
Fall 2017 String Theory I

Homework 6
Due on: Friday, October 27

Problem 1: The stress tensor for fermions

For fermions ψ the gravitational stress tensor T is obtained by varying the action S with respect to

the vielbein field e

Tα
a = − δ

δeaα(σ)
S (1.1)

The advantage of this definition is that one obtains a stress tensor which is (a) conserved on-shell,

and (b) symmetric on-shell, as we shall prove, provided the action is Einstein and local Lorentz

invariant.

(a) Show that by adding a suitable local Lorentz transformation with a parameter ξαωα
ab(e) to an

Einstein transformation of the vielbein with parameter ξµ, one obtains the following transfor-

mation law

δeα
a = Dαξ

a (1.2)

where Dαξ
a = ∂αξ

a + ωα
a
b(e)eα

b and ξa = ξαeα
a.

(b) What is the corresponding δea
α?

(c) By varying the matter action S(e, ϕ) where ϕ denotes all other fields beyond the vielbein, show

that on-shell

DαTα
a = 0 (on-shell) (1.3)

Hence Tα
a is conserved on-shell.

(d) Now consider the local Lorentz transformation δlLeα
a = λab(σ)eα

b, and show (by varying S

again), that on-shell

λab(σ)ea
αTα

b = 0 (1.4)

Hence T ab ≡ eaαTα
b is symmetric on-shell.
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(e) Finally consider the local scale (Weyl) transformation δeα
a = λW (σ)eα

a, and using the same

approach as before, show that if the action is Weyl invariant, then on-shell the stress tensor is

traceless

Tα
a1

2
λW ea

α = 0 (1.5)

Hence Tα
a is traceless on-shell.

Comment: The stress tensor and action above are the stress tensor and action of the matter

system. In cases that a gauge action for gravity (the Einstein-Hilbert action) is present, one

can still apply the discussions given above to the matter part of the action.

(f) Up to here the discussion was valid for any dimension. Now consider the special case of d = 1+1,

and obtain the explicit expression for the stress tensor of the fermions in + and − notation.

Check by direct computation that it is conserved, symmetric and traceless on-shell.
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