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An  anal lysis of a  TDMA  Channel  Using Stop-and-Wait 
Block,  and  Select-and-Repeat ARQ Error  Control 

BILLY H. SAEKI, MEMBER; IEEE, AND IZHAK RUBIN, MEMBER, IEEE 

Absrracr-In this  paper,,  the  multiaccess  broadcast  communication 
channel  operating  under  a  TDMA  control  discipline  and  employing  an 
ARQ  scheme  is  examined.  The  generating  function of  .the  message 
delay  distribution is derived.  The  effects of nonzero  bit  error  rates,  on 
multipacket  messages,  under  several  stop-and-wait  and  block ARQ 
systems  are  incorporated.  Numerical  results  for  the  steady-state  mean 
and  variance  of the message  delay  are  presented  for  a  stationary 
transmission  error  process  model in which  errors  occur  as  inde- 
pendent  events.  Results  for  this  channel  under  a  select-and-repeat 
ARQ  system  are  developed for single packet messages.  Stability 
requirements  are  stated,  useful  bounds  on  the  average  message  delay 
at  steady  state  are  derived,  and  numerical  examples  are  presented. 

I. INTRODUCTION 

I. N this  paper,  ARQ  error  control  procedures  are  applied to a 
multiaccess'  broadcast  channel  governed  by a time division 

multiple  access (TDMA) channel  access-control  discipline. 
Users share the  common  channel  (multiaccess  feature)  and 
transmissions  by  the  network  stations  are  received  by all the 
stations of ,  the  communication  network  (broadcast  feature). 
Examples  include  a  satellite  communication  channel  where  a 
satellite  acts as a  transponder,  a  radio  channel  in  a  terrestrial 
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radio  network, a coaxial  cable  link,  and  fiber-optics  channels. 
The  stations  of  the  network  are message sources  (and  sinks) 
which  generate messages randomly.  Examples  include  time- 
sharihg  terminals,  stock  quotation  terminals,  vocoders,  and 
central  computer  facilities.  These  sources  may  generate  short 
interactive  type messages and/or  long  blocks of data  associated 
with file transfers.  Error  sources  and  patterns  depend  on  the 
characteristics of the  communicatiori  channel,  For  multiaccess 
channels,  errors  can  be  generated,  for  example,.by  simulta- 
neous  user  trankmissions, by  intersymbol  interference,  and  by 
environmental  noise. 

The  purpose of this  paper is to  analyze  the  operation of 
the TDMA channel  under several ARQ  error  recovery  proce- 
dures.  Specifically,,  the  stop-and-wait,  block,  and  select-and- 
repeat  strategies  are  examined.  Performance  functions  involv- 
ing  channel  throughput  and message delay  measures  are 
analyzed  through a  queuing  theoretic  approach  for  network 
stations  modeled as independent  sources  which  generate 
messages according to  a renewal  process. A stationary  mem- 
oryless  transmission  error  process  model is incorporated to 
evaluate  the  operation of the  channel  under  random  noise 
errors. 

The  generating  function of the  steady-state message delay 
distribution  has  been  derived  for  the TDMA ,control disci- 
pline  by Rubin [1] under a zero  error  rate  assumption.  The 
mean delay  (for a Poisson input process)  has  also  been cal- 
culated  by  'Lam [2].. These  studies  do  not consider the  effect 
of the ARQ  error  recovery  procedures.  Previous  investigations 
of ARQ  systems have been  confined to  single-access communi- 
cation  links  with  emphasis  on  developing  expressions  for  trans- 
mission  efficiency [3] ,  [4]. Towsley  and Wolf [5] -[7]  and 

0090-6778/82/0500-1162$00.75 0 1982 IEEE 

Authorized licensed use limited to: IEEE Xplore. Downloaded on February 25, 2009 at 14:45 from IEEE Xplore.  Restrictions apply.



SAEKI  AND  RUBIN:  ANALYSIS OF TDMA CHANNEL 1163 

Towsley' [8] have recently  obtained  steady-state delay- 
throughput results  which  incorporate several ARQ proce- 
dures.  Their  results  are  confined to single-packet messages 
transmitted over a single-access communication  link.  Konheim 
[9] has  determined  the  steady-state  distributions of  buffer 
occupancy  and  virtual  queuing  time  for  a single-access com- 
munication  link  for several ARQ schemes. 

The  system model is described  in  Section 11. In  Section 111, 
the  ARQ  protocols  under  consideration are defined.  The  mes- 
sage delay and  throughput analysis is carried out  in  Section 
IV. Numerical  results and illustrative  performance curves are 
presented  in  Section  V. 

11. SYSTEM DESCRIPTION 

A synchronized  channel is assumed.  Time  (referenced with 
respect to  a  master  clock) is  divided into equal-length  slots, 
each  of  duration T seconds.  Time  slots start  at each  time 
t = nT, n = 0, 1, 2 ,  and  the nth slot is designated as the 
interval [ (n - l ) ~ ,  nT), n = 1, 2 ,  e-. The  start of a message 
transmission  across the  channel  must  coincide  with  the begin- 
ning of  a  slot. 

The M network  stations  share  the  channel in accordance 
with  a TDMA access-control  discipline.  Contiguous  slots are 
organized into  frames of length M 2 2 slots.  Each station is 
assigned a single slot per frame (a  service slot).  The  queuing 
behavior of  one  network  station, say station  number 1, is 
studied.  The  behavior  of t h s  station is characteristic  of  any 
arbitrary  station. 

Messages arrive at the  station according to  a  (batch)  sto- 
chastic point process { A , ,  n > l}, where A ,  denotes  the  num- 
ber of message arrivals during the  nth  slot. Message arrivals at 
the  station are  recorded  only at  the  start of  a  slot. Further- 
more, message arrivals within  the same frame,  constituting  a 
group, are placed in  the transmission  queue (to await  trans- 
mission) in  random  order.' Messages  arriving at different 
frames  are served on a  first-come, first-served basis. Each arriv- 
ing  message  is  divided into  one  or  more fixed-length  packets. 
The  transmission  time of the  data  (including both  information 
and  overhead  bits)  contained in a  packet is set  equal to  the 
duration  of  a single slot (7). The  number  of  packets  in  the 
nth message  is B,, and {B,, n 2 1) is  assumed to  be a se- 
quence of i.i.d. random variables  governed by an  arbitrary 
discrete  distribution,  a  moment-generating  function B*(z) = 
E{zBn} and  moments bi = E{B,'} such  that bl , b 2 ,  and b3 
are  finite. 

A stationary  transmission  error process is assumed.  Errors 
occur as independent  events. With probability P N ,  an  error 
occurs  in  a single packet  transmission, and  with  probability 
(1 - PN) ,  no errors  occur.  Sufficient  error  detection  capability 
is assumed  such that  the  probability of an  undetected  error is 
negligible. Thus, P N  is also the  probability of  a single packet 
request  for  retransmission. 

1 By Little's  theorem  one  notes  that  this  assumption  has no impact 
on  the  mean message  delay. Any  other  workconserving  discipline 
(such  as FCFS, LCFS,  etc.) will yield the  same  mean  delay.  Further 
note  that  the  mean  number of  arrivals at  a  station  during  a  frame is 
typically  small, so that  other  intragroup  service  disciplines  will  yield 
message delays  close  to  those  derived  here. 

111. ARQ SCHEMES 

Three general categories  of  ARQ  schemes  are  investigated 
in  this  paper:  stop-and-wait (SW), Block  (or Go-Back-N), and 
Selective Repeat (SR). In  conjunction  with  these  ARQ 
schemes, two  acknowledgment  procedures are considered, 
since multipacket messages are  addressed:  packet-by-packet 
(PP) and message-by-message (MM). Packet-by-packet 
acknowledgment  requires that  each  packet of  a  multipacket 
message be  acknowledged  individually. Message-by-message 
acknowledgment  allows  groups of packets (i.e., messages) to  
be acknowledged  simultaneously. 

The  implementation  of  these  acknowledgment  procedures 
in  actual  networks  depends  on  the available acknowledgment 
feedback  link  between the source  and  destination  stations. 
This  feedback  link  can be provided by piggybacking  ACK's on 
the  data  traffic  or  by dedicating  a  separate  channel to 
acknowledgment  traffic,  by  either  spatial-,  time-,  or  frequency- 
multiplexing with  data  traffic.  In  general,  different  acknowl- 
edgment  mechanisms will induce  distinctly  different  response- 
time  characteristics.  In addition,  the response-time  delay 
(measured from  data transmission  time to  acknowledgment 
time)  can vary for  different  source-destination. pairs. To 
include  these  effects,  a  stochastic  model for  the  acknowl- 
edgment  delay is used. 

The  acknowledgment  frame  delay  of the  ith message (or 
packet) is denoted  by  Ki. It is measured from  the time  of  data 
transmission to  the  time of its earliest possible retransmission 
(if needed).  Thus,  a  transmission  in the  mth frame is acknowl- 
edged  within the subsequent Ki frames and, if necessary, 
retransmission is made  in the (rn + Ki)th  frame.  The  sequence 
{Ki, i 2 l} is assumed to  be an i.i.d. sequence  of  random vari- 
ables with discrete  distribution  such  that  the  first  three 
moments  (kl , k2,  k3) are finite.  Furthermore, acknowledg- 
ment transmissions  are  assumed to be  errorless  (sufficient 
coding is applied) so that acknowledgments are  never lost. 

A .  Stop-and- Wait Schemes 

Under the preceding  assumptions,  the  following  stop-and- 
wait  schemes are considered. 

I )  SW ARQ-PP  ACK: If the j th  packet  of  the  ith message 
is transmitted  in  the mth TDMA frame,  then  in  the (m + Ki)th 
frame  either  the j th packet is retransmitted (NACK  received) 
or  the  next  packet in the  transmit  queue (i.e., the ( j  + 1)st 
packet  of  the  ith message, or  the first  packet  of  the (i + 1)st 
message, if any  such  packets  exist) is transmitted (PACK 
received). 
2) SW ARQ-MM  ACK. The SW scheme using MM acknowl- 

edgment  requires  packets  of  a message to  be transmitted  in 
consecutive TDMA frames.  If the last  packet  of  the message  is 
transmitted  in  the mth frame,  then message transmission  stops 
until  the (m + Ki)th  frame. By this  frame,  the  ith message 
transmission,  which  ended in  the  rnth  frame, has  been 
acknowledged. A PACK (all packets received correctly  by  the 
destination  station) allows the  next message transmission to  
begin. A NACK (when  one or more  packets  of  the message 
have errors)  induces several  possible actions. We consider the 
following two alternatives. 

Nonselective (MMNS)-A  NACK requires the retransmis- 
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sion of the  entire message. A PACK is returned  only if all 
packets  in  the  current message transmission  are received cor- 
rectly. 

Selective (MMS)-A NACK requires  the  retransmission 
of only  the packets that  contain errors. If this pseudomessage 
of packets is subsequently NACKed, the  set of packets that 
contain  errors  from  this pseudomessage is retransmitted. 
Thus cycle is repeated until  a PACK is returned. 

These SW schemes  allow  only  one  outstanding  unacknowl- 
edged  message-unit  transmission (i.e., a  packet  under PP ACK, 
or  a message under MM ACK). The  oldest message in the 
transmit  queue  must  be  positively  acknowledged  before  the 
next message begins  transmission.  Thus, messages are  removed 
from  the  transmit  queue  on  a  first-come, first-served basis. 
In addition,  by using the PP or MMNS ACK schemes, the 
packets of a message are  automatically  received  by  the  destina- 
tion  station  in  their  proper sequence. The MMS  ACK scheme, 
however,  requires the  destination  station  to buffer  the  error- 
less packets  until all the  packets of a  multipacket message are 
received  correctly.  Then  the  destination  station  must  reas- 
semble the  packets  to  form  the original message. 

B. Block  Schemes 
Unlike the SW schemes, the block  schemes  do not require 

packet  transmission to cease while  waiting  for  acknowledg- 
ments.  Transmissions  are continuous as  long  as  there are 
packets  waiting  for  transmission.  Hence, more  than one 
unacknowledged  transmission  can  be  outstanding.  Since  our 
model provides  for random message sizes and  random 
acknowledgment  delay,  transmissions  can  be  acknowledged  in 
an  order which is different  from  their  position  in  the  transmit 
queue. To simplify the block ARQ analysis, the following 
assumptions are made  (when  block  schemes  are  considered). 

1) At  the  Source Station: The oldest  outstanding  transmis- 
sion  determines  the  operation of the  block protocol. Thus,  a 
NACK requires its retransmission and  the retransmission of 
all  subsequent  packets,  regardless of their  acknowledgment 
status. 

2) A t  the  Destination Station: The  destination  stations 
acknowledge  each  transmission  regardless  of its past  acknowl- 
edgment  status. 

The  first  assumption  guarantees that messages are  removed 
from  the buffer of the source  station  in  the same order  they 
were placed  in the transmission  queue. By the second  assump- 
tion,  a transmission  which  has  previously  been  positively 
acknowledged but which must be  retransmitted,  due to  an 
older  negatively  acknowledged  transmission, is viewed by  the 
destination  station as a  new  transmission. In  other  words,  the 
past PACK information  for  such  a  retransmitted message is 
disregarded. 

Under  these  assumptions, the underlying  station service 
system is modeled as a single-server queuing  system  where 
customers  are messages and  the server is the channel. In  this 
analogous  queuing  system,  customers  are served in  a  first- 
come, first-served basis so that  the message order of departure 
is identical to its  order  in  the  transmit  queue. Message delays 
calculated  under  these  assumptions  clearly serve  as upper 
bounds  for delays  realized  by  block ARQ systems  which allow 

messages to be  removed from  the  buffer immediately upon  the 
receipt of a PACK, or by systems  which  retain  acknowledg- 
ment  information. 

Incorporating  these  assumptions,  the  following  three  block 
schemes are considered. 

1) Block ARQ-PP ACK: Packet  transmissions  are  made in 
contiguous service slots as long as the  transmit  queue  holds 
packets  waiting  for  transmission. Each  packet  transmission is 
acknowledged  separately. If the jth packet  of  the  ith message 
is transmitted  in  the mth frame,  its acknowledgment  is  re- 
ceived by the source  station  by  the (m + Ki)th  frame. A 
NACK requires  the  retransmission of this  packet in the ( m  + 
Ki)th  frame and  the retransmission of packets  transmitted 
during the acknowledgment  delay (i.e., packets  transmitted 
in  frames m + 1, m + 2 ,  - e ,  m + Ki - 1) in  succeeding  frames. 

2) Block ARQ-MM ACK: The block ARQ protocol using 
MM ACK requires  continuous  packet  transmission  in  contigu- 
ous  frames as long  as  the  transmit  queue  contains  packets 
waiting  for  transmission. When the  last  packet of a message is 
received, the  destination  station  acknowledges  the message. 
A PACK allows the message to be  removed from  the  buffer if 
it is the oldest message residing  in  the  buffer. If this  posi- 
tively  acknowledged message  is not  the  oldest,  then  its PACK 
is stored  until  either 

a) it becomes  the  oldest and is, thereby, removed from 
the  buffer, or 

b)  an older message is negatively  acknowledged,  in 
which case the  stored PACK is erased and  the  transmit-ac- 
knowledgment  sequence  for  this message  is renewed. 

Similar to the SW ARQ-MM  ACK schemes,  a NACK can 
result  in  several  possible  actions. We consider  the  message-by- 
message nonselective (MMNS) scheme  and the message-by- 
message selective (MMS) scheme  previously  described  for the 
SW ARQ. 

C. Select-and-Repeat  Schemes 
Like the block ARQ scheme, messages are  transmitted in 

contiguous service slots  as  long as the  transmit  queue is non- 
empty.  The SR ARQ strategy,  however,  requires  only nega- 
tively  acknowledged  (errant)  packets to  be retransmitted. 
Thus,  this  continuous ARQ system  avoids the unnecessary 
retransmissions of the block ARQ schemes  and  the  wasteful 
idle  periods of the SW ARQ schemes. The  execution of SR 
ARQ systems,  however, involves additional  complexity (e.g., 
message reassembly and ordering,  additional  addressing  and 
identification,  and  increased  buffer  requirements). 

The investigation of the SR ARQ systems is restricted to  
single-packet messages (Bi E 1, i = 1, 2, e-.) and  constant 
acknowledgment  delay (Kt E K ,  i = 1,2,  -). Packet  transmis- 
sions  are  made  in  contiguous service slots as long as there  are 
packets  awaiting  transmission.  Only  negatively  acknowledged 
packets are retransmitted  and  these  retransmissions  are  made 
in  the  earliest available service slot. A transmission  in the  mth 
frame is acknowledged  within K  subsequent  frames  and, if 
necessary,  retransmission is made  in the (m  + K)th frame. 

Thus,  three SW ARQ schemes,  three  block ARQ schemes, 
and  an SR ARQ scheme  are  considered. It is immediately 
observed that 1) the SW and  block ARQ systems  are  equiva- 
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lent  when Ki f 1,  2) the PP and MM ACK schemes  are equiva- 
lent  when Bi E 1,  and 3) the SW, block,  and SR  ARQ systems 
are  equivalent  when Ki 1 and Bi 1. 

IV. MESSAGE DELAY 

Message delay (DR) is measured (in slots) from  the time of 
message arrival at  the source station to  the time  when the 
entire message is correctly received by  the  destination  station. 
For  the block ARQ protocols  under  consideration, messages 
may be transmitted  without  errors  more  than  once. In these 
situations, DR is measured from  the message time of arrival 
to  the time of the successful reception  of  its last copy,  follow- 
ing  assumptions 1 and 2 .  

An  alternate  delay  measure (Ds) represents the time  period 
(measured  in  slots) from  the message time  of arrival at  the 
source  station to the time of  its positive acknowledgment  and 
removal from  the source  station's  buffer.  Thus, DS is equal to 
the required  holding  time of a message in  the  station's  buffer. 

The  difference Ds - DR between the  two delay  measures 
is clearly  equal to the acknowledgment  delay.  The  acknowl- 
edgment  delay is the time  required to  acknowledge the last 
transmission and remove the corresponding message from  the 
transmission  buffer.  Since Ki  is the acknowledgment  frame 
delay of  the  ith message?(or packet),  the  difference is bounded 
by Ds - DR < KIM.  This  acknowledgment  delay  can also be 

modeled  by  a  random  process similar to  Ki. 
The  delay  of the  nth message is decomposed  into  the sum 

DR, U, + W,, + T,, + R  (1) 

where U,, denotes  the  frame  latency  delay of the message 
from  its arrival slot to  the  next service slot (i.e., the  next 
transmission  slot assigned to  this  station), W, is the.additiona1 
delay  until the (n - 1)st message completes  its  last  errorless 
transmission  and the  nth message  begins transmission, T, is 
the effective message transmission  time  measured from  its 
first  transmission  (following the last  errorless  transmission of 
the (n - 1)st message) to the  end  of  its  last  errorless  trans- 
mission,  and R is the  propagation delay from source to desti- 
nation. 

The variable U, is characterized by  the message arrival 
process { A ,  n 2 1) precisely as shown  in [14, Appendix B] 
for V, there.  From  this  analysis, we conclude {U,,, n > l} to 
be  a Markov chain with a  transition  probability  function 
Pkm as given in [14]. It is also  shown  there  that if {A,, ,  n 2 
1) is an i.i.d. sequence of  random variables, then  at  steady 
state U,, is governed by  the  uniform  distribution P(U,, = ij = 
l/M for i = 0, 1, 2 ,  - e ,  M - 1, with  mean (A4 - 1)/2 and vari- 
ance (M2 - 1)/12. The  limiting moment generating function 
of U,, is designated as U*(z). 

The message arrival process is assumed t o  be  described by 
the sequence {N,,, n 2 I} where N,, expresses the  number  of 
messages  arriving during the  nth frame.  The  sequence IN,, 
n > 1) is assumed to be a  sequence  of i.i.d. random variables 
with discrete  distribution {P(N, = j )  = q,, j = 0, 1, -}, gen- 
erating  function N*(z), finite  first,  second,  and  third  moments 
(nl , n 2 ,  ns )  and variance un . 2 

A .  SW and Block ARQ Schemes 
Since each station is allocated  a single transmission  (or 

service) slot  per  frame, message arrivals can be characterized 
as group arrivals. The  group arrival process is described by  the 
stochastic  jump process {(Tn, G,,), n 2 1). The  random vari- 
ables 2, and G, denote  the  time  of arrival and  the size, respec- 
tively, of the  nth  group. An arrival group  contains messages 
that arrive within  the same frame,  provided that  their  number 
is positive. 

The  group arrival sequence {T,, , n 2 1) is a  discrete  time 
renewal point process with  independent  and geometric  distrib- 
uted interarrival  times, {P(Tn+l - 2, = Mi> = qoj-'(l - qo) ,  
j = 1, 2 ,  .-}. The group-size process { G, , n 2 1) is a  sequence 
of i.i.d. random variables, statistically independent of {in, n 2 
1) with discrete  distribution {P(Gn = j )  = q j ( 1  - 90) , 
j = 1,2,  -}. 

With this  characterization of the message arrival sequence, 
the delay component W ,  can  be  expressed as the sum 

- 1  

where W , ( L )  is the waiting  time  of the  group  leader,  which is 
the first message to be transmitted  from  among  the messages 
in  the  group to which the  nth message belongs, and W,(G) is 
the  waiting  time of the  nth message beyond  that of its group 
leader. 

The variable Wn(L) has  the same distribution  as  that  for 
the waiting  time of a  customer  in  a  discrete-time single server 
queuing system with bulk independent arrivals, described by 
the  stochastic  jump process {(t,, G,), n 2 I}, and service 
times {S,,, n 2 1) where 

i= 1 

The variable S n ( i )  represents the  completion  time  of  the ith 
message  arriving in the  nth  group,  or  equivalently,  it is the 
completion  time  of  the  lth arriving  message where I is related 
to  n and i by 

n-1 

l = i +  ci. 
j =  1 

It is the  time interval  between the  moment when the trans- 
mission of  the message  begins (after the preceding message has 
finished its last  transmission)  and the first moment  there- 
after  (after  its  last  transmission)  when  the  channel  becomes 
available to  transmit  the  next message, expressed  in  frames. 
The  operational  differences  among  the SW and  block  ARQ 
systems  are  expressed  through the  completion  time.  The 
transmission  policies  (stop-and-wait versus continuous)  and  the 
acknowledgment  procedures  (packet-by-packet versus  message- 
by-message) together  with  the  retransmission  schemes  (non- 
selective versus  selective) mathematically  define Sn( i ) .  Thus, 
the expressions for  completion  time  in  Table I delineate 
the essential  features  of  the  six SW and  block ARQ-ACK 
schemes.  The  process {Sn( i ) ,  n 2 1, i> 1) is an i.i.d. sequence, 
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TABLE I 
PROTOCOL  COMPLETION TIMES 

SW ARQ Block ARQ 

Be 
PP ACK ,(i) = 

n K~sR~j Be 
]=I 

s(~) = ~ [ K ~ ( R ~ ~  - 1) + I ]  

" N S  ACK S(')=Be+[B + K  -1](8 -1) S:i) = [Be + Ke - I]ie e a  e 

MMS ACK 
j=O 

Mote:  Empty sums  are set to 0. 

Rej = number of transmissions  required  by  the jth packet of the eth message 

=number of message  transmissions  required by the eth message 

ie = number of messagelpseudo-message  transmissions  required by the eth message 
BF)=number of packets  in jth pseudo-message  with B(O) A e -Be 

TABLE I1 

TRANSMISSION ERROR PROCESS 
MEAN COMPLETION TIMES ~ ( s , ( i )  I B ~ )  FOR THE STATIONARY 

PP ACK 

M"S ACK , 

MMS ACK 

SW ARQ 

k,Be 
1 - PN 

with  steady-state  generating  function  denoted  by s*(z), finite 
first,  second,  and  third  moments (SI, s2, sa), and  variance 
02. The  conditional  expectations of the  completion  time 
given Bl are  summarized  in  Table I1 for  a  stationary  transmis- 
sion  error  process.  Expressions  for  the  second  and  third 
moments  are  found  in [9]. 

Waiting-time  results  for  such  single-server  queuing  systems 
have been  derived  in [ I ] .  (See [ I l l  for  basic  discrete  time 
queuing  results.) The  traffic  intensity  parameter p is equal  to 

p = S ] n ] .  (4) 

For p > 1, the  queue size and  waiting  time  become  arbitrarily 
large as time  increases.  For p < 1, the  limiting  waiting-time 

Block  ARQ 

distribution  exists  and  its  generating  function  is given by 

The  limiting  distribution  of W,(') always  exists  and its  gen- 
erating  function is  given by [ 1 J , [ 111 

The  effective  transmission  time of the  nth message is expressed 
in  terms of its  completion  time  and  acknowledgment  frame 
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M 2 ( p 2  + 2) 1 M2 
var (DR ) = _ -  

12 
+------ 

12 3(1 - p )  
(S, (i) - K ,)M + 1,  for SW ARQ 

', = { (S,(i) - l)M + 1,  for block ARQ. 
(7) 

The  generating function of T, is denoted by T*(z). 
Theorem 1: The  generating function of the  limiting  mes- 

sage delay under a TDMA control discipline,  which uses the 
' SW ARQ or  the  block ARQ error  recovery  procedures, is given 

by 

DR *(z)  = U*(Z)WL*(Z)  W,*(z)T*(z)zR (8) 

for p < 1.  The corresponding  steady-state message-delay mean 
and variance are given by 

M2  M2 
var (DR) = var (v> + -+ - 

12 3(1 -p) 

Equations (9) and  (10)  are valid for  each  of the six ARQ-ACK 
protocols.  The  distribution  of Sa(') is governed by the differ- 
ent statistics.  presented in Table I (with  the expressions for 
Rl . ,  Rl ,  and Rl determined by  the  operation of their respective 
AkQ-ACK schemes, the message length  distribution,  and  the 
statistics  of the transmission error model). 

If the message arrival process {A , ,  n > 1) is assumed to  
be an i.i.d. sequence of Poisson distributed  random variables 
with average arrival rate  equal to  h messages per  slot, (9) and 
(10)  are  modified as follows. 

Corollary I: For a Poisson  message arrival process, the 
message-delay mean  and  variance,  under  a TDMA control 
discipline that uses the SW ARQ or  the block ARQ error 
recovery  procedures,  become 

f o r p  = AMsl < 1. 

B. SR ARQ Scheme 
The  evolution  of  the  channel  (for  the  station  under  considera- 

tion) is completely  described  by  the  channel  states at service 
epochs (service slots). Let service epochs  start at times t ,  = 
nMr, n = 0, 1,  2, e:.. The  channel  state process can  be  repre- 
sented  as  the vector Markov chain z = {z,, n 2 I} over the 
space Z2 X ZIK+'  where Z denotes  the  set  of  nonnegative 
integers, 11 = {0, l}, and 2, = { N n ,  Qn- ,  Unl,   Un2,  a * * ,  U n ~ ,  
ACK,&}. The variable N ,  is the  number  of  new message 
arrivals, between  the (n - 1)st and  nth service epochs.  The 
transmit  queue size (those  packets  waiting  for  their  first 
transmission)2 at t,- = nMr - 0 is denoted  by en-. The 
variable Uni indicates  packet  transmission  (or  the  lack of it) 
in  the (n - i 4 1)st service slot (set =1  to indicate  a  packet 
transmission  and =0, otherwise)  and ,ACK, K indicates the  ac- 
knowledgment  status of the transmission  made  in the (n - 
K + 1)st service slot (set =1  for positive acknowledgment and 
=0, otherwise). 

The  transmit  queue size is  governed by the foliowing re- 
cursive relationship (see Fig. 1): 

e n + , -  =Nn+l + [ e n -  -I(e,>j+ (13) 

where 

[x] + = max (0, x) 

I(x) = I 1 ,  x true 

0, otherwise 

E ,  = {(U,K = 1, ACK,K = 1) or (U,K = 0)). 

If the event E ,  is true, a  new  packet  transmission  may begin 
in the (n + 1)st service slot  and  the  transmit  queue size is 
reduced by  1. A transmission is made  in  the (n  + 1)st service 
slot if either 1) a  transmission in  the (n - K + 1)st service slot 
is negatively acknowledged  or  2) the  transmit  queue is non- 
empty  at t,- (i.e., (2,- > 0). Hence 

Under the  stationary transmission  error  process  model, the 
sequence {ACK, K }  is. an i.i.d. sequence of Bernoulli  distrib- 

E(DR ) = M -  - + Mpsi +E(T)+R 
2 2(1 - P)sl 

(1 1) 2 Those  packets  waiting  for  acknowledgment or retransmission are 
held in a separate queue  (transit  queue). 
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QA.1 an  0; O"+l %+2 .. - 

n-th l l  1 I 
SERVICE 
SLOT SLOT 

h + l l - n  
SERVICE 

In+ZI-nd (n+lI-rd 
SERVICE 
SLOT 

SERVICE 
SLOT 

t-1 tn  '"+l 'n+Z - 
WITH Nn+l MESSAGE ARRIVALS 
In+ll.rt  TDMA FRAME 

Fig. 1. Transmit queue size relationships. 

I 

1 
ACKnK" P(ACKnK = i I UnK=  1) 

PN i f i = O  Nn+l P(.) 

I 
v v 7 

"n+1, i = "n, i-1 En = {(unK = 1. ACKnK = 1)  or (unK = 0 ) )  

i=2, 3, . . . , K a,,+1 = N,+~ + [a;; - I ( E , J I  + 

I 
A t - 

Fig. 2. Transition X ,  +. for the vector Markov chainXassociated 
with the TDMA channel using SR ARQ. 

uted  randoni variables: R,  is geometrically  distributed and  the  mean  number  of  errant 

The preceding  relationships  yield  the  transition  probability 
function  for  the Markov  chain z .  One  observes that; given z,, 
ACK, K is specified ,and  that z,+1 depends  on ACK, K . How- 
ever,'X = { X n ,  n + l} where X ,  = { e n - ,  Unl, unz, * * * ,  U n K }  
is also  a  vector  Markov  chain over the space [ X  Il by virtue 
of (15). A flow diagriun indicating  the  transition X,, + is 
ptesented  in Fig. 2 .  

Konheim  [9] (see also  Saeki [lO])has  determined  the  fol- 
lowing  necessary and  sufficient  condition  for  the  vector 
Markov chains z and X to  be ergodic. 

Proposition I :  The  processes z and X are  ergodic (positive 
recurrent) if and  only  if n ,  < 1 - PN. Thus,  the  maximum 
throughput of this  channel is 1 - PN packets  per setvice slot, 
and  with n i  < 1 - P N ,  the average steady-state  queue-size 
and message delay  are  finite. 

The delay  of the  nth message is expressed by (1). The effec- 
tive transmission  time is  given by 

The average waiting  time in  the  transmit  queue  at  steady  state 
is related to  the average queue size by Little's  result [ 131 . 

Proposition 2: 

where the  expectations are with respect to  the steady-state 
distributions. 

The variable e,,' is the  transmit  queue size at t,' = nM + 
0 and  it is related to  Q,- by 

Q,- = Q n - l +  + N,.  (19) 

Squaring both sides  of  (13),  taking expectations  with respect 
to  the steady  state  distributions,  and  rearranging  terms, we 
find  that 

T,  =MKR,  + 1 
(16) E{Qrt- [I(€, > Qn- > 0) -Nn+ 1 1 1 = 

nl ( l  - n l ) +  on2 
2 

. 
where R ,  is the  number of errant transmissions  of the  nth 
message. Under the stationary  transmission  error  process, (20) 
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steady  state  are  experienced  with single-frame acknowledg- 
ment delays. Furthermore,. Wu agrees with  the result derived 

(21) - for  the block  and SW ARQ systems with Bi = 1 ,  Ki = 1 ,  
i 2 1. We note  that these  waiting  time bounds are  independ- 
ent of K and  they deviate from  each  other as the average 
message arrival rate  approaches  the  maximum  throughput 
value as demonstrated by  the following ratio: 

WCJ 1 - n l  
w, l - P N - n 1  
_-  - 

Slightly  more  complex bounds are  derived in the  Appendix: 

Using (1 9) we  have Qn - > Nn , so that Qn-I(Un K = 0) B 
where 

with  equality  when K = 1 .  In steady  state,  the  distribution  of 
Un K is given by (see [9], [IO]) 

These results  are  summarized in Lemma 1. 
Lemma 1: For the TDMA channel using SR  ARQ,  for 

nl < 1 - P N ,  the average (single-packet) message waiting  time 
in  the  transmit  queue at steady  state is bounded by 

1 -- i f j = O  
n1 

1 - P N  
P ( U n K  = j )  = 

M V ~  Q E(W)   ME^ (32) 

n1 i f j =  1. ( 2 5 )  where 
1 - P N  

- 

Since en- and N n + 1  are  statistically independent, (18)- , 
w,!, = max (wL > W L K )  

(25) yield the following  upper bound: 
- 
Wu = min (Wu, W U K ) .  

1 (n2 - n l ) ( l  - P N ) +  2ni2pN 
--E(W) < wu. (26) bounded  by 
M 2n1( l  - P N  - ~ l ) ( l  -PN) 

The difference  between  these bounds is itself noted to be 

A lower bound  can  be  obtained using a similar procedure  by FCJ - w L  Q 
first  rewriting (23) as  follows: 1 - P N  

(K - 1)PN 
(33) 

E I Q n - I ( e n ,  Qn- > O )  Thus,  by using the  bounds on the average waiting  time  stated 
in Lemma 1, together  with (1) and (17), bounds  on  the aver- 

(27) Theorem 2: Under the TDMA access-control discipline 
using SR  ARQ  error  control, the average steady-state message 

=E{&,-  - p N Q n - I ( u n K  = 1)) age  message delay at steady  state  are  established. 

<E{Q,- - P N N n I ( U n K  = 1)). 

Substituting (25) and (27)  into (18)-(20) yields the following (Sinde-PaCket) delay is finite  and  bounded  by 
lower bound: 

DL Q E(DR) < D u  (34) 
i (n2 - nl )(I - P N )  + 2n1 2 ~ N  - E(W) 2 2 w,. 

M 2nl(1  -nl  )(l - p N )  (28) where 

The  upper  bound Wu is an  exact  result  for K = 1 and,  there- D~ ~ ( u )  + ~ @ i  + -, M K P ,  
fore,  the largest average waiting  times  in the  transmit  queue at 1 - P N  

+1+R 
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when n1 < 1 - PN. When n1 > 1 - PN, the limiting average 
message delay is infinite. / 

quence  of  Poisson  distributed  random variables with average 
arrival rate  equal to  h messages  per slot,  the  steady  state mes- 
sage delay bounds are  specified as follows. 

Corollary 2: For a Poisson  message arrival process, the 
bounds  on  the average  message  delay at  steady  state,  under  a 
TDMA control discipline  using the  SR  ARQ  error recovery 
procedure,  are given by 

It. the message arrival  process { A n ,  n > 1) is an i.i.d. se- 1.0 

--A SW ARQ 

!- 

$ 0.6 
0 

DL  <E(DR) < D u  (35) 2 
I- 
z 
$ 0.4 

where 

2 M +  1 MKPN 

2 1 -PN 
DX =- +MWx+- +R 

0.2 - 
W,  = max ( W i ,  W L K )  

Wu = min (Vu,  W u K )  

wu = 

- 

M(l +pN) 
0.0 

0.0 0.2  0.4 0.6 0.8 1 .o 

2(1 -PN - XM)(l -PN) PACKET  NOISE  ERROR  PROBABILITY PN 

when hM < 1 - PN. When AM 2 1 - PN, the limiting average 
message delay is infinite. 

V. NUMERICAL RESULTS 
The delay  and throughput  performance  of  the ARQ-ACK 

schemes  are  compared assuming Poisson message arrival 
streams. The average  message delay is normalized by  the 
TDMA frame size (M). Resulting terms  which  are  proportional 
in value to l /M have been  neglected. (These terms are negli- 
gible for reasonably large M.)  The additive  fixed  propagation 
delay is set  equal to  zero (R E 0). 

Figs. 3, 4, and 5 present  throughput  and delay  results  for 
the SW and  block  systems  operating  with  multipacket mes- 
sages (Bi = 5) and  with Ki = 2. These  results  exhibit the dif- 
ferences  among  the PP, MMNS, and MMS ACK schemes. 
Maximum throughput versus packet noise error  probability 
curves  are  shown in Fig. 3. The  block  ARQ  system  provides 
larger maximum  throughput values than  the SW ARQ  system 
for  each  acknowledgment  scheme. Also for  both  ARQ sys- 
tems,  the MMS ACK scheme achieves the largest  maximum 
throughput values. This  result is expected since the MMS 

Fig. 3. Maximum throughput versus packet noise error probability 
curves for  a,TDMA  channel using SW or block  ARQ and PP, MMNS, 
or  MMS  ACK with Bi = 5 ,  Ki = 2. 

60 

40 

> 
4 x Id 
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u 8  2 
r n  
W 
% 6  t 
U 

‘i 2 
1 I I I I I I I I I 

0 0.2 0.4 0.6 0.8 1 .o 
THROUGHPUT MA (packetdservice slot) 

Fig. 4. Delay versus throughput curves for a TDMA  channel using SW 
or block  ARQ and PP, MMNS, MMS  ACK with Bi = 5,  Ki = 2 ,  PN = 0.2. 
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PP 

0.8 - "S 

--- SW ARO - BLOCK  ARO 

0 I I I I I I I I 1 
0 0.2 0.4 0.6 0.8 1 .o 

T H R O U G H P U T  MA (packedservice slot) 

Fig. 5. Message delay standard deviation-to-mean  ratio versus  through- 
put curves for a TDMA channel using SW or  block ARQ and PP, 
MMNS, MMS  ACK with Bi = 5 ,  Ki = 2, PN = 0.2. 

ACK scheme  requires  fewer  packet  retransmissions than  the 
MMNS  ACK scheme and experiences  fewer  acknowledgment 
delays than  the PP  ACK scheme. For  the  block ARQ system, 
PP  ACK provides larger maximum  throughput values than 
MMNS  ACK for all nonzero  error probabilities, since the 
number of packet  retransmissions is always less under PP ACK. 
For  the SW ARQ system  there  exists  a  noise  error  probability 
value ?N such  that  for b~ < PN,  MMNS provides larger Faxi-  
mum  throughput values than PP ACK, and  for PN > PN PP 
ACK provides the larger  value as demonstrated  in Fig. 3. 

Average  message delay and message delay  standard devia- 
tion-to-mean (S/M> ratio results  are  shown  in Figs. 4 and 5, 
respectively,  The  best  delay-throughput  performance is ex- 
hibited  by  the MMS  ACK scheme  followed  in  order  by PP 
ACK and MMNS  ACK for  both  the SW and  block ARQ sys- 
tems.  The  advantage  of  the MMS  ACK scheme  increases with 
message size. The  performance  advantage  of  the  block ARQ 
systems over the SW ARQ systems is clearly  demonstrated 
(particularly for PP ACK). This  disparity  increases as the 
acknowledgment  delay is increased. 

The message delay S/M ratio versus throughput curves  in 
Fig. 5 indicate  that  the block ARQ-MMS  ACK scheme 
provides the best  performance over most  of  the  throughput 
range. Hence,  the  block ARQ-MMS  ACK scheme  exhibits  the 
best  mean  and variance  message delay  characteristics from 
among  the SW and  block ARQ systems. 

Maximum throughput versus packet noise error  probability 
curves  are  shown in Fig. 6 for  the SW, block,  and SR ARQ 
systems. These results  are derived for single-packet messages 
and  a five-frame acknowledgment  delay. As expected,  the SR 
scheme  provides the largest maximum  throughput values for 
all error probabilities. Average packet  delay versus throughput 
curves are  shown in Fig. 7. The SR ARQ curve is the  upper 
bound on the  actual  steady  state delay. These results  clearly 

1 .o 

0.8 

I- 
n 
3 

5 0.6 
3 
g 

-5 
I 
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0.4 
X 

H 
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PACKET  NOISE  ERROR  PROBABILITY PN 

Fig. 6 .  Maximum  throughput  versus packet noise error probability 
curves for a TDMA channel using SW, block, or SR ARQ  with Bi = 
1 ,  K i =  5. 

t 
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THROUGHPUT MA (packetshewice slot) 

Fig. 7 .  Delay versus throughput curves for a TDMA channel using SW, 
block, and SRARQ  withBi = 1 ,  Ki = 5,PN= 0.2. 
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demonstrate  the  advantage  possible  with  the SR ARQ scheme 
for  communication  channels  with  nonzero  error  rates  under  a 
TDMA access-control  scheme. 

VI. CONCLUSIONS 

The  operation of a TDMA channel using SW and  block 
ARQ error  recovery  procedures was examined  under  several 
acknowledgment  mechanisms.  The  generating  function  of  the 
message delay  distribution  at  steady  state was derived  for 
multipacket messages under  random  acknowledgment  delays. 
Expressions  for  the message delay  mean  and variance were 
obtained. 

The  operation of a TDMA channel was also  examined  under 
the ‘SR ARQ error  recovery  procedure. By considering single- 
packet messages and  constant  acknowledgment  delays,  the 
evolution of the  channel was described  by a vector Markov 
chain.  The  conditions  for  ergodicity were stated. Upper  and 
lower bounds  on  the average delay at  steady  state were  de- 
rived. 

Numerical  examples of the delay  and throughput  perform- 
ance  were  presented  for a  stationary  transmission  error  process 
model  with  a Poisson  distributed message arrival  process. 
These  results  demonstrate  the  performance  advantage possible 
with  the SR ARQ scheme compared  to  the SW or  block ARQ 
schemes  for  communication  channels  with  nonzero  error  rates. 
These  results,  derived  for  the TDMA channel,  are  with  obvious 
modifications  also  appropriate  for  a  slotted  frequency division 
multiple  access  channel  and  for  a  slotted  statistical  concen- 
trator used in association  with  a  single-access  communication 
link.’ 

APPENDIX 
DERIVATIONS OF WLK AND W ~ K  

The  first  term  on  the  left-hand side  of (20) can  be ex- 
pressed as  [see (23)] 

Solving (13) recursively  with Zj = I(ej ,  Qj- > 0), the  transmit 
queue  size  becomes 

Multiplying (A2) by Z ( U n ~  = 0) 

Hence,  it  follows  that 

for K 2 1. In  addition, 

and using (A2) 

where 

l o  i f K = l .  

Thus,  substituting  the  inequalities (A5) and (A8) into (Al) 
yields  the  relationships  necessary to  evaluate (20). Bounds  on 
the average steady  state  queue size result,  and  the  desired 
bounds ( W L ~ ,  W U K )  on  the average waiting  time E(W) at 
steady  state  follow  from (18) and (19). 
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