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VERYBODY KNOWS THAT 
any natural number-that is, 
any positive integer--can be bro-
ken down into the product of 

prime factors. For example, 

400 =24 .52
, 

1001 = 7· 11 . 13, 
290,981 = 43 . 67 . 101. 

\Vhy is such a "factorization" 
unique? Or take a simpler fact: if the 
product mn is divisible by 43, then at 
least one of the numbers m or n is 
divisible by 43. How can we prove 

this.l 

These facts seem pretty obvious, 
but it's not so easy to prove them. The 
proofs will come at the end of this 
article. Let's start with the simplest 
statements about the divisibility of 
-integers and see how to find the great
est common divisor (GCDI of two 
numbers without breaking them 
down into prime factors. I hope you 
enjoy solving the problems that we'll 
encounter along the way. 

Throughout the text the letters a, 

b, c, ... will denote integers. 

Division wi aPl9II8fIDr 
There's a well-known procedure 

that divides a number a by a number 



equation mx + ny - ron, where 
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Problem 14. Find integers x and y such that 

85x+204yR 17. 
Problem 15. Do the following equations 

have integer solutions: fa' 105x + 56y - 42; 

fb/104x+65y-43? 
Problem 16. fa' Is it possible to set up a 

battery having a voltage of 220 V by serially 

connecting cells of two types, 6 V and 16 Vl If 
so, how many batteries of each type must be 

uSed? fbI The same question, but the voltages 

of the cells are 6 V and 15 V. 
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Before we prove the fundamental 
theorem, let's take one more step for
ward and prove the following lemma. 

LEMMA 3. If the product ab is di-
visible by c and the numbers b 
and c are coprime, then a is di-
visible by c. 

Indeed, since GCD (b, c) = I, then, 
according to lemma 2, there exist 
integer numbers x and y such that 1 

'" bx + cy. Multiplying both sides of 
the equation by a we get a = abx + 

acy. According the condition, ab is 
divisible by c, so both abx and, of 
course, acy are divisible by c, which 
means that their sum a is also divis
ible by c. 

Lemma 3 is used often in solving 
various problems, although some
times this use is pretty inconspicu
ous. For example, we've already used 
it in the preceding section while de
riving formulas yielding all the solu
tionsof equation 41x + 19y= 1 (there 
the corresponding phrase is in italics). 

Problem 17. Prove that if a number a is 

divisible by both the coprimes band c, then a 
is divisible by be. 

Problem 18. Which of the follOwing state

ments is true: la' if ab is divisible by IS, then 

at least one of the factors is divisible by 15; 
(bl if ab is divisible by 17, then at least one of 

the factors is divisible by 17; fc) if a is divis

ible by 6 and b is divisible by 10, then ab is 

divisible by IS; jdl if ab is divisible by 60 and 

b is coprime with 10, then a is divisible by 20. 

Here I'll remind you that a natu-
ral numberP is called prime if it has 
exactly two divisors: P and 1. 

If P is a prime number, then for 
any integer a one of the following two 
statements is valid: either a is divis
ible by p, or a and P are coprime 
(since GCD (a, pJ can be equal only to 
P or 1 J. A particular case of lemma 3 
can now be formulated as follows. 
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If a product ab is divisible by a 
prime number p, then at least 
one of the numbers a and b is 
divisible by p. 

The fundamental theorem of arith
metic is an immediate consequence 
of this statement. 

Every natural number can be 
uniquely factored into a prod. 
uct of prime factors. 

Indeed, let a number be factored 
into several factors so that at least one 
of them is not a prime number. Then 
this factor itself can be factored; ifany 
of its factors isn't prime, we can fac· 
tbr it again; and so on. Since each fac
tor of any number is smaller than the 
number itself, this process can't go on 
forever-at some point we'll arrive at 
a factorization of the number into 

prime factors. 
Now let's prove that there can't be 

two different factorizations of a num
ber into primes. Assume that there 

are two factorizations of some num

ber a: a =PIPZ'" Pr '" %% ... ql< (r :sk), 
where Pi and q} are prime numbers. 
Since the left side of the equation is 

divisible by PI' the right side should 
also be divisible by PI' so that one of 
the numbers %has to be divisible by 

PI' But q} is a prime number, so we 
have % ... PI' Canceling out the com
mon factor PI =%, we tum to the fac
tor P'}., and so on. Finally, all the fac
tors will be canceled out and the left 
side becomes equal to 1. Since q} are 
positive integers, nothing but 1 will 
be left on the right side as well. So the 
factors in both factorizations are the 
same (though their order may be dif
ferentl, which means that the factor
izations are identical. 

Problem 19. Factor the numbers 1990, 

1991, and 1992. 

Problem. 20. lal Prove that if m and n are 

coprime and am - bn, then there exists an 

integer k such that a - kn, b .. km.lbl Prove 

that if m and n are coprime and X'" - Y', then 

there is an integer z such that x 


