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Abstract-Systems in which many data sources are multiplexed over a 
single communicat ion channel are considered. Data from all the sources 
are generated in fixed-length packets and are stored in a common buffer 
with finite capacity. Packets that overflowed or were removed from the 
buffer prior to transmission are lost. The system performance measure is 
the set of packet loss probabilities associated with the sources. Queueing 
disciplines vary depending on the stringency of prioritization and the 
utilization of the system resources. The set of all possible performances is 
characterized as we span the set of all queueing disciplines. Whether a 
given performance is possible can be deduced. Strategies that achieve the 
min imum overall loss probability are identified. The extreme disciplines 
are specified, and their performances are calculable by means of a given 
algorithm. 

I. INTRODUCTION 

C OMMUNICATIONS systems often require the mu l- 
tiplexing of data from many sources over a  common 

finite capacity channel. The  data arrives at random in- 
stants, causing a  queue  to build up  at times. Data waiting 
to be  transmitted are stored in a  common finite capacity 
buffer. The  communicat ions processor must be  designed to 
efficiently utilize the system resources (i.e., the channel  
and  buffer) while satisfying the data delivery performance 
criteria imposed by the user(s). 

The  mu ltiplexer may incorporate a  priority structure by 
which operational preference is allocated among  the 
sources. In this manner  the system performance can be  
apport ioned, within lim its, among  the sources. This paper  
provides the means  to the design engineer for determining 
the breadth of the performance options available. 

The  communicat ions processor is assumed to packetize 
all incoming data. Each packet requires an  identical trans- 
m ission time, defined as a  slot. T ime is divided into slots 
and  packet transmissions are required to begin (and end) 
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at these instants. Thus a  discrete-time mode l is ap- 
propriate, with the discrete time  step equal  to one  slot. 

Each packet requires the same amount  of storage while 
it awaits transmission. The  maximum number  of packets 
from all sources that can be  stored is finite. The  allocation 
of storage and  ordering of packet transmissions is dictated 
by the queueing discipline. 

Data packets can be  “lost” if the queueing discipline 
either prevents (“blocks”) a  new arrival from entering the 
system, or removes data from the buffer prior to its 
transmission (typically to make room for a  higher priority 
packet). To  simplify the analysis, we assume that the data 
delivery criterion for each source is based solely on  its loss 
probability. 

Thus the other common criterion, the queueing delay, is 
not explicitly considered here. It is noted, however, that a  
finite capacity buffer can (with the appropriate discipline) 
ensure that the delay is bounded  by a  maximum. For this 
reason, many queueing systems call for the use of an  
intentionally reduced capacity buffer. This not only would 
guarantee fresh telemetry data but is also applicable to the 
case of interactive source/users who would rather be  
blocked from system entry than incur too large a  response 
time. 

Queueing disciplines vary in terms of the stringency of 
prioritization as well as the utilization of the resources. For 
example, a  “strict discipline” emp loys a  fixed priority 
ranking of the sources, by which preference is given to- 
wards both the buffer and  the order of transmission. On  
the other hand, in “hub  polling” priority on  the order of 
transmission rotates among  the sources: packets of a  given 
source are transmitted until no  more are in the buffer; 
subsequently, priority is given to the next source on  the 
polling list, and  so on. In synchronous time  division mu lti- 
plexing (STDM), transmission time  slots are preallocated 
among  the sources, thereby causing less utilization of the 
channel. Similarly, queueing disciplines differ in that the 
buffer may be  shared dynamically among  the sources, or 
may be  preallocated into dedicated partitions. 

A number  of papers have presented queueing analyses 
for specific disciplines, including the strict disciplines, 
STDM, and  polling disciplines (a brief survey is given in 
[l]). Most of these analyses assume an  infinite buffer 
capacity and  do  not consider prioritized allocation of the 
storage resource. Ga ll and  Mue ller [2] analyzed the system 
in which a  strict priority structure on  the order of trans- 
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mission is used and each source has an associated finite 
capacity buffer; they came close (unintentionally) to solv- 
ing the shared buffer case that is of particular interest here. 
Bowdon [3] used a continuous-time model to analyze a 
multichannel system with finite shared buffer capacity 
employing a strict discipline. Several authors (see [4] and 
the references therein) have studied STDM with each 
source having its own finite capacity buffer. Kamoun and 
Kleinrock [5] analyzed a multichannel finite buffer capac- 
ity system under various schemes of buffer sharing. How- 
ever, in their model each source has a dedicated channel it 
alone must use. (This models a network node where the 
output channels go to different destinations.) Gaver and 
Lewis [6] and others investigated disciplines in which both 
the server (transmitter) and buffer are shared. They 
evaluated the gross benefits of dynamic buffer sharing but 
did not determine the performance for each individual 
source. Methods of sharing a single resource have been 
analyzed by Kaufman [7] and others. The models there are 
applicable to loss systems, where there are multiple chan- 
nels but no buffer. 

In this paper a new approach to the priority queueing 
problem is taken. While previous studies collectively enu- 
merate the performances of a variety of specific diciplines, 
here we characterize the entire region of possibilities. The 
main contributions are as follows. 

1) A series of tests is provided for determining whether a 
given loss probability vector is realizable (i.e., there exists 
some queueing discipline that will achieve it). 

2) Disciplines that yield the minimum overall loss prob- 
ability are identified. The series of tests mentioned earlier 
is refined to determine the realizability of a given loss 
probability vector within this restricted set. 

3) An algorithm is given for calculating the extreme 
points of the realizable region, and the extreme disciplines 
that yield them are specified. 

4) A geometric interpretation of these results is pre- 
sented to provide insight and aid comparative evaluations. 

Observe that particular cases can now be judged by their 
relative position within the overall realizable universe. A 
similar characterization of waiting-time performance has 
been given by Coffman and Mitrani [8] for infinite buffer 
capacity systems. 

In the next section we define the system model and the 
work-conserving disciplines, and present an immediate 
“conservation law.” In Section III some foundational re- 
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sults are provided for the aggregate source model, and the 
significance of the work-conserving disciplines is identi- 
fied. The primary results of this paper are contained in 
Section IV, including necessary and sufficient conditions 
for the realizability of a given loss probability vector. 
Illustrative numerical examples are given in Section V, 
followed by a concluding summary in Section VI. 

II. SYSTEMMODEL 

The basic elements of the system operation were pre- 
sented in the Introduction. In this section a precise de- 
scription is given, and the system parameters are defined. 

Time is divided into slots, where a slot is the (determin- 
istic) time required to transmit a single packet, denoted by 
A. Packets can begin and end transmission only at these 
slot instants. Although newly arriving packets are “clocked 
in” at the same discrete instants that departures are 
“clocked out,” we introduce for mathematical clarity a 
time C, z -=ZZ A, between possible departure and arrival 
instants (see Fig. 1). Thus departures can only occur at 
times nA - C, and arrivals can occur at times nA, where n 
is an integer. A packet that is removed prior to its trans- 
mission is permanently lost. Losses also can only occur at 
times nA; however, note that a packet may queue for a 
time before being lost. 

The data packets are generated by multiple sources, and 
each packet is labeled as to its source origin. Let K denote 
the number of sources. Each source arrival stream is such 
that the number of packet arrivals per slot forms an 
independently identically distributed (i.i.d.) sequence of 
random variables, with some given distribution. The source 
arrival processes may be correlated; in this case the joint 
distribution must be given. Let A:‘) represent the number 
ofsourcekarrivalsattimenA,n=O,l;.~, k=l;..,K, 
and let A, = E[A(“)], k = 1 . . . , K denote the mean num- 
ber of source k picket arrivals per slot. The label ordering 
of the sources is arbitrary, and in particular does not 
necessarily indicate priority level. We assume that 0 < X, 
< co, k = 1,--a, K. 

System initiation occurs at time 0. Let Ydk) denote the 
number of source k packets in the system at t = O-, k = 
1; . *, K. Some of the source k packets will be lost, and we 
let Ii”) denote the number of source k packets lost at time 
nA and Lck) = CL+ m lck) the cumulative number of source 
k packets”lost up to time nA + c, n = 0,1,2;- -, k= 

I+ 
SLOT DURATION A 

4 

(n + 118 
*TIME 

nA - L IlA nA+c h + 1lA - E In + 1IA + E 

t t t 
POSSIBLE PO&BLE L TIME WHEN SYSTEM IS MEASURED 
DEPARTURE TIME OF 
TIME ARRIVALIS) 

ANDIOR 
LOSStES) 

Fig. 1. Timing structure. 
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1; * -, K. Let ~6~) = 0, and  for n  = 1,2, . . . let 

i 

1, if a  source k packet is transmitted 
s(k) = n  at time  nA - c, 

0, otherwise. 
Also let SJk) = C”,+s, ck) denote the total number  of 
source k packets served by time  nA + 6, n  = 0, 1,2,. . . , 
k = l;.., K. 

We  will measure system behavior at times nh  + E (again, 
refer to F ig. 1). Let X,, (k) denote the number  of source k 
packets in the system at time  nA + c, n  = 0,l; . ., k = 
1; . ., K. 

We  let h, A,, Y,, I,, L,, s,, S,,, and  X,, denote the 
corresponding variables when we sum over the K sources. 
For example, X,, = Cf==,Xi”), n  = 0, 1,2, . . . . We  let X* 
denote the vector (Xi; . ., X,). 

All packets in the system at a  given time  are stored in a  
common buffer, including the packet currently being 
transmitted, if any. Let N represent the buffer capacity 
(packets). We  generally assume N is finite. 

The  system can transmit one  or zero packets in a  single 
slot (“single server queue”). This assumption can easily be  
relaxed, but that is not done  here for the sake of simplicity. 

The  description of the system operation is complete if 
we define the queueing discipline. A queueing discipline 
(QD) establishes the disposition of the system resources. It 
specifies both the allocation of the buffer space and  the 
order in which packets are transmitted. 

Our fundamental measure of system performance is the 
set of loss probabilities for the sources. The  loss probabil- 
ity is the probability that a  “randomly chosen” packet is 
lost. To  make this definition more precise, let 

L(k) 
Rc,k’ = 

L(k) ; s(k) ’ 
k = l;.., K, n  = 0,1,2, ..* 

n  n  
provided the denominator is positive. (Since xk > 0  and  
N < cc, the denominator will be  positive with probability 
approaching one  with increasing n.) 

We  define the loss probability for the kth source as 
rk = limnem E[ Rkk)] provided the lim it exists. If the above 
lim its exist for all k = 1,. * . , K, we denote the loss prob- 
ability uector by r = (rI,. . *, rK). 

In the subsequent  analysis, our primary viewpoint will 
be  to fix the number  of sources and  their arrival statistics 
as well as the buffer capacity N, while varying over the set 
of QD’s. To  avoid uninteresting analytical difficulties, we 
will constrain the set of QD’s to those for which the lim its 
above exist. 

For fixed buffer capacity and  arrival statistics, let 9  
denote the set of all QD’s for which the loss probability 
vector r exists. Let W  represent the realizable region, 
defined as the set of all loss probability vectors r as we 
span the set of all admissable QD’s (those in 9). The  
primary concern of this paper  is the characterization of .G%‘. 

To  justify r as a  measure of system performance, we 
imagine the following series of experiments is performed. 
At each time  n, we randomly select a  packet from all 
L, + S,, that have been  lost or transmitted up  to time  n  

and  note its source origin and  whether it was one  of those 
that were lost. We  then define the sequence of events 
8,, = {packet chosen randomly from all those that have 
been  lost or transmitted to time  n  is lost} and  define the 
sequence of random variables {V,, n  2  1) such that V, is 
the source index k of the packet chosen randomly 
from those that have been  lost or transmitted up  to 
time  n. Then,  using the definition of Rik), P(gn,JI/, = 
k Lck), S,‘“)) = Rik), P(E,,]T/, = k) = E(Rik)), and  
lim ,:,P(&n]Vn = k) = rk. Thus rk does indeed deserve 
the name “probability” (albeit conditional). Furthermore, 
if we define R, by R, = L,/(L, + S,), then P(&,,,IL,, S,,) 
= R, and  

P(&) = E(R,) = ; E(R’,k’)P(V, = k). (1) 
k=l 

Now P(V, = klL,, S,,, L, (k), S,‘“‘) = (Lik) + S,‘k’)/( L, + 
S,). From the system definition, ILik) + Sjk) - Cyx,,A$k)l 
I N < cc ( independent of QD) and  similarly when super- 
scripts are dropped. Hence, since X > 0, by the strong law 
of large numbers,  

= 2  almost surely (a.s). 

Therefore, 
lim  P(V, = k) = h,/X. 

n+oo (4 

Taking the lim its of (l), lim ,,,P(&,J = lim ,,,E(R,) 
= Cf=IrkXk/X. That is, the lim it of E(R,) exists if r does. 
We  define the overall loss probability PL as Pr. = 
lim  n  _  ooE( R,). We  have shown that the following funda- 
mental relationship holds: 

PL. = r. X*/X (3) 
where “e  ” is the usual Euclidean inner product. 

We  now define special subsets of 9  and  9’. Again, this 
implicitly assumes that the source statistics and  buffer 
capacity are fixed. A work-conserving discipline’ (WCD) is 
a  QD in 9  for which 

1) no  packet is blocked from entry unless the buffer is 
full; 

2) no  packet is removed prior to transmission unless 
the buffer is full and  it is replaced by a  new arrival; 

3) transmission occurs whenever the buffer is not 
empty; and  

4) packets are immediately removed after they are 
transmitted. 

In other words, a  WCD fully utilizes the system resources. 
The  set of all WCD’s is represented by gwc. The  realiz- 
able region for WCD ‘s, denoted by .%wo, is the set of all 
loss probability vectors r as we span the set of all WCD’s. 

‘This terminology has been used previously by Kleinrock [9] and others 
(see, e.g., [l]). Our usage here is simplified by the fact that packet service 
times are deterministic. However, our definition does extend the notion 
of work conservation to finite buffer capacity systems. 
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If any WCD in 9wc is used, then by definition we 
must have 

x,=lnin{N,Y,+&} (4 
X PI-+1 =~{x~,+,+[X,-11+}, n = O,l, ... 

(5) 

I,= [Y,+A,- N]+ (6) 

I n+1= E A n+l+ ix,- I]+- N]+, n = O,l;** 
(7) 

so = 0 (8) 

i 
1, if X, > 0, 

s n+l = 0, if X, = 0, n = O,l, ... 

where the standard notation [xl’ = max[O, x] is em- 
ployed. That is, the processes { X, }, { 1, }, and { s, } are 
invariant as to the choice of the particular WCD used, as is 
of course {A,}, and therefore so is the overall loss prob- 
ability PL. Coupling this fact with (3) we have the follow- 
ing. 

Proposition: For fixed arrival statistics and buffer capac- 
ity, PL is invariant for all WCD’s. 9?wc lies in a hyper- 
plane, namely the one given by 

r * X*/X = P,, (10) 
where Pwc denotes the PL. achieved using any WCD. 

This bears a strong resemblence to “the conservation 
law” of Kleinrock [lo, p. 831 for the mean waiting times in 
an M /G/l system with priority classes. 

Further investigation of the WCD’s is made in the next 
section. Their special significance is identified, and tech- 
niques are provided which form the computational basis 
for the subsequent development. 

III. AGGREGATE BEHAVIOR USING WCD’s 

In this section we concentrate on the behavior of the 
aggregate processes { X,, }, {I, }, and { s, } defined in the 
previous section. We assume that a WCD is used. We have 
seen that in this case the evolution of these processes is 
independent of which particular WCD is used, and as such 
we can think of the combined arrival stream as being 
generated by a single (super) source. We show that the use 
of a non-work-conserving discipline cannot result in a 
lower number of lost packets. Also, techniques are pre- 
sented for computing the overall loss probability PL for 
WCD’S, P,,. 

In the theorem below there are no restrictions on the set 
of QD’s, and the overall loss probability PL need not exist. 
Also, it remains true without requiring X < co. The proofs 
of the theorem and corollary below are in the Appendix. 

Theorem I: For fixed arrival statistics and buffer capac- 
ity, among all QD’s, a WCD will m inimize the cumulative 
number of lost packets and maximize the cumulative num- 
ber of transmitted packets for all times. 

Corollary I: The ratios R,, for all times n, are m ini- 
m ized over all QD’s by using a WCD. Among all QD’s for 

which the overall loss probability PL exists, the m inimum 
is achieved using a WCD. 

We now determine the overall loss probability Pr. when 
a WCD 1s used, denoted Pwc. We begin by computing the 
probability distribution of the combined arrival stream 
from the given joint distribution of the source arrival 
streams. In particular, if the sources are independent, this 
simply involves convolving the source densities. Let aj = 
P(A, =j), j = O,l;e., and aj = Cycjai, j = O,l, *. * . 

From (5) we see that {X,,} is a Markov chain (MC). 
This MC is irreducible if 

a, > 0 a,+a, < 1. (11) 
(Note that a, < 1 since X > 0 by assumption.) Since 
N < co, the chain is then also positive recurrent. 

Under these same conditions, the vector process (X, A) 
= {( Xn-i, A,), n = O,l, . . . } is an irreducible positive 
recurrent MC, where we set X-i = Y, + 1. Because of the 
fact that IL, + S, - C;=,A,j I N < 00, we have 

L hR,= limp= lim  
n-‘C;l, 

n--too n+m L, + s, a-+~ n -‘x”A * 
1 m  

Both the numerator and the denominator of the latter 
expression are functions of the MC (X, A), so that the 
Markov ratio lim it theorem (see [ll, p. 1061) can be 
applied to yield lim ,,,R, = (l/X)lim, +,( L,/n), a.s., 
and we conclude that lim  n ~ m  R, converges to a constant 
a.s. Hence P,, = limndoo E( R,) always exists for WCD’s. 

We briefly mention the reducible MC cases. If a,, = 0 
and a2 > 0, then X = N is an absorbing state and P,, = 
(X - 1)/X. If a2 = 0, then Pwc = 0. 

We hereafter assume that the MC is irreducible, i.e., 
condition (11) is met. The steady-state queue size density 
exists and is denoted by xj = lim , ~ ,P( X, = j), j = 
0,l; * *, N. The transition matrix is determined from rela- 
tion (5). From MC theory, the (unique) density { xj} is 
found using 

:xj=l (12) 
J=o 

j+l 

xj = Xoaj + C xiaj-l+l, Osj<N (13) 
1=1 

N 

XN = xOaN + c xiaN-i+le 04 
i=l 

(The system of N + 2 consistent equations (12)-(14) has 
rank N + 1.) 

For moderate values of N, numerical solutions of 
(12)-(14) can be found by taking advantage of the upper 
Hessenberg form of the transition matrix; see Yan [12] for 
a description of this algorithm. Alternatively, one may 
simply choose some initial density and iteratively multiply 
it by the transition matrix until it converges. 

Actually, for our purposes only x0 need be computed 
since to find P,, we can use “rate in = rate out”: X(1 - 
Pwc) = 1 - x0, or 

P WC = 1 - (1 - x,)/X. 05) 
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A recursive formula can be  found for x0 = x,(N) by 
man ipulating (12)-(14). Let fN = [x,(N)]-‘. Then  fl = 
l/a,, f2 = Wa ,>Kl - q)fll, and for N > 1, 

f 1 [Cl - %)fN - Y$n+lfnl. Ntl = ; (16) 
u. L n=l 1 

This completes the analysis of the aggregate behavior. In 
the next section, we will distinguish packet source type and  
characterize the regions .%’ and  Wwc defined in Section II. 

IV. CHARACTERIZATIONOF~AND .9?'wc 

The  ma jor results of this paper  are contained in this 
section, name ly, the characterization of .% (Theorem 6) 
and  .%‘wc (Theorem 5). In addition, the extreme points of 
9  wc, corresponding to the strict disciplines, can be  calcu- 
lated by means  of a  given algorithm. 

In the subsequent  development we will refer to packets 
generated by a  particular source as belonging to the same 
class. For notational convenience we let the set of all class 
indices {1,2; . ., K } be  denoted by X. For a  given subset 
&? of X, the collection of all classes in ti will be  referred to 
as a  superclass, where we do  not distinguish class type 
within the superclass. We  denote the complement of ti in 
X as Gc. 

We  will make frequent use of the following concept. For 
a  given queueing system, consisting of a  QD and  arrival 
process, and  for a  given nonempty subset ti of X, we may 
focus our attention on  the behavior of only those packets 
belonging to fJ. The  L% localized queue  is derived from the 
given queueing system as follows. Any time  a  packet of 
type a2” is buffered, that buffer location is treated as being 
empty, and  any time  a  packet of type !Z is transmitted, 
that slot is treated as being idle. We  may then consider the 
&localized queue  as being a  queueing system that may be  
analyzed in isolation, where we “ignore” arrivals of type 
Qc (although they may influence the QD derived for the 
localized queueing system). 

For a  given queueing system and  nonempty Q  c 2 we 
define CC! as an  upper  superclass if the &localized queue  
forms a  queueing system that emp loys a  WCD. From the 
definitions it is immediate that a  necessary requirement for 
52  to be  an  upper  superclass is that the given queueing 
system gives strict priority to the superclass !& This prior- 
ity must apply to the allocation of either resource: 

1) higher priority packets in the queue  are transmitted 
ahead  of lower priority packets; 

2) if a  packet arrives to a  full buffer and  a  lower 
priority packet is in the queue,  the lower priority 
packet is removed to make space for the higher 
priority arrival. 

We  may apply the Proposition of Section II to deduce that 
any QD that results in a  work-conserving &localized 
queue  must yield the same loss probability for the super- 
class fJ. We  let P(a) denote the overall loss probability for 
the a-localized queue  that emp loys a  WCD. In particular, 
P(X) = P,,. P(G) may be  computed as follows. The  

statistics for the arrival process to the localized queueing 
system are obtained by averaging out the a2  superclass, 
i.e., use the marginal distribution for the classes in ti2; this 
effectively deletes the Q2’ superclass arrivals. Then  compute 
the aggregate arrival statistics for all packets of type !& 
The  overall loss probability P(Q) for the &localized queue  
which uses a  WCD is then calculated by the technique 
described in Section III. 

We  wish to apply the “m inimum PI*‘, property of WCD’s 
to the localized case. We  introduce the following notation. 
Let X*(a) denote the K-vector that is equal  to X* but with 
zeros replacing the coordinates in a’, and  X(0) be  the sum 
of its components.  

Example: Suppose K 7  5. Then  X*((2,4)‘) = X*(1,3,5) 
= (Xl, 0, A,, 0, A,>. 

Suppose a  particular QD results in a  loss probability 
vector r. Then  for a  given superclass ti, using reasoning 
similar to that leading to (3), the probability that a  ran- 
domly chosen member  of that superclass is lost is r . 
X*( Q)/X(a). By applying Corollary 1  to the !&localized 
queue,  we know that this is lower bounded by P(Q). Thus 
we have the following. 

Theorem 2: G iven r in the unit K-cube. Then  r E 92 if 

for all nonnull  subsets Q  of X. (This is a  total of 2K - 1  
tests.) 

This theorem can be  specialized to the work-conserving 
case using (10) and  algebraically man ipulating (17). 

Theorem 3: G iven r E [0, llK, then the following condi- 
tions are necessary for r E Ww,: r . X* = XP,, (equa- 
tion (10) of the Proposition) and  

X(!J)P(Q) I x*(Q). r I AP,, - h(Qc)P(W) (18) 

for all nonnull  subsets Q  of 2”. (This is 2K - 2  inequali- 
ties.) 

We  will see that the conditions of Theorems 2  and  3  are 
also sufficient. F irst we investigate the loss probability 
vector for two superclasses that satisfy certain conditions. 
Specifically, suppose ti2, and  Q2, are nonempty disjoint 
subsets of X, and  suppose that both Q l U on2 and  al are 
upper  superclasses. Let P(0, : a,) denote the loss prob- 
ability for any packet of type &, given that packets of 
type 3, and  no  others have strictly higher priority than 
those of type a2, (this condition is implied by the assump- 
tions on  al and  a2,). Then  P(&: a,) may be  computed 
using the following. 

Theorem 4: Let al and  ti2, be  nonempty disjoint subsets 
of X. Then  P(0,: a,), P(!Q, and  P($ U ii,) are in- 
variant over all QD’s such that fJ2, U ti2, and  !J2, are upper  
superclasses, and  satisfy 

w4)wl) + w*)P@2,: Q2,) 

= x(~l u  O ,)P(O, u  CL?*). (19) 
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Proof: Since 52, U I& is an upper superclass, the a2, U Algorithm: The following will yield the loss probabilities 
&-localized queue is work-conserving with overall loss for the SD in which class labels correspond to priority 
probability P(Q2, U $). By the Proposition of Section II, rank, with class 1 the most preferred. 

A($ u Q*)P(s& u n,) = r. x*(q u n,> 1) Compute P(1; . ., K) (= P,,). 
2) Do the following for k = K - 1, K - 2,. . 1, 1. Com- 

= r. A*(&?,) + r. A*(&) pute P(1; . ., k) (by the technique of Section III) and 

P(k+ l:l;..,k) = 
h(1; * .) k + l)P(l;.., k + 1) - X(1;.., k)P(l;+., k) 

, (20) 
‘k+l 

where r is the loss probability vector for the QD. Using 
the same reasoning for the fl2,-localized queue, we have 

r * X*(6!,) = X(Q,)P(G,). 

The Proposition establishes the invariance of P(& U i2,) 
and P(fiJ. The overall loss probability for the G2,-local- 
ized queue is denoted P(!C$ : a,). Using the same rea- 
soning as that used in deriving (3), this may be expressed 
as 

r. A*(!&) = X(G2,)P(G2,: a,). 

The invariance of P(& : ti2,) is a consequence of (19) and 
the invariance of P(& U n,) and P(&). 

We now define an important set of QD’s. A strict 
discipline (SD) is a WCD with a strictly ordered priority 
classification of the K classes. The priority assignment 
applies to the allocation of both the buffer and the trans- 
mission resources. In particular, if a packet arrives to a full 
buffer and a lower priority packet is in the queue, the 
lowest priority packet is removed to make space for the 
higher priority arrival. The resource allocation policy within 
classes is arbitrary and has no impact on the loss probabil- 
ity vector obtained. The realizable region for SD’s, de- 
noted by W,, is the set of loss probability vectors obtained 
as we span the set of all SD’s. This set contains K! points, 
one for each permutation of the K classes. 

We offer a few comments in hope of clarifying the 
system model. Frequently, an overlying “message” struc- 
ture exists on packets emanating from the same source. 
Each message consists of a (random) number of packets, 
and the QD can allocate resources in an effort to maintain 
message integrity. In particular, message transmissions will 
be uninterrupted if the QD employs a nonpreemptive 
message service discipline. While such QD’s are included 
implicitly, our performance measure is based on individual 
packet behavior, not message behavior. In the context of a 
system in which a message structure is present, an SD 
employs a preemptive resume (resume if not lost during 
preemption) message service discipline. Also, an SD uses a 
“part batch acceptance strategy” [13], i.e., as many packets 
are accepted as there is room in the buffer for, possibly 
causing message truncation (this is true for any WCD). 

It is clear from the definitions that, for an SD, the set of 
all classes in the priority hierarchy that have a given rank 
(i.e., preference) or greater forms an upper superclass. This 
fact gives rise to the following procedure for calculating 
the SD loss probability vectors. 

The loss probability vector is then r = (P(l), P(2 : l), 
. . ..P(K.l;.., K - 1)). The loss probabilities for the 

other SD’s are calculated similarly (just relabel the classes). 

Proof: The result is immediate from the fact that 
fil = {l;**, k} and 9, = {k + 1) satisfy the conditions 
of Theorem 4 for each k = l;.‘, K - 1. 

We look a bit closer at the behavior of upper super- 
classes. For simplicity, consider the SD for the K = 2 
system where class 1 is preferred over class 2. The joint 
distribution of the number of arrivals in a slot P( A(l), Ac2)) 
is given. We may calculate the class 1 loss probability P(1) 
from the marginal P(A(l)) = C,oP(A(‘), Ac2)). Clearly, 
any joint distribution P(A (‘) A(*)) which has the same , 
marginal P(A(‘)) will yield the same P(1). In fact, we 
could modify the sample path {A;‘), AL*), n 2 l}, and so 
long as the { Af?, n 2 l} component is the same, the 
{ 1}-localized queue is unchanged. This concept generalizes 
to any upper superclass. We refer to this as the autonomy 
property of upper superclasses. This property is due to the 
preemptive nature of high class packets, both in terms of 
the buffer and, in the case of an overlying message struc- 
ture, in terms of message transmissions. 

It is of interest to the design engineer as to what is the 
breadth of performance options available. To guarantee 
that .% and LJ?wc have “full” dimensionality, we will 
impose the following conditions on the arrival process. For 
all disjoint subsets L&, O2 of X, L$ and a2 not both 
empty, 

f’[A(,i) = 0 Vi E al, A’,j) > 0 Vj E fi,] > 0. (21) 

In case that the source streams are independent, require- 
ment (21) reduces to 

0 < P[ALk) = 0] < 1, k = l;.., K. (22) 
These conditions are satisfied in most practical situations. 
We remark that the results of Theorems 5 and 6 (to follow) 
will remain true without assumption (21) except for those 
statements relating to dimensionality. 

The following lemmas will be needed to determine the 
dimensionality of .% and .LZwc. Also, it is shown that the 
K! points of W, are distinct. The proofs are contained in 
the Appendix. 

Lemma I: An SD that assigns a particular class the 
highest priority will yield a strictly smaller loss probability 
for that class than any SD that assigns to that class a lower 
priority. 
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Lemma 2: An SD that assigns a  particular class the 
lowest priority will yield a  strictly larger loss probability 
for that class than any SD that assigns to that class a  
higher priority. 

Note that these lemmas and  subsequent  results will 
remain valid under  weaker conditions than (21). All that is 
required is that a  sequence of arrivals is possible for which 
the lower ranking would cause a  larger number  of losses. 

The  following corollaries characterize gs. The  proof of 
Corollary 3  is given in the Appendix. 

Corollary 2: 9s consists of K! distinct points. 

Proof: Consider SD, = [the SD for which label = 
priority rank]. By the above lemma, any SD that assigns a  
higher rank to class K will yield a  strictly smaller class K 
loss probability than would SD,. Now for all those SD’s 
giving class K the lowest rank, consider the localized 
queue  of the highest K - 1  classes. By the autonomy 
property and  induction SD, yields a  unique loss probabil- 
ity vector. By symmetry (relabel) the result follows. 

Corollary 3: %s contains K linearly independent vec- 
tors. 

We  are now in a  position to present the primary theo- 
rems of this paper. F irst, we establish some notation. Let 
g(gs) denote the convex span of the set Bs. Since ss is 
a  finite set, this also represents the convex hull of W , [14, 
pp. 1966197,  theorem 5.3.11. Also, let Y denote the set of 
all r E [0, llK satisfying the conditions (17), and  let Ywc 
denote the set of all such r satisfying the conditions (10) 
and  (18). 

The  proofs of Theorems 5  and  6  are given in the 
Appendix. The  proof of Theorem 5  shows how one  may 
construct a  WCD that will achieve a  given r E Ywc. 

Theorem 5: .9fwc has dimension K - 1, and  gwc = 
+?(a,) = Ywc. That is, .%?wc is a  K - 1  dimensional 
convex polytope (polyhedron) with extrema (vertices) 9s 
and  a  vector r E gwc if and  only if r satisfies (10) and  
(18). 

Theorem 6: .G% = Y and  has dimension K. Thus %?  is a  
K dimensional convex polytope with one  face equal  to 
92  wc and  a  vector r E .%’ if and  only if r E [0, llK and  
satisfies (17). 

This concludes the theoretical development. In the next 
section we present numerical examples to illustrate the 
results given. 

V. EXAMPLES 

Several numerical examples are presented in this section. 
Although the examples chosen are simple, they adequately 
illustrate the concepts given in the previous sections. 

The  first example is a  K = 2  source system with a  buffer 
capacity of N = 2. The  source arrival streams are assumed 
to be  statistically independent Poisson processes, with 
arrival rates A, and  A,. F ig. 2  is a  plot of the loss 
probabilities versus the overall arrival rate X = X, + X2, 
where we hold the ratio of the individual source arrival 

10-l- 

10-2- 

lo-3m 

1 
LOSS PROBABILITY 

Fig. 2. Loss probability versus overall arrival rate X for system with 
buffer capacity N = 2 packets and two independent Poisson sources. 

rates fixed at X,/h, = l/2. If the SD is used for which 
source 1  is given the highest (most preferred) priority, 
denoted SD,, then the loss probability vector is given by 
the curves (r,(SD,), r2(SD1)). If the other SD (SD,) is 
used, wherein source 2  is preferred, then the loss probabil- 
ity vector is shown by (r,(SD,), r2(SD2)). By Theorem 5, if 
any WCD is used, then r1 will fall between r,(SD,) and  
r,(SD,), and  r, will fall between r2(SDl) and  r2(SD2), as 
indicated by the shaded areas. Also, by the Proposition of 
Section II, any WCD will yield the overall loss probability 
P WC’ 

In F ig. 3  we continue the example above, but we now 
hold the overall arrival rate X fixed and  vary the ratio of 
the source arrival rates. Here we assume SD, is used (so 
that source 1  is preferred) and  plot the loss probabilities rl 
and  r2 versus 8, the proportion of all arrivals that are from 
source 1. Curves are shown for the cases where the total 
arrival rate is 0.25 and  0.75. 

F ig. 4  also relates to the system with K = 2  independent 
Poisson sources and  buffer capacity N = 2. This figure 
illustrates the realizable region .%’ for the case in which 
each source stream has a  mean  of l/2 arrivals/slot. Using 
the Algorithm, we find that W ,, is given by the line 
segment with endpoints (0.056, 0.372) and  (0.372, 0.056). A 
WCD that evenly distributes the resources (e.g., hub  poll- 
ing with equally shared buffering) will yield r = 

(Pwc7 P,,) = (0.214,0.214). 
An example of an  interesting non-work-conserving disci- 

pline is synchronous time  division mu ltiplexing (STDM) 
with individual source buffering. This discipline partitions 
the resources into K allotments, one  per source. Each 
allotment is predetermined and  does not adapt to fluctua- 
tions in the traffic load. In the particular example given, 
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LOSS PROBABILITY 
FOR SOURCE 2 

SOURCE ARRIVAL RATES: 

LOSS PROBABILITY r, OR  ‘2 

Fig. 3. Loss probabilities versus class distribution for system with buffer 
capacity N = 2 packets and two independent Poisson sources. 

J 
01 

0 0.2 0.4 0.6 0.8 1 .o 

LOSS PROBABILITY FOR SOURCE 1 

Fig. 4. Realizable region 9 for system with buffer capacity N = 2 
packets and two independent Poisson sources. 

REALIZABLE REGION .rP 

. STOM 

the (most reasonable) STDM structure is as follows. Each 
source is given one buffer space, and the transmitter is 
made available to a source in alternating slots. We find 
that the loss probability for each STDM source for the 
example of Fig. 4 is 0.368. Recall that is hub polling with 
equally shared buffering were used, each source’s loss 
probability would only be 0.214. 

In the next example we consider K = 3 sources. They 
are assumed to generate independent Poisson streams, with 
mean rates A, = l/2, A, = l/6, and A, = l/3. We as- 
sume the buffer capacity is N = 1. The realizable region 
for WCD’s gwc for this example is the hexagonal region 
illustrated in Fig. 5. It is contained in the plane perpendic- 
ular to the vector X* = (l/2,1/6,1/3) and passing 
through the point ( Pwc, Pwc, Pwc). 

Fig. 5. Realizable region for WCD’s gwc, three sources. 

Projections of .9?wc onto the r, = 0 coordinate plane 
are given in Fig. 6, where we hold A, and A, fixed and 
vary A,. We see that, as A, approaches infinity, we obtain 
the realizable region A%? for all disciplines for the K = 2 
source system. 

1.0 

0.2 

0 
0 

13=3\ 113 =- 

I 
I 1  I I 

0.2 0.4 0.6 0.8 1.0 
LOSS PROBABILITY FOR SOURCE 1 

Frg. 6. ProJecttons of GZwc as source 3 arrival rate A, is increased 

For the case of K = 4 sources, we of course cannot 
graphically show the three-dimensional region %‘wc in 
[0, 114. However, we can show its projection onto a coordi- 
nate hyperplane. The resulting body is a solid truncated 
octahedron, an example of which is shown in Fig. 7. The 4! 
vertices are labeled by the preference ordering of the 
sources. The figure corresponds to four independent mean 
l/4 Poisson streams and a buffer capacity of N = 1. 
Letting the fourth source’s arrival rate increase to infinity, 
we obtain the realizable region 99 for the K = 3 class 
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LOSS PROBABILITY FOR SOURCE 2  

l? 

-I-+ 
1 

LOSS PROBABILITY 
FOR SOURCE 1  

LOSS PROBABILITY , 
FOR SOURCE 3  f 

Fig. 7. Projection of .!2Zwc for system with buffer capacity N = 1 packet and four independent mean l/4 Poisson sources. 

LOSS PROBABILITY FOR SOURCE 2  

‘, LOSS PROBABILITY 
FOR SOURCE 1  

/ LOSS PROBABILITY 
FOR SOURCE 3  

Fig. 8. Realizable region 9%’ for system with buffer capacity N = 1 
packet and three independent mean l/4 Poisson sources. 

system, shown in F ig. 8. The  face that “faces” the origin is 
9  wc for the K = 3  source system. 

VI. CONCLUSION 

This paper  has presented a  performance analysis of 
general  mu ltiplexing systems. Using these results many 
questions posed by the system design engineer can be  
answered. For example, a  given loss probability vector can 
be  subjected to a  series of tests to determine whether a  
queueing discipline exists that will achieve it. Alternatively, 
the designer may require only that the source loss prob- 
abilities be  in given proportions, i.e., the probability loss 
vector is constrained to be  on  a  given ray. The  optimiza- 
tion problem of solving for the m inimum overall loss 
probability vector (and the related queueing policy), given 
the arrival statistics and  the desired ratio between the 

source loss probabilities, can be  solved in a  straightforward 
manner  by determining the intersection point between the 
prescribed ray and  the realizable region .%?wc. We  have 
also demonstrated how to construct an  explicit queueing 
discipline that will achieve a  given legitimate loss probabil- 
ity vector. 

If an  absolute, stringent ordering of importance exists 
between the different source data, then a  strict discipline is 
appropriate. The  performance of these disciplines can be  
computed using the Algorithm of Section IV. The  loss 
probability vectors obtained are also useful in defining the 
boundary of the set of all realizable loss probability vec- 
tors. 

In certain cases, the design engineer may have a  particu- 
lar queueing discipline under  consideration for implemen- 
tation. Suppose that he  can determine the performance of 
this specific discipline, either analytically (usually quite 
difficult) or by simulation. Then  the desirability of this 
discipline can be  viewed in terms of its relative perfor- 
mance within the ensemble of all disciplines, as expressed 
by the realizable region derived in this paper. 

The  numerical examples included illustrate the latitude 
available in designing mu ltiplexing systems. A comparison 
of a  strict discipline (with prioritized buffer sharing) and  
hub  polling with unbiased buffer sharing shows the wide 
disparity in the performances between sources that can be  
obtained. In addition, a  comparison of STDM with indi- 
vidual buffering and  hub  polling with unbiased buffer 
sharing shows that a  substantial performance degradat ion 
must be  traded against ease of implementation. 

Wh ile the immensity of the number  of queueing disci- 
plines provides great flexibility to the designer, it also 
makes the determination of a  truly optimal solution a  
formidable problem. This research provides analytical tools 
and  extends the insight necessary for the design of efficient 
mu ltiplexing systems. 
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APPENDIX 

Proof of Theorem 1 

The following “conservation law” holds for any QD: 

&4- 2 A,=S,i-L,-tX,, n=0,1,2;.+. (Al) 
m=O 

Suppose we choose some arbitrary QD. Let S,l, LA, and X,l be 
those variables obtained using that QD, and let S,,, L,, and X,, 
be those obtained using a WCD. Since the left-hand side of (Al) 
is independent of the QD used, 

s, + L, + x, = s,l + L:, + x;. (A3 
Certainly L, I Lh, and by definition S,, = S,l = 0. We will 

prove the theorem by induction, so that we assume L, I L; and 
S,, 2 S,l, and we show L,,,, I L;+1 and S,,,, 2 S;+,. 

Case 1: Suppose X,, I X,l. Then 

1;+i&t,+i+[X,‘-l]+-N]+ 

2[A,+i+[X,-l]+-N]+=fn+i 

so L,,, 5 LA,,. Now if X,, > 0, then 
S n+l = s, + 12 s, + 12 S,+,. (A3) 

If X, = 0, and if also S, 2 S; + 1, then S,, i 2 SL,,,. If X, = 0 
andS,=S,‘,thenby(A2)S,‘+L:,+X,~=S,,+L,~S,’+L; 
which implies X,l = 0. Hence s,+ i = 0, so Si+ i = S,l = S, = 
S n+l’ 

Case 2: Suppose X, > X,l. Then in particular X, > 0, so 
S n+l 2 x+1 follows by (A3). Now if ln+i = 0, clearly L,+l 5 
LA+l. If l,,+i > 0, then X,,, = N; since X, > 0, 

X n+l + %+1 =N+S,,+l 
>N+S,+l 
2 x,,,, + s,+,. 

Using WI, (X,+l + $+d - (Xi+, + sL+d = L,+, - LA+1 2 
0, thus completing the proof. 

Proof of Corollaiy I 

We use the same notation as in the preceding proof and let R’, 
and R, denote the ratios for the arbitrary QD and the WCD, 
respectively. From the definitions, R; 2 R, if and only if L;(S,, 
+ L,) 2 L,(S,’ + LA). This is certainly true if S, + L, 2 S,l + 
LL. Suppose S, + L, < Si + LA, or equivalently, X, > X,l. Then 
using (A2) and S,, 2 S,l, 

L;( As, + L,) 2 (L, + x, - XL)( s, + L,) 
> L”S, + (L, + x, - x,‘) L, = L,( s, + LA) 

from which the corollary follows. 

Proof of Lemma I 

It suffices to prove the lemma for K = 2. Suppose SD, = [the 
SD for which label equals priority rank], and SD, is an SD that 
gives the particular class labeled k, k > 1, first priority. By the 
autonomy property, the performance of the class labeled k does 
not depend on the classes labeled k + 1,. . . , K, and may be 
found for SD, by considering the classes labeled 1,. . . , k - 1 as 
one superclass. 

Suppose K = 2. We compare two systems driven by the same 
arrival stream. In one system, the strict discipline SD, is used, in 

which source 1 is ranked highest, while in the other system the 
strict discipline SD, gives source 2 preference. The total number 
of packets in each system X, is the same, as is the total number 
lost L,, Because of (21), {X = 0} is a positive recurrent state. 
Let T, be the time (in slots) when the systems are empty for the 
mth time. Then {T,} is ,a renewal process with mean inter- 
renewal time denoted EL, p < co. Furthermore, the complete 
queueing behavior of both systems is (jointly) regenerative with 
respect to {T, } [ll]. 

Let L:‘)(i) denote the cumulative number of lost class k 
packets up to time n in the system using SD,, i = 1,2, k = 1,2. 
Using the main limit theorem for regenerative processes [ll, p. 
29% 

lim p L, - LW) - G2W > o 

n-m i 
n 1 

Lj - L,!“(l) - L?)(2) 
> 0 

i 
(A4) 

where without loss of generality we let T, = 0, i.e., the systems 
initially begin in state X0 = 0. 

The event ( TI > N, (L, - L$)(l) - L$)(2))/N > 0} contains 
the event {A, > 1, A, > 1; . ., A,_ 1 > 1, A$) > 0, A$) > 0). 
Therefore, 

p 

( 

T  > N  L, - L#)(l) - G’W , o 

1 3 N 1 

2 [P(A, > 1)]N-‘P(Ai’)>0,A$2)>O), 

which is strictly positive because of assumption (21). Hence by 
(A4), 

lim p Ln - P (1) - L1;2W 
( 

z-0 >o. 
i 

(A51 n+m n 

We saw in Section II that for a single source system 
(l/x) fim, + m LJn = Pwc a.s., which together with the au- 
tonomy property implies 

fims---- Lp(1) Ly (2) 
n+m n n n 

= hPwc - Alp(l) - &P(2) a.s. (~6) 

By the Algorithm, XP,, - X,P(l) - A,P(2) = A,[P(2 : 1) - 
P(2)], and so by (A5), (A6), and the fact that almost sure 
convergence implies convergence in distribution, P(2 : 1) - P(2) 
> 0, completing the proof. 

Proof of Lemma 2 

For K = 2 Lemma 2 follows from Lemma 1. Suppose K = 3. 
If the priority 3 class is moved to first priority, the result again 
follows from Lemma 1. We wish to show that moving the priority 
3 class up to priority 2 will strictly decrease its loss probability, 
i.e., show 

P(3:1,2) > P(3:l). (A71 

The proof of this follows in a manner similar to that of Lemma 1. 
Identical (cloned) data streams drive two systems, one using SD, 
with ordering (1 2 3) and the other using SD, with ordering 
(1 3 2). At least one more class labeled 3 packet is lost using SD, 
than using SD, if the following occurs: {buffer fills up and at 
least one each of classes 2 and 3 arrive, and no class 1 arrives}. 
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The probability of this event is at least set of SD’s that give the following priority rankings: 

P( A, > 1; . .) A,-, > 1, A$’ = 0, A$) > 0, A$) > 0) high priority low priority 
SD, : 1  2 3 ... K-2 K-l K 

=(P(A,>1))N~1P(A~1)=0,A~2)>0,A~3)>0), SD,: 1  2 3 ... K-2 K K-l 
SD, : 123 ... K K - 1  

which is strictly positive by assumption (21). The result (A7) 
K - 2  ;;;;f 

. . . . . . . . I . 
follows using identical reasoning as in Lemma 1. 

For general K 2 3, we must show for k < K that 

. . . . 
Sri,: i i j ..: Ki2 Kll i J  

P(K:l;..,K-l)>P(K:l;.*,k-1) (A8) 

where we move the Kth class up to priority k. If k = 1, Lemma 
1 applies, so we assume k > 1. Letting 0, = (1;. ., k - l} and 
8, = { k, . . . , K - l} denote the superclasses now above and 
below class K, (A8) becomes P(K: a,, a,) >  P(K: ii,). How- 
ever, then (A8) immediately follows from the autonomy property, 
(21), and the result just proven for K = 3. 

The following lemma is necessary for the proof of Corollary 3. 
Lemma 3: Suppose vi, v, , . . . , v, and y are K-vectors such 

that 

v, ’ y = c, k= l;.., K (A9) 

for some constant C f 0. Denote v, = (ukluk2 . . . u,,), k = 
1;. ., K, and suppose that, in addition, 

~~,=vi,ifl>k, l,k=l;..,K (‘w 

and 

‘kk +  %k, k = 2;.‘, K. (All) 

Then vi,.. ., v, are linearly independent. 

Proof: By induction on k. Suppose that we know vi,. . . , v, 
are independent (vacuously true for k = 1) for some k < K. We 
will show that the conditions of the lemma imply vi; . . , vk+i 
are independent. Suppose 

k+l 

c c,v, = Oforsome cl;..,ck+i. (Al’4 
i=l 

Taking the product with y implies either of the following: 
k+l 

cc,=0 f c, = -ck+l. (A13) 
r=l i=l 

Now (A12) implies 
k+l 

o =  c c,v,k+l 
i=l 

= Ck+lvk+lk+l + “lk+l c c, (by (AlO)) 
i=l 

= ‘k+l [V k+lk+l - Ulk+l 1 (by (A13) ) 

so that by (All), ck+i = 0. Hence Cf=icIv, = 0, which implies 
ci = . . = ck = 0 since vi; . . , v, are independent. Hence 
vl,’ “9 %+l are independent. 

Proof of Corollary 3 

We  will show that the conditions of the above lemma are met 
by K vectors in .?Zs, taking C = XP,, and y = X*. It is easy to 
show that XP,, >_ [P(A, > l)lN > 0 (refer to the proof of 
Lemma l), and all vectors in ss satisfy (10). Now consider the 

Then by Lemma 2 and the autonomy property the corresponding 
set of loss probability vectors will satisfy the conditions of 
Lemma 3, proving the result. 

Proof of Theorem 5 

2s = gwc, and Ye, contains K independent vectors by . Corollary 3, so the dimension of gwc is at least K - 1. Since 
w wc is contained in the (affine) hyperplane (lo), its dimension is 
K- 1. 

w WC = ywc by Theorem 3. We  will show that the extreme 
points of Yw, are Ye,, and that V(gs) c .%wc, proving the 
result. 

Using Theorem 4 one can check that if r E gs, then r satisfies 
K - 1  of the inequalities (18) with equality, in addition to 
satisfying the equality (10). By [15, p. 80, theorem 9, see also p. 
471, each point of 9.s is extreme for Ywc. 

We  must show that 9s contains all the extrema of Yw,. If r 
is an extreme point of Yw, , it must satisfy (10) and K - 1 of the 
constraints (18) with equality [15]. Let 8, and 8, be two 
nonidentical sets of indices (in (1,. . . , K }) and suppose 

X*(3,) .r=X(fi2,)P(8,) (Al4 
X*(8,) ~r=A(~,)P(~2,) (Al51 

for some r E [0, llK. Let A = Sz, n 8, and A = 3, - A, so that 
&Z2, U G2, = 8, U A and 8, and A are disjoint. Since r E Y’wc, 

A( 8, u  A) P( 9, u  A) 4 X*( 0,) . r +  A*( A) . r (A16) 

A(A)P(A) <A*(A) .r. (A17) 
By Theorem 4, 

X(0, u  A)P(Q, u A) = X(O,)P(fi,) +  X(A)P(A: 8,) 

(Al81 
X(&)P(&) = X(A)P(A) + A(A)P(A: A). 

(A19) 
(Note that (A18) and (A19) are based solely on the arrival 
statistics and the specified superclasses and are not dependent on 
r. We have not as yet established that a  QD exists that achieves r, 
let alone that it would yield the upper superclasses implied by 
(A18) and (A19).) The relations (A14), (A16), and (A18) imply 

X(A)P(A:n,) <X*(A) .r, 

while (A15), (A17), and (A19) imply 
(A20) 

X*(A).r~X(A)P(A:A). (A211 
By Lemma 2, if 3, #  A (and A c a,) and A is nonempty, then 
P( A : A) < P( A : D,), and hence (A20) and (A21) are contradic- 
tory unless D = A, i.e., 3, c 8,, or unless A is empty, i.e., 
8, c 9,. Therefore, we know that if r satisfies a set of K 
equality constraints of the form (18) (and including (lo)), then 
the corresponding sets of indices can be ordered in a monotoni- 
cally increasing fashion. However, there are exactly K! such 
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distinct sequences of sets, corresponding to the SD’s Hence the 
set of extrema of sPwc is exactly gs. 

We now show U(gs) c .%?wc. Suppose r E U(Bs), so that 
there exists at least one density { 6,) k = 1,. . . , K !} on 9s such 
that 6, 2 0 tlk, CfL16, = 1 and CfllSkrk = r, where {rk, k = 
1 . . , K !} = Ye,, corresponding to some ordering of the SD’s: 
S’iik, k = 1; . . , K !. Form the following WCD (this technique 
was termed a mixing strategy in [8]): each time the system 
becomes empty (X = 0), choose one of the SD’s using the 
probability density { 6, }, and use that SD until the system next 
becomes empty (a regeneration point). The interregeneration 
times are independent of which SD’s are chosen, and are finite 
almost surely. This discipline clearly will achieve the desired 
performance r, and in fact the K-vector with components RLk) 
converges to r almost surely. This completes the proof. 

clear that II(.9?$~‘) c gK. However, by Theorem 2, RK c YK, 
which proves the theorem. 

Remark: Let vK denote the number of extreme points of 9’. 
We may determine vK by taking the number of vertices of % ‘gG’, 
namely (K + l)!, and account for all those that merge together as 
A K+l + co. (For example, the K! points corresponding to the 
SD’s assigning the pseudoclass highest priority all merge to 1.) 
We find that the following recursion formula holds: vi = 2, and 
for K 2 2, vK = 1 + KvKpl. The number of faces of the poly- 
topes .9&c and gK can be determined by counting the number 
of inequality constraints; they are 2K - 2 and 2K - 1 + K, re- 
spectively. 

Proof of Theorem 6 

Denote by 1 = (1,l; . ., 1). r = 1 can be realized by blocking 
all arrivals to the system. The use of a WCD will yield P,, < 1 
since by (13) and (15) Pwc I 1 - (1 - ao)/X and a, < 1 and 
X < co by assumption. Thus 1 is not contained in the linear span 
of swc, since X* . 1 = A > XP,,. However, gwc U (l} c W, 
hence 9 has dimension K. 

The remainder of the proof could now proceed in a manner 
similar to that of Theorem 5, based on the fact that P(2 : 1) < 1 
(proved in a way similar to Lemma 1). Rather than this some- 
what brute force approach, we choose to prove the theorem in a 
fashion that provides more insight. 

We create a (K + 1)th pseudoclass, with independent arrivals 
generated by (say) a Poisson process of rate XK+i. We indicate 
by superscripts the number of classes implicit for the super- 
scripted entity. For example, .4?&’ represents the realizable 
region for WCD’s for the (K + 1)-class system (including the 
pseudoclass). Also, for a set d contained in (K + 1)-dimensional 
Euclidean space, denote II(&) as the projection of & onto the 
first K coordinates, corresponding to the “true” classes. 

We select WCD’s for the (K + l)-class system, but when the 
(K + 1)th class is given a resource (buffer or transmitter), the 
system actually wastes it. We now let XK+i + cc. Thus rK+l + 1 
(the loss probability for the pseudoclass) since XK+i(l - rK+ J 
I 1, and in addition, the loss probabilities for the various “true” 
classes may increase depending on the relative preference given 
to the (K + 1)th class. In particular, if the (K + 1)th class is 
given the strictly highest priority, then r + 1. 

As ‘K+l + cc, the density given by (2) places vanishing mass 
on all classes except class K + 1, so that in the limit (3) places no 
constraints on r,, k = 1,. ’ ‘, K. Referring to (17) and (18), it is 
easy to check that limhK+l _ ,II(.Y.,$$‘) = YK. By Theorem 5, 
.9?$’ = Y.$l, and using the pseudoclass interpretation it is 
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