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1 Introduction 

The analysis, pricing and risk analysis of equity and unit-linked contracts with 
guarantees is a prominent topic in the actuarial and financial literature. Since 
the pioneering work by Brennan and Schwartz (1976/79a/b), Boyle and Schwartz 
(1977), Corby (1977), pricing and hedging contracts with minimum guarantees 
have been discussed in Delbaen (1986), Delvaux and Magn6e (1991), Bacinello and 
Ortu (1993), Aase and Persson (1994), Nielsen and Sandmann (1995), Kurz (1996), 
Milevsky and Posner (2001). Based on Aase and Persson (1994), the required eco- 
nomic risk capital of such contracts has been studied in Hiirlimann (2001). Some 
recent contributions, which are devoted to participating insurance policies with a 
minimum interest rate guaranteed, include Briys and de Varenne (1997), Miltersen 
and Persson (2000a/b), Grosen and J0rgensen (2000), Hansen and Miltersen (2000), 
Jensen, Jorgensen and Grosen (2000) and Bacinello (2001). 
The pricing of unit-linked contracts with multiple causes of decrement has not been 
considered explicitly. However, let us mention Persson (1994), Steffensen (2000) 
and Moeller (2001), who all use a multi-state Markov chain for modeling the under- 
lying policy. In particular, this framework would allow for simultaneous modeling 
of withdrawal and death in a natural way. Some discussion of the standalone with- 
drawal cause of decrement is contained in Milevsky and Posner (2001), and another 
recent paper on surrender values in life insurance is Steffensen (2002). 
The current pricing approach provides a slight extension of the previous results 
of Milevsky and Posner (2001) by using the dependence modeling for the time of 
withdrawal and time until death proposed by Valdez (2001). The technical cMcula- 
tions apply the Black-Scholes deflator, which simplifies and clarifies the derivation 
of results. Adding new features, we include a guaranteed random benefit at expira- 
tion, we model both mortality and lapsation using decrement copula models, and 
quantify in a simple way the expected expenses of a contract. 
At this stage it appears important to introduce the reader to the considered unit- 
linked pricing problem. The policyholder aged x pays one unit of money at time 
t = 0 (single premium only), which is invested in a fund whose stochastic value 
at a future time t > 0 is denoted St. The insurer currently subtract fees at the 
instantaneous rate f from the fund in order to cover expenses and possible guar- 
anteed payments stipulated by the contract. At time t > 0 the fund reduced by 
fees is denoted S[ = e-ftSt. The unit-linked contract specifies the payment of an 
amount S f + U~ at time of death Td, time of withdrawal Tw or time at expiration 
K,  whichever appears first, that is T = min(T, K) with T = min(Td,Tw). The 
amount Ur, the specific guarantee of the unit-linked contract, is paid in addition to 
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the current net of fees fund value S[. The "fair" pricing problem consists to choose 
the fee rate f in a fair manner such that the present value of the fee income covers 
exactly the present value of the product guarantees and expenses. It is shown that 
the dependence between the time of withdrawal and the time of death affects the 
choice of the fair fee. 

The paper is organized as follows. In Section 2, a brief account of the notion of 
deflator is presented. In continuous time finance, the standard deflator is the Black- 
Scholes deflator, which we use in the context of unit-linked life insurance. In Section 
3, the relationship between mortality and lapse rates is modeled using a decrement 
copula model. The marginal time-until-death random variable follows a Gompertz 
distribution, the time-until-withdrawal random variable follows an exponential dis- 
tribution, and their dependence is modeled using either the copula of Frank (1979) 
or the Pr~chet like linear Spearman copula considered recently by the author. A 
detailed development of the pricing of unit-linked endowment contracts without or 
with guarantee is presented in Section 4. A complete analytical treatment of the 
fair pricing of unit-linked endowment insurance without guarantee is presented in 
Section 5.1. We conclude with the discussion of some typical numerical examples, 
which illustrate the impact on the fees of various assumptions about the stochastic 
time at which the payment of the contract occurs. 

2 Black-Scholes  deflator 

Let (~, A, P)  be a probability space such that ~ is the sample space, which describes 
the states of the world, A is the a-field of events, and P is the probability measure 
assigning to any event E in A its probability P(E). 
Let T be the time horizon. At each time t E [0, T], the a-field At C A denotes 
the set of events, which describes the information available at time t. An adapted 
process X is a set {X(t)}o<t< 1 such that Xt is a random variable with respect to 
the measurable space (~t, At). 
In the present paper, we consider adapted price processes V = {Vt}0<t<T such that 
Vt represents the random value at time t of a financial instrument. To place a mar- 
ket value or price on any financial instrument, we consider a (state-price) deflator 
{X(t)}o<t<l, that is a strictly positive adapted process such that the stochastic 
value Vs payable at time s has value at time t < s given by the formula 

Vt - Et__[DsVs], 0 < t < s < T, (2.1) 
Dt 

where Et [.] denotes the conditional expected value given At. This means that the 
adapted deflated or discounted price process D.  V = {Dr �9 Vt}0<t<T is a martingale. 
(State-price) deflators are introduced in Duffle (1992), p.23 and 97, and used in 
many actuarial papers (e.g. Smith and Speed (1998), Jarvis, Southall and Varnell 
(2001)). 

422 



In continuous time finance, the standard deflator is the Black-Scholes deflator or B S  
deflator derived from the option pricing methodology by Black-Scholes (1973) and 
Merton (1973). There is a deterministic money market account process {X(t )}o<t< 1 
satisfying the relationship 

Ms =- Mt  . e r(~-t), O < t < s < T, (2.2) 

where r is the instantaneous risk-free rate. Furthermore, there is a stochastic fund 
process {X(t)}o<t<_l satisfying the equation 

Ss = St . e x s - x t ,  0 < t < s < T ,  (2.3) 

with {X(t )}o<t< 1 a Brownian motion with drift # and standard deviation a such 
that 

X t  : # t  + crBt, 0 < t < T, (2.4) 

where {X(t )}o<t< 1 is a standard Brownian motion. In particular, Bt is normally 
distributed with mean 0 and variance t. At time t = 0 we assume that  the fund 
value is normalized to one unit of money, that  is So = 1. One considers the B S  
deflator, which has the same form as the fund process, that is 

Dt = e at+bXt, 0 < t < T, (2.5) 

for some constants a and b. The martingale property (2.1) implies the equations 

D t M t = E t [ D s M ~ ] ,  0 < t < s < T ,  (2.6) 

Substituting 
obtains the equations 

a + b# + lb2cr2 = - r ,  

a +  (b+  1)p + �89 1)2a 2 = 0. 

It follows that the BS deflator (2.5) is determined by the constants 

a = ~  , 2 _ ( r + � 8 9  , b=~-~  - # -  

DtSt  = Et [DsSs] , O < t < s < T. (2.7) 

(2.5) into (2.6) and (2.7) using that Et [e cB~] = e�89 c2(s-t)+~st, one 

(2.8) 

(2.9) 

(2.10) 

3 Decrement copulas and the independence assumption 

In traditional life insurance, the mortality risk is well understood and its cost is 
quantified by modeling the t ime-until-death random variable Td, which describes 
the random termination of a contract due to the cause of death. For reasons of 
competitiveness, there is an increased need to take into account the random termi- 
nation of a contract due to lapsation, which is modeled by the t ime-untiLwithdrawal 
random variable Tw. As pointed out by L iane t  al. (1998) and Valdez (2001), the 
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costs related to withdrawal are numerous and include company insurance losses 
in acquisition expenses, recurring administration expenses and mortality selection 
expenses. It is therefore of great importance to model properly the statistical re- 
lationship between mortality and lapse rates. When antiselection is present, the 
mortality and withdrawal risks cannot be independent, as shown by Valdez (2001), 
Theorem 1. Therefore, it is reasonable to model the pair (:I'd, Tw) by specifying 
a bivariate distribution using copulas. However, Td and Tw can never be observed 
simultaneously and, for pricing purposes, only the random lifetime T -- min(Td, T~) 
of a contract is of relevance. 
In general, let Fd(t ) = Pr (Td ~_ t) and Fw(t) = Pr (Tw <_ t) be the marginal distribu- 
tions of Td and T~, and consider a copula function C(u, v) such that the distribution 
function H(td, tw) = Pr (Td <_ td, T~ <_ tw) satisfies the relationship 

H (td, t~) = C (Fd(td), F~(tw) ) . (3.1) 

One notes that the existence of a copula function is established by the theorem of 
Sklar (1959) (consult Hutchinson and Lai (1990), Nelsen (1999) and Drouet Mari 
and Kotz (2001) for further background on copulas). Then the distribution function 
of the random lifetime of a contract is given by 

FT(t) = Fd(t) + Fw(t) - C (Fd(t), Fw(t)). (3.2) 

Assuming the density functions fd(t) and fw(t) of the marginals exist, the density 
function of T satisfies the formula 

fr( t )  = fd(t).  1 -  ~[Fe( t ) ,Fw( t ) l  + f~( t ) .  1 -  Ov [Fe(t),F~(t)] . (3.3) 

In the present paper, the time-until-death follows the distribution of Gompertz 
(1825) (see also Willemse and Kopelaar (2000)) defined by 

F d ( t ) = l - e x p { e - ( m { ~ ) . ( 1 - e - ~ ) } ,  (3.4) 

where x is the age at entry of a policyholder. The time-until-withdrawal follows the 
exponential distribution 

Fw(t) = 1 - e -At. (3.5) 

The chosen family of copulas is the Frank (1979) copula defined by 

{ (e~U- l ) (e~V-1)  } 
C ( u , v ) = l l n  1 +  . . . .  (3.6) 

Ot e a -- 1 ' 

where the dependence parameter a belongs to the interval (-cxD, ~ ) .  The described 
bivariate decrement copula model has been validated through empirical evidence in 
Valdez (2001), Section 5. As simple analytical tractable alternative, we choose the 
linear Spearman copula 

c(u,v)=(1-1ol).Co(u,v)+lOl.Csg, to)(u,v), 0 E [--1,1], (3.7) 

424 



Co(u, v) = uv, Cl(u, v) = min(u, v), C_l(lt, ~3) = -  max(it -t- "V - -  1 ,  0). 

It has been used by the author in many papers and has been fitted to financial 
market data in Hiirlimann (2004). 

Though the independence assumption is obsolete in the presence of ant• 
it remains attractive with regard to computational purposes. Indeed, if C(u, v) -- 
by is the independent copula, the relevant probability functions (3.2) and (3.3) 
simplify considerably and lead to analytically more tractable pricing formulas. It 
is therefore of interest to analyze the effect of the independence assumption on 
actuarial calculations. In the context of unit-linked products, we show that this 
assumption will decrease the present value of the fee income (inequality (4.4)). As 
a consequence, it acts as a valuable simple conservative approximation to the "fair" 
price of unit-linked insurance, at least for the products without guarantee. Note 
that the observed positive dependence between mortality and lapsation can only 
be estimated with uncertainty. Therefore the true "fair" price remains sensitive to 
variation of the dependence and thus it is actually unknown. 

To prove our statement, we apply some standard results from the theory of ordering 
of risks (e.g. Kaas et al. (2001), chap. 10). Given two random variables X, Y with 
distribution functions Fx(x), Fy(x), one says that X precedes Y in the stochastic 
dominance of first order, written X <st Y, provided that Fx(x) >__ Fy(x) for all x 
in the common support of X and Y. Given two pairs of bivariate random variables 
(X, Y) and (X', Y') with the same marginal distributions, one says that (X, Y) is 
less correlated than (X', Y'), written (X, Y) _<c (X', Y'), provided the bivariate 
distributions satisfy the relationship Pr (X _< x, Y < y) _< Pr (X' -< x, y t  _< y) for 
all (x, y) in the common support of (X, Y) and (X', Y'). If C(u, v) and C'(u, v) are 
the copulas associated to (X, Y) and (X', Y'), then one has (X, Y) _<c (X', Y') 
if and only if C(u,v) -< C'(u,v) for all (u,v) E [0,1] • [0,1]. Therefore, the 
correlation order for bivariate distributions is equivalent to the concordance or- 
der for copulas (e.g. Nelsen (1999), Definition 2.8.1). Under the above assump- 
tions, if (X,Y) <c (X',Y') then Z = min(X,Y) <st Z' = min(X',Y'), which 
follows from the inequality Fz(z) = Fx(z) + Fy(z) - C (Fx(z), Fy(z)) >_ Fz,(z) = 
Fx(z) + Fy(z) - C' (Fx(z),Fy(z)). 

Now, let T = min(Td, Tw) be the lifetime of a unit-linked contract, where the pair 
(Td, Tw) follows the described Gompertz exponential Frank and linear Spearman 
copula models, where we assume positive dependence in (3.6) and (3.7), that is a < 0 
and 0 > 0. For comparison, if T~ and T~ are independent copies of Td and Tw, then 
one has (T~-,Tw ~) -<c (Td,Tw), hence T • = min (T~,Tw ~) _<st T = min(Td,Tw). 
The same holds for truncated random variables, that is TK ~ = rain (T z, K) _<st 
min(T, K) for each K > 0. These facts have important consequences concerning 
the evaluation of the fee income rate of unit-linked products, as stated in Section 
4.1. 
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4 Pricing unit-l inked endowment  contracts 

The analysis and pricing of unit-linked contracts with guarantees, whose main fea- 
ture is the inclusion of random benefits as opposed to deterministic benefits in tra- 
ditional life insurance, has been discussed in the literature since about 25 years 
by many researchers, in particular Brennan and Schwartz (1976/79a/b), Boyle 
and Schwartz (1977), Corby (1977), Delbaen (1986), Delvaux and Magn~e (1991), 
Bacinello and Ortu (1993), Aase and Persson (1994), Nielsen and Sandmann (1995), 
Kurz (1996), Hiirlimann (2001) and Milevsky and Posner (2001). 

Our approach is similar to the one adopted by the last authors. As technical im- 
provement, the use of the BS deflator simplifies and clarifies the derivation of results. 
We show that the inclusion of a guaranteed random benefit at expiration (not con- 
sidered by Milevsky and Posner (2001) but increasingly demanded on the insurance 
market) has a considerable impact on pricing, especially for small and moderate con- 
tract lengths. Adding new features, we model both mortality and lapsation, and 
quantify in a simple way any expenses related to recurring administration costs, ac- 
quisition expenses and asset management. In our "fair" pricing model, the present 
value of the fee income covers exactly the present value of the product guarantees 
and expenses. The valuation of the different endowment products will depend on 
the following parameters : 

x: age at entry of a policyholder 

K: term of a contract 

f :  instantaneous fee income rate 

c: instantaneous expense rate 

j:  instantaneous inflation rate for expense adjustment 

r: instantaneous risk-free rate 

g: guaranteed instantaneous growth rate of fund value 

M: maximum guarantee 

a : volatility of fund 

: withdrawal rate 

4.1 P r e s e n t  v a l u e  o f  the fee income 

We assume that fees are collected continuously at the rate f up to the stochastic 
time T = min(T, K) of termination of the contract, where T -- min(Td, Tw) is the 
stochastic time of decrement due to either death or withdrawal. The value of the 
fees, that is the fee income at time t, is obtained as the difference between the value 
St of the fund and the value St / of a similar fund from which the fees are currently 
withdrawn. The latter fund evolves according to the stochastic differential equation 
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whose solution is S[ = e - # S t .  Therefore the fee income at time ~- of termination 
of the contract equals 

Now, we condition on age x and use that E [DtSt] = 1 for all t (application of (2.9)) 
to obtain the present value of the fee income (equation (14) in Milevsky and Posner 
(2001)) : 

P V  (FT) = E[DTFr] = Ex [E [(1 - e - # )  DtSt IT]] = Ez [1 - e -IT] 
K K (4.3) 

= 1 -- f e - # f x ( t ) d t  - Fx(K)e  - f K  = f .  f e -#Fx( t )d t ,  
o o 

where the last equality is obtained through partial integration. At the end of Sec- 
tion 3, we have derived the stochastic ordering relation T • = m i n ( T  • K)  <-st 
min(T, K),  where T • = min(Td ~, T~)  corresponds to the lifetime of a unit-linked 
contract, in which the causes of decrement due to death and withdrawal are as- 
sumed to be independent. Now, the stochastic dominance of first order preserves 
expected values under non-decreasing functions. This fact implies the inequality 

PV(FT• = Ex [ 1 - e  -I t •  <- Ex [ 1 - e  -IT] = PV(F~),  (4.4) 

which shows that  the independence assumption underestimates in general the pre- 
sent value of the fee income. The numerical examples in Section 5 illustrate the 
extent with which the fee income rate will be overestimated under the independence 
assumption. 

4.2 P r e s e n t  v a l u e  o f  t h e  p r o d u c t  g u a r a n t e e s  

The traditional endowment insurance is the superposition of a term insurance and 
a pure endowment insurance with a fixed sum payable upon death or survival of 
the contract period. Similarly, the owner of a unit-linked endowment insurance 
receives at time 7 = T = min(Td, Tw) of death (or withdrawal) or at time 7 = K 
of survival at least the net of fees fund value S[ = e -f~ �9 S~-. Since the insurer 
is always fully invested in the fund, the benefit can always be paid without tak- 
ing any investment risk. Unit-linked products with guarantees may offer at time 
T = T a guaranteed minimum death benefit (GMDB or term insurance guarantee) 
or /and at time r = K a guaranteed minimum accumulation benefit (GMAB or 
pure endowment guarantee). A product with guarantee at both time ~- -- T and 
T = K,  that is at time 7 = min(T, K),  is an analogue of the traditional endowment 
insurance. To summarize, the insurance benefit of a unit-linked product is of the 
form S~ y + UT, where only the guaranteed payment UT remains to be priced. One 
may distinguish between the following main product types (for further types, see 
Milevsky and Posner (2001)) : 
�9 UT = 0 (without guarantee) 
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U~ = (e gr - Sir] , 0 <_ 9 <<_ r (rising-floor guarantee) 
\ / + 

�9 U ~ =  (min(M,e  g r ) - S [ )  , O<<_g <r ,  M>O(cappedris ing- f loorguaran-  
\ ! + 

tee) 

�9 U~ = max {Sit} - Sir (lookback guarantee) 
O < t < T  

Clearly, many more product types may be considered. For example, if the policy- 
holder wants just to guarantee fixed payments Sd to his family upon death, but 
not upon withdrawal and time of expiration, the insurance benefit is of the form 

( S i c )  , which is a slight modification of the rising-floor guarantee. To STId+ Sd-  + 
price the different product guarantees, one calculates the present value of the guar- 
antee using the BS deflator. For the sake of brevity, we price only the rising-floor 
guarantee. Consulting Milevsky and Posner (2001), the interested reader will be 
able to price similarly the other product guarantees without difficulty. Conditioning 
on age x, one obtains for the unit-linked endowment insurance with ?- = min(T, K) 
the present value 

K 

-- f fx(t)P(t)dt  + Fx(K)P(K) ,  
0 

(4.5) 

where P(t) is the Black-Scholes put-option price obtained as follows (application of 
(2.8), (2.9) and properties of the standard normal distribution): 

~ e(g-r)t(~(-~v~) e - f t o ( - ( ~  + a)v~),  with 
..1 

r-- f - -g--  �89 -2 4= 
(T 

(4.6) 

4 .3  P r e s e n t  v a l u e  o f  t h e  e x p e n s e s  

We assume that  over the whole term of the contract, that is independently of 
whether an insured dies or lapses, the insurer faces recurrent constant mean ex- 
penses at the instantaneous rate c per year and per unit of initial investment, which 
are adjusted for inflation at the rate j .  In the infinitesimal interval [t, t + dt) the 
value of these expenses equals ec+Jtdt. Let Ct denote the stochastic discounted 
value of the expenses until time t. The corresponding infinitesimal value at time t 
satisfies the differential equation 

dCt = DteC+Jtdt. (4.7) 

The present value of the expenses is obtained by taking the expectation of the 
discounted expenses until time K as follows : 
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I g K " r C j  
E [CK] = E Dtec+Jtd t = f ec+(r_J)td t = ~ 1 - -  e - ( r - j ) K  

0 Ke c r = j. 
(4.8) 

4.4  Fair price  o f  a uni t - l inked e n d o w m e n t  contract  

The equilibrium or "fair" price of a unit-linked endowment contract with any (or 
without) guarantee is determined by the value of the instantaneous fee income rate 
f ,  which solves the identity of economic profit (similar to equation (41) in Milevsky 
and Posner (2001)) 

PV(F,)  - PV(UT) - E [CK] = O, (4.9) 

where the involved quantities are calculated with the formulas (4.3), (4.5) and (4.8). 
As observed by Milevsky and Posner (2001), there may exist types of guarantees, 
which may not be funded by the fee income rate. However, in the standard en- 
dowment case with rising-floor guarantee, this does not seem to occur in practical 
situations. 

5 Analytical results and examples 

In the present Section, we derive analytical formulas for the present value of the 
fee income when the linear Spearman decrement copula for death and withdrawal 
is used. This allows one to price the unit-linked endowment insurance without 
guarantee in an analytical way. As shown in Milevsky and Posner (2001), the 
rising-floor guarantee under the exponential model can be priced in an analytical 
way. This allows one to price analytically the unit-linked endowment with this 
guarantee under the standalone cause of withdrawal. Unfortunately, the rising- 
floor guarantee under the Gompertz model and under the Gompertz exponential 
copula model cannot be priced in closed form. In these cases, only numerical results 
are provided. 

5.1 P r e s e n t  value o f  the  fee i n c o m e  

It is useful to begin with the single decrement models. For the cause of death, we use 
the Gompertz survival distribution (3.4) in the form Fd(t) ---- exp {A(x) - A(x)e t/b} 
with A(t) = e x p { ( t - m ) / b } .  Inserting into (4.3) and making the substitution 
t = b. In {A(x)- lv} ,  one obtains as a function of the instantaneous fee income rate 
the present value 

K A(x+K) 

PV(Fmin(Td,K),f)= f . / e - / t F d ( t ) d t  = fbeA(x)A(x) Ib. / v-/b-le-Vdv. (5.1) 

o A(x) 
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o o  

Making use of the incomplete Gamma function P(a, z) = f v~-le-Vdv and a partial 
z 

integration, one sees that 

f v-"-le-Vdv= 1 {z-"e r(1 a,z)} 
c~ 

z 

(5.2) 

Inserting into (5.1) one obtains the closed form formula 

P V  ( Fmin(Td,K), f )  = 1 - eA(X) A(x) lb. 

{F (1 - fb, A(x)) - F (1 - fb, A(x  + K)) + e-A(x+K)A(x + K ) - I b } .  
(5.3) 

Note that the formulas (5.1)-(5.3) are closely related to the equation (13) in Milevsky 
and Posner (2001). Assuming that withdrawal is the only cause of decrement, we 
use the exponential survival distribution T'w(t) = e -At to obtain the formula 

K 
PV(Fmin(T~,K), 1) = f .  f e-#T'~(t)dt  

0 
K 

= f .  f e - / tFw( t )d t=  ~-~.  [ 1 -  e-(~+:)K] . 
0 

(5.4) 

Next, consider the bivariate decrement models. Firstly, we assume the times until 
death and withdrawal are independent random variables. Then, the present value 
is linked to the present value (5.1) calculated at the increased fee income rate/~ + f 
as follows : 

K 

f - PV(Fmin(T. K ), f )  = f "  e-ItFd(t) . Fw(t)dt = ~ + f �9 PV(Fmin(Td,K), ~ + f) .  
0 

(5.5) 
Secondly, if (T4, Tw) follows the linear Spearman copula C(u, v) = 0min(u, v) + 
( 1  - O)uv with positive Spearman coefficient 0 > 0, the survival distribution of 
T = min(Td, Tw) equals FT(t) = O. min(Fd(t),Fw(t)) + (1 - 8).  Fd(t).  Fw(t). If 
T~ and T~: denote comonotonic copies of Td and Tw, then min(_Fd(t), Fw(t)) is the 
survival distribution of T c = min(T~, T~). One obtains 

PV(Fmin(T,K) , f )  = 8" PV(Fmin(TC,K), f )  + (1 - 8) '  PV(Fmin(T~,K), f) .  (5.6) 

That is, the present value is a linear combination of the present values for the 
comonotonic and independent cases. Under the assumption Fw(t) <_ Fd(t) for all 
t C [0, K], satisfied in all of our numerical examples, one obtains the linear form 
expression (use (5.4) and (5.5)) : 

PV(Fmin(T,K) , f )  = 8" PV(Fmin(T~,K), f )  + (1 - 8 ) '  PV(Fmin(T~,K), f ) .  (5 .7 )  
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Thirdly, if (Td, Tw) follows the Frank copula, we have to resort to numerical com- 
putation using the formulas of Section 3. Finally, it will be instructive to state for 
comparison the limiting infinite time horizon present values when K -~ oc. One 
obtains 

PV(FTd, f)  = 1 - eA(X)A(x) lb. F (1 - fb, A(x)) ,  (5.8) 

I__], (5.9) PV(FT~, f)  = A + 

f 
PV(FTJ-' f)  = )~ + 1" PV(FTd, )~ + 1). (5.10) 

If (Td, Tw) follows the linear Spearman copula with 0 > 0 one obtains 

PV(FT,  f)  = 0. ~--~+/. {1 - e -()~+I)t~ } 
+8. eA(X)A(x) lb. {e-A(~+t~ + to) -fb -- F (1 - fb, A(x + to))} (5.11) 

+(1 - 0).  - / - - .  PV(FTd, ;~ + f) ,  

where to E (0, oc) solves the equation f'w(t) = Fd(t), that is 

A(x) + A(x)e t~ - s = O. (5.12) 

5.2 E n d o w m e n t  i n s u r a n c e  w i t h o u t  g u a r a n t e e  

The fair price of the unit-linked endowment contract without guarantee solves the 
equation (4.9) with Ur = 0, that is one looks for the implicit solution f of the 
equation 

PV(F~, 1) = E [Cg], (5.13) 

where ~- may be one of the stochastic times considered in Section 5.1. Table 5.1 
displays the obtained fair fee income rates in basis points (100 bp = 1%) under the 
following model assumptions : 

c=ln(0 .006) ,  j = in(1.02), r = in(1.04), ~ = 33.33 -1, 
x----30, m=84 .4409 ,  b=9 .888 ,  
x = 4 0 ,  m=84 .4729 ,  b=9 .831 ,  
x = 5 0 ,  m=84 .4535 ,  b--9.922.  

The parameters of the Gompertz distribution are those listed in Milevsky and Pos- 
ner(2001), Table 4. The dependence parameter in the linear Spearman copula is 
equal to the Spearman correlation coefficient and satisfies the relationship (Konijn 
(1959), p. 277) : 

0 = - 1  + v f+ (5.14) 

where ~- is Kendall's tau. As shown in Valdez (2001), death and withdrawal may be 
highly dependent. In our calculation, we choose ~- = 0.77, that is 0 = 0.819. The 
parameter in Frank's copula is set equal to c~ = -15.  
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Table 5.1 lists the sensitivities with respect to these various assmnptions. The 
following comments can be made. For finite time horizons up to K = 30 years, 
the required fair fee income rate is stable with respect to the dependence assump- 
tion. The fee income rate for fixed K coincides (especially for the Frank copula) 
almost with the rate obtained in case withdrawal would be the only cause of decre- 
ment. In our situation, the decrement due to withdrawal is more expensive than the 
decrement due to mortality only. Moreover, the fee income rate is almost age inde- 
pendent, that is the rates obtained for a pair (x, K)  by fixed K _< 30 are stable with 
respect to the age at entry of a policyholder. However, increasing the time horizon 
up to infinity, the fee income rate is more sensitive to the dependence assumptions 
and is age dependent. Finally, as predicted by the inequality (4.4), the fee income 
rate obtained under independence of death and withdrawal overestimates the rates 
obtained under the dependence assumption, 

(x ,K)  death 

(30,10) 56.247 
(30,20) 52.863 
(30,30) 50.029 
(30,00) 76.371 
(40,10) 56.534 
(40,20) 53.703 
(40,oc) 95.568 
(50,10) 57.371 
(50,oc) 126.562 

withdrawal 

65.094 
70.393 
75.834 
134.161 
65.094 
70.393 
134.161 
65.094 
134.161 

dependent 
death and withdrawal 
Frank lin. Spearman 
copula 
65.095 
70.394 
75.834 
147.152 
65.095 
70.394 
155.730 
65.095 
171.803 

copula 
65.128 
70.496 
76.076 
149.129 
65.184 
70.668 
158.780 
65.345 
176.154 

independent 
death and 
withdrawal 

65.279 
70.965 
77.193 
163.627 
65.593 
71.939 
181.246 
66.508 

212.058 

Table 5.1: fair fee income rate in basis points for unit-linked without guarantee 
and time horizon K 

5.3 E n d o w m e n t  i n s u r a n c e  w i t h  r i s i n g - f l o o r  g u a r a n t e e  

The fair fee income rate f of the unit-linked endowment insurance with rising-floor 
guarantee solves the equation 

PV(F~,I) = PV ((e 9 ~ -  S[)+) + E[CK]. (5.15) 

We use the same assumptions as in Section 5.2 and suppose that the volatility of 
the investment fund is a = 15%. Numerical results for the cases g = 0 (guaranteed 
premium refund) and g = r (guaranteed risk-free growth rate) are listed in Table 
5.2. The observations made for the unit-linked without guarantee can be repeated. 
The fee income rate in the premium refund situation g = 0 decreases with the 
contract length. It is more stable for the risk-free guaranteed growth rate. One 
observes that  the price of the risk-free guarantee lies for longer contract lengths 
more than three times above the price of the guaranteed premium refund. 
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(x, K) 

(30,10) 
(30,20) 
(30,30) 
(40,10) 
(40,20) 
(50,10) 

(30,10) 
(30,20) 
(30,30) 
(40,10) 
(40,20) 
(50,10) 

dependent independent 
death and withdrawal death and 

death withdrawal Frank lin. Spearman withdrawal 
copula copula 

g = 0  
127.042 
79.864 
62.981 
127.686 
81.414 
129.565 

146.227 
111.122 
104.193 
146.227 
111.122 
146.227 

146.263 
111.145 
104.211 
146.228 
111.123 
146.228 

146.300 
111.310 
104.588 
146.425 
111.624 
146.781 

146.636 
112.169 
106.410 
147.330 
113.950 
149.350 

g = r = ln(1.04) 
350.518 
307.866 
297.321 
351.265 
309.995 
353.439 

372.744 
350.901 
363.355 
372.774 
350.901 
372.774 

372.819 
350.938 
363.398 
372.776 
350.903 
372.776 

372.858 
351.140 
363.869 
372.999 
350.903 
372.776 

373.240 
352.232 
366.220 
374.029 
354.487 
376.326 

Table 5.2: fair fee income rate in basis points for rising-floor guarantee and finite 
time horizon K 
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Summary 

Fair pricing using deflators and decrement copulas: the unit-linked endowment 
insurance 

The Black-Scholes deflator and bivariate decrement copulas for the joint modeling 
of the time of death and time of withdrawal are used to determine the fair price of 
unit-linked endowment insurance contracts without or with a rising-floor guarantee. 
The fair fee income rate charged to the unit-linked fund is defined such that the 
present value of the fee income covers exactly the present value of the product 
guarantees and the expenses. In particular, a complete analytical treatment of the 
unit-linked endowment insurance without guarantee is presented. 
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Zusammenfassung 

Faire Preise mit Deflatoren und Kopulas ffir fondsgebundene Lebensversicherungen 

Der Deflator von Black-Scholes und spezifische Kopulas fiir die gemeinsame Mo- 
dellierung der Ausscheideordnungen Tod und Rfickkauf werden benfitzt, um den 
fairen Preis yon fondsgebundenen Lebensversicherungen mit oder ohne Garantie zu 
bestimmen. Die faire Beitragsrate, welche dem Fonds belastet wird, wird durch 
folgende Bedingung definiert. Der diskontierte Wert der Beitragszahlungen deckt 
genau den diskontierten Weft der Garantie und der Kosten. Insbesondere wird eine 
vollsts analytische Behandlung der fondsgebundenen Lebensversicherung ohne 
Garantie vorgestellt. 
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