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This process works because 13 = 22 x 3 + 1; 3613 = 22 x 3 x 7 x 43 + 1 and be- 
cause 13, 3613 are prime (cf. [1]). 

Noting that 

79 = 2 x 3 x 13 + 1; 157 = 22 x 3 x 13 + 1; 547 = 2 x 3 x 7 x 13 + 1; 

1093 = 22 x 3 x 7 x 13 + 1; 6709 = 22 x 3 x 13 x 43 + 1; 

46,957 = 22 x 3 x 7 x 13 x 43 + 1; 303,493 = 22 x 3 x 7 x 3613 + 1; 

12,118,003 = 2 x 3 x 13 x 43 x 3613 + 1; 

and that the numbers appearing on the left hand side of the equations are prime 
(cf. [1]) we obtain the required result. 

THEOREM 5. A lower bound on a number N such that +(N) = M has exactly 
one solution is 1077. 

Proof. Follows from Theorems 3 and 4. 
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WHAT IS THE PROBABILITY THAT TWO GROUP ELEMENTS COMMUTE? 

W. H. GUSTAFSON, Indiana University 

1. Introduction. A student studying both probability and algebra might well ask 
the question posed in the title. One can solve the problem for finite groups by a 
straightforward attack as follows: 

Let G be a group of finite order n. The probability Pr(G) that two elements 
selected at random (with replacement) from G are commutative is f C In2, where 
C = {(x, y) E G x G j xy = yx} . In order to count the elements of C, we observe 
that for each x E G, the number of elements of C of the form (x, y) is I Cx where Cx 
is the centralizer of x in G. Hence we have 

JCj= x lcxl, 

where the sum extends over all x E G. Now we recall that if x and y are conjugate 
elements of G, then Cx and Cy are conjugate subgroups. Further, the number of 
elements in the conjugacy class of x is [G: Cx]. Hence, if x1, ..., Xk are representatives 
of the conjugacy classes in G, we have 

k 

jCj= I [G:CxJ] ICxI = k*n. 
i =1 
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Thus Pr(G) = k/n, the number of classes in G divided by the order of G. This tech- 
nique was used by Erdds and Turan [4]. 

Now let us observe that 5/8 is an upper bound. for Pr(G) when G is nonabelian. 
For the "class equation" tells us that 

I GI = jZj + I K, I + + jKI, 

where Z is the center of G, and K1, ..., K, are the nontrivial conjugacy classes. We 
have I Kif ? 2 for i = 1, ...,t, whence ( G| -|Z|)/2 ? t. Thus k = t + IZ I|< 
(I G j + f Z 1)/2. As G is nonabelian, G/Z is not cyclic (see Scott [7, p. 50]) and hence 
I Z ? < I GI /4. Thus k < 5/8 * I G I, so Pr(G) < 5/8. The reader may verify that this 
bound is sharp, by examining the nonabelian groups of order eight. 

2. Compact groups. The reader may now wonder whether the above analysis 
carries over in any sense to infinite groups. Of course, the ratio k/n is no longer 
meaningful, but we shall see that there is an analogue of the bound 5/8 for a class 
of topological groups. 

Let G be a compact, Hausdorff topological group. We recall that G has a left 
Haar measure; that is, a Borel measure p such that i(U) > 0 for each nonempty 
open set U of G, and u(x * E) = /(E) for each Borel set E of G and each x E G. 
Further, p is unique once we impose the normalization condition p(G) = 1. The 
reader who is not familiar with Haar measure may consult [5, Chapter XI]. On the 
product space G x G, we impose the product measure p x p. Again let 
C = {(x,y)e G x GI xy = yx}. We remark that C = f-'(1), where f: G x G -+ G 
is the continuous function given by f(x, y) = xyx - ly -. It follows that C is closed, 
and hence measurable. We view p x p as a probability measure; then Pr(G) = 
p x p(C). Let us now prove our generalization of the last result of Section 1: 

THEOREM. Let G be a compact nonabelian group. Then Pr(G) < 5/8. 

Proof. Let X: G x G -* reals, be the characteristic function of C. Then we have 

/u x 4C) = TX d(G x u). 
GX G 

By Fubini's theorem [5, p. 148], we have 

/ x i(C) = x(x, y)d1u(y)d1u(x). 

Also, fG X(X, y)d1i(y) = it(Cx) for each x, where again Cx is the centralizer of x in G. 
We recall once more that [G: Z] ? 4. As G is the disjoint union of the cosets of Z, 
it follows that 1(Z) ? 1/4. (Note that Z is closed and hence measurable.) Now we 
notice that if x E Z, then Cx = G and so t(Cx) = 1; on the other hand, if x E G-Z, 
then Cx has index at least 2 in G, whence i(Cx) < 1/2. Therefore we have 
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Pr(G) = i x u(C) = f m(CQ)dm(x) 

= f ji(Cx)dy(x) + fGZ(cx)dy(x) 

?< ,(Z) - 1 + p(G-Z) * 1/2 = p(Z) + 1/2 - i(Z)/2 < 5/8. 

3. Further remarks. Let us now return to the case of finite groups. Here the 
formula Pr(G) = k/n may be used to good advantage in calculating bounds on Pr(G) 
for special classes of groups. For example, the reader may use the class formula 
to show that for nonabelian p-groups G, Pr(G) < (p2 + p -_ )/p3. Some information 
may also be gathered from the theory of group characters [2]. One makes use of 
the fact that the number of irreducible complex characters of G is just k, together 
with the fact that I GI [G: G'] + n2 + + n , where G' is the commutator 
subgroup of G, and n1, * ns are the degrees of the nonlinear irreducible characters. 

Here are some problems for the reader to try: 

(i) Pr(G x H) = Pr(G) * Pr(H). 
(ii) If Pr(G) = 5/8, then G is nilpotent. 
(iii) If G is finite and Pr(G) = 5/8, then G is the direct product of an abelian group and a 2- 

group H such that I H > 8, H is directly indecomposable and Pr(H)= 5/8. 
(iv) Characterize the groups H having the properties in (iii). (See Miller [6], where the groups 

with [G:Z] = 4 are classified.) 
(v) Derive the bound Pr(G) < 5/8 for finite groups by use of the facts from character theory 

given above. 
(vi) If G is simple and nonabelian, then Pr(G) < 1/12, with equality for the alternating group 

on five letters. (This problem was first posed by J. Dixon.) 
(vii) Study the probabilistic properties of finite groups in general. Some starting points might 

be Erd6s and Turan [4] and Dixon [3]. Of particular interest is a conjecture of Dixon: The probabi- 
lity that two elements chosen at random from a finite simple group G generate G tends uniformly 
to one as the order of G tends to infinity. 

Finally, we would like to encourage the study of a more difficult problem: find 
lower bounds for Pr(G). While it is easy to see that no universal lower bound exists, 
Erd6s and Turfan [4] have shown that Pr(G) _ (log2 10g2 GI)/ I GI . C. Ayoub [1] 
has developed some lower bounds for p-groups of small order. 

I am pleased to acknowledge useful conversations with M. Zorn, P. Halmos, and W. Moran. 
I am also grateful to R. MacKenzie who read the original manuscript. 
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REMARKS ON THE BESSEL POLYNOMIALS 

C. W. BARNES, University of Mississippi 

1. Introduction. The Bessel polynomial y"(x) is defined by Krall and Frink [4] 
to be the polynomial of degree n, with constant term equal to unity, which satisfies 
the differential equation 

(1) x2y" + 2(x + 1)y' -n( + 1)y = 0. 

Krall and Frink discussed the Bessel polynomials from the standpoint of recur- 
rence relations, orthogonality, generating functions, and related matters. Their 
algebraic properties were considered by Grosswald [2]. 

In the present note we establish a new result concerning the zeros of the Bessel 
polynomials. Using a test of Wall [7], which the Bessel polynomials fit in a very 
natural way, we prove that their zeros have negative real parts. We also give a new 
proof of a theorem of Dickinson [1], section 6, that the origin is a limit point of 
zeros of the Bessel polynomials. Our proof of Dickinson's theorem is somewhat 
simpler than that given in [1] inasmuch as it depends mainly on an application of 
the maximum modulus principle for analytic functions. 

Finally we comment on the history of the Bessel polynomials, and relate them 
to work of Olds [5] based on Hermite [3]. 

2. The zeros of the Bessel polynomials. The differential equation (1) is satisfied 
by 

(2) Yn(X) - (nifk)! (I X k 
k=O (n-k)!k! 21 

These polynomials satisfy the recurrence relations 

(3) Yn+ l(X) = (2n + 1)xYn(x) + Yn_ l(x),X 

where y0(x) = 1, y1(x) = 1 + x. 
Krall and Frink [4] showed that 

(4) x2y'(x) = (nx - 1)Yn(x) + Yn_ l(x) 
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