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Abstract

Aggregate monotonicity is not necessarily a desirable property. A

simple four-player game is introduced to demonstrate this point.
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A solution of a coalitional-form game is said to be aggregate monotonic

(Megiddo, 1974) if no player is worse o¤ whenever the worth of the grand

coalition increases while the worth of all other coalitions remains unchanged.

Aggregate monotonicity is broadly considered to be a desirable and natural

property (see, e.g., Maschler, 1992). Among well-known solution concepts,

the Shapley value (Shapley, 1953) and the per-capita nucleolus (Grotte,

1970) are aggregate-monotonic. In contrast, a number of examples demon-

strate that various monotonicity requirements are incompatible with other

properties of a solution. So, Megiddo (1974) and Hokari (2000) show that
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the nucleolus (Schmeidler, 1969) is not aggregate monotonic, Young (1985)

shows that the core is not coalitionally-monotonic, Moulin and Thomson

(1988) show that in an exchange economy the resource monotonicity of a

solution is incompatible with Pareto optimality and some weak requirements

of fair division1.

In this note we argue that aggregate monotonicity, the weakest form

monotonicity among the mentioned above, may not be a proper requirement

in some game contexts.

Let N = f0; 1; 2; 3g be the set of players, where player 0 is an employer
who possesses a production technology and the other players are employees

who use this technology to produce output. The employer on his own can

produce zero units of output, but if he hires k workers (k = 1; 2; 3), they

can produce f(k) units.

Suppose �rst that f(1) = 1 and f(2) = f(3) = 2. That is, the total

production is the same whether there are two or three workers. This de�nes a

game in coalitional form, (N; v), as follows: v(0; i) = 1, v(0; i; j) = v(N) = 2,

i; j 2 f1; 2; 3g, and v(S) = 0 otherwise. The unique imputation in the core
is (2; 0; 0; 0), re�ecting �erce competition among the workers. This is also

the nucleolus of the game.

Next, let us replace the production function f by f 0, where f 0(k) = k,

k = 1; 2; 3. That is, every worker is able to produce one unit independently.

The game now is v0(0; i) = 1, v0(0; i; j) = 2, i; j 2 f1; 2; 3g, v0(N) = 3,

and v0(S) = 0 otherwise. The nucleolus (and the Shapley value) of v0 is�
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�
.

Since in v the employer can exploit the competition among the workers,

it seems quite plausible that he should obtain a higher payo¤ in v than in

v0. But this violates aggregate monotonicity, as v(S) = v0(S) for all S  N
and v(N) < v0(N). Thus, the aggregate monotonicity requirement is quite

1Moulin and Thomson (1988) show that no solution can jointly satisfy resource

monotonicity, Pareto-optimality, and either (i) individual rationality from equal division

or (ii) envy-free allocation.
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arbitrary and not very convincing in this example.

One may argue that the outcome (2; 0; 0; 0) of v is too extreme. It

ignores the possible collusion of the workers to achieve a better bargaining

position. However, we �nd nothing wrong, for instance, with
�
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�
as a plausible outcome of v, and it still violates aggregate monotonicity.

References

Grotte, J. H. (1970): �Computation of and observations on the nucleolus

and the central games,�M.Sc. Thesis, Cornell University.

Hokari, T. (2000): �The nucleolus is not aggregate-monotonic on the do-

main of convex games,� International Journal of Game Theory, 29, 133�

137.

Maschler, M. (1992): �The bargaining set, kernel, and nucleolus,� in

Handbook of Game Theory, ed. by R. J. Aumann, and S. Hart, vol. 1, pp.

591�667. North-Holland.

Megiddo, N. (1974): �On the Nonmonotonicity of the Bargaining Set, the

Kernel and the Nucleolus of a Game,�SIAM Journal of Applied Mathe-

matics, 27, 355�358.

Moulin, H., and W. Thomson (1988): �Can everyone bene�t from

growth? Two di¢ culties,�Journal of Mathematical Economics, 17, 339�

345.

Schmeidler, D. (1969): �The nucleolus of a characteristic function game,�

SIAM Journal of Applied Mathematics, 17, 1163�1170.

Shapley, L. S. (1953): �A value of n-person games,�Annals of Mathemat-

ics Study, 28, 307�317.

Young, H. P. (1985): �Monotonic solutions of cooperative games,�Inter-

national Journal of Game Theory, 14, 65�72.

3


