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The main results of Warner Hürlimann in (2004) are relied on the claim that, the σ?−
measure (1.3) yields a non-parametric criterion of asymptotically independence between

order statistics. By presenting two different counter examples, we show that this claim is

not true. Moreover, we suggest a modified measure, which yields this criterion. Finally, a

very short proof for the derivation of the σ?− measure (Theorem 3.1) is given.

Example 1. It is easy to see that, if X(i) and X(j) are two general lower extremes,

or two general upper extremes, then they are asymptotically dependent. Indeed, Let i, j ,

1 ≤ i < j < n, be fixed with increasing n (the lower extreme case). Furthermore, let

an > 0 and bn be suitable normalizing constants, for which the distribution functions (df’s)

of
X(i)−bn

an
and

X(j)−bn

an
weakly converge to nondegenerate df’s (note that the convergence of

the df of a lower extreme order statistic to a nondegenerate limit df implies the convergence

of all other df’s of the lower extremes with the same normalizing constants and to the same

limit df). Then, it can be shown that, the df of the couple (
X(i)−bn

an
,

X(j)−bn

an
) will converge
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to the limit

Φi,j(x, y) =





Γj(U(y)), y ≤ x,

1
(i−1)!

∫ U(x)
0 Γj−i(U(y)− t)ti−1e−tdt, y ≥ x,

where Γm(x) = 1
(m−1)!

∫ x
0 tm−1e−tdt and U(x) can take one and only one of the types

U1(x) = xα, x > 0, α > 0; U2(x) = (−x)−α, x < 0, α > 0; and U3(x) = ex, −∞ < x < ∞.

On the other hand, due to Theorem 3.1, we get σ? = σ
(n)
(i,j) = 12i(n−j+1)

(n+1)2(n+2)
→ 0, which

contradicts the above result.

Example 2. It is well known that, under some conditions which satisfied by the original df

F, the joint df of all sample lower and upper quantiles (which are the central order statistics)

is asymptotically k− variate normal (see, Theorem 8.5.2 of Arnold et al, 1993). In particular,

let F be absolutely continuous with finite positive pdf f at F−1(pt), t = 1, 2, where

p1 = λ < p2 = 1− ν. Furthermore, let i = [np1] + 1 and n− j + 1 = [nν]. Then the joint

df of
√

n(X(i)−F−1(p1)) and
√

n(X(j)−F−1(p2)) is asymptotically bivariate normal with

zero mean vector and covariance matrix (σij), where σij = λν
f(F−1(λ))f(F−1(1−ν))

. On the

other hand in view of Corollary 3.1 we get σ? = σ
(n)
(i,j) = n−1(12λν+◦(1)) = ◦(1) → 0, which

contradicts the above result. Moreover, the claim ( which is made in the end of Corollary

3.1) that X(i) and X(j) are always asymptotically independent whether the integers i

and n− j + 1 remain fixed or not, as n →∞, is of course false.

The above two examples show that the σ?− measure of the order statistics associated

copula function, which is derived in Theorem 3.1, as

σ
(n)
(i,j) = 12

∫ 1

0

∫ 1

0
| γ(n)

(i,j)(u, v)− γ
(n)
(i) (u)γ

(n)
(j) (v) | dudv

=
12i(n− j + 1)

(n + 1)2(n + 2)
, 1 ≤ i < j ≤ n, (1)

does not yield any non-parametric criterion of asymptotically independence between the

order statistics X(i) and X(j). Before giving a modified measure which yield such a

criterion, we first notice that the relation (1) (Theorem 3.1) is a direct consequence of the

well known result of Hoeffding (1940). Indeed, since X(i) and X(j) are positive quadrant
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dependent, then an application of the Hoeffding result immediately yields

σ
(n)
(i,j) = 12

∫ 1

0

∫ 1

0
(γ

(n)
(i,j)(u, v)− γ

(n)
(i) (u)γ

(n)
(j) (v))dudv = 12COV(U(i), U(j)), (2)

where U(t)
d
= F (X(t)), t = i, j, and “

d
=” to be read as “has the same df as” (note that the

df’s of U(i), U(j) and (U(i), U(j)) are γ
(n)
(i) , γ

(n)
(j) and γ

(n)
(i,j), respectively). Now, the relation

(1), follows from the well known relation COV(U(i), U(j)) = i(n−j+1)
(n+1)2(n+2)

. However, the relation

(2) shows that the measure σ
(n)
(i,j) is free location but not free scale parameters. Since, as

n → ∞, we have to deal with the normalized U(i) and U(j) (by suitable normalizing

sequences of constants), we can modify the measure σ
(n)
(i,j) to the following non-parametric

normalized measure σ
?(n)
(i,j) = 12

σiσj

∫ 1
0

∫ 1
0 | γ

(n)
(i,j)(u, v) − γ

(n)
(i) (u)γ

(n)
(j) (v) | dudv, where σi and

σj are the standard deviations of the df’s γ
(n)
(i) and γ

(n)
(j) , respectively. Therefore we get,

σ
?(n)
(i,j) =

12COV(U(i), U(j))√
VAR(U(i))VAR(U(j))

= 12

√√√√i(n− j + 1)

j(n− i + 1)
.

Clearly, the measure σ
?(n)
(i,j) is free of location and scale parameters. Thus it yields a non-

parametric criterion of asymptotically independence between the order statistics U(i) and

U(j) ( and consequently between the order statistics X(i) and X(j)). By using this measure

we can state the following almost known theorem.

Theorem 1. Let XE
(i), X

E
(i), XI

(i), X
I
(i) and XC

(i) be the ith lower extreme, upper extreme,

lower intermediate , upper intermediate and central order statistic, respectively. Then

(1) the random variables (rv’s) XE
(i1), X

E
(i2)

, XI
(i3), X

I
(i4), and XC

(i5) are asymptotically mu-

tually independent, for all 1 ≤ i1, i2, ..., i5 ≤ n,

(2) the components of each pair (XE
(i), XE

(j)), (X
C
(i), X

C
(j)) and (X

E
(i), X

E
(j)) are asymptoti-

cally dependent, for all 1 ≤ i < j ≤ n,

(3) the components of each pair (XI
(i), XI

(j)) and (X
I
(i), X

I
(j)) are asymptotically independent

if, and only if, i
j
→ 0 and n−j+1

n−i+1
→ 0, respectively.

Remark 1. By studying the joint df of the different couple (X(i), X(j)) of the order statis-

tics (extreme, intermediate and central cases) asymptotically, Theorem 1 has been derived

in Barakat (1986). Moreover, as a consequence of this theorem, it is shown that σ
(L)
(i,j) = i

j

3



and σ
(U)
(i,j) = n−j+1

n−i+1
, as n → ∞, may be considered as measures of asymptotically inde-

pendence between X(i) and X(j), when i
n
→ λ1,

j
n
→ λ2, 0 ≤ λ1 < λ2 < 1, and

n−i
n
→ λ′1,

n−j
n
→ λ′2, 0 < λ′2 < λ′1 ≤ 1, respectively. Clearly, the modified measure σ

?(n)
(i,j)

is proportional to the geometric mean of the measures σ
(L)
(i,j) and σ

(U)
(i,j).
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