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We suggest that, in the paraxial region, a double-plane symmetric optical system (anamorphic system)
can be treated as two associated rotationally symmetric optical systems (RSOS). We find that paraxial
quantities in the anamorphic system can be expressed as linear combinations of the paraxial marginal
and chief rays traced in the two associated RSOS. As a result, we provide a set of equations that are key to
derive the primary aberration coefficients for various anamorphic optical system types. By applying the
generalized Aldis theorem to anamorphic optical systems, we build up the anamorphic total ray aberra-
tion equations. These equations can be reduced to third-order form, that is, the anamorphic primary
ray aberration equations. We find that the terms in the anamorphic primary ray aberration equa-
tions can be expressed as paraxial marginal and chief ray-trace data in the two associated RSOS, to-
gether with normalized object and stop coordinates. More importantly, we build up a novel method
for deriving the anamorphic primary aberration coefficients for anamorphic optical systems of various
types. © 2009 Optical Society of America

OCIS codes: 080.0080, 080.1005.

1. Introduction

Optical imaging systems can be classified into groups
according to their symmetry [1–3], for example,
rotationally symmetric optical systems (RSOS), dou-
ble-plane symmetric optical systems (anamorphic
systems), and single-plane symmetric optical sys-
tems. Most optical systems are RSOS because of
their simplicities and properties.
There is an interest in understanding anamorphic

systems [4–7] mainly because this type of system
can offer a unique solution to anamorphic image for-
mation. Anamorphic systems have been used in cine-
mascope to capture a wide-screen image onto a
standard-sized film frame since the 1950s [6], in
laser beam profile controlling since 1970s [4], in

semiconductor chip inspection since 1990s, [5], and
recently in distortion control of panoramic lenses [7].

There is one significant difference between RSOS
and anamorphic systems. In RSOS, due to the rota-
tional symmetry, all surfaces in the system will be
spherical or axially symmetrical aspheric, i.e., sphe-
rical surface with even aspheric departure. Thus the
primary aberration coefficients are basically in the
same form for all RSOS. In other words, there are
different RSOS, but they will all be described in
the same manner. However, for anamorphic system,
there are several different surface types that can be
included in the system, such as cylindrical, toroidal,
and ellipsoidal surfaces. These different surface
types all possess double-plane symmetry and have
different surface equations. From the paraxial image
formation perspective, these different surface types
are similar. However, from an aberration genera-
tion perspective, anamorphic systems made from
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different surface types will have different primary
aberration coefficients, hence they need to be treated
as different anamorphic system types, namely, cy-
lindrical anamorphic systems, toroidal anamorphic
systems, and general anamorphic system with as-
pheric departure.
Part of the first-order theory of anamorphic sys-

tems was developed by Abbe [8], and the research
was continued by Burch [9], Chretien [10], and other
authors [11–20]. Part of the primary aberration coef-
ficients for cylindrical anamorphic systems—an at-
tachment system made from parallel-cylindrical lens
(with further restriction on location of the system
stop in either the object space or final image
space)—were developed by Wynne in 1954, without
providing the primary aberration coefficients for
cross-cylindrical anamorphic systems [21]. Part of
the primary aberration coefficients for toroidal ana-
morphic systems were developed by Bruder [22] and
Slyusarev [23] in the 1960s; however, their results
were incomplete, and no ray-tracing validation of
the results was provided. In the 1990s, following
Slyusarev’s method [23] based on angular eikonal
theory, Chen and He [24,25] presented a brief deriva-
tion for the primary aberration coefficients of a single
torus; however, they did not explicitly develop the
primary aberration coefficients for toroidal ana-
morphic systems, and little discussion on paraxial
properties, pupil issues, or addition of aberration
terms [3,26] of a system was provided. Furthermore,
their discussion was restricted to dual curvature sur-
faces, which are special forms of tori [25].
From an optical design perspective, the primary

aberration coefficients are important for the under-
standing of optical systems. The coefficients can be
used to determine the most significant ray intersec-
tion errors in an optical system. More importantly,
the coefficients can be used to determine the func-
tional dependences of these errors so that the errors
can be corrected. The fact that there are not complete
primary aberration theories for various anamorphic
system types limited our abilities in understanding
anamorphic image formation.
In a series of papers, we present a detailed study of

the paraxial properties and the primary aberration
theories for various anamorphic system types. We
show that, in an anamorphic system, there is no un-
ique paraxial image plane in each intermediate im-
age space, thus the addition of aberration terms
generated by each surface through the system [3,26]
needs to be justified. We show that the concepts of
entrance and exit pupils for RSOS [3,26] are not well
defined in anamorphic systems.
We present a novel and generally valid method for

deriving the monochromatic primary aberration
coefficients for any anamorphic optical system type.
We emphasize that the method we developed is
based on generalization of the Aldis theorem [3,27]
and is different from any existing method found in
the literature. We provide a complete set of primary
aberration coefficients for anamorphic systems made

from cylindrical surfaces, toroidal surfaces, and
general double-curvature surfaces, including asphe-
ric departures. The aberration coefficients are
presented in a form similar to the well-known
Seidel aberrations of RSOS thus will have a more fa-
miliar and convenient form. Ray-tracing validations
of these coefficients are performed.

Although the primary aberration coefficients for
toroidal anamorphic systems derived by us and by
Chen and He [24,25] are equivalent (but not equal
in form) for a single toroidal surface, due to the com-
plexity of the formulas, it is important to have inde-
pendent verification of the results. Furthermore, our
formulas are developed intrinsically for a system,
and the primary aberration coefficients for the gen-
eral toroidal anamorphic systems are provided.

We first provide a first-order foundation to build
the anamorphic primary aberration theories. This
foundation is key in understanding anamorphic
image formation and deriving the aberration coeffi-
cients. Second, we list the general anamorphic pri-
mary aberration types resulting from symmetry
theory. We then generalize the Aldis theorem for
RSOS [3,27] to anamorphic systems. In this manner,
we build up a novel method for deriving the
anamorphic primary aberration coefficients for any
anamorphic system type.

2. Definitions

An anamorphic system is an imaging system con-
taining imaging elements with double-curvature sur-
faces with two mutually perpendicular planes of
symmetry. By a double-curvature surface, we mean
a surface that has different radii of curvature in
two perpendicular symmetry planes, such as a cy-
lindrical surface or a toroidal surface. These two
symmetry planes are often called the principal sec-
tions of the anamorphic system. A common example
of such a system is one made from cross-cylindrical
lenses that can map a square object field into a rec-
tangular image field. The anamorphic ratio is deter-
mined by the magnification in each principal section.
Figure 1 illustrates the configuration.

Anamorphic systems are different from RSOS
from the first-order (paraxial) optics sense. If a ray
starts in one symmetry plane, e.g., the xz or the yz
plane, it will always stay in this plane as it is traced
through the system. Any ray not lying in a symmetry
plane will be a skew ray not contained in a sin-
gle plane.

Since the optical power is related to the curva-
tures, a single double-curvature surface cannot form
a single sharp point image for an on-axis object point

Fig. 1. Anamorphic system made from cross-cylindrical lenses.
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due to different powers in each symmetry plane. Be-
cause of the double-curvature nature of the surfaces
in an anamorphic system, we normally do not have
unique object and image points in each intermediate
space.
We propose that, in the paraxial region, an

anamorphic system can be replaced by two asso-
ciated RSOS. Furthermore, we show that all paraxial
quantities in an anamorphic system can be written in
terms of the paraxial ray-trace data in the two
associated RSOS, together with the object and stop
coordinates.

3. Direction Cosines of a Ray and Their First-Order
Approximation

A way to specify a ray, which is a straight line in a
homogenous medium, is to use direction cosines.
Suppose that we have a Cartesian coordinates sys-
tem with origin O as shown in Fig. 2. The direction
cosines ðL;M;NÞ of the ray are defined by

8><
>:

L ¼ cosð∠AOPÞ ¼ OA
OP ¼ CP0

OP

M ¼ cosð∠BOPÞ ¼ OB
OP ¼ CP00

OP
N ¼ cosð∠COPÞ ¼ OC

OP

: ð1Þ

Notice that, of the three direction cosines of any ray,
there are only two components that are independent
of each other since we have the relationship

L2 þM2 þN2 ¼ 1: ð2Þ

From Eq. (2) we have

N ¼ ½1 − ðL2 þM2Þ�1=2: ð3Þ
We let the z axis be the optical axis and consider a
paraxial ray, i.e., in a region close to the z axis.
The domain of paraxial or first-order optics is defined
as the region such that the ray angle and height
ðL;M; x; yÞ are small quantities whose squares and
cross products are negligibly small for all surfaces
of the optical system. [27]

In the paraxial region, since L and M are
small quantities, we can expand Eq. (3) as a binomial
series:

N ¼ 1 −
ðL2 þM2Þ

2
þ…: ð4Þ

To a first-order approximation, the quadratic
terms in Eq. (4) can be ignored, yielding N ¼ 1
and OC ¼ OP. Thus, in the paraxial region, Eq. (1)
becomes
8<
:

L ¼ cosð∠AOPÞ ¼ CP0
OP ¼ CP0

OC ¼ tanðCOP0Þ ¼ ux

M ¼ cosð∠BOPÞ ¼ CP00
OP ¼ CP00

OC ¼ tanðCOP00Þ ¼ uy

N ¼ 1
;

ð5Þ
where ux and uy are tangent of the angles of the
projections OP0 and OP00 with the optical axis,
respectively.

4. Double-Curvature Surfaces and Their First-Order
Approximation

In anamorphic systems, double-curvature surfaces
are added to ensure the double-plane symmetry of
the system, and different magnifications can be ob-
tained in the xz and yz symmetry planes. The optical
axis is the line of intersection of the symmetry
planes.

The surface sag for any double-curvature surface,
up to a second-order, in the local coordinate system
associated with each surface (origin at surface ver-
tex), can be written as [28]

z ¼ 1
2

�
x2

rx
þ y2

ry

�
; ð6Þ

where rx and ry are the principal radii of curvature in
the xz and yz symmetry planes, respectively. This
surface sag can be rewritten into the surface equa-
tion as

Fðx; y; zÞ ¼ z −
1
2

�
x2

rx
þ y2

ry

�
¼ 0: ð7Þ

We note that, under first-order approximation, the
surface sag can be taken as zero. However, the sur-
face still has curvatures and may refract or reflect
the rays, hence we need to use Eq. (7) to calculate
the direction cosines of the paraxial surface normal.Fig. 2. Direction cosines.
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The direction cosines ðα; β; γÞ of the surface normal
are calculated by [3]

ðα; β; γÞ ¼

�
∂F
∂x ;

∂F
∂y ;

∂F
∂z

�
��

∂F
∂x

�
2
þ
�

∂F
∂y

�
2
þ
�

∂F
∂z

�
2
�1

2

; ð8Þ

where F ¼ 0 is the surface equation.
Substituting the second-order surface Eq. (7) into

surface normal Eq. (8) and ignoring any terms of or-
der higher than one in x and y, we find the direction
cosines of surface normal for any double-curvature
surface, to a first-order approximation, as

8<
:

α ¼ −cxx
β ¼ −cyy
γ ¼ 1

; ð9Þ

where cx ¼ 1=rx and cy ¼ 1=ry are the principal cur-
vatures in the two symmetry planes.

5. Ray Transfer and Refraction Equations
and Their First-Order Approximation

Supposing a skew ray is traced through an ana-
morphic system, the three-dimensional transfer
equation for the ray from a surface j − 1 to the next
surface j is [3,27]

xj − xj−1
Lj−1

¼ yj − yj−1
Mj−1

¼ zj − zj−1 þ tj−1
Nj−1

; ð10Þ

where ðxj−1; yj−1; zj−1Þ and ðxj; yj; zjÞ are the points
where the ray intersects surfaces j − 1 and j, respec-
tively, tj−1 is the on-axis distance between the ver-
tices, and ðLj−1;Mj−1;Nj−1Þ are the direction cosines
of the ray between the two surfaces, as shown
in Fig. 3.
The three-dimensional refraction equation for the

ray refracted by surface j is [3,27]

njLj − nj−1Lj−1

αj
¼ njMj − nj−1Mj−1

βj
¼ njNj − nj−1Nj−1

γj
;

ð11Þ
where ðαj; βj; γjÞ are the direction cosines of the jth
surface normal and nj is the refraction index in
the jth intermediate image space.

By applying Eqs. (5) and (9) and ignoring the sur-
face sag under the first-order approximation, the
transfer and refraction equations can be written as

8<
:

xj−xj−1
ux;j−1

¼ yj−yj−1
uy;j−1

¼ tj−1
njux;j−nj−1ux;j−1

cx;jxj
¼ njuy;j−nj−1uy;j−1

cy;jyj
¼ −ðnj − nj−1Þ

: ð12Þ

Equation (12) illustrates a significant fact: in the
paraxial region surrounding the axis of an ana-
morphic system, the ðx;uxÞ and ðy;uyÞ components
of a skew paraxial ray are independent to each an-
other, and each component can be imagined as a non-
skew paraxial ray traced in the xz or yz symmetry
plane of the system.

To emphasize this, we write Eq. (12) as indepen-
dent ray-trace equations. For ðx;uxÞ components of
this arbitrary paraxial ray, we have

�
xj − xj−1 ¼ tj−1ux;j−1

njux;j − nj−1ux;j−1 ¼ −xjðnj − nj−1Þcx;j : ð13Þ

For ðy;uyÞ components of this ray, we have

�
yj − yj−1 ¼ tj−1uy;j−1

njuy;j − nj−1uy;j−1 ¼ −yjðnj − nj−1Þcy;j : ð14Þ

We see that Eqs. (13) and (14) have exactly the same
form as the paraxial meridian ray-tracing equations
[3,27] of a paraxial RSOS made from spherical sur-
faces zj ¼ cx;jðxj2 þ yj2Þ=2 or zj ¼ cy;jðxj2 þ yj2Þ=2, in
which the xz or the yz symmetry plane is a meridian
section. Thus we have two RSOS, one associated with
the xz plane and another associated with the yz
plane. We refer to them as the x and y RSOS.

It is evident that, in the paraxial region, an ana-
morphic system can be replaced by two independent
RSOS, each associated with one symmetry plane.
Thus we will have two sets of independent intermedi-
ate paraxial object and image planes floating in
space. In the final image space, we will let the two

Fig. 3. Three-dimensional ray tracing. Fig. 4. Ray tracing on surface j.
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image planes coincide with each other to complete
the image formation. In other words, an anamorphic
system will generally be constrained to have unique
object and image planes in the object and final image
space but not in the intermediate spaces.
The same is true for pupils: generally, we do not

have a unique entrance pupil and exit pupil in every
space, except in the space where the stop is located.
Thus the concepts of entrance and exit pupils for
RSOS [3,26] are not well defined in anamorphic sys-
tems, and we no longer have a location in the final
image space where the light beam has a clearly de-
fined edge, unless the system stop is located in this
space. Here we will always use the stop coordinate
instead of the exit pupil coordinate, because the sys-
tem stop is unambiguously defined.

6. First-Order Optics of Anamorphic Systems

From the discussion in Section 5, we can arrive at a
significant conclusion: in an anamorphic system,
whenever we are working with a skew paraxial ray’s
component ðx;uxÞ, we can imagine that we are deal-
ing with the projection of this ray in the xz symmetry
plane of the system. This projection can be further
imagined as a nonskew paraxial ray, staying in the
xz meridian plane of the associated x RSOS. Thus
all results from Gaussian optics for the x RSOS
can be applied to the ðx;uxÞ component of the skew
paraxial ray directly, except that each paraxial quan-
tity will now have a subscript x, including the object
plane location lx, the entrance pupil location �lx, the
marginal ray angle ux and height hx, and the chief
ray angle �ux and height �hx [3].
Similarly, in dealing with the component ðy;uyÞ of

the same skew paraxial ray, we can imagine that we
are dealing with the projection of this ray in the yz
symmetry plane of the anamorphic system. Again,
this projection can be further imagined as a nonskew
paraxial ray, staying in the yzmeridian plane of the y
RSOS. Thus all results from Gaussian optics for the
y RSOS can be applied to the ðy;uyÞ component of the
skew paraxial ray directly, except that each paraxial
quantity will now have a lower subscript y.
In each associated RSOS, we know there are only

two independent nonskew paraxial rays, normally
taken to be the marginal and chief rays, and any
other paraxial ray in the RSOS can be written as
their linear combination [27,29] according to

� ��h ¼ ChþD�h
��u ¼ CuþD�u

; ð15Þ

where ðh;uÞ and ð�h; �uÞ are the height and angle of the
marginal and chief rays, respectively. The double
bars indicate an arbitrary paraxial ray other than
the known marginal and chief rays. C and D are pro-
portionality constants throughout the system.
Since an arbitrary skew paraxial ray can be decom-

posed into two nonskew paraxial rays staying in the
xz and yzmeridian planes of the corresponding x and
yRSOS, it is evident that any skew paraxial ray in an

anamorphic system can be fully specified by four non-
skew paraxial rays, namely, the x and y marginal
rays, the x and y chief rays, and the corresponding
x and y RSOS. Thus we can trace the x marginal
and chief rays in the xz symmetry plane and the y
marginal and chief rays in the yz symmetry plane,
and then use these four known nonskew paraxial
rays to fully specify the paraxial anamorphic system.

Let us write ð��xj; ��ux;j; ��yj; ��uy;jÞ as the parameters as-
sociated with an arbitrary skew paraxial ray, write
ðhx;j;ux;jÞ and ð�hx;j; �ux;jÞ as the parameters associated
with the xmarginal and chief rays in the xRSOS, and
write ðhy;j;uy;jÞ and ð�hy;j; �uy;jÞ as the parameters asso-
ciated with the y marginal and chief rays in the y
RSOS, on surface j. It can be shown [30] that we have

8>>><
>>>:

��xj ¼ ρxhx;j þHx
�hx;j

��ux;j ¼ ρxux;j þHx�ux;j
��yj ¼ ρyhy;j þHy

�hy;j
��uy;j ¼ ρyuy;j þHy�uy;j

; ð16Þ

where ðHx;HyÞ and ðρx; ρyÞ are the normalized object
and stop coordinates of the arbitrary skew paraxial
ray. We emphasize that, for RSOS, the normalized
aperture coordinates of paraxial rays defined at
the entrance pupil, stop, or exit pupil positions are
identical, but for anamorphic systems, the normal-
ized aperture coordinates are unambiguously de-
fined at the system stop plane, as explained in
Section 5.

Equation (16) is key to derive the primary aberra-
tion coefficients for various anamorphic system
types, and it can be understood as follows:

1. In an anamorphic system, any paraxial ray can
be written as linear combinations of the four known
nonskew paraxial marginal and chief rays traced in
the two associated RSOS.

2. Furthermore, the proportionality constants in
the linear combinations are the normalized object
and stop coordinates of the arbitrary paraxial ray.
When we are exploring the object and stop planes,
these coordinates become variables.

Thus all paraxial quantities in an anamorphic sys-
tem can be written in terms of the paraxial ray-trace
data in the two associated RSOS, together with the
object and stop variables.

7. First-Order Definitions

Next we list the necessary first-order definitions that
will be used in the anamorphic primary aberration
coefficients derivation. From Eq. (13) we have

nj−1ux;j−1 þ nj−1hx;jcx;j ¼ njux;j þ njhx;jcx;j ¼ Ax;j:

ð17aÞ
We see that quantity Ax;j is an invariant for the x
marginal ray refracted on surface j. The correspond-
ing refraction invariant for the x chief ray on
surface j is
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nj−1�ux;j−1 þ nj−1
�hx;jcx;j ¼ nj�ux;j þ nj

�hx;jcx;j ¼ �Ax;j:

ð17bÞ
Similarly, we have the refraction invariants for the y
RSOS on surface j as

�
nj−1uy;j−1 þ nj−1hy;jcy;j ¼ njuu;j þ njhy;jcy;j ¼ Ay;j

nj−1�uy;j−1 þ nj−1
�hy;jcy;j ¼ nj�uy;j þ nj

�hy;jcy;j ¼ �Ay;j
:

ð18Þ
The Lagrange invariants associated with the two
RSOS are

�
ψx ¼ njð�hx;jux;j − hx;j�ux;jÞ ¼ Ax;j

�hx;j −
�Ax;jhx;j

ψy ¼ njð�hy;juy;j − hy;j�uy;jÞ ¼ Ay;j
�hy;j −

�Ay;jhy;j
: ð19Þ

8. General Anamorphic Primary Aberration Types

In the previous sections, the necessary first-order
foundations for anamorphic primary aberration coef-

ficients derivation have been provided. Over the
years, by applying symmetry theory [1,31,32], people
have found that there are 16 anamorphic primary
aberration types. However, how to actually derive
the 16 anamorphic primary aberration coefficients
remains a question to be answered in geometric op-
tics research [30].
From this section on, we first list the general ana-

morphic primary aberration types resulting from
symmetry theory. We then generalize the Aldis the-
orem for RSOS [3,27] to anamorphic systems. In this
manner, we build up a novel method for deriving the
anamorphic primary aberration coefficients for any
anamorphic system type.
By writing the primary wave aberration function

into a power series and using symmetry theory, it
can be shown that there are 16 different anamorphic
primary aberration types [30–32], as

Wð4Þ ¼ D1ρx4 þD2ρy4 þD3ρx2ρy2 þD4Hxρx3

þD5Hyρx2ρy þD6Hxρxρy2 þD7Hyρy3

þD8Hx
2ρx2 þD9Hy

2ρy2 þD10Hy
2ρx2

þD11Hx
2ρy2 þD12HxHyρxρy þD13Hx

3ρx
þD14Hy

3ρy þD15HxHy
2ρx þD16Hx

2Hyρy;
ð20Þ

where Wð4Þ is the fourth-order wave aberration func-
tion (corresponding to the third-order ray aberration)

and D1 through D16 are the corresponding ana-
morphic primary aberration coefficients. Developing
a method to actually derive these coefficients is the
major goal of this paper.

Consider an anamorphic system with k surfaces.
It can be shown [30] that the primary ray aberration
is connected to the primary wave aberration via the
following:

� δξ0k3 ¼ 1
nk0u0x;k

∂W
∂ρx

δη0k3 ¼ 1
nk0u0y;k

∂W
∂ρy

; ð21Þ

where ðδξ0k3; δη0k3Þ are primary ray aberrations.
Substituting Eq. (20) into Eq. (21), we have

8>>>><
>>>>:

δξ0k3 ¼ ð4D1ρx3 þ 2D3ρxρy2 þ 3D4Hxρx2 þ 2D5Hyρxρy þD6Hxρy2 þ 2D8Hx
2ρx þ 2D10Hy

2ρx þD12HxHyρy
þD13Hx

3 þD15HxHy
2Þ=nk0u0x;k

δη0k3 ¼ ð4D2ρy3 þ 2D3ρx2ρy þD5Hyρx2 þ 2D6Hxρxρy þ 3D7Hyρy2 þ 2D9Hy
2ρy þ 2D11Hx

2ρy þD12HxHyρx
þD14Hy

3 þD16Hx
2HyÞ=nk0u0y;k

:ð22Þ

Equation (22) will serve as our guiding equation. If
we can find a method that gives the actual primary
ray errors for any anamorphic system type, in a form
similar to Eq. (22), then the 16 anamorphic primary
aberration coefficients D1 through D16 can be ob-
tained by comparing with the guiding Eq. (22).

9. Anamorphic Total Ray Aberration Equations

In geometric optics for RSOS, there is a so-called Al-
dis theorem [3,27] that gives expressions for the
transverse ray aberration components of a finite
(real) ray with respect to the paraxial (ideal) image
location. In the 1960s, Cox [27] found that the pri-
mary aberration coefficients for RSOS can be derived
from the Aldis theorem. However, we realize that a
similar approach can be generalized and be applied
to anamorphic systems.

We emphasize that, since an anamorphic system
can be treated as two associated RSOS, there are
two independent paraxial image planes in each inter-
mediate image space, namely, the x and the y inter-
mediate image planes, each associated with one
plane of symmetry of the system. As a result, the ad-
dition of aberration terms generated by each surface
through the system [3,26] needs to be justified.

For an anamorphic system with k surfaces, let
ðLj;Mj;NjÞ be the direction cosines of a finite ray
emitted from a fractional object field ðHx;HyÞ and
let ðxj; yj; zjÞ be the coordinates of the point of inci-
dence, on surface j, of this ray. Let ξ0;j and η0;j be
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the ideal x and y image height in the corresponding x
and y intermediate image plane of surface j and let
Ax;j and Ay;j be the refraction invariants associated
with the x and y marginal rays, in the corresponding
x and y RSOS, on surface j. Because the Lagrange
invariant is calculated with the paraxial chief ray
from the maximum field point for an object point
at fractional object field, we use the fractional
Lagrange invariant instead. For the current system,
we have the x and y fractional Lagrange invariants
asHxψx ¼ njux;jξ0;j andHyψy ¼ njuy;jη0;j, respectively.
nj is the refraction index in the jth intermediate im-
age space.
Now let us just consider surface j of the system, in

its own local coordinate system, as shown in Fig. 4.
Suppose the finite ray intersects the refraction sur-
face at a point ðx; y; zÞ then intersects the x and y in-
termediate image planes at points ðξ;□Þ and ð□; ηÞ,
respectively. Here the symbol □ means we do not
care about the actual value of the corresponding co-
ordinates.
According to the three-dimensional ray transfer

Eq. (10), from the refraction surface to the x inter-
mediate image plane, we have

ξ ¼ xþ L
N

ðlx − zÞ: ð23aÞ

Similarly, from the refraction surface to the y inter-
mediate image plane, we have

η ¼ yþM
N

ðly − zÞ; ð23bÞ

where lx and ly are the distances from the vertex of
the refraction surface to the x and the y intermediate
image planes, respectively. Notice that, in gener-
al, lx ≠ ly.
From Eq. (23a), multiplying through by nuxN, we

have

nuxNξ ¼ nuxxN þ nuxlxL − nuxzL: ð24Þ

From Eq. (17a) we have Ax ¼ nux þ nhxcx, thus we
can rewrite Eq. (24) as

nuxNξ ¼ ðAx − nhxcxÞxN − ðAx − nhxcxÞzLþ nuxlxL:

ð25Þ

From the fractional x Lagrange invariant
nuxξ0 ¼ Hxψx, multiplying through by N, we have

nuxNξ0 ¼ NHxψx; ð26Þ

where ξ0 is the ideal x image height at the x inter-
mediate image plane.

Subtracting Eq. (26) from Eq. (25), we have

nuxNδξ ¼ AxðxN − zLÞ − nhxcxðxN − zLÞ
− nhxL − ψxHxN

¼ ðAxx −HxψxÞN − AxzL − hxcxxnN

þ ðhxcxz − hxÞnL; ð27Þ

where we have used the paraxial definition ux ¼
−hx=lx [3]. δξ ¼ ξ − ξ0 is x component of the ray error
in this space, by definition.

It is often convenient to introduce the refraction
operator Δ [1,3,33], which signifies the difference
of the quantity operated on before and after refrac-
tion, i.e., Δnux ¼ n0u0

x − nux. If the quantity that fol-
lows Δ is a constant on refraction, then the result is
zero. Taking the Lagrange invariant ψ as a common
example, we will have Δψ ¼ ψ 0 − ψ ¼ 0, because ψ is
a constant on refraction.

By applying the refraction operator Δ on Eq. (27),
we get the increment of this quantity on refraction as
[1,3,33]

ΔfnuxNδξg ¼ ðAxx −HxψxÞΔN − AxzΔL − hxcxxΔnN

þ ðhxcxz − hxÞΔnL: ð28aÞ

Notice that all refraction constants on this surface
come out of the refraction operator because they
do not change their values on refraction. In exactly
the same manner, starting from Eq. (23b), we get

ΔfnuyNδηg ¼ ðAyy −HyψyÞΔN − AyzΔM

− hycyyΔnN þ ðhycyz − hyÞΔnM:

ð28bÞ

From the three-dimensional ray refraction Eq. (11),
we have

�ΔnL ¼ α
γ ΔnN

ΔnM ¼ β
γ ΔnN

: ð29Þ

Substituting Eq. (29) into Eq. (28a), we get

ΔfnuxNδξg ¼ ðAxx −HxψxÞΔN − AxzΔL

þ
�
ðhxcxz − hxÞ

α
γ − hxcxx

�
ΔnN: ð30Þ

Equation (30) is valid for every intermediate space.
Also note that, on surface j, fnuxNδξg0 ¼ fnuxNδξgjþ1
and ΔfnuxNδξgj ¼ fnuxNδξg0j − fnuxNδξgj. Thus we
are able to sum Eq. (30) through all surfaces to
the final image space of the system. By taking into
account the fact that, most likely in object space,
n1uxN1δξ1 is zero because the object has no error,
we get the x component of the system ray aberration
to be
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δξ0k ¼
Xk
j¼1

Ax;jðxjΔNj − zjΔLjÞ −
Xk
j¼1

HxψxΔNj

þ
Xk
j¼1

�
ðhx;jcx;jzj − hx;jÞ

αj
γj

− hx;jcx;jxj

�
ΔnjNj=n0

ku
0
x;kN

0
k: ð31aÞ

Similarly, start from Eq. (28b), we get the y compo-
nent of the system ray aberration to be

δη0k ¼
Xk
j¼1

Ay;jðyjΔNj − zjΔMjÞ −
Xk
j¼1

HyψyΔNj

þ
Xk
j¼1

�
ðhy;jcy;jzj − hy;jÞ

βj
γj

− hy;jcy;jyj

�
ΔnjNj=n0

ku
0
y;kN

0
k: ð31bÞ

Equations (31a) and (31b) are the generalized form of
the Aldis theorem, and they are the anamorphic total
ray aberration equations in that they include ray er-
rors of all orders. For the primary aberration coeffi-
cients derivation purpose, we only need to keep the
third-order ray error (corresponding to the fourth-
order wave error) [3], therefore we need to reduce
Eq. (31) to its third-order form: the anamorphic pri-
mary ray aberration equations.
Now let us we find the terms αj=γj and βj=γj as

shown in Eq. (31). For any double-curvature surface
type, the surface sag equation can be written, up to a
fourth-order approximation, in a general form as
[23,28,30]

zj ¼
1
2

�
x2j
rx;j

þ y2j
ry;j

�
þ 1
8

�
x4j
r3;j3

þ 2x2j y
2
j

r4;j3
þ y4j
r5;j3

�
; ð32Þ

where rx;j and ry;j are the radii of curvature in the two
symmetry planes, and r3;j3; r4;j3 and r5;j3 are coeffi-
cients with dimensions of length cubed.
From Eq. (32), applying Eq. (8), we can find the

proportion of the direction cosines of the surface nor-
mal, up to a third-order approximation, as

8>><
>>:

αj
γj ¼ −

�
xj
rx;j

þ x3j
2r3;j3

þ xjy2j
2r4;j3

�

βj
γj ¼ −

�
yj
ry;j

þ y3j
2r5;j3

þ x2j yj
2r4;j3

� : ð33Þ

10. Anamorphic Primary Ray Aberration Equations

For the primary aberration theory development pro-
pose, it is generally valid to replace xj; yj;Lj;Mj with
their paraxial equivalents [3,33], thus we have

8>><
>>:

xj ¼ xj1 ¼ ��xj
yj ¼ yj1 ¼ ��yj
Lj ¼ Lj1 ¼ ��ux;j

Mj ¼ Mj1 ¼ ��uy;j

; ð34Þ

where subscript 1 denotes that quantity is of the or-
der of 1 in ray heights and angles. The double bars
indicate that these qualities are associated with an
arbitrary ray other than the four marginal and chief
rays traced in the two associated RSOS.

We emphasize that our purpose is to derive the pri-
mary ray aberration equations, which are accurate
up to third-order, thus from now on, for all quantities
showing up, we will keep terms to third-order only.

From Eq. (4) we know the ray direction cosine Nj
can be written as a binomial series as

Nj ¼ 1 −
Lj

2 þMj
2

2
þ… ¼ 1 − δNj; ð35aÞ

where

δNj ¼
Lj

2 þMj
2

2
þ…: ð35bÞ

Substituting Eq. (34) into Eq. (35b) and ignoring all
terms higher than order three, we get

δNj ¼ δNj2 ¼ Lj1
2 þMj1

2

2
: ð36aÞ

Thus we have

Nj ¼ Nj2 ¼ 1 − δNj2; ð36bÞ

njNj ¼ njNj2 ¼ nj − njδNj2: ð36cÞ

From Eq. (36b), up to third-order accuracy, we have

1
N 0

k

¼ 1
1 − δN 0

k2

¼ 1þ δN 0
k2: ð36dÞ

By substituting Eq. (34) into the general double-
curvature surface sag Eq. (32) and ignoring terms
higher than order three, we have

zj ¼ zj2 ¼ 1
2

�
xj12

rx;j
þ yj12

ry;j

�
: ð36eÞ

In the above equations, subscript 2 denotes that
quantity is of the order of 2 in ray heights and angles.

By substituting Eq. (34) into Eq. (33) and ignoring
terms higher than order three, we get

αj
γj

¼ −

�
xj1
rx;j

þ xj13

2r3;j3
þ xj1yj12

2r4;j3

�
¼ αj1

γj1
þ αj3

γj3
; ð37aÞ
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where
8>><
>>:

αj1
γj1 ¼ −

�
xj1
rx;j

�

αj3
γj3 ¼ −

�
xj13

2r33;j
þ xj1y2j1

2r34;j

� ; ð37bÞ

βj
γj

¼ −

�
yj1
ry;j

þ yj13

2r35;j
þ x2j1yj1

2r34;j

�
¼ βj1

γj1
þ βj3

γj3
; ð38aÞ

where
8>><
>>:

βj1
γj1 ¼ −

�
yj1
ry;j

�

βj3
γj3 ¼ −

�
yj13

2r35;j
þ x2j1yj1

2r34;j

� : ð38bÞ

In the above equations, subscript 3 denotes that
quantity is of the order of 3 in ray heights and angles.
With all approximations in place, we can now re-

duce the anamorphic total ray aberration Eq. (31)
to its third-order form. By substituting Eqs. (34)
through (38) into the R.H.S. of Eq. (31) and ignoring
terms higher than order three, after some detailed
mathematical manipulation, [30] we get

8>>>>>>>>>>><
>>>>>>>>>>>:

δξ0k3 ¼Δ
�
−
P

k
j¼1Ax;jðxj1δNj2þ zj2Lj1ÞþHxψx

×
P

k
j¼1 δNj2 −

P
k
j¼1hx;j

�
c2x;jzj2xj1þ αj3

γj3

�
nj

�
=n0

ku
0
x;k

δη0k3 ¼Δ
�
−
P

k
j¼1Ay;jðyj1δNj2þ zj2Mj1ÞþHyψy

×
P

k
j¼1 δNj2 −

P
k
j¼1hy;j

�
c2y;jzj2yj1þ βj3

γj3

�
nj

�
=n0

ku
0
y;k

:

ð39Þ

Equation (39) is the anamorphic primary ray aberra-
tion equation. It is generally valid, and the primary
ray errors for any anamorphic system type can be
calculated from it. Equation (39) will serve as the
basic equation for the anamorphic primary aberra-

tion coefficients derivation, as will be shown in later
papers.

11. Method for Deriving the Anamorphic Primary
Aberration Coefficients

Next we show that xj1; yj1;Lj1;Mj1; δNj2; zj2; αj3=γj3
and βj3=γj3 in Eq. (39) can be expressed as paraxial
marginal and chief ray-trace data in the two asso-
ciated RSOS, together with normalized object and
stop coordinates.

Since xj1; yj1;Lj1;Mj1 are paraxial quantities asso-
ciated with an arbitrary ray, as indicated by Eq. (34),
from Eq. (16), we have

8>><
>>:

xj1 ¼ ��xj ¼ ρxhx;j þHx
�hx;j

yj1 ¼ ��yj ¼ ρyhy;j þHy
�hy;j

Lj1 ¼ ��ux;j ¼ ρxux;j þHx�ux;j

Mj1 ¼ ��uy;j ¼ ρyuy;j þHy�uy;j

; ð40Þ

where ðhx;j;ux;jÞ, ðhy;j;uy;jÞ, ð�hx;j; �ux;jÞ, and ð�hy;j; �uy;jÞ
are ray-trace data of the paraxial marginal and chief
rays in the two associated RSOS, respectively.

By applying Eq. (40), from Eqs. (36)–(38), we
have

8>>>>>>>>>><
>>>>>>>>>>:

δNj2 ¼ L2
j1þM2

j1

2 ¼ 1
2 ½ðρxux;j þHx�ux;jÞ2 þ ðρyuy;j þHy�uy;jÞ2�

zj2 ¼ 1
2

�
x2j1
rx;j

þ y2j1
ry;j

�
¼ 1

2

�
1
rx;j

ðρxhx;j þHx
�hx;jÞ2 þ 1

ry;j
ðρyhy;j þHy

�hy;jÞ2
�

αj3
γj3 ¼ −

�
xj13

2r33;j
þ xj1y2j1

2r34;j

�
¼ − 1

2

�
ðρxhx;jþHx

�hx;jÞ3
r33;j

þ ðρxhx;jþHx
�hx;jÞðρyhy;jþHy

�hy;jÞ2
r4;j3

�

βj3
γj3 ¼ −

�
yj13

2r35;j
þ x2j1yj1

2r34;j

�
¼ − 1

2

�
ðρyhy;jþHy

�hy;jÞ3
r5;j3

þ ðρxhx;jþHx
�hx;jÞ2ðρyhy;jþHy

�hy;jÞ
r4;j3

�
: ð41Þ

From Eqs. (40) and (41), it is evident that the terms
in the anamorphic primary ray aberration Eq. (39)
can be expressed as paraxial marginal and chief
ray-trace data in the two associated RSOS, together
with normalized object and stop coordinates. Hence if
we substitute Eqs. (40) and (41) into Eq. (39), by ex-
panding and regrouping the results according to
their object and stop dependences, we can get the pri-
mary ray errors in a form similar to that of Eq. (22). A
simple comparison between the primary ray errors
and the guiding Eq. (22) can provide the anamorphic
primary aberration coefficients directly.

We emphasize that, in general, the primary aber-
rations of anamorphic systems cannot be obtained
exclusively from information contained in the two as-
sociated x RSOS and y RSOS; this is evident from
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Eq. (41), where the term r4;j is not exclusively asso-
ciated with one or the other RSOS.

12. Conclusions and Future Works

We have shown that, in the paraxial region, an ana-
morphic system can be treated as two associated
RSOS, thus all results from Gaussian optics for
the two associated RSOS can be applied directly.
We have shown that paraxial quantities for the ana-
morphic system can be written in terms of the para-
xial ray-trace data in the two RSOS, together with
the object and stop coordinates, as

8>><
>>:

��xj ¼ ρxhx;j þHx
�hx;j

��ux;j ¼ ρxux;j þHx�ux;j
��yj ¼ ρyhy;j þHy

�hy;j
��uy;j ¼ ρyuy;j þHy�uy;j

:

This set of first-order equations is key to derive the
primary aberration coefficients for various ana-
morphic system types.
We generalized the Aldis theorem and have shown

that, by applying it to anamorphic optical systems,
we can calculate the system primary ray errors via8>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>:

δξ0k3 ¼Δ
�
−
P

k
j¼1Ax;jðxj1δNj2þ zj2Lj1Þ

þHxψx
P

k
j¼1 δNj2

−
P

k
j¼1hx;j

�
c2x;jzj2xj1þ αj3

γj3

�
nj

�
=n0

ku
0
x;k

δη0k3 ¼Δ
�
−
P

k
j¼1Ay;jðyj1δNj2þ zj2Mj1Þ

þHyψy
P

k
j¼1 δNj2

−
P

k
j¼1hy;j

�
c2y;jzj2yj1þ βj3

γj3

�
nj

�
=n0

ku
0
y;k

:

We have shown that every term in the primary ray
errors can be expressed as the paraxial marginal and
chief ray-trace data in the two associated RSOS to-
gether with the object and stop coordinates, thus
by expanding and regrouping the ray errors accord-
ing to the object and stop dependences, we can write
the ray errors in a form parallel to our initial guiding
equations:8>>>>>>>>><
>>>>>>>>>:

δξ0k3 ¼ ð4D1ρx3 þ 2D3ρxρy2 þ 3D4Hxρx2 þ2D5Hyρxρy
þD6Hxρy2 þ 2D8Hx

2ρx þ 2D10Hy
2ρx

þD12HxHyρy þD13Hx
3 þD15HxHy

2Þ=nk0u0x;k
δη0k3 ¼ ð4D2ρy3 þ 2D3ρx2ρy þD5Hyρx2 þ 2D6Hxρxρy

þ 3D7Hyρy2 þ 2D9Hy
2ρy þ2D11Hx

2ρy
þD12HxHyρx þD14Hy

3 þD16Hx
2HyÞ=nk0u0y;k

:

Hence a simple comparison between the ray errors
and the guiding equations will provide the coeffi-
cients D1 though D16. By these steps, we have built
a novel method for deriving anamorphic primary

aberration coefficients for various anamorphic
system types.

In the papers that will follow, we apply this method
to derive themonochromatic primary aberration coef-
ficients foranamorphic systemsmade fromcylindrical
surfaces, toroidal surfaces, and general double-
curvature surfaces, including aspheric departures.
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