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On Reliable  Topological  Structures  for  Message-Switching 
Communication  Networks 

IZHAK RUBIN, MEMBER, IEEE 

Abstract-The  synthesis of optimal reliable  (invulnerable)  topologi- 
cal  structures  for message-switching communication  networks is con- 
sidered. The  connectivity of the  underlying  graphs is used  as  a  measure 
of the  network  invulnerability.  The  maximal average  message  delay 
value is utilized  as  the  network  delay measure.  Simultaneously  with 
choosing the topological  structure,  optimal line  capacities  are  assigned. 
Therefore,  the  performance  measure of a given network  structure is 
chosen to be given by  its  delay-capacity  product  function,  incorporat- 
ing the  product of the prescribed network  maximal  delay value and  the 
associated  minimal  overall  line  capacity  value.  The  latter  involves  a 
distance-independent  link  cost  function  incorporating the line  capacity. 
A general  routing  discipline is used to account  for  dynamic  updating of 
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fixed  routing  procedures,  needed to  accomodate  terminal  traffic flow 
fluctuations. 

n-node  k-connected  graphs yielding networks  with  minimal  delay- 
capacity  product  functions are  characterized  and  realized.  Complete 
networks  (utilizing  direct  dedicated lines)  are  shown to  be  optimal if 
the resulting  lines have  a high  average  line  utilization  value.  Otherwise 
(under  appropriate  symmetry  conditions  on  the  network  traffic ma- 
trix).  the  optimal message-switching  reliable network  structures are 
characterized  by  a  family of graphs of diameter  two.  The  latter  thus 
allow between  any pair of nodes  a  route which is either  a  direct line or 
contains  a single  intermediate  node. Also noted is a  family of k-con- 
nected  networks,  for  which  the  delay-capacity  product  function is not 
increased by more  than  twice  upon  the  failure of (k-1) or less nodes 
or lines. 

1. INTRODUCTION 

W E consider  the design of optimal reliable topological 
structures for message-switching communication  net- 

works.  The  graph  theoretical  notion of connectivity,  applied 
to  the underlying  graph, is utilized as a  reliability  (invulner- 
ability)  measure. A k-(line or  vertex)-connected  graph can  be 
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disconnected  only if k or more  lines or  nodes  fail;  it  contains, 
as well, at least k (line or vertex disjoint)  paths  between  any 
pair of vertices. As a  network  delay measure, we utilize the 
maximal average message delay y. The  latter  guarantees  a 
message delay y for  any message routed along any  terminal 
path  within  a prescribed set  of  paths. 

In  this paper, we use the overall network link capacity 
(bandwidth) C, which is defined as the  sum  of  the capacities of 
the individual communication  channels, as the  network link 
capacity cost function. We thus  incorporate  a line cost  func- 
tion, which depends  only  on  the  line  capacity  and is independ- 
ent  of  the line distance. This is generally appropriate when we 
consider a single hierarchy  subnetwork in an hierarchical 
computer  communication  network ([ 13]),  or  a  network’using 
radio (terrestrial or satellite)  links. We further assume, for  the 
purpose of solving the  underlying  capacity assignment prob- 
lem,  that  any positive  line  speed is available. In addition,  an 
appropriate  network  routing  strategy is assumed and  certain 
symmetry  conditions  on  the  network  traffic  matrix are in- 
corporated in Section 4. The  model  assumptions  made  here 
allow us to  develop some  new  conceptual  approaches to the 
design of reliable topological  structures  for  communication 
networks, as well as derive exact  analytical results. The results 
and  techniques  presehted here  can then be appropriately 
extended  and  modified  to  other  communication  network 
situations. 

When choosing the  network  topological  structure, we wish 
also to  simultaneously  and  optimally assign capacities to  the 
lines included in the  structure.  For  that  purpose, we need to  
first solve the capacity-assignment problem  for  a  network 
under  the  constraints  of maximal  delay 7, and  an overall 
network  capacity value C, with  a given topological  structure 
and fixed routing discipline and  traffic  matrix.  The  char- 
acteristics of  such  a  solution have been derived in [ l ]  for  tree 
networks  and in [2]-[3]  for general topological  structures 
under  a general routing discipline. For  completeness  in  pre- 
sentation,  the  elements  of  the above  results, relevant to  the 
problem  studied in this paper, are noted in Section  2. In 
particular, we incorporate, as a  network  performance  measure, 
the  network  delay-capacity  product  function (rc)(y) yielding, 
under  a prescribed  maximal message delay y, the minimal 
attainable value of  the delay and overall-capacity product. 
It has been  shown in [ 11 -[3]  that  the  delay-capacity  prod- 
uct  function can  be decomposed  into  the  sum  of  two  terms. 
The first term  incorporates  the overall internal line flow, 
while the  second  one, called the  delay-capacity  product  number 
(yC)* is obtained as a  solution to  a  reduced capacity-assign- 
ment  problem. In particular,  the  latter  problem  does  not 
involve the values of  the  terminal  traffic flows, depends  only 
on  the  topological  structure  and  routing discipline and yields 
(-yo* as an  “uncertainty  principle”  type  constant.  The  latter 
characteristics  are shown  in  [3]  to  hold  for  a  more general 
cost function  (incorporating weighted sum  of  line-capacity 
powers). 

The  routing discipline assumed  for  the  network  needs  then 
to be specified.  To  accomodate  terminal  traffic flow fluctua- 
tions,  dynamic  updating  of  the fixed routing  procedure is 
likely to  take place. Such changes in routing  need  to be 

incorporated while designing a  network,  and  are used in 
Section 2 to  induce  a general (fixed)  routing discipline  repre- 
senting  the  long-run  effects  of  the above dynamic  routing  pro- 
cedure. In particular,  the general routing discipline induces 
a required maximal average delay value 7 for all paths  which 
are not longer than  a specified  value. The  latter is taken  here 
as the  diameter d of  the  underlying  graph (representing the 
length  of  the longest shortest  path  between  any pair of ver- 
tices). We subsequently  apply results froth [2] showing that 
under  the  latter general routing discipline, for large families 
of graphs, (yC)* = md, the  product  of  the  number  of lines 
and  diameter  of  the  graph, while for  others  the  latter  equality 
is very closely achieved. The associated  capacity-assignment 
then yields a  path delay  linearly proportional  to  the  path 
length. 

Using the  above-mentioned  properties, we characterize 
and realize, in Section 3, n-node k-(line and  vertex)-connected 
networks  attaining  the minimal (yo* = md delay-capacity 
product  number. We show  the  latter graphs to  have diameter 
two (d = 2), and  to  contain a single vertex  connected  to all 
the  other vertices; so that  any  two terminals  are connectea 
either  by  a  direct line or  by  two lines (through  the  central 
vertex and  other (k  - 1) vertices for  k-vertex-connected  net- 
works). 

The  characterization  and  synthesis  of  n-node  k-connected 
networks yielding the minimal delay-capacity  product  func- 
tions is presented in Section 4. The first term  in  the  decomposi- 
tion  of (yC)(r) is now  studied  through  the  network average 
route  length measure i i .  We show  that  complete  networks, 
which contain  a single dedicated line between  any pair of  ter- 
minals,  are optimal when the resulting average traffic  intensity 
(line utilization) value is higher than  1 /2. Otherwise,  a message 
switching network  structure is more  efficient,  and we show 
that  (under  appropriate  symmetry  conditions  on  the  network 
traffic  matrix)  the above diameter  two  networks yield the 
lowest delay-capacity  product  functions.  A family of  k-con- 
nected  diameter  two graphs is then  noted, which not  only 
remain connected  under  node  or line failures,  but also resist 
performance  degradation.  The  latter  structures are observed 
to yield a  delay-capacity  product whose value is  less than 
double  that  of  the  optimal  one. 

Finally, we note  the possible applicatons  of  the  optimal 
synthesis procedures  and characteristics  developed here  to 
hierarchical networks,  for  which  each  subnetwork is studied 
and realized following the  techniques derived  her,e,  allowing 
the  incorporation  of  more general  cost functions,  distant 
dependent line capacity  costs,  multiple values of prescribed 
maximal message delay, message lengths  and  traffic  matrices, 
or different invulnerability  (reliability) and  nodal  capacity 
constraints. 

2.  THE COMMUNICATION NETWORK AND THE 
CAPACITY-ASSIGNMENT PROBLEM 

We consider  a message-switching communication  network, 
topologically  described as a  connected  (undirected)  graph 
G = (V, r), with  set  of vertices V = {vi, i = 1,   2 ,  ..., n} and 
set of edges r = {bi ,  i = 1,  2, -., m } .  Each  vertex is considered 
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to be a  store-and-forward  switching  station,  with  unlimited 
buffer  storage  cayacity.  The  latter  switch  receives messages 
from  the  source  terminals  connected  to  it,  directs  them to  the 
destination  terminal  connected  to  it,  or  stores messages at  one 
of its  queues to be  sent,  when  at  the  head of the  queue,  along 
a  neighboring line (determined  by  the  routing  algorithm) 
towards  their  destination. Each  edge bi is considered to  be a 
[noisless, channel  encoding  and  decoding processors  included) 
communication  channel whose  capacity is Ci [bits/s] . Mes- 
sages are sent  between  vertices ui and uj at  random  times 
following  Poisson  statistics  with  rates hij [messages/s] , i, j = 
1, 2, ..., n, A i i  = 0, each i. For notational  simplicity  assume 
hij = hji, each i, j .  Also,  each  edge bi is assumed to represent 

The message flow  between  any pair  of  terminals ui and 
vi, vi f uj,  can  be  routed  along  any of the  following ui -uj  
paths, nij(l ), ni1(2), ..., n,i(Nii).Thelatter  set  can  include all or 
a specific  subset  of the vi - uj paths,  and  the  routing disci- 
pline R can  specify a single path  to  be used between  any pair 
of terminals  (non-bifurcated  routing) or split  the messages 
between  appropriate  multiple  paths  (bifurcated  routing). 
We assume the  routing  to  be  fixed in this  section,  but will 
incorporate  later  dynamic  routing disciplines  using  periodic 
updating.  Routing  procedure R will direct  a  message  intensity 
of pij (h)hi j  [messages/s]  along path ni j (h) ,  k = 1 ,  2,  .-, Nij ,  
C h p i i ( h )  =' .1.  The  resulting message flow  intensity across 
channel bi will be denoted as hi [bits/s] . 

Assuming  message-lengths to be independent  exponentially 
distributed  with mean p- l  [bits/message] , the  (steady-state) 
average  message  delay y i  along  edge bi is well-apprpximated  by 
the M/M/l  delay  formula 

. a  full-duplex  symmetric  communication  channel. 

when Ci > hip-1, and y i  = 00 when Ci < hip-1.  The overall 
network  delay  criterion y is chosen to be the  maximal average 
message delay  over a  prescribed  set  of  path flows. Thus, 

where 

yij = Max ~ ( n ~ ~ ' ~ ) ) ,  
h : h E K i j  

and y(n)  denotes  the average  delay for  any message routed 
along  path n. Set Ki j  can  include all utilized i - j paths,K;, = 
{k:pij(k) > 0}, or  a  subset  of  the i - j paths  along  which  a 
maximal  delay y is required. 

The reliability of  the  network is characterized  here  in  terms 
of  the net-work's  invulnerability to failres of  nodes  and  lines. 
To characterize  the  invulnerability  of  a  network, we utilize 
the  graph  theoretical  notion of connectivity  and  apply it to  
the  underlying  graph [ S I .  The  connectivity  (vertex-connec- 
tivity)  k = k(G) of  a  graph G is defined  as  the  minimum 
number  of  points whose  removal  results  in a disconnected  or  a 
trivial graph.  The  line-connectivity h = h(G) of a  graph G is 

defined as the  minimum  number  of lines whose  removal 
results in a  disconnected  or trivial graph. A graph G is k-vertex 
connected, o r  simply k-connected, if k(G) 2 k :  and  k-line- 
connected if h(G) 2 k, k 2 1. It is further  known  (by Menger's 
Theorem  and  its  extensions, see [4]) that  a  graph is k-con- 
nected  (k-line-connected) if and  only if every  pair of  terminals 
is joined  by  at least k  vertex  (edge)-disjoint paths.  The  net- 
work  considered will thus be  required to be  k  (vertex or edge) 
connected. 

The overall network  link  capacity  (bandwidth) C = 
Z z l  Ci, serves many  times, as assumed henceforth  here, as a 
network  cost  function. (For extensions to  mors general  cost 
functions,  the  reader is referred to   [3] ,  1121 .) We thus wish to  
design a  network  to satisfy the given traffic  matrix [Aij], 
guarantee  a  prescribed  maximal  average  message  delay  value y, 
have a  k-connected  underlying  graph'structure  and also  yield 
the  minimal overall  link  capacity (bandwidth) value. 

We note  that  the design problem involves the  simultaneous 
determination of  link  capacities,  routing  discipline  and topo- 
logical structure.  Therefore, our analysis  proceeds in three 
stages.  In  stage one, we need to  determine  the  optimal 
(minimizing C for  a given y value)  capacity  assignment  for  a 
given topological  structure  under  a fixed routing discipline. 
In  stage two,  the  nature  of  the  routing  discipline is incorporated 
to affect the above-mentioned  optimal  link  capacity  assign- 
ment, fo,r a given topological  structure.  In stage three,  the 
optimal  (k-connected,  minimizing C for  a  prescribed y) topo- 
logical structure,  incorporating  the  latter  associated  optimal 
link  capacity  values, is obtained.  The stage three analysis is the 
subject  matter of  this  paper.  The analysis  problems of stages 
one  and  two have  been studied  in [ 11 -[2] .  In  the rest of this 
section, we summarize  results  from  the  latter  studies  which  are 
relevant to  the stage three  topological  design  problem  studied 
in  this  paper. 

Considering  the stage  one problem, we have a  network 
with  a given topological  structure  and  a  fixed  routing disci- 
pline,  and we study  the  optimal  link  capacity assignment 
problem.  Thus,  for  a  prescribed maxima!  delay  value y, we 
wish to choose {Ci, i = 1, 2, -., m }  so that  the overall net- 
work  capacity C = CEl  Ci is minimized.  The  latter  minimal 
value we denote as c*(y). Incorporating  the  optimal  capacity 
assignment, we  use  as an index  of  performance of the  com- 
puter  communication  network  the  Delay-Capacity  product 
function (yc)(y) defined  by 

(rc)(r) i2 rC*(r). . (3a) 

The following  characteristics  of C*(y) and  the  capacity- 
assignment  problem  have  been  derived  in [ l ]  . We first note, 
by (l),  that  to  obtain  a  finite  line  delay yi < 00, we must 
require Ci > Ci0 = We need  thus  require C > CO = 
&Ci0 to achieve y < 00. Decomposing  each line capacity as 

ci = Ci + ciO, i = 1 , 2 ,  ..., m,  (3b) 

we obtain  the line delay to  be given by 

yi = p - l / c i  (3c) 
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as the inverse of the excess  line capacity value ci. Following 
these observations, we define now  another capacity-assignment 
problem, called the reduced  capacity-assignment problem, as 
follows. Consider-the same network G, where e p @ s  line 
capacity values {Ci} are  associated with each line,"%d line 
delays given by yi = l / f i ,  each i. The reduced  capacity assign- 
ment  problem inxolves then  the assignment of line  excess 
capacity values {Ci} to yield 'a minimal value of the overall 
excess capacity = Xi=lCi, under  a  maximal delay value y .  
The  resulting  minimal overall excess capacity  function is then 
denoted  by e*(?). The associated product 

I 

rC;"(r) 2 (rQ* ( 3 4  

is called the  network  delay-capacity  product  number. Clearly, 
(yC)* and  the  solution  to  the reduced capacity assigntnent 
problem, yielding the  optimal excess capacity values {Ci*}, 
are independent  of  the  traffic  intensities  in  the  links,  and  de- 
pend  only  on  the  network topological structure  and  the set 
of allowed routes.  It has been shown in [ l ]  , that (yC')* in 
Equation  (3d) js also independent of the value prescribed for 
y (thus  exhibiting an "uncertainty-principle''  type  property). 
We furthermore  note  that  by  Equations (3b)-(3c) the  optimal 
line  delay values {-yi*} obtained  from  the reduced capacity 
assignment problem as yi* = (&*)-l, are also the  correspond- 
ing optimal line-delay values for  the primal  capacity-assign- 
ment  problem,  and  the  optimal  line  capacity values {Ci*} are 
given by 

ci* ti* + p - 1 x i ,  i = 1 3 2 3 ... , m .  ( 3 e )  

It  thus follows from  Eqs. (3) that  the delay-capacity product 
function  (3a) is related to  the  delay-capacity  product  number 
(3d) as indicated in Theorem 1. 

Theorem I: For y E (0, m), the  network Delay-Capacity 
product is given by 

(YQ(Y) = w- A I  + P-- (Yc)* > (4) 

where 

i= 1 

and (yc)*, the  network Delay-Capacity product  number, 
depends  only o n  the topological structure  of  the  network 
and  the  routing discipline, and is independent  of  the  traffic 
flow rates. 

Observing the  form  of  Eq. (4), we note  that  Theorem 1 
establishes a separation property for  the  network Delay- 
Capacity product,  by representing the  latter as the  sum  of 
two separate terms.  The first term, yh,, depends  only  on  the 
overall internal flow rate in the  network  (and  the prescribed 
message delay  measure y), while the second term is the Delay- 
Capacity product  number, which depends  only  on  the  network 
topological structure  and  routing discipline and is independent 
of the  multiterminal  traffic  rates. This separation  property 
will be utilized in the following design of reliable topological 
structures. 

,. , 

For  tree  networks,  the  computation  and  characteristics of 
(yc)*, (yC)(y) and  the associated optimal  capacity assignment 
have been performed  and  studied  in [ 11 . (See also [ 121 
where a  distance-dependent  cost  function is considered,) 
For  2-connected  networks, characteristics of (yc)* have been 
studied in [ 2 ] .  In  choosing a  proper  set Kij, we can consider 
requiring a  maximal delay cry, where a > 0 for all terminal 
paths  not longer than 1. (The  length of a  path being equal 
to  its  number of lines. The  distance dij between ~i and uj, i f j ,  
is the  length of the  shortest i - j path, dii 2 0.  The  diameter 

, I  *>j 
d = d(G) of a  graph, G is then defined as the  length  of  the 
longest shortest path': d = Maxi,jdij.) A larger delay  would 
then be generallly experienced along  longer paths.  It is partic- 
ularly appropriate to  require, as assumed henceforth, an 
average delay not exceeding y along any  path  not longer than 
the  diameter d of the  underlying  graph.  (Thus, 1 = d,  and 
normalization yields cr = 1,  with  no loss in generality. Equival- 
ently,  a maximal  delay y along any  path  not longer than /3d, 
0 > 0 ,  can be required  yielding the same  results with y re- 
placed by 0-l-y.) 

Considering  now the stage two  reduced  capacity assign- 
ment  problem, we obtain an upper  bound  on (yc)* by assign- 
ing each  link  with  the same delay value yi = y/d. Subsequently, 
any  path  of  length 1, 1 2 1 ,  will yield a delay equal  to yl/d. 
Paths  not longer than d will thus have delays not exceeding 
y, as required. Hence, using this uniform link  delay assign- 
ment, we obtain 

1 ..,. ! 

(yC)* < md,  (6 1 

where nz and d are the  number of  lines and  diameter, respec- 
tively,  of the  underlying  graph. 

To  show  that  equality  holds in Eq. (6) in most  situations, 
the reduced capacity assignment problem  needs  to  be  studied. 
For  that  purpose, it is sufficient  to assume that  only  paths 
not longer than d are  utilized  (since  longer paths can have 
delay  higher than 7). Thus, we set in (2), K i j  = { k :  I rijck) I G 
d } .  Furthermore,  to  adapt  to terminal  flow  rate  variations, 
we can employ  a  dynamic  routing discipline  which  utilizes a 
fixed routing policy during  each period of time  but  updates 
routing  strategy  from period to  period.  Such  a  routing policy 
will utilize, over the  network long-time operation,  any avail- 
able path  not longer than d (although  not necessarily simul- 
taneously  during  a single period). However, due  to  the  separa- 
tion  property ((yC')* being independent  of {hi}) ,  we conclude 
that  the saine (yC)* number results if  we solve the reduced 
capacity-assignment problem  under  a fixed (single period) 
routing discipline R d .  The  latter utilizes any  path  not longer 
than d.  It has  been shown in [2] that,  under R d ,  we obtain 
(yc)* = md for  a large class of graphs, and  that  Eq. (6) yields 
a close upper  bound  for  any  2-connected  graph. 

Consequently, we can assume henceforth  that 

(yC)* = md. (7) 

Recall that (7) is attained  by  a  uniform  link delay assignment, 
which in turn yields a  path delay  linearly proportional to the 
path  length,  with  paths of length d having delay y. Substituting 
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Eq. (7) in Eq. (4) we then  obtain  the  network Delay-Capacity 
product  function  to  be given by 

(y~)(y)  = yp-1 + p-1 md. (8) 

3. THE  CHARACTERIZATION  AND  SYNTHESIS OF 
RELIABLE  NETWORKS WITH MINIMAL 

DELAY-CAPACITY NUMBERS 

In  this  section we  will characterize  and  synthesize reliable 
networks yielding the  minimal (rC)* value. The reliability 
or invulnerability  of  the  network is characterized  by  the 
vertex  connectivity  k(G),  or  line-connectivity h(G), of the 
underlying  graph G. Following the considerations  presented 
in Section 2,  we can  assume  here that (-yC)* = md. The 
synthesis  problem  then  reduces  to  that of  characterizing  and 
realizing k-connected  graphs  with n vertices  yielding the  mini- 
mal product  of  diameter  and  number  of  lines. 

For  1-connected  graphs,  the  star  network S, is readily 
shown to be  the  optimal  structure.  The  latter is a  tree  network 
with  a  central  node  connected to all (n - 1)  other  nodes 
(Fig. 1) for  which (-yC)* = v d  = 2(n - l ) ,  m = n - 1,  d = 2. 
(Furthermore,  it was shown  in [ l ]   tha t  S, yields the  minimal 
(-yC‘)* value of  any  n-vertex  tree  network.) On the  other  hand, 
a  .complete  graph K , ,  which  contains  a  line  between  any pair 
of  vertices,  yields  the  highest  connectivity  number h(G) = 
k(C) = n - 1 ,  with m = n(n - 1)/2, d = 1 ,  (rQ* = md = 
n(n - 1)/2.  Under  other  prescribed  connectivity  numbers k, 2 < 
k < n - 2,  a  decrease.in  the  diameter d of the  graph will 
induce  a  corresponding increase in the  required  number  of 
lines m, and vice-versa. It is our  interest  here to  characterize 
these  k-connected  graphs  with  the  minimal md product. , 

To  present  the  solution  to  the  above-mentioned  problem, 
we introduce  the following notations  and  define  a few 
families of graphs. We let d(G) denote  the  diameter  of  graph 
G. T h e n , s e t f o r a n y k > l , d > l ,  

Gv(k) = {GI k(G) 2 k}, ( 9 4  

GE(k) = {G: h(G) 2 k}, (9b) 

Gv(k, d)= {G: k(G) 2 k,  d(G) 2 d } ,  (9c) 

GE(k, d )  = {G: X(G) 2 k, d(G) > d } ,  ( 9 4  

Fv(k, d)= {G: k(G) 2 k, d(G) = d } ,  (9e) 

FE(k, d)  = {G: X(G) > k, d(G) = d} .  (9 0 

We note  that Fv(k, d)  C G,(k, d)  C (&(k), FE(k, d )  C GE(k, 
d )  C G E ( ~ > ,   G 4 k )  C G&), GJk, d)  C G d k ,  4 ,  and Fv(k, 
d)  c FE(k, 4 .  

The  following  graph  structures  are  now  defined.  Following 
[ 6 ] ,  a  k-connected  graph  (k 2 2) c n  n-vertices  with  minimal 
number of  lines, to be  denoted H(n, k), is constructed as 
follows.  For  even k, k = 21, 1 2 1,  the graph  contains  a  cycle 
connecting  the n vertices,  indexed  as 0,  1 ,  ..., n - 1 ,  and  a 
line connecting  vertices i and j iff I i - j I = m(mod n),  2 < 
m < 1. For even n, n = 2m, odd k, k = 21 + 1 , I >  1 ,  E(,, k) 

Figure 1. A Star Graph S,, N = 7 .  

is obtained  by  constructing @n, 21) and  adding lines con- 
necting  the  diametrical  points.  For  odd n and k, k = 21 + 1, 
1 2 1, n = 2m + 1, we construct  first g(n, 21) and  add to each 
vertex  a  single  “diametric”  line  (at I i - j I = m).  For  k = 1 ,  
n = 21, g(n, 1) is constructed  by dividing the  set  of vertices 
into pairs  and connecting  a line for-any such  pair.  For n = 
21 + 1, h(n ,  1) is generated  from H(21, 1)  by  adding  a line 
between the remaining  vertex  and  any  other  vertex. 

The graphs H(n, k),  k > 2, are  now  obtained  by  adding  a 
vertex to H(n - 1 ,  k - 1) and  joining  a line between  any 
vertex of 6(.) and  this  new  vertex.  The  graph H(n, 1) is the 
star  graph S,. One  observes that H(n, k )  is a  k-connected 
graph  (noting  that  there are k  disjoint  paths  between  any  two 
vertices) on n vertices,  for  k 2 3,  and is 2-line connected  for 
k = 2. It  has  diameter d = 2 ,  and  its  number of  lines is  given 
by  (noting  that in H(n - 1, k - 1) every  vertex  has  degree 
k - 1  except  for  a single  vertex  which  may  have  degree k, 
see [ 6 ] ) :  

where [x]- denotes the largest  integer not larger than x. 
(See Fig. 2.) 

We now  define  the classes  of  graphs B, ( l )  and B , ( 2 )  as 
follows.  A  graph in B,( l )  has n vertices, n 2 5 ,  and  contains 
a  cycle (u1, u2, u3, u4, u5, u l )  oflength five. Some  of  the  other 
(possibly  none) n - 5 vertices  are  simultaneously  joined 
to  both up  and u5 and all the  remaining  vertices (possibly 
none)  together  are  joined to  both u1 and u4 or  both u3 and 
u5 (See  Fig,  3(a)-(b) for  typical  examples.) An n-vertex  graph 
in B n ( 2 ) ,  n > 7, is generated  by  starting  with  the  graph B, in 
Fig.  3(c),  which  has 7 vertices and  9  edges,’and  by  sequentially 
adding n - 7 new  vertices and  joining  the new  vertex  at  every 
stage to  two  of  the old  vertices that are  vertices  adjacent to  a 
vertex  of  degree  two. (See  Fig.  3(d)-(e) for  examples.)  One 
notes  that  any  n-vertex B, ( l )  or B,(2) graph is 2-connected, 
has diameter  two  and  number  of  lines given by (n > 7) 

We first  indicate that graphs H(n, k). B, ( l ) ,  Bn(2), have a 
Delay-Capacity  product  number (yc‘)* equal  to md (see [3] 
for  proofs),  and  then prove their  optimality as extrema1  struc- 
tures. 

Proposition 1: Consider  a  k-connected  graph G with m 
lines, n vertices,  diameter d,  which  belongs to  H(n, k) ,  k 2 
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Figure 2. Graphs H(n,  k ) .  (a) H ( 9 ,  2). (b) H ( 9 ,   3 ) .  (c) H ( 9 , 4 ) .  
(dl H ( 9 , 5 ) .  

I ,  &(I), or f 3 , ( 2 ) .  Then, we have (yC)* = md for  any  such 
graph G under  routing discipline Rd.  

The main  results,  representing the  structure of a  graph  with 
minimal (md) value under  connectivity  constraints, are given 
in the following theorems.  Denoting  by (md)(G) the md 
product  for  a  graph G, the minimal md values are  denoted as 
(md),*(n, k )  for  k-line-connected  graphs  with n-vertices, 
and as (md)*(n, k )  for  k-connected  (vertex-connected) graphs 
with n vertices, and  are  defined  by 

(md),*(n, k )  = Min (md)(G), (1%) 
C : G E G E ( k )  

(md)*(n, k )  = Min (md)(G). 
G : G E G v ( k )  

"1 

"1 

(e) 

Figure 3. Graphs in B , , ( l ) ,  B,('), N = 9 .  (a) A B , ( l )  Graph. (b) A 
B , ( I )  Graph. (c) The Graph B A .  (d) A El,(') Graph.  (e) A B,(') 
Graph. 

by a graph G if and  only if it is the H(n, k )  graph, or con- 
structed in a similar manner as the  union  of  a vertex with 
n - 1 lines incident  at  it  and  a (k  - 1)-line-connected  graph 
with (n - 1) vertices with minimal number of  lines. 

Proof: By Theorems 1 and 2 in [ 7 ] ,  the minimal number 
of  lines  of any  k-line-connected  graph  with  diameter d = 2 ,  
n vertices, n > k3 + a(n)a(k)k + 1, is  given by 

h(n, k )  = Min e(G) = 
- I)(;+ 1) + '1 , (14) 

G : G E F E ( ~ , ~ )  - 

The  extrema1 k-line-connected graphs  are characterized  by where e(G) denotes  the  number  of lines of G. Therefore, 
Theorem 2 .  

k > 1 ,  the minimal (md) product  attained is given by G : G E F , y ( k , Z )  

Theorem 2: For  k-line-connected graphs with n vertices, Min (rndXG) = 2h(n, k )  

(md),*(n, k )  = Min (md)(G) = (n - l ) (k  + 1) + a(n)a(k). (15) 

G : c € F ~ ( k , 2 )  
Furthermore, since for  any  k-line-connected  (and  k-connected) 

[(nk + 1)/2] -, and  subsequently 
= (n - l ) (k  + 1) + a(n)a(k), (13)  graph G the minimal vertex degree is k, we have e(G) 2 

for n > k3 + a(n)a(k)k + 1, where .(X) = 0 for  odd x and 
&(x) = 1 for even x. The  minimal (nzd) value of (1 3) is attained (md)(G) > d[(nk + 1)/2] _. (16) 
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We thus  obtain, using inequality ( 1  6) with d = 3  for G E GE(k, 
3), 

Min (md)(G) 
G : G E G E ( k )  

= Min  Min (md)(G), 

Min (md)(G), Min (mii)(G)] 
G : G E F E ( ~ , ~ )   G : G E G E ( L . ~ )  

= Min [n(n - 1)/2, (n - l)(k + 1) 

+ a(n)a(k), Min (md)(G)] 
G : G E G E ( ~ , ~ )  

> Min [n(n - 1)/2, (n - l)(k + 1) 

+ a(n)a(k),  3[(nk + 11/21 -1 
= (n - l)(k + 1) + a(n)a(k), 

for k 2 2.  For k = 1,  the star  graph S, clearly  achieves the 
minimum  yielding (1 7) as well. Relation (1 7)  thus proves 
Eq. (1 3). 

By Eq.  (lo), we note  that graphs H(n, k )  are  k-line-con- 
nected, have diameter  two  and  attain  the  minimal (md) 
value  of (1 3). To prove that H(n, k )  is the  only class of  graphs 
achieving  this minimum, we  use a result from  [7]  stating  that 
every k-connected graph G of diameter  two  with  the  minimal 
number of lines must  have a  vertex  of  degree n - 1. For 
k 2 3,  removing the n - 1 edges incident  at  such  a  vertex 
from G, the  remaining  subgraph is required to  be ( k  - 1)- 
connected.  For 1- and  2-line-connected  the  uniqueness  of  the 
structures is readily  observed as well. Q.E.D. 

Extrema1  k-vertex-connected  graphs are  characterized 
by  Theorem  3. 

Theorem 3: For  k-vertex-connected  graphs  with n vertices, 
k 2 1, n > k3 + a(n)a(k)k + 1 ,  the minimal (md) product 
attained is given by 

(md)*(n, k )  = Min (md)(G) 
G : G E F v ( k , P )  

= (n - l)(k + 1) + a(n)a(k), (1 8a) 

when  k f 2,'and  for k = 2, n > 6,  it is equal  to 

(md)*(n, k )  = Min (md)(G) = 2(2n - 5). (18b) 
G : G E F v ( k : , 2 )  

The  minimal (md) values of (lsa),  for k # 2, are attained  by 
only H(n, k )  type  graphs.  The  minimal (md)  value (1 8b)  for 
a  2-vertex-connected  graph is attained  by  a  graph G if and  only 
if it is a B , ( l )  or a B , ( 2 )  graph. 

Proof: For k f 2,  the  proof  follows  that  of  Theorem  2, 
thus yielding  minimal  value (1 sa) realized by class H(n, k) .  
For k = 2, we use the  following  results. In [ 8 ] ,  it was shown 
that  the minimal  number of  lines  attained  by  any  2-connected 

graph  with n vertices and  diameter  two is  given by 

Min e(G) = 2n - 5, (19) 
G : G E F v ( 2 , 2 )  

for n 2 5. This  minimum is realized by graphs B,( l ) ,  B , ( 2 ) .  
Hence, 

Min (md)(G) = 2(2n - 5), n > 5. (20) 
G : G E F v ( 2 , 2 )  

In [9], it was shown that  the minimal  number  of  lines at- 
tained  by  any  2-connected  graph  with n vertices and  diameter 
three is  given by 

Min e(G) = [ 3 4 2 1  - - 3,  (21) 
G : G E F v ( 2 , 3 )  

for n 2 6. Hence, 

Min (md)(G) = 3( [3n/2] - - 3). (22) 
G : G E F v ( 2 , 3 )  

Using results (20),  (22),  and  incorporating  inequality  (16) 
with d = 4, we obtain 

Min (md)(G) 
G : G E G V ( k )  

= Min Min (md)(G), Min (md)(G), [ G : G E F V ( k , l )   G : G E F v ( k , P )  

Min (md)(G), Min (md)(G)] 

2 Min [n(n - 1)/2,2(2n - 5 ) ,  3( [3n/2] - - 3) ,   4n]  

G : G E F v ( k , 3 )   G : G E G v ( k , 4 )  

= 2(2n -- 5) (23) 

for n > 6. Relation  (23)  thus proves (18).  It  follows  from 
Theorem  1  in [8] that B,( l )  and  B,(2)  provide the  extremal 
structures  asstated.  Q.E.D. 

The results presented in Theorems  2-3  show  that  among 
all n-vertex  graphs  which  are  k-connected, or  k-line-connected, 
the graphs with  the  minimal (md) product value  are  of  diam- 
eter  two. These extremal graphs  are  characterized  as  the 
H(n, k )  graphs  (and  those  generated in a similar manner 
starting  from  a  vertex of  degree n - 1  connected to  an (n - 
1)-vertex (k  - 1)-connected  subgraph  wjth  minimal  number of 
lines) for  any  k-line-connected  graph, k 2 1, or  for  any k- 
vertex-connected graph  when k # 2.  For  2-vertex-connected 
graphs,  the  extremal  graphs  are  characterized  by  the  classes 
B,( l ) ,  B , ( 2 ) .  Observing the  structure  of  a  network H(n, k ) ,  
we note  that we utilize  a  single  station  which is connected 
to  all other  stations. 

In particular, we note  that  these  extremal  networks have 
diameter d = 2, so that  the  routing discipline  can employ 
between  each pair of nodes  a  path  of  length  two  or  a  single 
line if the  latter are adjacent  nodes. For H(n, k )  networks, 
a  central  node  exists so that any  pair of nodes can  be connected 
by a  path of length  two  through  this  node.  The  above analysis 
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has  shown  that  the decrease in number of lines (excess capa- 
city or bandwidth value)  necessary for realizing k-connected 
networks  with  a  diameter larger than  two is being  offset,  when 
evaluating (rc)* = md, by  the  increased  diameter (delay 
value).  Complete  networks  of  diameter d = 1 are not  accept- 
able  since they yield a ($)* number  proportional  to  n2/2. 
(Note that  complete  graphs also  yield the highest connectivity 
possible, k = IZ - 1 ; we have  however  assumed n > k3 + k + 1 ,  
since k Q n in practical  network  situations  of  interest.) As 
indicated  by Eqs. (18),  the  optimal  diameter  two  networks 
yield  a (yC)* number  proportional  to ( k  + l)n, and to  4n for 
2-vertix-connected  networks.  (Hence, both  2-vertex-connected 
and  3-(vertex or line)-connected  networks  have  a (yC)* 
number  proportional to  4n1) 

4.  RELIABLE  NETWORKS WITH MINIMAL  DELAY- 
CAPACITY  PRODUCT  FUNCTIONS 

The Delay-Capacity product  of  a message-switching com- 
munication  network is given by  Eqs.  (4)-(5) as 

where 

xz = 2 C h i  = 2hI 
i 

is the overall  internal  (bi-directional)  line  flow  in  the  network. 
(Note  that ($)(r) in  (24a)  yields  overall  capacity C = X i  
where Ci is the unidirectional line capacity.) For k-connected 
n-vertex  networks,  the  minimal (rC)* values and  the  net- 
works  attaining  them have  been  characterized  by  Theorems 
2-3.  The  latter have  been  shown to have diameter d = 2 .  To 
characterize  k-connected  networks  yielding the minimal 
(-yC)(r) functions, we need to consider  the  functional  de- 
pendence  of hz upon  the  network  structure  and  routing 
discipline.  For  a  prescribed  traffic  matrix, {Aij, i, j = 1, 2, ..., 
n} ,  the overall external  traffic  flow  rate  (throughput  rate) 
X E  is  given by 

We define  an  average  route  length  measure ii by 

where 

for  the  period  under  consideration,  for which path ni j (k ) ,  
whose  length is I ni j (k )  I, is utilized  with  probability (or 
traffic  ratio) Pi j (k ) .  For the  purpose of incorporating  a  more 
explicit ii caculation, we assume henceforth  the  major  terminal 

traffic  concentration to be  along paths  not  longer  than  the 
network  diameter d. (Alternately, we note  the same  results 
will follow if ii is assumed to  be  any  monotone  non-decreasing 
function of d . )  Subsequently,  for  a  routing discipline  as repre- 
sented  in  Section  2, we have d 2 $k 2 d j k ,  where d j k  denotes 
the  distance  (length of shortest  path)  between uj and u k ,  

j f k (Aii = dii = 0). Therefore, 

where i i 8  clearly  yields the average route  length  for  the  shortest- 
path  routing  discipline. In  terms of hE and i i ,  the  internal 
flow  measure X I  is readily  observed to be  expressed  as 

Therefore,  setting (rc)* = m d ,  we have 

To achieve a  minimal (yc)(r) value, we thus need to consider 
the  joint  minimization of ii and (md). By definition (26)-(27) 
of i i ,  we obtain 

where 

expressing the overall message flow in the  network  directed 
along  a single line between  the  corresponding  adjacent  nodes. 
We thus  conclude  by  (3 1)-(32), that 

so that  the  latter  term vanishes  as n becomes  large  enough, 
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and  subsequently  by (33)  

E 2 2  - O(n(Y-2), 1 <(r<2.   (35)  

To verify  relationship (34),  consider  first  the  uniform  multi- 
terminal  flow  situation,  where hij = A t ,  each i, j ,  i # j .  Then 

(XE)-lXE(A) = 2m[n(n - 1 ) ] - 1 ,  (36)  

this  being the  ratio  between  the  number of lines in the  net- 
work to  the maximal  number  of  lines  (attained  by  a  complete 
network).  If  the graph G is such  that m - Bn2 ,  some  constant 
B ,  and d > 1 ,  we readily  conclude  from  Eq. (30)  that  it 
achieves a  delay-capacity  product  function higher than  that 
achieved by  a  complete graph K,, for  sufficiently  large n .  
Therefore,  any  non-complete  topological  structure  under 
consideration  must have a  number  of  lines m of order n2-*,  
(Y > 0. Furthermore,  for  k-connected  graphs, m Z nk /2 ,  so 
that we also  have Q Z 1 .  

Since for  a  network of diameter d = 2 we have ii < 2 ,  we 
expect,  by  Eqs. (32)-(36), for  a wide  family of  network  traffic 
matrices,  any  network  of  diameter d 2 3 to yield  a  delay- 
capacity  product  function (30)  higher  than  that  attained  by  an 
appropriate  diameter-two  network.  It is shown in the  following 
Lemma that  this is actually  the case  when the  network  traffic 
matrix is not  too  asymmetric, or when  relation (36)  holds, or 
when the  candidate  networks of diameter d 2 3 attain an 
average path value E 2 2. We note  that  the  latter  conditions 
include  a wide spectrum of network  situations.  For  other 
special network  conditions,  the  network designer  would 
appropriately  compute  and  optimize  the  corresponding  delay- 
capacity  product  function (30)  and  could use the results 
presented  here as a measure  for  comparison. 

Lemma 1: Assuming the  traffic  matrix  to  yield,  for  each 
diameter d feasible network, an  average path  length i i d  2 2, 
each d 2 3 ,  or relationship (36)  to  hold (so that  a  uniform 
traffic  matrix is incorporated),  then we have for  any  k-con- 
nected  n-vertex  network G with  diameter d(G) and  each 
Y E(O,W), 

Min (YC)(Y) = Min (YWY). .. (37)  
G:d(G)>2 G : d ( G ) = 2  

The same  conclusion is obtained if  we require  the  traffic 
matrix to  satisfy 

or, to  satisfy 

(39)  

where {G2*} are the  diameter 2 graphs  with  minimal  number 
of lines characterized  by  Theorems 2-3, with  an  associated 
md value (2m)*. 

Proof: See Appendix. 
By Lemma 1 ,  we thus  conclude  that  to achieve the  mini- 

mal (yC)(y) functions, we only  need to  compare  between  the 
performance of complete  networks  (for  which d = l ) ,  and 
diameter  two  networks.  Thus, 

where 

so that ( Y C ) ~ ( Y )  is the delay-capacity  product  for  a  complete 
network while (yq2(y)  is the minimal  corresponding  function 
for  a  diameter  two  network. We can  now  express ( Y C ) ~ ( Y )  
using  Eqs. (29)-(30) and  perform  the  minimization  in (40). 
However, to explicitly  illustrate the  nature  of  the  minimiza- 
tion of (40)  and  to  obtain  an  explicit  expression  for (yq2(y) 
in terms of the  number of network  nodes n, we assume hence- 
forth  that  the  ratio (AE) - l  XE(A) can  be  estimated as given by 
Eq. (36). (Recall that  Eq. (36)  is attained  for  any  uniform 
traffic  matrix,  and  otherwise  just serves as a useful estimate 
of the ratio of traffic flow along single lines between  the 
corresponding  adjacent  terminals.)  Consequently,  by  defini- 
tions (26)  and (32)  we obtain,  for  any  diameter  two  network, 
an equality in Eq. (33),  yielding 

Substituting (43)  in (30),  we have, d = 1 , 2 ,  

For d = 1 ,  one readily  checks that  Eq. (44)  yields (YQ(Y)  
of Eq. (42a). For d = 2, to minimize  the  expression  in  Eq. 
(44), two cases  are considered.  For yhE[2n(n - 1 ) I - l  > 1 ,  
we note  that ( ~ C ) ( Y )  is minimized  by  having  a  complete 
network  with  a single line  deleted (so that d = 2 ,  m = [n(n - 
1)/2] - 1 ) .  For  the  latter case we however find  that (yC),(-y) < 
(yC),(y), so that  a  complete  graph  yields  a  better  performance 
measure.  For ?AE [2n(n - 1 ) ]  -l < 1, we note  that (-yC)(r) 
in  Eq. (44)  is proportional  to m, so that  it is minimized  by 
minimizing  the  number of lines of a diameter  two graph. 
The  latter  minimization  has  been  presented  in  Theorems 2-3, 
thus yielding the  following  expressions  for (yq2(y) .  For k- 
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line-connected  graphs,  k > 1 ,  and  k-vertex-connected graphs j .  Then 
with  k # 2, we have x:. - n  4:- (n - 1 ) b  (50) 

(yC)Z(y )  = Tp- lhE + p-' [(n - l)(k + 
i I. 

Substituting (50) in  (46)  and  setting a(n, k) = 1, (2m)* = 
(45a) (n - l)(k + l ) ,  we conclude  that 

Min (YC)(Y) 
For  2-vertex  connected  graphs, we obtain 1 yp-ln(n - 1)h, + p - y n  - l)(k + 1)(1 - yh,/2), 

for yhk [2n(n - 1)I-l < 1 in both Eqs. (45). Using Eq.  (41) 
and Eqs. (45),  the  minimization  (40) is subsequently  per- 
formed yielding the  minimal  delay-capacity  product  functions 
and the  networks realizing them.  The  results are  summarized 
in Theorem 4. 

Theorem 4: For  k-vertex  and  line-connected  n-node mes- 
sage-switching networks,  k > 1, n > k3 + cu(n)cu(k)k + 1, with 
maximal message delay y and  throughput hE the  minimal 
delay-capacity  product  function Min (yc)(y) is  given by 

where 

1 - 2(2m)* [n(n - l ) ]  -1 

1 - (2m)* [n(n - I)] -1 ' 
a(n, k) = (47) 

where (2m)* is  given  bjr Eqs. (13), (1 8) for  the  corresponding 
k-connected  and  k-line-connected  networks, (yq l (y )  is  given 
by Eq.  (41)  and ("/,(y) by Eqs. (45). In particular,  for 
k-vertex-connected  networks, k f 2,  and k-line connected 
networks,  k > 1, 

1 - 2(k + 1)n-l 

1 - (k + 1)n-I ' 
a(n, k) 2 

so that a(n, k) z 1 for n %- k.  For  2-vertex-connected  networks, 

1 - 4(2n - 5)[n(n - l)] -' 
a(n, 2) = 

1 - 2(2n - 5)[n(n - l ) ]  -1 ' (49) 

so that a(n, 2) % 1  for n sufficiently large. Thus,  for yhE [n(n - 
1)I-l  < a(n, k) = 1,  the  minimal  delay-capacity  product 
function is uniquely  attained  by  the  k-connected  diameter  two 
networks H(n, k), or B,(l)  and B,c2) for  2-vertex-connected 
networks.  Otherwise,  complete  networks  yield  the  lowest 
(rc)(r) value. 

To  further  illustrate  the  results  of  Theorem 4 ,  consider  a 
network  with  a  uniform  traffic  matrix, hij = A t ,  each i, j ,  if 

the  minimal  value  being  achieved  by the diameter  two graphs 
for yh, < 1  and  by  complete graphs  when yh, > 1. 

To  interpret  the significance  of the  boundary yhE [n(n - 
1)I-l = 1, or yh ,  = 1  for  uniform  flows,  distinguishing 
between  the usage of  diameter  two  and  complete  networks, 
we note  the  following. For any  network,  the average flow 
rate  along  a line is xi = XEE/2m. Since (yC)* = md,  the 
delay  across  each line ais yi = y/d, and  the  reduced (excess) 
line capacity is therefore ci = d/y.  The average line capacity 
is thus ci = p-l& + y-ldp-l.  The average  traffic intensity 
pi along a line is thus given by 

p .  4 x; -1 - - *p ci-1 = 1 +y-- [ 
Hence, 

Relation (53) thus  explains  the relative role  of the  two  ex- 
pressions  whose  sum is (yC)(y) in  Eq. (30). In particular,  for 
complete  networks E = 1,  md = n(n - 1)/2, so that we obtain 

pi P 1 / 2  - ~ yhE 2 1. 
n(n - 1) 

Applying  (54)  in  Theorem 4 we conclude  that  a  complete 
network is chosen to minimize (yC)(y) if and  only if its 
realization will yield  an  average line traffic  intensity pi not 
smaller than  1/2.  Otherwise,  a  complete graph  realization is 
inefficient  and  the  network is synthesized  by  the  diameter 
two graphs. (For  the  latter,  the average  line  traffic intensity is 
expressed  by  Eq.  (52)  with md replaced  by  (2rn)*.) For  a 
network  with  uniform  traffic  flows,  the line flow is xi = 
h ~ i i / 2 m  = X@, so that  the average line traffic  intensity is 
given by  Eq.  (52)  with hE = 2m&.  For  complete graphs 
with  uniform  flows,  relation  (54) is thus  replaced  by 

Further  note,  from  Eqs. (30) and  (52),  that  for pi =Z 1/2 
we require md =Z iiyiE/2 so that  the choice  of the  topologi- 
cal structure f o r d  > 2  directly  affects (yC)(y). 
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We note  that we have  required  the  network  to be k-con- 
nected so that  the  failure of (k - 1) or less nodes or lines 
would still allow  access to, each  node into  the  network. A 
maximal  delay  measure y has  been  imposed on the  network 
when no failures are  occurring.  Clearly,  while  (k - 1) or less, 
line or node failures will not disconnect  the  network,  a 
degradation in message delay performance will result.  The 
resulting  increase  in the message  maximal  delay  value  can be 
readily  evaluated [3]. For example, assume that  following 
line  failures,  a  flow  control  mechanism is applied to  regulate 
line  flows (e.g., keep  them  at  the  pre-failure values), so that 
line delays  are  kept  at  the same level under  failures. We then 
observe that  the resulting  ratio  of  decrease in network  through- 
put is linearly  proportional  to  the  ratio  of decrease in the 
total  capacity of network lines. However,  the  diameter of the 
network will generally  increase under  node or line failures, 
and  subsequently !cause an  increase in the  terminal delay of 
certain  pairs  of  nodes. 

Networks can  also  be constructed so that  their  underlying 
graphs  are  k-diameter  stable.  The  latter  graphs  are  defined 
to be such  that  their  diameters  remain  unchanged  under  the 
failure  of  any  (k - 1) or fewer lines or nodes  (see [lo]). 
For graphs  with  diameter two,  k-diameter  extrema1  stable 
graphs  (having  minimal number of lines) are  characterized  as 
complete  bipartite graphs  with k nodes in one  set  and n - k 
nodes in the  other  set, when node failures are considered; 
and as the previous bipartite  graphs  with  the  set of k vertices 
completed (see  Fig. 4), when  line  failures  are  considered  (see 
[ 11 J , [8 1). Thus, while the  optimal H(n, k)  networks  contain 
a single central  node  which is connected to  all other  nodes, 
the above k-diameter  stable  networks use k central  nodes, 
each  of  which is connected  to all other  nodes  (when  consid- 
ering  line  failures)  or  to all o ther   non-central   nodes  (when 
considering  node  failures).  For n S- k,  the  number  of lines  of 
the  latter  diameter  two  bipartite graphs is given  as nk, being 
equal to  about  twice  the  number of lines of the H(n, k) 
network. Utilizing Eq. (44), we can  observe the  delay-capacity 
product  function ( Y C ) ~ ~ ( ~ )  of the above bipartite  networks 
to  be  related  with that  of  the H(n, k)  networks, (yC)2*(y), 
according to  

( Y c ) B P ( Y )  - (rc>2 *(Y) 
(YC), "(7) 

YXE -1 
< [ I +  J 

n(k + 1){ 1 - [2n(n - I)]  -l} 

<'{ 1 + yhE[n(k $. 1)]-1}-1 < 1. (56) 

Hence,  the  minimal  delay-capacity  product  function of a 
k-stable  network is less than  twice the  corresponding  function 
for  a  k-connected  network.  Furthermore, we thus  note  that 
the general nature of Theorem 4 remains  the same  also  for 
these  more  stable  networks. 

5. CONCLUSIONS 

We have characterized  and  synthesized reliable k-connected 
n-node message-switching communication  networks  yielding 

I 
(b) 

Figure 4. k-Diameter  Stable  Networks  with  Diameter  Two, When 
Considering  (a) k = 3 Node  Failures, (b) k = 3 Line Failures. 

the  minimal  delay-capacity  product  functions. To evaluate 
the  latter  functions, we have  considered  a  general  routing dis- 
cipline  which  takes into  consideration  the  long-run  utitlization 
of network  paths. In particular,  the  latter discipline  yields a 
line  delay  assignment  inducing  a  path  delay  linearly  propor- 
tional to the  path  length,  with  a  prescribed m a x k a l  average 
delay y for  paths  not  longer  than  the  network  diameter. A 
family  of  graphs  of  diameter  two  has  then  been  shown to 
yield the  minimal  delay-capacity  product  number (-yC)*. 
Under appropriate  symmetry  conditions on the  traffic  matrix, 
the same  family  of  graphs  has  also  been  shown to  attain  the 
minimal  delay-capacity  product  functions  when  the  network 
delay-throughput  product is lower  than  a  certain  number 
(approximately  given  by n(n - l)), while a comple t e   ne twork  
is found  to be optimal,  otherwise.  Equivalently, we have 
observed that  a  complete  network  realization is optimal if and 
only if the  associated average line  utilization  index is higher 
than 1 /2, while the  above  diameter  two  networks  are  optimal, 
otherwise. 

We have noted  that  the  network delay performance  de- 
gradation  upon  failures of nodes or lines  can  be  limited  by  ap- 
propriately  chosen  topological  structures. In particular, 
requiring  the  network to be not only  k-connected  but also 
k-diameter-stable (so that  the  network  diameter  would  not 
increase upon  the  failure  of  (k - 1) or less nodes or lines) 
would not increase  the  minimal  delay-capacity  product  by 
more  than  twice. 

The  synthesis  procedures  developed  here  can  be  readily 
applied to  realize reliable optimal  hierarchical  networks [ 1 3 ] .  
The  latter are  decomposed into  subnetworks,  each of which 
is associated  with  a  prescribed  maximal message delay  value 
and  synthesized  to yield the minimal  delay-capacity product. 
Regional and  long-distance  type  subnetworks are  particular 
examples  for  such  a  decomposition. 

The  results  here have  also  been  used  in [3]  to  study 
message-switching networks  under  maximal  nodal  flow (or 
buffer  capacity)  constraints.  It  has  been  shown  there  that  an 
arbitrarily  large  number of nodes  can be supported  by  such 
networks,  provided  the  line-capacity  and  maximal message 
delay  values  are appropriately  chosen. 
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It is worthwhile  noticing  the  following  network design con- 
siderations.  The  diameter  two (H or B )  network  structures 
presented  here  require  the  minimal overall  line capadty,  out 
of all networks  that  are  k-connected, yield an average delay 
not larger than y for  any  path  not  longer  than  their  diameter 
d, and provide an overall throughput value X, (with  a not  too 
asymmetric  traffic  matrix).  The  optimal  capacity  assignment 
procedure,  within  a  period  during  which  a  fixed  traffic  matrix 
can be assumed, is such that  each  link yields the  same delay 
as any  other  link (so that yi = y/d each i). Such  a  solution also 
seems to  be  practically  appealing.  A link yielding  relatively low 
(high) packet delay values would  generally be  preferred 
(avoided) by  many terminal  flows  (again,  provided  a not too 
asymmetric  traffic  matrix  situation);  subsequently,  a  state  of 
virtually uniformly  equal  link delay values is induced.  Consider 
now  what  happens  under  variations in  terminal  flow values. 
Assume the  resulting  network  throughputs  to  satisfy: hE < 
y-ln(n - l)a(n, k ) ,  so that  the  diameter  two graphs are  still 
optimal. If  we  wish to  provide  the same  maximal  network 
delay value y under  any  terminal  traffic  fluctuation, we need 
to  keep  the  link  delay  at  a  constant value of yi = y / d ,  each  i. 
Consequently,  the  following  relationship  between  the  link 
capacity Ci and  its  flow hi should be observed: 

c. I - X. ZP -1 = y-lp-ld, each i. 

There  are  two basic  ways to  satisfy  this  relationship.  One 
way involves proper changes in  link  capacities to  follow  link 
flow  variations. Thus,  additional  capacity (or parallel  lines) 
would  be  added  to (or taken  away  from)  the  i-th  link  upon  the 
increase  (or  decrease)  in the  amount  of  traffic  flowing  through 
it, so that  the above  relationship  holds. A second  way,  which 
will be  more  appealing in many cases,  assumes link  capacities 
t o  be  fixed  and  incorporates  the  application  of  an  input  flow 
control  procedure.  Then,  upon  terminal  traffic  flow  variations, 
certain  incoming flows will be restricted  (delayed,  rejected, 
etc.) in their use of  the  network, so that Xi virtually  remains at 
(or,  at  least,  does  not surpass) i t s  previous  level,  for all i ;  since 
Ci is fixed,  the  above-mentioned  relationships will be  satisfied, 
and  the  uniform  link delay of y /d  will be preserved. The same 
considerations  apply to  the k-diameter  stable  bipartite  net- 
works,  and  to  a  network  following  a failure  of  a set  of  its 
lines or  nodes.  Thus,  when  the  bipartite  structures  are  con- 
sidered  and  any  one  of  the  above-mentioned  procedures is 
used,  upon  the failure of  no  more  than (k  - 1 )  nodes  or  lines, 
each line  delay will remain  equal to  y / d ,  the  resulting  network 
will still  have  diameter d,  and  a  maximal delay value of y will 
subsequently  be preserved for  any  packet  accepted  into  the 
network,  and  transmitted  along  a  path  not longer than d. 
Naturally, we now have additional  cost  functions,  such  as  net- 
work  bandwidth  variations, or probability of  packet  rejection. 
In particular,  network  throughput is reduced  in  linear  propor- 
tion  to  the  lost  capacity. 

In observing the  structure  of  the  diameter  two  optimal 
graphs H(n, k ) ,  we have  indicated  the  existence of a single 
central  node  connected t o  all the  other  network  nodes. We 
have  already  noted  that  such a structure  leads io a  network 
which is not diameter-stable. We should,  additionally,  note 
that  it  can  be infeasible  in many  actual  network  situations to 

implement  a  node  with  such  a high degree.  (This is due  to 
nodal  buffer,  hardware,  bandwidth,  performance  and  cost 
limitations. Recall that  the degree of a  node is equal to  the 
number  of  nodes to  which  it is directly  connected.  Note  that 
for  a  packet  radio  network,  the degree of  a  node  can  determine 
the  delay-throughput  performance  of  the associated  channel.) 
I t  is,  however, possible in many cases to  distinguish between  a 
set of  “regular”  nodes  (corresponding, for  example,  to  local, 
simple stations)  which  can assume a degree  equal to  k (or k + 
l),  and a  set  of  “advanced”  nodes  (corresponding to  more 
sophisticated  stations or information processing  centers)  which 
can  have a higher,  however  limited,  degree.  To derive reliable 
structures which will incorporate  these  two  groups of nodes, 
while extending  the  structures developed  in this  paper, we can 
pose the  following  problem. We wish to  obtain  the  k-connected 
structures  which will have the  minimal  number  of  lines, while 
providing a  distance  not longer than  a prescribed number 
(radius) between  any regular node  and  the (central) set of 
advanced  nodes.  Such reliable  topological  structures have  been 
derived in [ 131 -[  141 . They assume the  form  of  an  hierarchical 
tree  which is built  upon  the  set  of  advanced  nodes as a basis. 
The  nodes  at  the  top  of  this  tree  are  subsequently  connected 
together  by  a fi type graph  (which is (k - 1)-connected  and 
contains  a  minimal  number  of lines connecting  its  nodes).  The 
latter  resulting  graphs have been  noted  to also induce  a graceful 
degradation  in message delay characteristics  upon  node  or line 
failures. 

APPENDIX 

PROOF OF LEMMA 1 

We first show (37)  when  relationship (36)  is assumed.  Then, 
by  Eq. (33) ,  we have 

Ad = ( y c ) d ( y )  - (yC)Z(y)  

> 2yp-l [n(n - l ) ] - l (mz  - m d )  + p-1 [dm, - 2 m z ] ,  

considering  any  graph G d  with  diameter d,  d > 2. Taking 
G2 = G2*, we  conclude  that Ad* > 0 for  each  graph G d ,  

d > 3 ,  with md < m2 *. Thus  any  optimal  graph G d * ,  d > 3 ,  
yielding Ad* < 0 ,  must have md > m2*.  However, _we can 
then  add lines t o  G, * to construct  a  diameter 2 graph G2 with 
md lines,  which  has a (yC)(y) value  lower than  that achieved 
by Gd*, yielding a  contradiction  to  the  optimality  of G d * .  

Furthermore, since G2* has the  minimal  number  of lines of 
any  diameter 2 graph,  it  attains  a (yc)(y) value lower  than  any 
such  graph,  and  thus achieves the  minimum value of (37) 
when (36)  is assumed. 

Assume now  that we have n d  > 2 for  any  graph G d  of 
diameter d ,  d 2 3.  Then,  clearly,  comparing  with  an  optimal 
diameter 2 scheme G2*,  we  have 

(yc)d(^l) - (yc)2*(y> 

= yp-l(zd - n ,  - * ) + p-1 [dmd - (2rn)2*] > 0 ,  

for  each d > 3 ,  since ?id > 2 > Z2*, dmd > (2mz)* ,  where 
(yc)d(y) and md are  the  delay-capacity  product  function  and 
number  of  lines  for G d ,  and ( ~ c ) ~ * ( y ) ,  g2* and (2m2)* are 
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the delay-capacity  product  function, average path  length  and 
(md) value,  respectively,  for G2*.  

The same  conclusion is obtained  if  we  require  the  traffic 
matrix t o  satisfy  conditions  (38),  or (39). Eqs. (38)-(39) yield 
a  diameter 2 graph G2** which achieves the  maximal value of 
A,@) among all G2 * graphs.  The average path  length ii2 ** for 
this  graph  satisfies,  by  Eqs. (38)-(39) and  (33), i2** < Zd, for 
each  graph G, with  diameter d Z 3. Q.E.D. 
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