

∂r
, and pi = pi(r,−), i = 1, 2. To complete the proof we use the following Lemma

(the proof of which we omit).

Lemma B1. The following two claims hold.

(i)
∂p1

∂r
=

(∆−1)
2∆−2∆

Λ

(ii)
∂p2

∂r
=

(∆−1)
2x1x2

Λ

where Λ =
∑4

k=0
Λk · exp(kV0/µ) and Λ4 = 1, Λ3 = 3(x1 + x2), Λ2 = 3(x1 + x2)

2 + x1x2,

Λ1 = (x1 + x2)
3 + 2x1x2 and Λ0 = x1x2(x1x2 + x2

1 + x2
2).

36



Using Lemma B1 to substitute for p′1 and p′2 in (46) it can be easily verified that
∂R1(r)

∂r
< 0;

hence in the case of one licensee the optimal royalty is zero and the innovator collects only the

amount au(0).

Proof of Lemma 12. (i) and (ii). Let ∆−0 = exp(V0/µ) + x(r) where x(r) = exp[(θs∗ −

p(r, r))/µ]. Then using (20) it is easy to show that

p′ =
∂p

∂r
=

(∆−0)
2

(∆−0)2 + x(r) exp(V0/µ)
(47)

The revenue function of the innovator when he sells two licenses is

R2(r) = 2[
x(r)

∆−0
− x2

∆−2
]µN + r

2x(r)

∆−0 + x(r)
N

where again xi = xi(r,−). Note that by (47)

1

N

∂πi(r, r)

∂r
= −x(r)p′ exp(V0/µ)

(∆−0)2
= − x(r) exp(V0/µ)

(∆−0)2 + x(r) exp(V0/µ)
(48)

and
1

N

∂di(r, r)

∂r
=

x(r)

∆−0 + x(r)
− µ−1r

x(r)p′ exp(V0/µ)

(∆−0 + x(r))2
=

x(r)

∆−0 + x(r)
− µ−1r

x(r) exp(V0/µ)(∆−0)
2

(∆−0 + x(r))[(∆−0)2 + x(r) exp(V0/µ)]
(49)

Moreover, by Lemma B1

1

N

∂π2(r,−)

∂r
=
−x2p

′
2∆−2 + x2x1p

′
1

(∆−2)2
=

x1x2(∆−1)
2

Λ
(50)

Using (48),(49) and (50),

∂R2

∂r
= − x(r) exp(V0/µ)

(∆−0)2 + x(r) exp(V0/µ)
− x1x2(∆−1)

2

Λ
+

x(r)

∆−0 + x(r)
− µ−1r

x(r)(exp(V0/µ) + x(r))2 exp(V0/µ)

[(∆−0)2 + x(r) exp(V0/µ)](∆−0 + x(r))2
(51)

Let

k1(r) =
x(r) exp(V0/µ)

(∆−0)2 + x(r) exp(V0/µ)
, k2(r) =

x1x2(∆−1)
2

Λ

k3(r) =
x(r)

∆−0 + x(r)
, k4(r) =

x(r)(∆−0)
2 exp(V0/µ)

[(∆−0)2 + x(r) exp(V0/µ)](∆−0 + x(r))2

Then the expression
∂R2

∂r
has the same sign as the expression

−µ
k1(r)

k4(r)
− µ

k2(r)

k4(r)
+ µ

k3(r)

k4(r)
− r (52)

Define

F1(r) = −µ
k1(r)

k4(r)
− µ

k2(r)

k4(r)
+ µ

k3(r)

k4(r)
, (53)
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and G1(r) = F1(r)− r. To complete the proof we need the following.

Lemma B2. The following claims hold.

(i) F1 is strictly decreasing on [0, r̄].

(ii) Suppose that F1(r̄) < r̄. Then the equation F1(r) − r = 0 has exactly one solution r∗ on

[0, r̄]. Further 0 < r∗ < r̄.

(iii) Suppose that F1(r̄) > r̄. Then F1(r) > r for all r ∈ [0, r̄].

Proof. The proof of (i) is tedious and is omitted. To prove (ii) and (iii) we first prove that

G1(0) > 0. We first show that when r = 0 then x > x1 > x2, where x = x(0, 0), xi = xi(0, 0),

i = 1, 2. Recall that θs∗ − p1(0,−) and θs − p2(0,−) are the quality-price differentials23 of

firms 1 and 2 respectively when firm 1 is the exclusive licensee firm who pays zero royalty. By

Assumption (A1) and since r = 0 the profit of the high quality firm 1 is higher than the profit of

firm 2. This is equivalent to θs∗ − p1(0,−) > θs− p2(0,−) (see Proposition 1 in Anderson and

de Palma 2001). Hence x1 > x2. We next show that when r = 0 then x > x1. It suffices to show

that p(0, 0) < p1(0,−). If r = 0 then p(0, 0) is the price of a firm when both firms produce the

high quality product and each pays no royalty while p1(0,−) is the price of the exclusive licensee

who pays zero royalty. It is easy to show that
∂pi(si, sj)

∂sj
< 0, i 6= j. Therefore p(0, 0) < p1(0,−)

and thus x > x1. Using now the inequalities x > x1 > x2 it can be easily shown that F1(0) > 0.

To complete the proof of Lemma B2 we deal separately with the two cases (A) F1(r̄) < r̄ and

(B) F1(r̄) > r̄.

(A) F1(r̄) < r̄. Since F1(0) > 0, and F1 is strictly decreasing there exists a unique r∗ ∈ (0, r̄)

such that G1(r
∗) = 0 or F1(r

∗) = r∗ and the proof of Lemma B2 is complete.

(B) F1(r̄) > r̄. Since F1 is strictly decreasing for all r ≤ r̄, F1(r) > r. Hence in this case the

equation G1(r) = 0 has no solution in the interval [0, r̄] and again the proof of Lemma B2 is

complete.

Let us now complete the proof of Lemma 12. If F1(r̄) < r̄ then by Lemma B2 the equation

F1(r) − r has a unique solution r∗ and 0 < r∗ < r̄. This is the unique maximizer of R2(r)

on the interval [0, r̄]. Since r∗ < r̄ we further conclude that the up front fee is positive, i.e,

βu(r∗) > 0. If, on the other hand, F1(r̄) > r̄ then by Lemma B2 the revenue function R2(r) is

strictly increasing on [0, r̄] and hence the optimal royalty is r̄. In this case the up front fee is

zero, i.e., βu(r̄) = 0.

When r = r̄ then x(r̄, r̄) = x1(r̄,−) = x2(r̄,−) ≡ x̄. Then by (53), F1(r̄) > r̄ if and only if

H(V0, r̄) ≡
µx̄3

exp(V0/µ)[exp(V0/µ) + x̄][exp(2V0/µ) + 3x̄ exp(V0/µ) + 3x̄2]
> r̄ (54)

Note that x̄ depends on V0 (x̄ is a function of p which depends on V0). It is straightforward to

23Recall that pi(0,−) = pi(s
∗, s), i = 1, 2 and p(0, 0) = p(s∗, s∗).
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show that
∂p

∂V0
= − x̄ exp(V0/µ)

x̄ exp(V0/µ) + (exp(V0/µ) + x̄)2
(55)

Using (55) it is easy to verify that H is strictly decreasing in V0. Since x̄ = exp[(θs∗ − p)/µ] we

have by (16) that

0 < exp[(θs∗ − c(s∗)/µ] ≤ x̄ ≤ exp[(θs∗/µ)]

irrespective of V0. Hence by (54)

lim H(V0, r̄) = ∞, as V0 → −∞

and

lim H(V0, r̄) = 0, as V0 →∞

Since H(V0, r̄) is strictly decreasing in V0 there exists V ∗
0 such that H(V0, r̄) > r̄ (equivalently

F (r̄) > r̄) if and only if V0 < V ∗
0 as claimed.

Proof of Proposition 4. Recall that R2(r̄) is the revenue of the innovator from selling two

licenses for the royalty r̄ and zero up front fee; R2(r
∗) is his revenue from selling two licenses for

the royalty r∗ and positive up front fee and R1(0) is his revenue from selling an exclusive license

for zero royalty and positive up front fee. Hence, R2(r̄) = 2
r̄x̄

exp(V0/µ) + 2x̄
N and R1(0) =

π1(0,−)−π2(0,−) = [p1(0,−)− p2(0,−)− (c∗− c)]N . Clearly when s∗ = s, R2(r̄) = R1(0) = 0.

We next compare how R2(r̄) and R1(0) behave as s∗ increases from s. It is easy to verify that

∂R2(r̄)

∂s∗
=

2[θ − c′(s∗)]x̄

exp(V0/µ) + 2x̄
N (56)

where c′(s∗) =
∂c(s∗)

∂s∗
. To compute the derivative of R1(0) with respect to s∗ we need the

following Lemma.

Lemma B3. The following two claims hold.

(i)
∂p1(0,−)

∂s∗
=

θU1 + c′U2

Λ

(ii)
∂p2(0,−)

∂s∗
= − (θ − c′)x1x2(exp(V0/µ) + x2)

2

Λ

where U1 = (exp(V0/µ) + x2)
2 + exp(V0/µ)x1(x1 + 2 exp(V0/µ)) + x1x2(exp(V0/µ) + x1), U2 =

(exp(V0/µ)+x1)[x
3
2+x2

2(x1+3 exp(V0/µ))+x2(2x1+3 exp(V0/µ))+exp(2V0/µ)(x1+exp(V0/µ))]

and Λ is defined in Lemma B1.

Proof. Substituting in (6) and (7) s1 = s∗ and s2 = s and differentiating both sides of (6) and

(7) with respect to s1 = s∗ we derive our claim.

By Lemma B3,

∂R1(0)

∂s∗
=

θU1 + c′U2

Λ
+

(θ − c′)x1x2(exp(V0/µ) + x2)
2

Λ
− c′(s∗) (57)
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Using (56) and (57),
∂R2(r̄)

∂s∗
>

∂R1(0)

∂s∗
iff

2x̄x2
1x

2
2 + (2x̄− x1) exp(4V0/µ) + (6x̄x2 + 4x̄x1 − 2x2

1 − 3x1x2) exp(3V0/µ)+

(8x̄x1x2 − x3
1 + 6x̄x2

2 + 2x̄x2
1 − 3x2

1x2 − 3x1x
2
2) exp(2V0/µ)+

(4x2
1x̄x2 − x1x

3
2 − x3

1x2 + 4x̄x1x
2
2 + 2x̄x3

2) exp(V0/µ) > 0. (58)

A sufficient condition for the last inequality to hold is 2x̄ ≥ x1 which is identical to 2 exp[(θs∗−

p(r̄, r̄))/µ] ≥ exp[(θs∗ − p1(0,−))/µ] or to µln(2) ≥ p(r̄, r̄)− p1(0,−). By (20) and (14)

p(r̄, r̄) = r̄ + c∗ + µ + µ
x̄

exp(V0/µ) + x̄
(59)

and

p1(0,−) = c∗ + µ + µ
x1

exp(V0/µ) + x2

Hence µln(2) ≥ p(r̄, r̄)− p1(0,−) iff

µ[ln(2) +
x1

exp(V0/µ) + x2
− x̄

exp(V0/µ) + x̄
] ≥ θ(s∗ − s)− (c∗ − c) ≡ r̄ (60)

Define the functions t(s∗) =
x1

exp(V0/µ) + x2
and z(s∗) =

x̄

exp(V0/µ) + x̄
. Both t and z are

defined on [s,∞). We can easily verify that t(s) = z(s). Moreover,
∂z(s∗)

∂s∗
= 0. This follows

from (59) and from the fact that x̄ = exp[(θs∗ − p(r̄, r̄))/µ]. On the other hand using Lemma

B3 we can show that
∂t(s∗)

∂s∗
> 0. Thus

∂t(s∗)

∂s∗
>

∂z(s∗)

∂s∗
. Hence t(s∗) > z(s∗) and (60) holds if

µ >
r̄

ln(2)
≡ µ∗. This implies that when µ > µ∗,

∂R2(r̄)

∂s∗
>

∂R1(0)

∂s∗
Since for s∗ = s, R2(r̄) =

R1(0) we have that R2(r̄) > R1(0) for all s∗ > s. Given that r∗ is the unconstrained maximizer

of R2(r), R2(r
∗) ≥ R2(r̄). Hence R2(r

∗) > R1(0). We conclude that when µ > µ∗ the innovator

offers two licenses. The optimal licensing policy consists of royalty only (equal to r̄) if V0 < V ∗
0 ,

and of royalty (equal to r∗) plus positive up front fee if V0 ≥ V ∗
0 (see Lemma 12).
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