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Abstract

We present an efficient algorithm for si-
multaneously training elastic-net-regularized
generalized linear models across many re-
lated problems, which may arise from boot-
strapping, cross-validation and nonparamet-
ric permutation testing. Our approach lever-
ages the redundancies across problems to ob-
tain ≈ 10x computational improvements rel-
ative to solving the problems sequentially by
the standard glmnet algorithm of (Friedman
et al., 2010). We demonstrate our fast simul-
taneous training of generalized linear models
(FaSTGLZ) algorithm, for multivariate anal-
ysis of fMRI and run otherwise computation-
ally intensive bootstrapping and permutation
test analyses that are typically necessary for
obtaining statistically rigorous classification
results and meaningful interpretation.

1. Introduction

In functional MRI (fMRI) studies of the human brain,
multivariate pattern analysis (Norman et al., 2006) has
been shown to be a powerful technique for aggregat-
ing activity across spatially-distributed brain regions
to predict various markers of cognitive state. Coupled
with this goal is the desire to make inferences about
the workings of the brain and its underlying cognitive
processes. For this reason, a wave of attention has
been recently focused on developing models that are
both parsimonious and interpretable.

Sparse regression models, for example, have shown the
potential to both obtain meaningful predictive models
of brain state and also identify the relevant regions
involved in the processing of a particular task or stim-
ulus (Carroll et al., 2009). Despite their power, their
use has thus far been limited by the computational
burden involved in obtaining measures of statistical

significance of prediction accuracy and parameter es-
timates. These operations typically involve re-training
the model many times on different versions of the data.

We address this limitation by presenting an efficient al-
gorithm to simultaneously train sparse regression mod-
els across many related problems. These problems may
arise from bootstrapping, cross-validation, and permu-
tation testing. We show that by solving the set of
problems as a group, we are capable of leveraging the
shared structure to obtain significant computational
savings. Our algorithm applies to generalized linear
models that are regularized by the elastic net. Gen-
eralized linear models (GLZ) are very flexible in that
they are compatible with many popular probability
distributions, such as the Gaussian, binomial, Poisson,
exponential, and Laplace distributions. Under the bi-
nomial distribution, for example, the GLZ is equiva-
lent to logistic regression. The elastic net regulariza-
tion allows for sparse and parsimonious solutions while
avoiding the saturation problems when the number of
features p exceeds the number of examples n (Zuo &
Hastie, 2005). This is often the case in fMRI studies:
the number of acquired brain voxels can exceed the
number of trials by an order of magnitude or more.

Below we begin with preliminaries of the problem def-
inition and notation. We then describe our algorithm
for fast simultaneous training of GLZ, which we term
FaSTGLZ. We present results demonstrating the com-
putational efficiency of FaSTGLZ, along with classi-
fication performance and functional neuroanatomical
interpretability on an event related fMRI dataset.

2. Preliminaries

We start with a dataset
{

(x(i), y(i))
}n
i=1

, with features

x(i) ∈ Rp and response y(i). In the context of fMRI,
the features may represent the BOLD responses from
brain voxels, while y may indicate the category of the
presented stimulus. For convenience, the feature data
will be assembled into a p× n data matrix X.
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GLZ’s assume that the distribution of y is a member
of the exponential family of distributions:

p(y|θ, φ) = c(y, φ) exp ((yθ − b(θ))/a(φ)) (1)

where θ is the natural parameter, φ is a dispersion
parameter, and a, b, c are known functions. The de-
pendence between y and the feature data x arises by
a link function that relates the mean of y to x. This is
often accomplished by replacing the natural parame-
ter θ in (1) with a linear predictor xTw, where w ∈ Rp
weights the relative importance of the features. In do-
ing so, the mean of y, written µ(w), and the negative
log-likelihood `(w) are given by:

µ(w) = b′(xTw) (2)

`(w) = −
n∑
i=1

d(i)
[
y(i)η(i)(w)− b(η(i)(w))

]
(3)

where d, η(w) ∈ Rn with d(i) = 1/a(φ(i)) and η(w) =
XTw is a vector of linear predictors. We will as-
sume that the dispersion parameters φ(1), . . . , φ(n) are
known and in most cases, d(i) will be set to 1/n.

The elastic net regularizes `(w) by a mixture of `1 and
`2 norms, so that our objective is given by:

min
w
J(w) = min

w
`(w) + λ1||w||1 + λ2||w||22 (4)

where λ1, λ2 ≥ 0 are tuning parameters that trade-off
sparsity and smoothness. This is a convex optimiza-
tion problem, for which many efficient algorithms have
been proposed, e.g. (Friedman et al., 2010).

Our goal is to solve a multitude of such problems si-
multaneously. Since each problem will generally op-
timize J(w) with respect to a distinct version of the
data, each will have its own log-likelihood term `k(wk),
where wk represents the unknown weights for problem
k ∈ {1, . . . ,K}. For clarity, we use a subscript k on
a variable to emphasize that it is specific to the kth

problem. The allowable variability in `k(wk) across
problems may be expressed by introducing problem-
specific dk and yk, so that (3) is adapted to:

`k(wk) = −
n∑
i=1

d
(i)
k

[
y
(i)
k η(i)(wk)− b(η(i)(wk))

]
(5)

Cross-validation, bootstrapping, and nonparametric
significance testing all fall under this framework. For
example, let Fk = [fk1, . . . , fkn] denote the relative
frequencies of the training examples derived from a
bootstrap or cross-validation fold. Its log-likelihood
`k(wk) may be expressed in the form of (5) by setting

d
(i)
k to fki. Note that if an index j is excluded (e.g.,

a sample belonging to the validation set of a cross-

validation fold), then d
(j)
k = 0 and the jth sample does

not exert any influence on the objective.

Significance testing by nonparametric permutation
testing also fits the form of (5). Here, the GLZ is
re-trained on new datasets in which the response y
has been permuted across examples. In this case, each
problem k is given its own yk, which is a permutation
of the original sample y(1), . . . , y(n).

To summarize, our goal is to minimize the regularized
objectives Jk(wk), k = 1, . . . ,K:

min
wk

Jk(wk) = min
wk

`k(wk) + λ1||wk||1 + λ2||wk||22 (6)

Under cross-validation and bootstrapping, the vari-
ability in `k arises through problem-specific dk, while
permutation testing utilizes distinct yk.

3. Methods

Our approach rests on the optimization procedure of
alternating direction method of multipliers (ADMM)
(Eckstein & Bertsekas, 1992). For each problem k =
1, . . . ,K, we divide the objective function Jk(wk) in
(6) into the sum of two terms: the differentiable
portion fk(wk) = `k(wk) + λ2||wk||2, and the non-
differentiable `1 term g(wk) = λ1||wk||1. An equiva-
lent optimization problem is then formulated through
the introduction of an auxiliary variable vk ∈ Rp:

min
wk,vk

`k(wk) + λ2||wk||2 + λ1||vk||1

subject to wk = vk

whose augmented Lagrangian may be expressed as:

Lk(wk, vk) = fk(wk)+g(vk)−λTk (wk−vk)+
1

2µ
||wk−vk||2

(7)
where λk ∈ Rp are estimates of the Lagrange multipli-
ers and µ ≥ 0 is a penalty parameter.

Optimization proceeds by alternating between mini-
mizing (7) with respect to wk while holding vk fixed,
and vice versa. The resulting subproblems are sub-
stantially simpler than the original: optimizing wk
involves a differentiable objective, while updating vk
reduces to a soft-thresholding operation. The La-
grange multiplier estimates are updated after each of
the above steps by λk ← λk − (1/µ)(wk − vk).

For our purposes, it is more convenient to re-
parameterize the algorithmic steps in terms of a vari-
able lk, which is related to the Lagrange multiplier
estimates λk. Specifically, given initial values for
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wk, vk, λk, we initialize lk to lk = λk + (1/µ)vk. Then
the ADMM procedure is equivalent to:

wk ← arg min
wk

Sk(wk, lk) (8)

lk ← lk − (2/µ)wk (9)

vk ← −µ soft(lk, λ11) (10)

lk ← lk + (2/µ)vk (11)

where

Sk(wk, lk) = `k(wk) + ρ||wk||2 − lTk wk (12)

and ρ = λ2 + 1
2µ . Also, soft(a, b) = sgn(a) max(|a| −

b, 0) is the soft-thresholding operator.

The effectiveness of our approach hinges upon effi-
ciently solving (8). Here we show that it may be ef-
ficiently minimized simultaneously across all K prob-
lems using a Newton-type method. Specifically, we se-
quentially minimize a quadratic approximation to Sk:

min
wk

qk(wk, w̄k) + ρ||wk||2 − lTk wk (13)

where qk(wk, w̄k) is a quadratic approximation to
`k(wk) around an initial guess w̄k. Ignoring terms that
don’t depend on wk, this may be written as:

qk(wk, w̄k) =
1

2
wTkHkwk + (∇`k −Hkw̄k)Twk (14)

where ∇`k = Xek and Hk = XRkX
T are the gradient

and Hessian of `k(wk) at w̄k, with ek = dk◦(µ(w̄k)−yk)
and Rk is a diagonal matrix of positive values.

Thus, the minimizer of (13) may be solved in closed-
form by solving the linear system of equations:

(Hk + 2ρI)wk = Hkw̄k −∇`k + lk (15)

Inverting this linear system would typically be pro-
hibitive since p is large. However, we can avoid this
problem by exploiting the discrepancy between p and
n. Let X = QZ be a low-rank QR-decomposition of
the data matrix, with Q ∈ Rp×n a matrix with or-
thonormal columns and Z ∈ Rn×n, and denote PQ
as the projection onto the subspace spanned by the
columns of Q. Then it can be proven that the solution
to (15) may be expressed as:

wk = Qαk +
1

2ρ
(I − PQ)lk (16)

where αk ∈ Rn satisfies:

(ZRkZ
T + 2ρI)αk = Z(RkZ

T w̄k − ek) +QT lk (17)

This has reduced the problem to inverting a system
of n� p equations. Moreover, we can simultaneously
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Figure 1. Benchmarking our algorithm against glmnet.

solve (17) across all K problems very efficiently using
the algorithm described in (Conroy & Sajda, 2012).
Even though Rk in (17) varies across the K problems,
only one matrix inversion is required to solve (17) for
all k = 1, . . . ,K. Due to space constraints, we refer
the reader to (Conroy & Sajda, 2012) for more details.

Finally, we utilize the screening rules for `1-regularized
problems to determine the active set of each problem
(Tibshirani et al., 2012).Without this, we would need
to store lk, wk, vk in full for each k, with O(pK) ele-
ments. Since p is often very large, this would limit the
number of problems K that could be solved simulta-
neously. Instead, by having an estimate of the active
set Ak for each k, our memory overhead is reduced to
O(nK + s), where s =

∑K
k=1 |Ak|. Since n � p, this

is more scalable for moderate sparsity levels.

4. Results

We analyzed our algorithm on a classification prob-
lem of predicting the stimulus category from func-
tional MRI (fMRI) data collected during an auditory
oddball detection task (Goldman et al., 2009). There
are two categories (oddball/standard), so the GLZ is
equivalent to logistic regression. For each of 3 sub-
jects, n = 374 trials were acquired, and features cor-
responded to the BOLD response from brain voxels,
with p ≈ 42, 000.

First, we benchmarked the speed of our algorithm in
solving a set of K problems against solving them se-
quentially using the popular glmnet algorithm using
coordinate descent (Friedman et al., 2010). Following
(Friedman et al., 2010), we parameterized the regu-
larization parameters (λ1, λ2) in terms of (αλ, 0.5(1−
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Table 1. Maximum z-score per cluster (and cluster size)

Subject 1 Size of active set
ROI 100 250 500 750 1000
F. Orbital 2.0(2) 2.6(6) 2.7(11) 2.6(10) 2.5(8)
Cingulate - - 1.7(1) 1.8(2) 1.9(3)
Heschl’s Gyr. - - - 1.7(2) 1.8(2)

Subject 2 Size of active set
ROI 100 250 500 750 1000
R. Thalamus 2.8(18) 2.9(17) 2.4(8) 2.0(3) 1.7(1)
Heschl’s Gyr. - - 1.8(2) 1.8(4) 1.8(9)
C. Opercular - - -1.8(2) -1.8(2) -1.7(2)

Subject 3 Size of active set
ROI 100 250 500 750 1000
L.Thalamus 2.1(5) 2.5(13) 1.9(5) - -
Cerebellum - -2.1(8) -2.8(28) -2.9(31) -3.0(30)
Cingulate - 2.0(2) 2.3(4) 2.0(2) 1.8(2)

α)λ) and held α = 0.7 fixed, while λ varied along a
regularization path of 100 values. As an example of a
significance testing problem, we trained the classifier
along this regularization path for K = 1000 permuta-
tions, and compared the time required by the two algo-
rithms. Figure 1(a) plots the computational speedup
factor, defined as the ratio of time required by glm-
net to the time required by our algorithm, as a func-
tion of the average number of voxels included in the
model. Our algorithm is at a minimum 9x faster. We
verified that the relative difference in the converged
objective value between the two algorithms never ex-
ceeded 2 × 10−4, and a plot of the converged objec-
tives is shown in Figure 1(b). As a further check, we
also increased the convergence tolerance on glmnet so
that it ran the full regularization path in roughly the
same time as our algorithm (our algorithm was still
1.2x faster – see Figure 1(c)). In this case, (see Figure
1(d)), our algorithm produced a converged objective
value that was approximately 20% lower than glmnet.

As a further application of our algorithm, we also ran
a joint cross-validation and bootstrapping analysis to
obtain both cross-validated classification accuracy and
significance levels on the derived classifier weights. For
each of the 3 subjects, we used 10-fold cross-validation
to obtain prediction accuracy, and within each fold,
we re-trained on 100 bootstrap samples of the train-
ing set. The bootstrap resampling was used to con-
vert the classifier weights to z-scores. We then identi-
fied spatial clusters that exhibited significant z-scores
(|z| ≥ 1.64). Tables 1 lists the maximum z-score and
size of the clusters found from this analysis. There is
some consistency in the selected regions, as multiple
subjects draw from Heschl’s gyrus, Cingulate gyrus,
and the thalamus.

The corresponding area under the ROC curve (Az)
values for each of the classifiers are given in Table 2.
To verify prediction accuracy significance, we ran a
permutation test using our algorithm, and obtained a
significance level of Az = 0.64, p < 0.01.

Table 2. Area under the ROC curve (Az)
Size of active set

Subject 100 250 500 750 1000
Subject 1 0.73 0.77 0.78 0.77 0.76
Subject 2 0.80 0.84 0.85 0.86 0.86
Subject 3 0.87 0.91 0.93 0.94 0.94

5. Conclusion

We presented the fast simultaneous training of gener-
alized linear model (FaSTGLZ) algorithm and demon-
strated its ≈ 10x speedup in computational efficiency
when performing analysis of large multivariate fMRI
datasets. FaSTGLZ enables efficient implementation
of any elastic-net regularized GLZ. Future work will
investigate applying FaSTGLZ to link activity across
neuroimaging modalities, as might be done with simul-
taneous EEG and fMRI.
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