
Fall 2017 String Theory I

Homework 2
Due on: Friday, September 15

Problem 1: The light-cone gauge off-shell

Until now we considered the case that all field equations were satisfied, and we first fixed the EW

gauge by hαβ = ηαβ, and then the residual semilocal conformal symmetry by the light-cone gauge

X+ = x+ + l2p+t for the open string (or X+ = x+ + 1
2
l2p+t for the closed string).

We now study the action, so the off-shell case where not all field equations are satisfied. The

main point to keep in mind is that if we put the action into the Hamiltonian form

L =
.
XµPµ −H(P,X) (1.1)

then the terms
.
XµPµ will tell us the rules for canonical quantization at a fixed time (t = 0), while

H(P,X) will give the time dependence of operators. One can expand both Xµ and Pµ at a given

time (t = 0) into modes without imposing any field equations; the mode expansion yields just a

change of basis. However the time dependence of the mode expansion puts the fields on-shell.

We begin with the classical action

L = −1

2
T
√
−hhαβ∂αXµ∂βXµ (1.2)

(1) What are the conjugate momenta for Xµ and hαβ? Write down the Hamiltonian H(P,X) in

(1.1). Do not hand in the derivation of H, it is given in the notes, only the result. The result

should be of the factorized form1

H = Λ0C1(P,X) + Λ1C2(P,X) (1.3)

where Λ0 and Λ1 only depend on hαβ (they are thus not physical fields but Lagrange multipliers).

(2) Fix the two Einstein gauge invariances by the gauge choices

X+ = at, P+ = p+(t) (1.4)

The first gauge choice is the light-cone gauge. Would the gauge choice P− = p−(t) instead of

1Dirac has shown that one can always factorize Hamiltonians of gauge theories in this way.
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P+ = p+(t) also have been possible? Why is there no gauge choice for Weyl gauge invariance?

(3) Integrating (in the path integral) over the nonpropagating fields Λ0 and Λ1 yields the field

equations

C1(P,X) = 0, C2(P,X) = 0 (1.5)

Solve them by eliminating P− and ∂σX
−. (We do not impose the field equation for Xµ!)

(4) The action reduces to

L = −1

2

.
X+P− − 1

2

.
X−P+ +

1

2

.
X iP i (1.6)

Show that this implies the following canonical commutation relations at t = 0:[
X i(σ, t = 0), Pj(σ

′, t = 0)
]

= i~δijδ(σ − σ′)[
x−, p+

]
= −2i~

(1.7)

The relation for X i and P j is elementary quantum mechanics, but for the terms with X± and

P±, you have to use the gauge choices.

(5) Now write down the mode expansions for X i(σ, t = 0) and Pi(σ, t = 0), assuming the boundary

conditions ∂σX = 0 and ∂σP = 0 at σ = 0, π for the open string (or periodicity 2π in σ for the

closed string), and deduce the mode commutation relations. We view the space of Xµ and pµ

as the space of (smooth) functions of σ, not satisfying any field equations but satisfying a set

of boundary conditions. In principle, any set of boundary conditions will do, but in order not

to over-constrain the system, we impose boundary conditions which also follow from the Euler-

Lagrange variational problems. Since P = −TH00
.
X − TH01∂σX, we choose the boundary

condition ∂σX = 0 and ∂σP = 0 for the open string, at σ = 0 and σ = π.

(6) Upto this point we did not impose or use the field equations for Xµ. That comes now:

Finally, derive the time dependence of the mode operators in the Heisenberg picture. If O is

an operator at t = 0 in the Schrödinger picture, then

O(t) =

[
exp

(
i

~
Ht

)]
O

[
exp

(
− i
~
Ht

)]
(1.8)

2



Fall 2017 String Theory I: Homework 2

is the corresponding operator in the Heisenberg picture. (You should find factors e−int for

the time-dependence of the mode operators, and a new term l2pµt (or 1
2
l2pµt) in the mode

expansion of Xµ.)

The string consists of an infinite set of harmonic oscillators with xn, pn. As in standard QM,

for one harmonic oscillator construct αn ∼ xn + ipn and α†n ∼ xn − ipn, write H ∼ α†nαn, and

use that the time dependence of α and α† is αn(t) = αne
−int and α†n(t) = α†ne

int.

(7) Do the t-dependent fields Xµ(σ, t) satisfy the field equations for Xµ?

Literature: In Polchinski vol. 1, one finds another set of off-shell gauge choices. This set is more

complicated than the set we have chosen because he used the Lagrangian formulation and we used

the Hamiltonian formulation.
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