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Abstract

A parametric instability of the Taylor–Couette ferrofluid flow excited by a periodically oscillating magnetic field,
has been investigated numerically. The Floquet analysis has been employed. It has been found that the modulation
of the applied magnetic field affects the stability of the basic flow. The instability response has been found to be
synchronous with respect to the frequency of periodically oscillating magnetic field.
© 2008 The Japan Society of Fluid Mechanics and Elsevier B.V. All rights reserved.
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1. Introduction

Parametric instability occurs due to modulation of some parameter in a dynamical system. The para-
metric instability of the flows driven by external time periodic forcing, has received much attention due
to its practical importance. An example from classical hydrodynamics is the Faraday instability under
external periodical modulation. Kumar (1996) has discussed in detail the stability of plane free surface
of a viscous liquid on a horizontal plate under vertical periodic oscillation, theoretically. Bajaj and Malik
(2001) have studied the parametric instability of the interface between two viscous magnetic fluids, ex-
cited by a periodically oscillating magnetic field. Using Floquet theory, they have obtained numerically,
the instability zones for harmonic and subharmonic response of the instability entrainment. They have
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found that depending upon the physical parameters, the modulation may destabilize the otherwise stable
system or the unstable system may get stabilized by modulation.
The Taylor–Couette system (1966) consisting of the flow of a liquid in an annular space between two

uniformly, rotating coaxial cylinders can also exhibit parametric instability (e.g. Koschmieder, 1993).
The instability entrainment of parametric modulation of the angular velocity of the cylinders in the
Taylor–Couette system, has been studied extensively byDonnelly (1964),Carmi andTustaniwskyj (1981),
Riley and Lawrence (1976), Youd et al. (2005), etc. Their investigations show that the onset of Taylor-
vortex flow is stabilized or destabilized, depending upon the nature of modulation. The value of the
critical Reynolds number at parametric modulation of the inner cylinder, is not much different from its
corresponding value in the unmodulated flow. Riley and Lawrence (1976) have found numerically that at
the onset of the Couette–Taylor instability, subharmonic response is also possible, depending upon the
modulation. The subharmonic instability is observed numerically by solving Floquet equation.
Marques and Lopez (1997) have investigated stability of the Taylor–Couette flow with axial, periodic

oscillations of the inner cylinder. They have found that the axial, parametric modulation of the inner
cylinder stabilizes the flow with respect to the centrifugal instabilities. When instability sets in via ax-
isymmetric mode, the new state is synchronous with the basic state. The stabilization is due to waves of
azimuthal vorticity propagating out from the boundary layer on the inner cylinder. Walsh and Donnelly
(1988) have studied experimentally, the Taylor–Couette flow with the outer cylinder oscillating in axial
direction and found the flow to be stabilized.
The stability of the Taylor–Couette flow in ferrofluids (Rosenswieg, 1985 and Bashtovoy et al., 1988)

in the presence of an axial magnetic field, has been studied by Niklas et al. (1989), Singh and Bajaj (2005,
2006), Odenbach and Gilly (1996), Chang et al. (2003), etc. They have found that the applied magnetic
field causes a significant elevation in the critical Taylor number Tc for the onset of Couette–Taylor
instability in ferrofluids. Thus, the Taylor–Couette flow in ferrofluids is stabilized by the axially applied
magnetic field. The stabilization is due to increase in the rotational viscosity (Shliomis, 1972) of the fluid
forced by the action of the magnetic field.
The Taylor–Couette ferrofluid flow has found some technological applications such as in making fer-

rofluid rotary seals. Ferrofluids have application in the electric motors by filling the air-gap between stator
and rotor to improve efficiency and thus to save energy (Nethe et al., 2006). Numerous experiments have
been conducted to understand the internal flow and the magnetization in the Taylor–Couette ferrofluid
flow. Embs et al. (2006) have measured experimentally, the transverse magnetization of a ferrofluid ro-
tating as a rigid body in a constant magnetic field applied perpendicular to the axis of rotation. Leschhorn
and Lücke (2006) have investigated the dynamics of a ferrofluid torsional pendulum that is forced peri-
odically to undergo small amplitude oscillations in the presence of a transverse magnetic field. They have
found that increase in magnetic field causes damping and pendulum oscillates with small amplitude. In
polydisperse ferrofluids the amplitude of oscillation decreases at a faster rate.
Kikura et al. (1999) have studied experimentally the Taylor-vortex ferrofluid under the action of mag-

netic field. They have measured the instantaneous axial velocity of the flow, the critical Reynolds number
at the onset of instability, and the rotational viscosity of the fluid using ultra sound velocity profile (UVP)
technique. The instantaneous fluid velocity is captured via measuring the instantaneous velocity of the
tracer particles along the flow line by means of the Doppler shift in the ultrasound pulse emitted by the
transducer attached to the Taylor–Couette apparatus and the echo reflected from the surface of micropar-
ticles suspended in the fluid. Information on the position from which the ultrasound signal is reflected is
extracted from the time delay after the start of the pulse. Several attempts have been made to measure
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experimentally, the internal flow field of the Taylor-vortex ferrofluid flow (see also Kikura et al., 2005;
Ito et al., 2005). All these experiments are concerned with the consideration of transverse magnetic field
applied orthogonally to the axis of rotation.
An axial magnetic field can also be applied to the Taylor–Couette system to measure the flow field and

magnetization inside the ferrofluid at the onset of the Taylor-vortex flow. An axial magnetic field can be
generated by stacking a current carrying solenoid around the outer cylinder. Further the Taylor–Couette
ferrofluid flow can be modulated parametrically, by applying periodically oscillating axial magnetic field.
This can be done using AC current in the solenoid. It thus becomes natural to consider the response of the
Couette–Taylor instability to the parametric modulation of a periodically oscillating, axially applied mag-
netic field. In the present exposition, we have investigated this important stability problem numerically,
under weak field limits. A basic modulated solution has been obtained in closed form and its stability
has been discussed using the classical Floquet theory (e.g. Jordan and Smith, 1988; Farkas, 1994). This
stability problem may give some insight in understanding the changes occurring in the flow field and
magnetization inside the ferrofluid at the onset of the Taylor-vortex ferrofluid flow, in presence of an axial
time periodic oscillating magnetic field to facilitate the further study.

2. Mathematical formulation

Consider an incompressible, viscous, Newtonian ferrofluid flow in between two concentric cylinders
of infinite aspect ratio with radii r1 and r2, (r1 < r2) rotating with constant angular speeds �1 and �2,
respectively, about the vertical axis. A time periodic magnetic field h0(t) = (0, 0, H0(t)), oscillating
about the steady value (0, 0, h0), is applied to the system such that H0(t) = h0(1 + � sin(�t)), where
h0�0, ��0, � > 0 and t�0. As a result the ferrofluid exhibits a non-zero magnetization m. The flow is
governed by the following equations (Shliomis, 1972),

�u
�t

+ u · ∇u = −1

�
∇ p + �∇2u + �0

�
m · ∇h + �0

2�
∇ × (m × h), (2.1)

�m
�t

+ u · ∇m = 1
2 (∇ × u) × m − �(m − m∗(t)) − 	m × (m × h), (2.2)

∇ · u = 0, (2.3)

∇ × h = 0, (2.4)

∇ · (m + h) = 0, (2.5)

where, u is the velocity and h is the magnetic field in ferrofluid inside the annulus at any time t; �, p
and � are the density, pressure and kinematic viscosity of ferrofluid, respectively; �0 is the permeability
constant, � = kbTb/3Vh��, 	 = �0/6
��, where kb, Tb and Vh are Boltzmann constant, temperature of
ferrofluid and hydrodynamic volume of each ferrocolloid particle, respectively. 
 is the volume fraction
of ferromagnetic particles andm∗(t)= (0, 0,m∗(t)), is the instantaneous equilibrium magnetization (see
Shliomis andMorozov, 1994) of ferrofluid at �B=0, where, �B is the Brownian time constant for rotational
diffusion of ferromagnetic particles in ferrofluid. m∗(t) is given by

m∗(t) = nm[coth(� f (t)) − 1/(� f (t))], (2.6)
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where f (t)=1+� sin�t , n is the volume density of ferromagnetic particles in ferrofluid,m is themagnetic
moment of each ferromagnetic particle and

� = �0
mh0
kbTb

, (2.7)

is the magnetic field parameter or Langevin parameter. It is a dimensionless measure of the steady part
of the applied magnetic field.
The boundary conditions for the velocity field u, the magnetic induction field b, and the magnetic field

h are

u|r=r1 = (0, r1�1, 0), u|r=r2 = (0, r2�2, 0),

n̂ · b|r=r1,r2 = 0,

n̂ × h|r=r1,r2 = (0, −H0(t), 0), (2.8)

where, n̂ denotes an unit outward drawn normal to the curved surface of the outer cylinder.

2.1. A basic solution

In the weak field limits for the applied magnetic field, i.e. ‖� f (t)‖ < 1, the Langevin relation (2.6)
approximates tom∗(t) ≈ nm� f (t)/3, and the instantaneous equilibriummagnetizationm∗(t) of ferrofluid
becomes

m∗(t) = h0(t), where  = �0
nm2

3kbTb
. (2.9)

Then the system of equations (2.1)–(2.5) along with the boundary conditions (2.8) admits a basic solution
in form,

u0 = (0, r�(r ), 0),
h0(t) = (0, 0, H0(t)),
m0(t) = (0, 0, M0(t)),
p0 = �

∫
r�2 dr,

⎫⎪⎬
⎪⎭ (2.10)

where

� = A + Br−2, A = �1(�∗ − �2)

1 − �2
, B = r21�1(1 − �∗)

1 − �2
,

�∗ = �2/�1, �1 > 0, � = r1/r2

and

M0(t) = h0

[
1 + ��

�2 + �2 (� sin�t − � cos�t)

]
+

[
M0(0) − h0

(
1 − ���

�2 + �2

)]
exp(−�t).

We are interested in time periodic, basic modulated solutions. For this, we take that the time t = 0
corresponds to

M0(0) = h0

(
1 − ���

�2 + �2

)
, (2.11)
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so that,

M0(t) = h0

[
1 + ��

�2 + �2 (� sin�t − � cos�t)

]
. (2.12)

The velocity field of the basic flow (2.10) is the circular Couette flow in which each ferrofluid particle in
the annulus describes circular path about the vertical axis of the rotating cylinders.

2.2. Perturbation equations

The stability of the basic solution (2.10) has been considered by imposing small axisymmetric distur-
bances on it in the following normal modes,

u = (R/�)u0 + (ur (r, t), u�(r, t), uz(r, t)) exp(ikz),
h = Hh0(t) + (hr (r, t), h�(r, t), hz(r, t)) exp(ikz),
m = Hm0(t) + (mr (r, t),m�(r, t),mz(r, t)) exp(ikz),
p = (R2/��2)p0 + p1(r, t) exp(ikz),

⎫⎪⎬
⎪⎭ (2.13)

where the quantities u, h,m and p are dimensionless. Here we have used R = r2 − r1 as the distance
scale and R2/� as the time scale for non-dimensionalization purpose,

H = R(�
0
/2�)1/2/�, t ∈ [0, ∞),

r ∈ [r∗
1 , r∗

2 ], r∗
1 = r1/R, r∗

2 = r2/R,

k ∈ R and z ∈ (−∞, ∞).

The perturbations satisfy the following linearized system of equations,

(DD∗−k2)

[
DD∗−k2− �

�t

]
ur = 2�k2R2

�
u�+iHH0(t)k3mr+ikH(M0(t)+H0(t))

×(DD∗ − k2)hr ,[
DD∗ − k2 − �

�t

]
u� = D∗(r�R2/�)ur − ikHH0(t)m�,[

R2

�
(� + 	M0(t)H0(t)) + �

�t

]
mr + R2rD�

2�
m� = HM0(t)

2ik
(DD∗ − k2)ur

+	R2M0(t)2

�
hr ,[

R2

�
(� + 	M0(t)H0(t)) + �

�t

]
m� − R2rD�

2�
mr = HM0(t)ik

2
u�,

(DD∗ − k2)(mr + hr ) = −k2mr ,

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(2.14)

where,

D ≡ �

�r
, D∗ ≡ �

�r
+ 1

r
.

The boundary conditions (2.8) reduce to,

ur = D∗ur = u� = mr + hr = D∗(mr + hr ) = 0 at r = r∗
1 , r∗

2 . (2.15)
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The stability characteristics have been expressed in terms of the ratio of the inertial forces to the viscous
forces in the Taylor–Couette flow, called the Taylor number T defined by

T = −4A�1R
4/�2, (2.16)

which represents a dimensionless measure of the angular speed of the inner cylinder.

3. Solution

We expand the perturbation variables, ur , u�, and mr + hr in terms of orthogonal functions as,

ur (r, t) =
∞∑
j=1

A j (t)u(a jr ), (3.1a)

u�(r, t) =
∞∑
j=1

Bj (t)v(b jr ), (3.1b)

mr (r, t) + hr (r, t) =
∞∑
j=1

C j (t)u(a jr ), (3.1c)

where the complex functions A j (t), Bj (t) and C j (t) of the real variable t , are to be determined. Also

u(a jr ) = J1(a jr ) + d jY1(a jr ) + e j I1(a jr ) + f j K1(a jr ) (3.2)

and

v(b jr ) = J1(b jr ) + g jY1(b jr ). (3.3)

Here, J1, Y1, I1 and K1 are the Bessel functions of order one, a j and b j are the solutions of certain
transcendental equations, which have been given in Appendix. The coefficients, d j , e j , f j and g j have
been evaluated using the boundary conditions satisfied by the functions u(a jr ) and v(b jr ), which are the
solutions of following characteristic value problems, respectively (Chandrasekhar, 1966),

(DD∗)2F = a4F, F = DF = 0 at r = r∗
1 , r∗

2 , (3.4a)

DD∗G = −b2G, G = 0 at r = r∗
1 , r∗

2 , (3.4a)

where,

D ≡ d

dr
and D∗ ≡ d

dr
+ 1

r
.

Eliminating m� from the system of equations (2.14), substituting equations (3.1) in it, multiplying the
resulting system of equations throughout by ru(aqr ) for each q =1, 2, 3, . . . , and integrating it under the
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limits of r , we obtain the following system of first order ordinary differential equations,

∞∑
j=1

�(11)q j
dA j

dt
=

∞∑
j=1

{Q(11)
q j A j + Q(12)

q j B j + Q(13)
q j C j },

∞∑
j=1

�(22)q j
dBj

dt
=

∞∑
j=1

{Q(21)
q j A j + Q(22)

q j B j + Q(23)
q j C j + Q(24)

q j D j },
∞∑
j=1

�q j
dC j

dt
=

∞∑
j=1

�q j D j ,

∞∑
j=1

{
�(41)q j

dA j

dt
+ �(44)q j

dDj

dt

}
=

∞∑
j=1

{Q(41)
q j A j + Q(42)

q j B j + Q(43)
q j C j + Q(44)

q j D j }.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(3.5)

The coefficients Q(1�)
q j for 1���3, Q(2�)

q j and Q(4�)
q j for 1���4, �(11)q j , �(22)q j , �(41)q j , �(44)q j and �q j are given

in Appendix. To solve the system (3.5) numerically, we have truncated each series after a suitable number
of N terms where N is a positive integer.
System (3.5) after truncation, can be represented in the following matrix form,

B(t)
dX(t)
dt

= A(t)X(t), 0� t < ∞, (3.6)

where X = (A1, A2, . . . , AN , B1, B2, . . . , BN ,C1,C2, . . . ,CN , D1, D2, . . . , DN )′ is the column matrix
of order 4N × 1; the symbol ′ denotes matrix transpose. B(t) and A(t) are non-singular square matrices
of order 4N . All the entries in these matrices are time periodic with period 2�/�0 and are functions of the
dimensionless parameters, �∗, �, �, �0, �, k and T , where �0 = �R2/� is the dimensionless frequency of
modulation.

3.1. Floquet analysis

As (3.6) is a system of ordinary differential equations with periodic coefficients, Floquet analysis
(Jordan and Smith, 1988; Farkas, 1994) has been applied to solve it. A fundamental matrix U(t) for the
system (3.6) satisfies

B(t)
dU(t)

dt
= A(t)U(t), 0� t < ∞. (3.7)

Therefore,

dU(t)

dt
= B(t)−1A(t)U(t), U(0) =U0. (3.8)

We takeU(0)=I4N , the identitymatrix of order 4N . The system (3.8) has been solved numerically, using a
numericalmethod given inNelson (1969) andFarkas (1994),with N=8. The interval [0, 2�/�0] is divided
into s equal parts by t0 = 0< t1 < t2 < · · ·< ts = 2�/�0, i.e. �t = t j − t j−1 = 2�/(�0s), j = 1, 2, . . . , s.
Let F(t)=B(t)−1A(t), then F(t j−1 + t) ≈ F(t j−1), for all t ∈ [t j−1, t j ), for �t sufficiently small so that
an approximation to the solution of (3.8) at t j is,

U(t j ) =U(t j−1) exp(�tF(t j−1)). (3.9)
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Using this iteration process, the approximate solution at t = 2�/�0 is given by

U(2�/�0) =U(0)
s∏

j=1

exp(�tF(t j−1)). (3.10)

To discuss the stability of the basic flow (2.10), we have calculated the eigenvalues � j ’s of U(2�/�0)
numerically. The Floquet exponents � j and the Floquet multipliers � j are related by

� j = exp(2�� j/�0), 1� j�4N . (3.11)

� j ’s are the functions of the dimensionless parameters: the modulation frequency �0, the modulation
amplitude �, the magnetic field parameter �, the angular velocity ratio �∗, the radius ratio parameter �,
the Taylor number T and the axial wave number k. The marginal state of the basic modulated system
(2.10) is determined by setting

max
1� j �4N

(real(� j )) = 0, (3.12)

The basic modulated Taylor–Couette flow is stable for max1� j �4N (real(� j ))< 0, and unstable for
max1� j �4N (real(� j ))> 0. In the marginal state, fixing the values of the parameters �∗, �, �, �0, and
�, a trial value of k is taken and the Taylor number T is varied until Eq. (3.12) is approximately satisfied. In
this way a root (k, T ) of Eq. (3.12) is obtained numerically. The above procedure is repeated for different
values of k until a root of (3.12) with a minimum value of T is obtained. The minimum value of T is
called the critical Taylor number denoted by Tc, and the corresponding value of the axial wave number
k is called the critical axial wave number denoted by kc. The flow is stable for T < Tc and unstable for
T > Tc. The instability sets in first at the critical Taylor number Tc.
If a Floquet exponent satisfying (3.12) is identically zero, then the disturbance in the marginal state

oscillates periodically with the forcing frequency �0, and the instability response is called synchronous
or harmonic. On the other hand, if the imaginary part of the Floquet exponent satisfying (3.12), is equal
to �0/s, for some positive integer s > 1, the disturbance in the marginal state oscillates with a frequency
�0/s, and the instability response is called subharmonic of order 1/s. Not all of these actually occur
(Jordan and Smith, 1988).

4. Results and discussion

We have considered the modulation of applied magnetic field in weak field limits. So to obtain
the results, the numerical values of magnetic field parameter �, i.e. the dimensionless measure of the
steady part of the applied magnetic field, and the amplitude of modulation �, have been varied such that
�‖1+� sin(�0t)‖ < 1. Thus, at�=0.1, 0.2, 0.3 and 0.5, the permissible values of � are: 0�� < 9, 0�� < 4,
0�� < 2.6 and 0�� < 1, respectively. The numerical results have been obtained for a diester based fer-
rofluid of magnetite. The saturation magnetization of magnetite is Ms f = 480 × 103 ampm−1. The
average magnetic moment of single magnetite particle is m = 2.247 × 10−19 ampm2. For the ferrofluid
under consideration, we have taken, Tb = 298K, 
 = 0.2, � = 1.614× 103 kgm−3, � = 0.09235Nsm−2,
�−1 = 9.51942 × 10−5 s (particle size 13.9nm), and Vh = 1.413 × 10−24m3. These values have been
taken from the reference (Bashtovoy et al., 1988). For this range of parameters, the Brownian relaxation
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Fig. 1. Variation of the critical Taylor number Tc with the amplitude of modulation � at: (a) The radius ratio �=0.95, the angular
speed ratio �∗ = 0.5, the gap width R = 1mm, the volume fraction 
 = 0.2 and the frequency �0 = 1. (b) The radius ratio
� = 0.95, the angular speed ratio �∗ = 0, the gap width R = 1mm, the volume fraction 
 = 0.2 and the frequency �0 = 1.
(c) The radius ratio � = 0.95, the angular speed ratio �∗ = −0.5, the gap width R = 1mm, the volume fraction 
 = 0.2 and the
frequency �0 = 1. (d) The radius ratio � = 0.50, the angular speed ratio �∗ = 0, the gap width R = 1mm, the volume fraction

 = 0.2 and the frequency �0 = 1.

mechanism dominates (Rosenswieg, 1985; Bashtovoy et al., 1988). All numerical calculations except for
Fig. 1(d) and Fig. 2(a), have been performed at the radius ratio � = 0.95 and the gap width R = 1mm
between the cylinders.
Fig. 1(a) shows the variation of the critical Taylor number with the amplitude of modulation �, for

various values of the magnetic field parameter �, and the angular velocity ratio of the cylinders �∗ = 0.5.
At a given strength of the applied magnetic field, Tc rises with increase of �. Thus, the increase of the
amplitude of modulation has a stabilizing effect on the basic modulated flow. A similar variation of
Tc with � has been observed when the outer cylinder is held fixed and the inner cylinder is allowed to



746 J. Singh, R. Bajaj / Fluid Dynamics Research 40 (2008) 737–752

�

T
c 

×
 1

0−
4

0.2 0.4 0.6 0.8 0.99
0

1

2

3

4

5

6

7

T
c

= 8.99, � = 0.1

= 2.5, � = 0.3

50 100
7000

7200

7400

7600

7800

8000

150 200
�0

Fig. 2. Variation of the critical Taylor number Tc with: (a) The radius ratio parameter � at the magnetic field parameter � = 0.3,
the angular speed ratio �∗ = 0, the gap width R = 10mm, the volume fraction 
 = 0.2, the amplitude of modulation � = 0.2 and
the frequency �0 = 5. (b) The frequency of oscillation �0 at the radius ratio � = 0.95, angular speed ratio �∗ = −0.5, the gap
width R = 1mm and the volume fraction 
 = 0.2.

rotate (Figs. 1(b)), and, when the cylinders are counter-rotating (Figs 1(c)). For ordinary fluids, when
the Taylor–Couette flow is modulated by oscillating the azimuthal velocity of the inner cylinder, at a
fixed frequency, the critical Taylor number decreases with increase in the amplitude of modulation, and
thus the flow is destabilized (Riley and Lawrence, 1976). Marques and Lopez (1997) have investigated
numerically, the stability of the basic modulated fluid flow under the axial time periodic oscillation of the
inner cylinder and keeping the outer cylinder fixed. They have found that the modulation stabilizes the
flow.
Fig. 1(d) shows the variation of the critical Taylor number Tc with the amplitude of modulation � at

the radius ratio � = 0.50, the angular speed ratio �∗ = 0, the gap width R = 1mm, the volume fraction

= 0.2 and the frequency �0 = 1. The critical Taylor number rises with the amplitude of modulation and
the onset of instability is delayed if compared to the variation of Tc with � at higher radius ratio (compare
Fig. 1(d) with Fig. 1(b)).
At a fixed gap width between the cylinders, the instability in the basic ferrofluid flow depends upon the

radius ratio of the cylinders irrespective of their radii. Also, in the weak field limits, the critical Taylor
number does not vary much with change in the gap width R (Singh and Bajaj, 2005).
We have observed numerically, that at a lower radius ratio of the cylinders, the instability sets in

first at a higher Taylor number than the corresponding Taylor number obtained at higher radius ra-
tio. As the radius ratio approaches 1 for the fixed value of gap width R, the radii of the cylinders
reach infinity. We have calculated the critical Taylor number upto � = 0.99. Beyond this value
due to singularity, the numerical solution cannot be obtained. Fig. 2(a) shows the variation of the
critical Taylor number with the radius ratio of the cylinders at the onset of the instability for
the fixed values � = 0.2, �∗ = 0, R = 10mm, 
 = 0.2, � = 0.3 and �0 = 5, for 0.1�
��0.99.
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Fig. 3. A stability diagram in the (k, T ) plane drawn at the radius ratio � = 0.95, the angular speed ratio �∗ = −0.5, the gap
width R = 1mm, the volume fraction 
 = 0.2, the Langevin parameter � = 0.1 and the amplitude of modulation � = 8.99.

The variation of the critical Taylor number with the frequency �0 of modulation has been drawn in
Fig. 2(b). At a given amplitude of modulation and the strength of the applied magnetic field, the increase
of the modulation frequency has a destabilizing effect on the basic modulated flow. For ordinary fluids,
Riley and Lawrence (1976) have found numerically that in the modulation of the azimuthal velocity of
the inner cylinder and for small amplitude ratio, the critical Taylor number increases monotonically with
the frequency, approaching the steady value asymptotically. They have also observed that the instability
response can be harmonic or subharmonic, depending upon the amplitude and frequency of modulation.
However, when the flow is modulated by the axial oscillation of the inner cylinder, at the onset of
instability against axisymmetric disturbances, the frequency response has been found to be harmonic in
all cases (Marques and Lopez, 1997). In the present study also, we have observed numerically that with
the parametric modulation of the axially applied magnetic field, the instability response is harmonic and
nowhere subharmonic for the considered parametric values.
Fig. 3 shows a stability diagram for the stability of the basic modulated flow in the (k, T ) plane.

Considering the curve corresponding to �0 = 1, the basic modulated flow has been observed to be stable
in the parametric region below this curve and unstable in the parametric region above it. For the curve
corresponding to �0 = 200, the basic modulated flow is stable below it and unstable above it. Thus, the
region between these curves in the (k, T ) plane which was stable at �0 = 1, becomes unstable when the
modulation frequency �0 is increased to 200.
Fig. 4 shows a stability diagram for the stability of a supercritical modulated flow in the (k, �) plane

for different values of the modulation frequency �0. In the absence of modulation, the basic flow is
stable for k < 2.28 and k > 4.178, and it is unstable in the interval 2.28< k < 4.178. With the parametric
modulation of the basic modulated flow, there is a curve in the (k, �) plane that separates the region of
stability from the region of instability. With an increase of the modulation frequency the corresponding
curves in (k, �) plane lie above the one drawn at a lower value of �0. Thus, with an increase of �0 the
region of instability in the (k, T ) plane for a supercritical modulated flow, widens.
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Fig. 4. A stability diagram for a supercritical basic modulated flow in the (k, �) plane drawn for: (a) �0 = 1, b �0 = 100 and
c � = 121, at radius ratio � = 0.95, the angular speed ratio �∗ = 0, the gap width R = 1mm, the volume fraction 
 = 0.2, the
Langevin parameter � = 0.1 and the Taylor number T = 4000.
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Fig. 5. Time evolution of the normalized radial component ur of the perturbations in the velocity field of the fluid at the radius
ratio �=0.95, the angular speed ratio �∗ =−0.5, the gap width R=1mm, the volume fraction 
=0.2, the Langevin parameter
� = 0.1 and the frequency �0 = 0.5. The curves (a)–(d) correspond to � = 1, 3, 6 and 8.99, respectively.

We have observed numerically, that as �0 is increased to 200, the flow is stable for k < 2.28 and
k > 4.178, and unstable for 2.28< k < 4.178 no matter how much large � may be in its considered range.
This stability behavior of the flow is thus similar to that if there is no modulation.
The time evolution of the normalized perturbations ur , br and hz , drawn at r = (r∗

1 + r∗
2 )/2, that

corresponds to the middle of the gap between the cylinders, at axial position z = 0, 0� t�6�/�0, at the
onset of instability in the basic modulated flow has been illustrated in Figs. 5, 6(a) and (b), respectively.



J. Singh, R. Bajaj / Fluid Dynamics Research 40 (2008) 737–752 749

t

b r

(a)

(b)

(d)

(c)

0 10 20

-0.5

0

0.5

1

t
h z

(a) (c)

(d)

(b)

0 20 30
-1

-0.5

0

0.5

1

30 10

Fig. 6. Time evolution of the profiles at the radius ratio � = 0.95, the gap width R = 1mm, the angular speed ratio �∗ = −0.5,
the Langevin parameter � = 0.1, the volume fraction 
 = 0.2 and the frequency �0 = 0.5. The curves (a)–(d) correspond to
� = 1, 3, 6 and 8.99, respectively: (a) The normalized radial component br of the perturbations in the magnetic induction field.
(b) The normalized axial component hz of the perturbations in the magnetic field.

The instability response has been found to be harmonic. It is evident from Fig. 5 that with increase of
the amplitude of the modulation at the onset of the instability, the fluctuations in the normalized radial
disturbance of the velocity field, increase. Similar variation of the normalized components u�, and uz ,
has been observed with t .
The origin of Taylor-vortices is the first stage on the route to the passage of circular into turbulentmotion

as the Taylor number increases beyond its critical value. Development of turbulence in the Taylor-vortex
flow starts for the Taylor number much higher than that of the formation of Taylor-vortices. In the present
study, the critical Taylor numbers obtained in the weak field limit are less than the supercritical Taylor
numbers at which the onset of nonlinear instabilities such as wavy vortex flow, chaotic Taylor-vortex flow,
and the turbulent Taylor-vortex flow starts. The present analysis is not sufficient to capture the nature and
onset of these instabilities as they essentially require nonlinear analysis.

5. Conclusion

We have investigated numerically, the stability of a modulated Taylor–Couette ferrofluid flow between
the two uniformly rotating cylinders via parametric excitation of a periodically oscillating, axially applied
magnetic field, in the weak field limits, against axisymmetric disturbances. The stability of a basic
modulated flow has been discussed using the Floquet theory. The increase in the frequency of modulation
of the applied magnetic field has a destabilizing effect on the basic flow, however, an increase in the
amplitude of modulation of magnetic field, has a stabilizing effect on the basic flow. This effect increases
by increasing the strength of the steady part of the applied magnetic field.
The time periodically oscillating magnetic field induces the time periodic oscillations in the ferrofluid

velocity at the onset of the instability. The instability response has been found to be harmonic. Under
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the weak field limits, the instability response has been found to be nowhere subharmonic. The onset of
instability in the basic flow also depends upon the radius ratio of the cylinders.
The results of the present study are qualitatively similar to those related to the axial periodic oscillation

of the inner cylinder, studied by Marques and Lopez (1997). The degree of stabilization in the basic
flow by the modulation of applied magnetic field, under the weak field limits, is comparable to the
degree of stabilization in the modulated Taylor–Couette flow by axial wall oscillations of the inner
cylinder.
Though themagnetic fluid and ordinary fluid have their own characteristics, we find an analogy between

the magnetic field oscillations in the Taylor–Couette ferrofluid flow and the axial wall oscillations in the
inner cylinder, in the Taylor–Couette flow of an ordinary fluid. Both have stabilizing action on the respec-
tive basic flow to almost same extent. From the experimental point of view, however, the Taylor–Couette
ferrofluid flow is free from geometrical disturbances as caused by the wall oscillations, and more strict
comparisons with the theoretical results are expected with respect to the onset of nonlinear instabilities
such as wavy vortex flow, chaotic Taylor-vortex flow, and finally, the turbulent Taylor-vortex flow.
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Appendix

The coefficients a j and b j which have been used in system (3.1a), are the solutions of following
transcendental equations, respectively∣∣∣∣∣∣∣

J1a jr∗
1 ) Y1(a jr∗

1 ) I1(a jr∗
1 ) K1(a jr∗

1 )
J1(a jr∗

2 ) Y1(a jr∗
2 ) I1(a jr∗

2 ) K1(a jr∗
2 )

J0(a jr∗
1 ) Y0(a jr∗

1 ) I0(a jr∗
1 ) −K0(a jr∗

1 )
J0(a jr∗

2 ) Y0(a jr∗
2 ) I0(a jr∗

2 ) −K0(a jr∗
2 )

∣∣∣∣∣∣∣ = 0,

∣∣∣∣ J1(b jr∗
1 ) Y1(b jr∗

1 )
J1(b jr∗

2 ) Y1(b jr∗
2 )

∣∣∣∣ = 0.

The following coefficients have been used in the system of (3.5), equations (3.5),

�(11)q j =
∫ r∗

2

r∗
1

ru(aqr )(DD∗ − k2)u(a jr )dr ,

�(22)q j = R2

2�

∫ r∗
2

r∗
1

ru(aqr )v(b jr )rD�dr ,

�q j is the Kronecker delta function,

�(41)q j = −HM0ik

2

∫ r∗
2

r∗
1

ru(aqr )(DD∗ − k2)u(a jr )dr, �(42)q j = �(11)q j ,

Q(11)
q j =

∫ r∗
2

r∗
1

ru(aqr )(DD∗ − k2)2u(a jr )dr ,
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Q(12)
q j = −2k2R2

�

∫ r∗
2

r∗
1

ru(aqr )�v(b jr )dr ,
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q j = −ikHM0�

(11)
q j − iH(M0 + H0)

k
Q(11)

q j ,
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where
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