
IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. IT-22, NO. 6, NOVEMBER 1976 655 

Data Compression for Communication Networks: 
The Delay-Distortion Function 

IZHAK RUBIN, MEMBER, IEEE 

Abstract-The problem of data compression for communicat ion 
networks is considered. The system performance criterion is the 
signal distortion resulting both from data compression and from 
average message delay through the network. The delay-distortion 
function is defined as the smallest message delay among all data- 
compression schemes that yield the given distortion value. The 
distortion-delay region is similarly defined. The capacity region 
is defined to include all incoming message rates for which there 
exists a set of data-compression schemes yielding a prescribed 
network distortion-delay value. The basic characteristics of these 
functions and regions are derived. In particular, it is shown that 
their evaluations can be performed by solving separately the source 
coding problem and the network’s queuing problem. The distor- 
tion-delay functions and regions are explicitly derived for single 
channel systems. 

I. INTRODUCTION 

M  ESSAGES routed through a communication 
network experience transmission and queuing 

delays (see [l] and the references therein). As the infor- 
mation rates of the message streams arriving at the net- 
work terminals increase, so do the message delays. Hence, 
in order to transmit the message sample functions of 
sources through an existing network with an acceptable 
value of average message delay, messages often must be 
compressed prior to being transmitted to their destination 
through the network. Although compressing the messages 
reduces the message time delay, it also distorts the original 
signals. For example, consider the transmission of a  ran- 
dom analog waveform to a number of destinations in a 
communication network. Since the entropy rate of a  con- 
tinuous-valued signal is infinitely high, perfect repro- 
duction requires infinite message delay. Appropriate data 
compresssion of the signal is required so that acceptable 
levels of delay and distortion are obtained. This is the case, 
for example, when a voice signal (or a  temperature wave- 
form, etc.) is to be transmitted through a packet-switching 
store-and-forward communication network, such as a 
computer-communication network, or through a TDMA 
system such as a satellite communication network. 

In this paper we introduce the delay-distortion function 
r(D) defined for a  given network and its associated routing 
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procedure as the lowest average message delay attainable 
by any data-compression scheme that achieves a fixed 
vector D of average distortion values. The distortion-delay 
function o(r) is similarly defined as the lower boundary 
of the set of average distortion vectors achievable with a 
prescribed average message delay. The capacity region 
X( o,r) is defined to contain all message arrival rates for 
which a data-compression scheme yielding distortion D 
and delay y can be obtained. 

The network configuration and the delay-distortion 
function are presented in Section II. In Section III, the 
basic characteristics of the delay-distortion function are 
derived. In particular, it is shown that this function can be 
evaluated by solving separately the data-compression 
problem for the sources and the queuing problem for the 
network. Incorporating the rate-distortion functions of the 
sources and the terminal delay function of the network, we 
obtain useful distortion-delay bounds. Analogous results 
for the distortion-delay region and the capacity region are 
presented in Appendix I and Appendix II, respectively. In 
Section IV we demonstrate the explicit calculation and 
characteristics of the delay-distortion functions by con- 
sidering single channel communication systems. 

II. THEDELAY-DISTORTIONFUNCTION 

The Network Configuration 

We  consider a communication network configuration 
as shown in Fig. 1. A set of sources (S&5’2, . . . ,SKJ transmit 
messages into the source terminals (u~~,ug,, . . . ,us,J of the 
communication network. The messages are emitted by the 
source at random instants of time. Each source can be 
considered to generate a message arrival stream which is 
the superposition of other message arrival streams corre- 
sponding to different subsources. Messages may be of fixed 
or random length, and their information-bearing context 
is governed by the statistics of the associated stochastic 
process. Each message produced by source Si is com- 
pressed by the data-compression scheme DC prior to 
being sent into source terminal us,. 

The communication network itself is modeled as a 
weighted graph, with Vs = (us~,u$~, - . - ,uak] as the terminal 
source set and VT = (uT~,uT~, *. . ,UTJ as the terminal sink 
set. The graph edges represent communication channels 
while its vertices represent the network terminals and 
switches. A routing procedure is incorporated for directing 
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Fig. 1. Data-compression configuration for communication network. 

the messages of the ith source from the source terminal usi 
into the corresponding sink terminal UT,, i = 1,2, * * . ,K. 
The output message arriving at uTi is decoded by DEi and 
subsequently sent to sink terminal T;. The latter can be 
considered to be composed of multiple subsinks. 

The communication network can be governed by various 
disciplines for handling the messages for transmission 
between the source and sink terminals. The network can 
employ any line control discipline, such as store-and-for- 
ward message-switching or packet-switching, circuit- 
switching, time-division multiple-access, or any combi- 
nation of these. With the assumption that the edges of the 
network correspond to noiseless communication channels 
characterized by finite channel capacities, the transmission 
of a message over each channel results in a time delay. 
Delays usually will also be incurred because of message 
waiting times in the stations. Depending on the routing 
procedure and the network’s mode of operation, a time 
delay is thus associated with the transmission of each 
message through the network. 

Source and Network Mathematical Characteristics 

Messages generated by source Si are assumed to arrive 
at terminal usI at random instants of time, {t!‘,n 2 lj7 
following the statistics of a Poisson stream with intensity 
Xi mess/s, i = 1,2, . -. ,K. Source Si message lengths (du- 
rations) are assumed to be independent identically dis- 
tributed (i.i.d.) random-variables, denoted (X2’, n = 
1,2,3 . . . ), governed by the distribution G(‘)(x); the message 
length is further assumed to be a random integer multiple 
of a fixed packet length T, X,(:’ = Kt’T, such that P(K$’ 
< m) = 1 and P(Kjj’ = 1) > 0, where 0 < T < 00. The av- 
erage S; message length will be denoted as UT’ s/mess. The 
contents of the jth packet in the nth message from source 
Si is assumed to be a random segment {Yt,‘,, (j - l)T 5 u 
c jT) of a sample function of a stationary ergodic (discrete 
or continuous-,time, real valued) stochastic process {Y!“, 
0 I t I 7’). The {Yt,‘,2) segments are assumed to be mutu- 
ally statistically independent for all different values of the 
triplet (i,n,j). 

Consider now t,he data-compression scheme DC;. We 
assume a per-letter fidelity measure p$‘( . ) is chosen to 
describe the resulting distortion (per second) between a 
sample function Y($ = {Y”) 0 5 u I Tj and its repro- 
duction at the outpit of Dd;,,‘Pt$. To incorporate a real- 
istic model of a data compression scheme whose structure 
is independent of the message length, we assume that DC; 
is designed for a fixed packet of length T and that the 
random number of packets of an arbitrary message are 

independently compressed by DCi. For a specific DCi, an 
average message-reproducing distortion of Di = 
E(p$)(Y&$,@$)) is obtained for some information rate ri, 
associated with the data-compressor output. As the pa- 
rameters of DC; are varied, it exhibits the rate-distortion 
performance ri (Di) bits/s. Similarly, we let di (R) denote 
the distortion-rate performance of a given DCi for source 
i. We note here that, for the ith source, the rate-distortion 
function and the distortion-rate function will be denoted 
as Ri(D) and Di(R), respectively. The related functions 
under a message-length constraint (allowing only block 
codes of fixed length T) will be denoted as Ri(T,D) and 
D; (T,R), respectively. 

At the output of a given DCi yielding average distortion 
Di, the average length of the compressed message is 

p;l(Di) = u;’ - r; (Di) bit/mess. (1) 

The bit, arrival rate at the network terminal usi, following 
compression, thus is 

fi(Di) = Xip;l(D;) = piri(Di) bit/s, (2) 

where pi = X;v;’ is the ratio of the Si message length to the 
average interarrival tinie, i.e., the fractional time that there 
are messages. Note that, when a message is being processed 
through DCi, the instantaneous bit arrival rate at us, is 
ri (D;), while the average bit arrival rate at us, is fi (D;). 

The relevant characteristics of the message flow through 
the network are those related to its terminal message delay 
properties. Considering a network operating in a given 
mode of switching (like packet-switching) and under a 
specific routing procedure, one can associate with each 
message a random variable describing its time delay which 
indicates the overall time the message spends in the net- 
work both in waiting at the stations and in being trans- 
mitted over the channels in its route. We thus let yi denote 
the (steady-state) average message delay in the network 
for messages routed between source 5’; and sink Ti, i = 
1,2, * * * ,K, and we let y denote the maximum of these 
(steady-state) average message delays (any other appro- 
priate overall message delay criterion could be utilized as 
well)l, i.e., 

y = max yi. 

Since each channel can be considered to be a server in a 
queuing system with its message transmission time being 
the service time and with the messages (or packets) being 
the customers, results from queuing theory can be invoked 
to evaluate (exactly, or approximately, see [l], [6]) yi and 
y. The latter evaluation results in the terminal delay 

1 We can choose the delay criterion to be the average message delay 
over all sources 7 given by 

r= -f X-‘hiyj, 
i=l 

where X_= 25, A,. Setting for a network 7 = T (A;fi, we will find, given 
A. that T ( . ) usuallv is a nondecreasing function off. t,hen our results for 
the delay:d&tortion functions and thedistortion-delay regions under 7 
and fixed X follow as well. However, we note that 7’ ( . ) will not be nec- 
essarily a nondecreasing function of each Xi. 
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functions 4q T, given as 

‘y = TMJ, (3) 

y = cm (4) 

where X = (X1,X2, a = - ,X&C) is the vector of message arrival 
rates at the network sources; f = (fi,fs, . - . ,f~) is the vector 
of message bit arrival rates at the network sources fi = 
Xi,~;l where pF1 is the average length of the message ar- 
riving at us,; y = (yi,yz, . . . ,‘yK); T= (Tl,Tz, . * * ,TK); and 
yi = ?:)X,f). Th us, for a  fixed network mode of operation 
and routing policy, the terminal delay function T( . ) re- 
lates the maximal average message delay to the arrival 
rates and lengths of the messages at the network sources. 
We  observe that T( . ) depends on the detailed distribu- 
tions of the compressed message-lengths and not only on 
their means &I); however, since each data-compression 
scheme operates independently on the packets included 
in a message, the latter distribution is governed by (G(Q)] 
with the means (~;l) alone dependent on the data-com- 
pression schemes. Also since in a communication network 
the message queuing and transmission delays usually will 
be much larger than those due to the source coding pro- 
cessors, the latter delays are not incorporated here as part 
of the network delay performance. For a study of coding 
for a  single source under a distortion measure which in- 
cludes a penalty for the time delay of coding and trans- 
mission, see [8]. For a communication network, it is es- 
sential to obtain the characteristics of the delay-distortion 
interplay as studied here. 

We  note that the message bit flow at any branch b;, f( b; ), 
will be automatically set to be less than the capacity CL of 
branch bi, since usually f(bi) C Ci if and only if r(bi) < 03, 
where r (bi) is the average message delay over bi (see [l]) 
and since only finite message delays are acceptable. We  
also assume the channel to include already the appropriate 
channel coding and decoding processors so that the 
channel hi may be regarded hereafter as noiseless with a 
transmission delay of Cy’ [s/bit] (see [l] and the references 
therein). 

Th,e Delay-Distortion Fun.ction and the Distortion- 
Delay Region 

We  consider a given set of sources with arrival rates X 
and average message lengths v-i = (u;l,. -. ,vkl), and a 
given network with terminal delay function T( - ). We  wish 
to choose the data compression schemes appropriately, 
with performances ri(Di), so that, for given distortion 
values D = (D1,Dz,. . - ,DK), the average message delay 
is minimized. Let 

F(D) = (f- (fl, * * - >fK): 

there exists DCi with 

Thus, F(D) is the set of all arrival bit rates at the network 
associated with data compressors which yield distortion 

not greater than D. The delay-distortion function y(D) 
may now be defined. 

Definition 1: Given X,vml,D,T( . ), the delay-distortion 
function y(D) is the function 

y(D) = inf T(X;f). (6) 
fEFF(D) 

We  set y(D) = m  if F(D) is empty or if T(X,f) = ~0 for each 
fE F(D). 

Thus, the delay-distortion function y(D) is the smallest 
value of the maximal average message delay achievable by 
data compression schemes that induce distortion not 
greater than D. 

The distortion-delay function D(y) is defined analo- 
gously in Appendix I as the “lowest” possible region of 
distortion values achievable by data compression schemes 
that induce no average delay value greater than y. V 

Moreover, a  capacity region h( D,y) can be defined, for 
given values of D and y, by 

X(D,y) = (A: 

for every t > 0, there exists r such that 

di(ri) I Di + 6, T(X,f) I y, fi = X;v;‘ri, 
i= I,... Xl. (7) 

Its properties are described in Appendix II. 

III. CHARACTERISTICSOFTHEDELAY-DISTORTION 
FUNCTION 

To study the characteristics of the delay-distortion 
function defined in Section II, we consider the following 
basic functional properties associated with an arbitrary 
communication network. For a communication network, 
under general routing procedures, the terminal delay 
function T(X;fJ = T(X1, . . . ,X~;fi, . *. ,f~) is, and will be 
assumed henceforth to be, a monotonically nondecreasing 
function of each fi, 1 I i 5  K, for any fixed values of X and 
the other f;, as well as a monotonically nondecreasing 
function of each hi, 1  5 i 5  K, for any fixed values of f and 
the other Xi. Also, for each X,T(X;f) = 0 if and only if f = 
0 (i.e., when messages are of zero length). The latter 
properties indicate that the average message delay through 
the network will not decrease if either the message arrival 
rates increase or if the bit arrival rates at the network in- 
crease. The latter is observed to be equivalent to the in- 
crease of the lengths of the compressed messages. Fur- 
thermore, when T(h;f) < 00, T(h;f) often will be a strictly 
monotone increasing function of Xi and fi, 1 I i 5  K, as we 
will observe later. We  also note that T(X,f) - ~0 for large 
enough values of Xi or f;, for each i = 1, -. . ,K. 

Using the above monotone properties of T(X;D, we can 
now deduce some basic properties of the delay-distortion 
function as defined in Section II. We  note that the rate- 
distortion performance, for any data compression scheme 
r;(D) for source i, is a  nonincreasing function of D with 
r-i(D) = 0 for D L Di,$,, where D$,, = min (D:ri(D) = 0). 
The terminal delay function T(A;f), for fixed lengths P-’ 
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of the messages arriving at the network, is equal to a pos- 
itive value T(O,f) for X = 0 and is nondecreasing as each Xi 
increases, diverging to 00 at an intensity Xmax(~-l) de- 
pendent on the lengths p”-l of the messages entering the 
network. Given X,T(X;A increases from zero when f = 0 to 
infinity when f I f,,,,, as FL;’ increases. (See Section IV for 
specific illustrations.) 

Certain basic characteristics of the delay-distortion 
function, defined by (6), will now be shown. We write 
y&D) = -y(D) in order to denote the explicit dependence 
of y(D) on X. We define, when Fi(Di) # 4, 

f’(T,Di) = inf If;:f; E F;(Di)J, i= I,... ,K, (84 

where F;(D;) is defined according to (5), and where 
f’(T,D,) +L m when Fi(Di) = 6; and 

Ri(T,Di) A A;‘uif;(T,Di). (8b) 

Theorem 1 allows us to reduce the problem of the cal- 
culation of the delay-distortion function y(D) to that of 
evaluating the function Ri (T,Di) for each i, i = 1, s s . ,K. 
The latter rate-distortion relationship yields, for any given 
distortion Di, the infimum of the rates of all data-com- 
pression schemes DC operating on source Si messages 
with fixed length T. 

Theorem 1: The delay-distortion function, defined by 
(6), is given by 

r(D) = T(kr”(T,D)), (9) 

where P(T,D) = {fT(T,Di) = hiv;‘R;(T,Di), i = 1, 
- - - ,K). 

Proof: If there exists a vector f E F(D) such that 
T(X;f) < ~0, then (9) follows from definition (6) and the 
nondecreasing behavior of T(X,f) with respect to each f;. 
If F(D) = &y(D) = 03 and T(X,P(T,D)) = a,sinceFi(Di) 
= 6 for at least one i and 

lim T(X,f) = m. 
f,-- 

Finally, if F(D) # 4 and T(X;f) = a for each f E F(D), 
then y(D) = 00 by Definition 1. By the monotonicity of 
T(h;f), T(X;r”) = 00 as well. Q.E.D. 

The calculation of y( D) has thus been decomposed into 
two problems. The first problem involves the queuing 
analysis yielding the network’s terminal delay function 
T( . ). The second problem is a pure source coding problem 
incorporating the above-mentioned optimization to be 
performed separately for each source independent of the 
other sources and the network. 

The explicit evaluation of the optimal rate-distortion 
relationship R (T,D) considering finite-length messages 
is a difficult problem. However, if we consider messages 
of arbitrarily long duration, the resulting R* (D) relation- 
ship has been studied and can be either calculated ex- 
plicitly or bounded for many sources and distortion mea- 
sures. In particular, for message processes { Yt(i),t 1 0) which 
are stationary ergodic stochastic processes, and considering 
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per-letter distortion measures (which yield finite average 
distortion for at least one reproducing function) a source 
coding theorem can be established (see [2], [3, p. 2811, [7]). 
The latter relates R;(D) for source 5’~ to the rate-distortion 
function Ri (D) associated with source Si, showing that, for 
any t > 0 and Di > 0 such that Ri(D;) < 00, there exists a 
D; -admissible code (i.e., a code which yields reproducing 
distortion not greater than Di) for Si with rate less than 
R;(Di) + 6, and thus Rf(Di) 5 R;(Di) + t. Aconverse the- 
orem shows that there are no D-admissible codes of rate 
less than Ri(Di), so that RT(Di) > Ri(Di). The rate-dis- 
tortion function Ri (D) is defined as 

Ri(D) = lim R~,T(D), 
T-a 

where R~,T(D) is the least possible mutual information rate 
between {Yt , _ (‘I 0 < t 5 TJ and any of its reproductions 
yielding distortion D (see [a], [3] for details), and can be 
calculated or bounded by using variational analysis. Since 
the rate-distortion function (or an approximation thereto) 
is more readily available than Ri(T,D;), it is worthwhile 
to relate y(D), on the one hand, to a delay-distortion 
function involving Ri(D), and, on the other hand, to a 
function involving an arbitrary rate-distortion relationship 
corresponding to any set of data-compression schemes. 

Theorem 2: For a given distortion value D, the delay- 
distortion function y(D) satisfies 

Y(D) = T(X;(pg-i(Di), i = 1, s.. , K)) 

1 -Y(D) 2 -IO(D) (10) 

where {r-i (Di), i = 1, . - - ,K) is a set of rate-distortion rela- 
tionships corresponding to any set of data-compression 
schemes (DC, i = 1, * * . ,K} yielding distortion D, and the 
delay-distortion bound ro( D) is given by 

TO(D) = T(X;{piRi(Di), i = 1, s -. ,KJ) (11) 

where Ri (D;) is the rate-distortion function associated with 
source Si. Furthermore, given any t > ‘0, we can find a large 
enough T such that 

T(kbi[&(Di) + 611) 2 r(D) 2 -/o(D) 
= T(khRiV4)D. (12) 

Proof: The leftmost inequality in (lo), upper 
bounding y(D), follows from (6). Using the converse source 
coding theorem (see, for example, [3, Theorem 7.2.51 or [2, 
Theorem 9.8.11) we have, for each i, i = 1, . * - ,K, 

Ri(T,Di) I Ri,~(D;) 2 Ri(Di). 

The rightmost inequality in (10) thus follows by the non- 
decreasing nature of T( * ) in each fi. Equation (12) follows 
by the source coding theorem for each Si and the mono- 
tonicity of T( - ). Q.E.D. 

The delay-distortion function yo( D) is readily evaluated 
(or approximated) by (11) once the network’s terminal 
delay function T( . ) and the sources’ rate-distortion 
functions have been calculated (or approximated). While 
ye(D) is generally only a lower bound to y(D), as indicated 
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by (lo), it becomes tighter as the messages assume longer 
durations. In practical situations, yo( D) and y(D) will yield 
close upper and lower bounds, respectively, to y(D). 

We  observe that ri(D;) and Ri(T,Di) [by (a)], are 
monotonically nondecreasing functions of D;, for each i = 

. . . ,K. The rate-distortion function R;(D;) is a  convex 
rl-nonotonically decreasing function (see [2], [3]) over 0 < 
Di < Di (max), Ri(D) = 0 for D I Di(max), where 

Di(max) = inf {D:Ri(D) = O), i = I,... ,K. (13a) 

Similarly, we define 

DT(max) = inf (D:Ri(T,D) = O), i= I,... ,K, (13b) 

Di(max) = inf (D:ri(D) = 01, i = I,... ,K. (13~) 

The following characteristics of y(D), 70(D), and T(D) 
follow from Theorem 1. 

Corollary 1: The delay-distortion functions y&D), 
y&D), and T(X,D) possess the following characteris- 
tics. 

1) For each given X, they are monotonically nonin- 
creasing functions of D (i.e., of Di, for each i, i = 1, 
-. - ,K). 

2) For each given D, they are monotonically nonde- 
creasing functions of X(i.e., of X;, i = 1, . - . ,K). 

3) The maximum distortion value D,,,(X), defined as 
the distortion value which satisfies ~(X,D,,,(X)) = 0 such 
that there is no other distortion D which satisfies y(X,D) 
= 0, and D > D,,,(h), is given by 

D,,,(X) = ID; (max), i = 1, . . . ,K). (144 

The quantities D:,,(X) and &,,(X), similarly defined in 
terms of ro(h, D) and T( X, D), respectively, are given by 

Df,,,,O) = PTb-mx), i = 1,. . s ,K}, (14b) 

&,,Gd = ~~ib-4, i = 1, - - - ,K). (14c) 

Thus, the maximal distortion vectors are unique and in- 
dependent of X. 

Proof: 
1) The monotonically nonincreasing property of y(D) 

follows from its definition (6), since by (5) we have F(o(l)) 
C F( Dc2)) for D(l) I D@). The same property for yo( D) 
and$ D) follows from the monotonicity of T(A;fJ in f 
and of ri(D;) and R;(Di), and from definitions (10) and 
(1 l), respectively. 

2) This property follows from the monotonicity of 
T(X;fl in X and from (9), (lo), and (11) for y&D), T(X,D) 
and y&,D), respectively. 

3) By (9), y(X,D) = 0 for any X if and only if R;(T,Di) 
= 0 for each i, i = 1, . . . ,K. Since such a D satisfies Di L 
D; (max) for each i, (14a) follows. Equations (14b) and (14~) 
follow similarly. Q.E.D. 

Corollary 1 shows that the above defined delay-distor- 
tion functions are, for each X, monotonically nonincreasing 
functions of D with a unique maximum distortion point. 
The latter point is independent of X, while the delay-dis- 
tortion function itself is nondecreasing in X. The lowest 

distortion point Dmi,(A) allowing finite delay is, however, 
not unique in general. To characterize such points, we 
set 

Fcrit(r) = (f: T(X;f) = a) N-4 

and define its lower boundary as F  :$(A), 

Fc!Z!(X) = {f: fE Fcrit.(X), 

there is no f(i) E F,--;,(X) such that 

f(l) < f). (1%) 

The set of lowest distortion points for y(D),Dmi,(h), is 
then given by 

Drnin(X) = {D: f(v-l,D) E FI%(x)), (16) 

if F  $i(X) # 6, and D,,(X) = 0 otherwise. Similarly for 
the lowest distortion points for yo( D) and T(D), denoted 
as D k,(X) and D,;,(X), respectively. 

The analogous characteristics of the distortion-delay 
regions and the capacity regions are given in Appendix I 
and Appendix II, respectively. 

IV. DELAY-DISTORTION FUNCTIONS FOR SINGLE 
CHANNEL COMMUNICATION SYSTEMS 

Single Channel System with Single Source or Identical 
Sources 

To illustrate the significance, characteristics, and deri- 
vation of delay-distortion functions, we consider a single 
channel communication system. Consider first the con- 
figuration shown in Fig. 2, where a set of sources emit 
messages of identical characteristics and are considered 
therefore as a single source S. Messages are generated by 
S at random instants of times governed by the statistics 
of a  Poisson point process with rate X mess/s. Assume each 
message is of fixed length v-i s/mess. Messages are data 
compressed by DC and subsequently are stored at a  buffer 
at the input of the communication channel whose capacity 
is C bit/s. Messages are served by the channel, one at a  
time, when it becomes free, on a first-come first-served 
basis. The messages departing from the channel are de- 
coded by DE and transferred to the appropriate destina- 
tion sink in R. Clearly, the message delay is that of a  cus- 
tomer in a M/D/l queuing system with Poisson arrivals of 
rate X and message service time equal to (pC)-l s/mess, 
where p-1 bit/mess is the average length of the message 
arriving at the channel (after being compressed). Using the 

DC DE 
‘0’ L-J 

s R 

Fig. 2. Data-compression for super imposed source and  single channel  
communicat ion system. 
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result for the average steady-state message delay in an 
M/D/l queuing system (see [I], [5]), the terminal delay 
function is 

if ( --I- 
T(h,f) = (I xc I+ Yz c -f > ’ 

(a, 

;;;; E (17) 
9 

where f = XpcL-l. Assuming the rate-distortion function 
associated with the source is given by .R(D), the delay 
distortion bound TO(D), obtained via (la), is 

[ bWIR(D) 1+ f/z c ;“;;f;;;DJ 1 , YO@) = , 
I if D > Dmin(X), 
I Irn > if D I Dmin(X), (18) 

where 

Dmin(X) = R-l 5 
( > 

= (D: R(D) = C/AU-~]. (19) 

The delay-distortion upper bound y(D) is given by 
(18)-(19) when R(D) is replaced by r(D). Also, we note that 
Fcrit( X) and F$[ (X), defined by (15), are given by Fcrit( A) 
= (f: f > C{,FL$(X) = (C). In particular, if the message in- 
formation process (Y,) is an i.i.d. sequence of normally 
distributed random variables with variance G, and if a 
per-letter squared-error distortion criterion is chosen, the 
rate-distortion function is given by (see [3, p. 991) 

R(D) = Y2 log $ 0 < D I 9, (20) 

whereupon the resulting delay-distortion bound ro(N)(D) 
obtained from (18) is 

0, ifDZG=D max 
(2&)-i log ( ci2/D) 

yotN)(D) = 
Xv-l log (a2/D) 1 2C - Xv-l log (a2/D) ' (214 

where 

I if g2 2 D > D,;,(X) 

O", if D I Dmin(X), 

D!&(r) = u2 exp (-2X-GC[l + Xy 
- (1 + h2y2)1’2]). (24) 

D,i,(X) = u2 exp [-(2C)l(x~-l)]. (2lb) 

We observe that TO(D), given by (18) in general and (21) 
in particular, possesses the characteristics indicated by 
Corollary 1. Curves of the delay-distortion function yljN’ 
(D) are given in Fig. 3. 

We note that, for low delay values, DO(y) = R-l(vCy) and 
D;(r) = c2 exp [-2~71. The latter shows that the minimal 
achievable distortion yielding a small delay y decreases 
exponentially fast as y or C increases or as the average 
message length u-l decreases and is independent of the 
value of X. For large delays D&(y) = c2 exp [-2X-1~C]. 

To obtain the distortion-delay function oO(r) = L(Di 
(y)), K = 1, we use (I-14a)-(I-14b) from Appendix I. From 
relation (I-9a), the distortion delay region is 

Dj&) = (D: R(D) I X-lvT-l(X,y)) 

Similar results are obtained when the message length 
is assumed to be random with mean length v-l and gov- 
erned by an arbitrary distribution, using the Pollaczeck- 
Khintchine formula (see [5]) to express T(X;f). In partic- 
ular, if the message length is assumed to be exponentially 
distributed with mean v-l (to approximate a geometrically 
distributed number of packets), one obtains 

= (D: D 2 R-l(X-l~T-l(X,y))), (22) Do(y) = R:‘(zCy(l + X7)-l), 

0 .2 .4 .6 .8 1 

D#(N11031 D~,~mo01 D~,~(40001 

DlSTORTlON D/o2 
Fig. 3. Delay-distortion TO(D) curves for single channel system of Fig. 

3, Gaussian source y-l = 102(s/mess), C = 50 knats/s r 72 kbit/s with 
parameter X = message arrival rate. 

where R-l( . ) denotes the inverse function of R(D). As 
indicated by Proposition 3 of Appendix I, @K(r) is convex. 
The distortion-delay function D(r) = L(Dg(r)) is thus 
equal to (DO(y)) where [using (17)] we have 

Do(y) = R-l(X-lzC[(l + Xy) - (1 + XY~)~‘~]). (23) 

In particular, when {Yt] is an i.i.d. sequence of normally 
distributed random variables of variance c2, we obtain 
[using (20)] 

(254 
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3200 

2800 

800 

0 .2 .4 .6 .8 1 

DlSTORTlON D/o2 
Fig. 4. Capacity region curves, maximal arrival rates versus D, pa- 

rameter y, for yielding performance (D,?). Y-I = lo2 s/mess, C = 50 
knats/s; Gaussian source, single channel system of Fig. 2. 

Fig. 5. Data compression for two sources over single communicat ion 
channel. 

and, for the normal i.i.d. message sequence, 

D&(r) = s2 exp [-2vCy(l+ AT)-11. (2%) 

The behavior of the latter function at low or high delay 
values is identical to that described for the fixed mes- 
sage-length situation. 

The capacity regions are obtained from (II-5)-(11-7). We  
find 

i 
1 

XO(D,y) = A: X 5 p- Y - YO@) 
1 YO@) Y - %90(D) ’ CW 

X&“(D y) = 
1 Y - TO(D) 

, 
1  YO(D) Y - %90(D) ’ (26b) 

where 

YO@) = u  -lC-lR(D) (26~) 

is the resulting delay as X - 0. We  note that XO(D,y) is 
convex and that Q”)(D,y) = L(XO(D,r)). Letting y - 02 in 
(26), we obtain 

X0(D) = (A: X < [70(D)]-l), (274 

h!+“(D) = iho(Dll. (27b) 
One readily observes that (27) holds for any distribution 
of the message length (since also then T(X; f) < 03 if and 
only if f < 1). Thus, any arrival rate X E XO(D,y) in (26a) 
can yield performance (D,r), while any rate X E X0(D) 
ensures the existence of a  scheme yielding distortion D and 
finite delay. Curves showing the variation of the capacity 
arrival rates, (26)-(27), with D and y, assuming an i.i.d. 
Gaussian source, are given in Fig. 4. We  note that, at higher 
distortion values, a small increase in the allowable value 
of the distortion will sharply increase the. value of the 
maximal allowable arrival rate. For example, when the 
desired message delay is y = 0.5.10e3 s, an increase of Dla2 
from 0.7 to 0.8, yields an increase of XJf’(D,y) from 1200 
to 3200 mess/s. 

Single Channel System with Two Sources 

Consider a single channel system with two source-ter- 
minal pairs, as shown in Fig. 5. Assume the ith source 
message arrival rate to be X; mess/s, its message-length to 
be fixed of duration ~~7’ s/mess, and the associated rate- 
distortion function to be R;(D), i = 1,2. To obtain the 
terminal delay function T(X, f), we observe that, for an 
arbitrary arriving nth message, its length is governed by 
the value assumed by the random variable X,, where X, 
= al(Dl)C-l with probability Xl/X and X, = a2(DdC-l 
with probability X2/X, where X = Xi + X2 and a; (D;) is the 
length of the source i message following DC, i = 1,2. 
Hence, the average message delay is that obtained for an 
M/G/l queuing system with a Poisson arrival stream of 
rate X and service times following the i.i.d. sequence of 
random variables (X,, n  5 11. The Pollaczeck-Khintchine 
formula yields (see [5]) 

T(h, &if l,fd = 

i 

%?  
fl f2 

c - fl - f2 

+ g-------- 
c - fl - f2 

+ C-I max(X;‘fl,X;‘f2), 
iffl + f2 <C 

(28) 

co > iffl+ f2 1. C. 

From (la), the delay-distortion function yo(D~D2) is 
therefore given by 

YO(&,&) = (2C)F1[P ~v;~Rf(Dd + w i1R;(D2)l 
- [C - PIRI(DI) - ~&#h)lC-~ 
- max [v;1Rl(Dl),u21R2(D2)l (29) 

if purl + pzRz(D2) < C, and yo(Dl,D~) = ~0, other- 
wise. If the ith source is modelled as an i.i.d. Gaussian se- 
quence with variance of, i = 1,2, the resulting r&“)(Dl,Dd 
is given by (29) with (20) incorporated for Ri(D), t = 1,2. 
The distortion-delay function is subsequently obtained 
as o(r) = (D1,D2: yo(D1,D2) = y), while the capacity region 
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0 I I I , I I I I , , 

0 .2 .4 .6 .8 1 

W12 

Fig. 6. Distortion-delay curves D AN’(y) for the system of Fig. 5, for 
different values of y, Gaussian sources, “;I= UT’ = 20, hl = lO:j, X2 = 
2 X 10”. C = 50 knats/s. 

Fig. 7. Capacity curves Xj)“'(D1,Dr,y) for the system of Fig. 5 with 
Gaussian sources, DJcr: = 0.3, Dz/o$ = 0.7, u; = UT' = 20, C = 50 
knatsls. 

is given by Xhc’(D&,y) = (X1,X2: yoO1,~z;Dl,&) = ~1. 

The latter functions are shown in Figs. 6 and 7 for the case 
where Gaussian sources are involved. In particular, we 
observe that in the present case the capacity curves (shown 
in Fig. 7) are linear and given by 

Xf,“’ (Dl,Dz,y) = {X1,X2: XI(X: + AXI) 

+ X2(4 + hxz) = kc] 

where 

3~; = f u;l log (@f/D;), h = 2C(y - a), 

a = C-l max (3ci,xs). 

Thus, for example, if C = 50 knats/s, Y;I = v;l= 20, Dda? 
= 0.3, and D~/o; = 0.7, we find from Fig. 7 that if a delay 
y I 3 X 10e4 is desired, and h2 = 5000, we can allow only 
source 2 rates satisfying X2 I 600; while if we allow y I 5 
X 10e4 and y I 10-l, we obtain X2 I 1700 and X2 I 2700, 
respectively. We note that increasing the maximal delay 
beyond y = 5 X lop4 does not yield as fast an increase in 
the capacity rate as that obtained below this delay value. 
Similarly, in Fig. 6 we observe that the distortion DJaf of 
the lower rate source effects that of the other source (to 
yield a prescribed delay y) only when Dl/aT is below a 
certain value. Thus, to obtain y = 3 X 10e4, we observe that 
Dl/a? values in the interval [0.4, l] yield Ds/a$ in [3.5,4], 
while for DI/u: in [0.28,0.4], 02/u; changes abruptly in [0.4, 
11. 

We note that, if a packet-switching mode of network 
operation is considered, the packet generators would be 
included in the calculation of the terminal delay function 
T( . ). The latter function can be calculated or approxi- 
mated for general communication network topologies [6], 
and delay-distortion functions subsequently can be de- 
rived as demonstrated previously for the single channel 
case. 

V. CONCLUSIONS 

We have considered the problem of data-compression 
for communication networks. System performance has 
been quantified by studying the tradeoffs between the 
average signal distortion resulting from data compression 
and the average message delay through the communication 
network. The delay-distortion function has been defined 
as the smallest message delay achieved by all data-com- 
pression schemes having a fixed distortion. The calculation 
of the delay-distortion function has been shown to reduce 
to separate solutions of a network queuing problem 
yielding the terminal delay function and of a pure data- 
compression (source coding) problem. A delay-distortion 
lower bound results when the rate-distortion function is 
incorporated. The distortion-delay region and function 
were similarly defined and evaluated. The basic charac- 
teristics of the latter functions were derived and demon- 
strated for single channel systems. 
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APPENDIX I 

THEDISTORTION-DELAYREGION 
Definitions 

The distortion-delay function o(r) will be  def ined in the fol- 
lowing as  the “lowest” possible region of distortion values 
achievable by  data-compression schemes that induce an  average 
delay not greater than y. For the purpose of this definition, we 
introduce the following sets. For a  given value of y, we write 

.6(y) =  {r : T(X;fl 5  y, fi =  Xiv;‘ri, i =  1,. . . ,K), (I-l) 

Y?(D) = (r: di(ri) I Di, i =  1,. . . ,K), U-2) 

where ri denotes the rate associated with DC;. Thus, .7?(r) and  
Y?(O) denote the sets of data-compression schemes (operat ing 
at those points) whose delay and  distortion are not higher than 
y and  I), respectively. The  set of schemes which are simulta- 
neously constrained to have  delay not higher than y and  distor- 
tion values not higher than D, is then 

%(D,Y) =  Y?(r) n  %i(O. U-3) 

The distortion region OK C EK (EK being K-dimensional 
Eucl idean space)  containing all D values of schemes in %!( D,y) 
is 
OK = (D : for every t >  0, 

there exists r, such that r E iT( D + c,y)) (I-4) 

yielding the distortion values D of all data-compression schemes 
inducing an  overall average message delay not higher than y. For 
a  given delay value y (and specific operat ing points of the fol- 
lowing schemes)  we say that the set of schemes r-(l) is better than 
set r@) if r(l) E Y?(y), r@) E Y?(y), d(#) = IN, d(G)) = LX”), 
and  D(i) <  o(z) (i.e., 0::’ -< 0:“’ for each  i, and  0,“’ <D)“’ for at 
least one  i, i =  1, . a  . ,K). (Similarly, r(l) is said to be  as  good  as, 
or equivalent to r@), if o(l) I D2), or o(l) =  F2), respectively.) 
A set of schemes r(l) is said to be  y admissible if r(l) E 5?(r) and  
there is not any  other scheme d2), r@) E Y?(y), which is better 
than r(l). The class of all y-admissible schemes is denoted as  
g.4 (YL 

R,(y) = {r: r is r-admissible). (I-5) 

* Any scheme in Y?, (y) is optimal in the sense that no  other scheme 
yielding delay y can yield lower distortion values uniformly for 
all sources. The  distortion-delay region will now be  associated 
with the distortion values of the y-admissible schemes,  when  the 
latter exist, and  more general ly with the infimum distortion 
values for such schemes.  

Definition. 2: The  distortion-delay function D(r) is the dis- 
tortion region D(r) C OK given by  

D(r) =  {D : for every t >  0, there exists r E .3’?(r) 
3  d(r) E [D,D + e), and  there is no  r(l) 
E g(y), such that &r(l)) < 0). U-6) 

W e  note that the relation “better than” yields a  partial or- 
der ing of g(r). The  geometr ic relationship between DK (y) and  
D(r) will be  indicated in the following. 

Bayes and  minimax distortion-delay functions can also be  
def ined as  follows. 

Definition 3: The  Bayes distortion-delay function, with respect 
to probability vector q = (ql, . - - ,q~) (where qL  > 0, i =  1, . . * ,K, 
Z(f, qi =  I), DR(Y) is given by  

DA(Y) = inf f q;di(ri). 
rtrE9.(y) i=l 

U-7) 

The Bayes scheme rn (when it exists) then satisfies DB (y) =  25, 
qidi(rn). 

The  minimax distortion-delay function is equal  to DM(Y) = 
d(r~), where rM is the minimax scheme, given y, satisfying 

max Di(rh,) =  inf max d, (r,). (I-8) 
c: lG_cK r:rt @(y) i: l51SK 

Clearly, to utilize DR (y) one  needs  to be  able to specify a  prior 
probability vector q, represent ing the relative weights at tached 
to the distortion contributions of the various sources to an  overall 
distortion measure.  A least favorable such q will often yield 
DM(~). The  latter incorporates the maximal distortion among  
the distortions of all sources as  the overall distortion index. 

Characteristics 

The distortion-delay region D(y) is def ined by  (I-6) as  the set 
of “minimal” distortions which are achieved, within any  t >  0, 
by  data-compression schemes yielding delay y. W e  show that 
D(r) can  be  calculated by  two separate operations, incorporating 
independent  operat ions on  the terminal delay function T( . ) and  
on  the rate-distortion relationship R(T,D) def ined by  (8). For 
that purpose,  we set 

R(Y) =  {R: T(hIPiRil) 5  y}, (I-9a) 

%A (~1 = IR: R E S(Y); 
there exists no  R(l) E S(r), 
such that R(l) >  R) (I-9b) 

so  that B(y) is the set of all input rates inducing message delay 
not higher than y in the network, and  7i!~ (y) C 2((y) is set of 
such “maximal” rates. Using %A (y) and  Ri(T,Di), we define the 
distortion region D(l)(r) by  

D(l)(r) =  (D: D; =  inf [D: Ri(T,D) 
5  Ri], i =  1, * * * ,K, R E %A(r)l. (I-10) 

Region D1)(r), which can be  readily calculated, is shown by the 
following theorem to be  the distortion-delay region, The  proof 
of the theorem follows directly from the definitions and  basic 
characteristics of the functions involved, and  therefore is omit- 
ted. 

Theorem 3: For each  y, y <  a, 

B”(y) =  D(y). (I-11) 

W e  note that XNl)(r) is essentially expressed using the sources 
distortion-rate relationships D; (T&i), i =  1, . . . K, which specify 
for each  source the infimum distortion achievable by  any  data- 
compression scheme operat ing on  the arriving messages,  

D(r) =  D(l)(r) =  (D:D, =  D,(T,Ri), R E % ‘A(?)]. (I-12) 

The  calculation of %!A (y) involves that of obtaining the upper  
boundary  of .7?(y). Also, geometrically, the distortion-delay region 
D(r) is the lower boundary  of DK(Y). To  make these notions 
precise, let S C EK and  let S be  its closure. The  lower quantant  
at a  point x E EK, Q  X, is def ined as  the set 

Q, =(-YE E~:yj Ixj, j= l,**a,K}. (I-13a) 

A point x is said to be  a  lower boundary  point of S C EK if Q  X 
n  ,? =  (x). The  set of lower boundary  points of S is denoted as  
L(S). Similarly one  defines the set of upper  boundary  points of 
S, denoted U(S), when  QX is replaced by  Q’;, where 

QCw=(YEEK:YjIxj,j=l,... A. (I-13b) 
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By definitions (I-9) and (I-13), and by observing that Y?(r) is a 
closed set, we readily obtain the following property. 

Proposition 1: For each y, %~(y) is the upper boundary of 
m-f), 

BRA (7) = u(R((Y)). 

We thus observe that B(r) is bounded by (Ri 2 0, i = 1, - - - ,KJ 
and upper bounded by .??A (7). As for DK(~), by definitions (I-4) 
and (8), one obtains the following characterization corresponding 
to that given by Theorem 3 for D(r). 

Proposition 2: For each y, 

&C(Y) q Dfc)(rL 

where 

D’&‘(r) = (D: %‘n(D,y) # 44, (I-14a) 

Proposition 3: Assume T&f) to be convex in f. Then, for each 
y,Dk(r) is a convex region while DK(~) and &(y) are convex 
regions if R; (T,D) and ri (D), respectively, are convex in D. 

Considering a convex region DK(~), being closed from below, 
the usual results from decision theory readily apply (see, for ex- 
ample, [4], chapter 2). In particular, the characteristics of the 
Bayes and minimax distortion-delay functions then follow. For 
example, we observe that 

DR(Y) = [itI qiDi where (Oil= D E D(r) = L(DK(Y))}. 

APPENDIX II 

THE CAPACITY REGION 

and 

7?(D,r) = (R: Ri I Ri(T,Di), i = 1;. - ,K, Definitions 

T(X; (PiRi)) 5 7). (I-14b) Considering the set of all message arrival rate vectors X that 

Proposition 2 indicates that DK(~) is closed from below, i.e.; yield distortion D and delay y, thecapacity region X( D,y) is de- 

that L,( Z&<(y)) C DK(~), and that D E DK(Y) implies that Q’, fined as follows. Let %(X,D,y) = Y?(D,y) with X indicating ex- 

E 4((y), From Theorem 3 and Proposition 2, the following plicitly the rate vector X utilized in calculating 7?( . ). 

geometrical characterization of D(y) is obtained. Definition 4: The capacity region X( D,y) is defined, for given 
values of D and y, by 

Theorem 4: For each y, D(y) is the lower boundary of DK)~), 
i.e., 

D(r) = L(DK(Y)). 
Theorem 4 yields a simple way to calculate D(y) through fi’ 

(y) given by (I-14). However, the latter calculation requires one 
to have R( TO). Since we obtain the rate-distortion (or distor- 
tion-rate) functions R(D) more readily, and for any specific 
practical data-compression scheme its rate-distortion relation- 
ship r(D), we can use the latter to bound DK(~) and D(y) by the 
corresponding regions D t(r) and &(y) and the corresponding 
curves DO(r) and D(y), respectively, obtained from (I-14b) by 
replacing R; (T,Di) by Ry(Di) and ri (Di), respect,ively. The fol- 
lowing theorem for D(y) is thus the one corresponding to Theo- 
rem 2 for y( 0). 

Theorem 5: For each y, we have 

@K(Y) C DK(Y) C D;(r)> 

where D X(r) incorporates the rate-distortion functions Ri (Di) 
and &(y) involves the rate-distortion relationship r(D) of any 
scheme. The distortion-delay curve D(y) is lower bounded by the 
distortion-delay curve D”(y) = L(D i(y)) and upper bounded 
by the distortion-delay curve D(r) = L(&(y)). Furthermore, 
given any t > 0, we can find a large enough T such that, for each 
D E D(y), there exists Do E Do(r) so that max, ID; - Dl’I _< 

In particular, if we have the delay-distortion function -y(D), 
Proposition 2 and Theorems 1 and 4 yield the following desired 
characteristics. 

Corollary 2: For each y, 

DK(Y) = ID: r(D) 5 rl, (I-15a) 

D(y) = L(D: y(D) I y) = LID. y(D) = 71, (I-15b) 

and similarly for D%(y), DO(r) and &(y), B(y) in terms of 
y~( D) and y(D), respectively. 

In many situations, T(A;fJ is convex in f while R;(T,D) is 

X( D,r) = (X: for every t > 0 there exists r such that r 
E 3?(X,D + c,r)]. (II-l) 

Given D, the capacity region X(D) is defined by 

X(D) = {X: for every t > 0 there exists r such that r 
E ?‘?(A,0 + t,y), for some y < a). (H-2) 

The capacity boundaries X ((‘)( D,?) and X(“)(D) are defined by 

Xcc)( D,-y) = {X: X is (D,y) admissible) (11-3) 

X((‘)(D) = {X: for every y’< a, there exists 
t > 0 such that X - t is (D,y) admissible]. (11-4) 

Rate vector X(l) is said to be better than rate vector Xc2), for given 
(D,y) values, if for every t > 0, there exists a scheme r such that 
r E %(X(1), D + t, y), r E 7?(X(2), D + t,-y) and Xc11 > X@) (i.e.; Xj” 
> A(“) for each i, Ai” > X,‘” for at least one i, i = 1, . . a ,K). Rate - 1 
vector Xc11 is (D,-y) admissible if there is not other rate vector Ac2) 
better t,han h(l), for given (D,y) values. 

Thus, if arrival rate vector X is in X(D,y), there exists a scheme 
yielding performance values (D,y), and there is not any “better” 
rate yielding these values if X is in X(‘:)( D,r). Similarly when A 
is in X(D) and X(“)(D), where the performance measure now in- 
cludes distortion D and finite delay. Bayes and minimax capacity 
regions are similarly defined. The characteristics of the regions 
defined here will now be given. 

Characteristics 

The capacity regions are defined by (II-l)-(11-4). The char- 
acteristics of the capacity regions are obtained by following the 
procedures presented in Appendix I, and are summarized as 
follows. 

Theore,m 6: for any given values of D,y, we have 

UQY) = IA: %(D,Y) f 61, (II-Sa) 

convex in D. We can readily conclude then that DK(~) is a convex where .%‘( D,r) is defined by (I-14b). Similarly, for X0( D,r) and 
region. X(D,r) when B(D,y) in (II-5a) is replaced by Y?O(D,y) and 
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.%( Qr), respectively. Also, 

X(D) = (A: %yD,~) # 41, 

where 

and similarly for AO( D,y) and x( Qr). 

(11-5b) 
W e  thus note that the capacity region X(D,y) is bounded  by 

{A, 1  0, i =  1  , . . . ,KJ and is bounded from above by the upper 
boundary  A(C)(D,r). W e  observe that X E X(D,y) implies that 

Y2(D,~) =  (R: Ri L  Ri(T,Di), 
Qx  C A(D,r). Furthermore, if T(X;fJ is convex in X, we also have  

i= I,... ,K,T(X; {p&)) < -). (II-SC) 
that X (D,r) and  A( 0) are convex regions. 

Proposit ion 4: Given 0, y, and  that T(X;f ).is convex in X, then 

Similarly for X0( 0) and  i;(D). X(D,y) and  X(D) are convex regions. This is true similarly for 

The capacity boundar ies are the upper  boundar ies of the ca- XO(D,-y) and  X0(D), and  for i(D,r) and  i(D). 

pacity regions. Thus, 

I’“’ = wm,~)), 

and  

(11-6) 111 

PI 

PI 

[41 

bl 

[61 
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Computation o f Random Coding Exponent Functions 

SUGURU ARIMOTO, MEMBER, IEEE 

Abstract--GaIlager’s exponent function E,, (p,p) plays a crucial length N and rate R, is 
role in the derivation of bounds for coding error probabilities. An 
iterative algorithm for computing the max imum of E, (p,p) over the P, 5 exp [- N(-pR 
set of input probability distributions is presented. The algorithm 
is similar to that of Arimoto and Blahut for computing channel 

+ max -& (P, ~111, OIp<l (1) 

capacity. It is shown that the approximation error is at most in- where 
versely proportional to the number of iterations. A similar iterative 
algorithm for computing the source code reliability-rate function 
also is presented. E, (p, p) = - log piP( j] i)i’(l+p) ‘+’ 

I I 
. (2) 

I. INTRODUCTION Here P = (P(j I i)) is the transition probability matrix that - I 
In 1965, Gallager [I] gave a simple proof of Shannon’s characterizes a discrete memoryless channel and p is an 

coding theorem and derived a new upper bound for the arbitrary probability distribution on the input alphabet 
probability of decoding error P,. This bound, for block A = (12, * * - ,n). More recently Arimoto [2] obtained, via 

similar arguments, a  lower bound of the form 

Manuscript received September 1, 1975; revised March 9, 1976. 
The author is with the Faculty of Engineering Science, Osaka Uni- 

P, 2 1  - exp  [-N(-pR 

versity, Toyonaka, Osaka 560, Japan. + m in E, (dl, -l</, 10  (3) 
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