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Abstract 
We present a new performance analysis method for in- 
put and output queueing switches, driven by imbal- 
anced traffic processes, using a correlated G/G/1 queue- 
ing model. We construct a correlated G/G/1 queue- 
ing system to  characterize the queueing behavior of the 
underlying switch. For this system, "messages" corre- 
spond to  input traffic "modes". We derive the cell de- 
lay distribution and the cell blocking probability for the 
switch architectures under consideration. Mie also state 
stability conditions for the message processes served by 
the switches under consideration. For cell arrival pro- 
cesses which are deterministic within each mode, the 
analysis is exact. 

1 Introduction 
Asynchronous Transfer Mode (ATM) represents a link layer tech- 
nique which is widely considered for implementation by high speed 
networks which support B-ISDN services. Studies ([1]:[2],[3]) 
show the throughput capacity per port of an input queueing 
switch to  be close to  0.586 under an output-uniform traffic loading 
pattern. The performance of a non-blocking space-division packet 
switch in a correlated input traffic environment is analyzed in [8]. 
This study indicates that ,  if the source access rate is substan- 
tially lower than the link transmission rate: the effect of input 
traffic correlation on the output contentions can generally be ig- 
nored. In [9], a diffusion process is used to  approximately model 
the performance of an ATM switch as a statistical multiplexer. 

Under practical operational Conditions, i t  is commonly the 
case that incoming traffic streams select their destinations in 
a highly non-uniform fashion. Induced by burst. occurrences 
across input lines, such non-uniform destination-oriented pat- 
terns can last for relatively noticable periods of times, as well 
as change orientation from period to  period. 

The purpose of this paper is to  investigate the throughput per- 
formance of input-queueing and output-queueing ATM switches 
under non-uniform traffic loading conditions. In Section 2 ,  we 
describe the switch architectures under consideration, as well as 
the traffic model. In Section 3 ,  we construct a model and carry 
out analysis of a correlated G/G/1 queueing system which is used 
to characterize the queueing behaviour of the underlying switch. 

carry out cell blocking performance analysis. Examples and ap- 
plications are presented in Section 6. Conclusions are given in 
Section 7 .  

Cell delay analysis is presented in Section 4. In Section 5 ,  w e  

2 Model Description 
In this paper we consider the following ATM switch architec- 
tures: input-queueing shared and dedicated memory, and output- 

queueing shared and dedicated memory. Operation of the above 
mentioned switch architectures is described in [2],[3],[4]. 

The  following two traffic models are assumed for the analysis 
of the above described switch systems. 

Traffic Model 1: Traffic Model 1 is applied for the anal- 
ysis of any of the previously described architectures. Each in- 
put line is driven by an input traffic source. The  input traffic 
source is assumed to  generate traffic in accordance with a Multi 
Mode Cell Generation Process (MMCGP) with M states (modes). 
The source stays in mode k for exponentially distributed period 
of time with parameter pk. The source then makes a transi- 
tion to  the next mode; with probability ai i t  enteres mode 1, 
1 = 1) . . . ,  M ,  al = 1. During each mode, cell arrivals and 
output destinations are generated in accordance with the follow- 
ing model. Cell arrivals are statistically independent from slot to  
slot and are mutually independent among input ports. We assume 
cells at  different input ports to  be governed by the same station- 
ary output port distribution. Suppose that  the source is in mode 
k. We define the following probabilities: p t  is the probability that 
0 cells arrive at  an input port during a slot; P; is the probability 
that there is a cell arriving at  an input port during a slot and 
that this cell is destined to  output port j ,  j = 1,. . . , N. The of- 
fered traffic rate within this mode per input port is then given by 
Pirr = E;"=, Pt  = 1 - q t ,  and Pk,, = maz(PF,j = 1 , .  . . , N )  
denotes the loading rate of the highest loaded output Po$. 

Traffic Model 2: Traffic Model 2 is applied for the analysis of 
all of the described switching architectures except for the input- 
queueing dedicated-memory switch. The  cell generation process 
within a mode is quite general. We assume a stationary cell ar- 
rival process (representing the cell arrivals at  all input ports). 
There is a t  most a single cell arrival during each time slot, per 
each input port. The cell output port distribution, in mode k, 
is characterized by the probabilities P:,j = 1, .  . . , N ,  where we 
now define Pt as follows. During mod- k,  we select a t  random an 
input port and a time slot. We set P," to  denote the probability 
that during a slot a cell arrives a t  this port and that this cell is 
destined to output port j .  T I ~ O  *,robability that  0 cells arrive at  
this port and slot, during mode k, is denoted as 4.;. Note that 
these probabilities are independent of the selected time slot and 
input port. We also define Pk,, = maz(PF,j = 1, . . . ,  N)  to 
denote the loading rate of the highest loaded output port. 

3 Performance Analysis 
In this section, we present an analysis for both input queueing and 
output queueing switch systems. We construct a G/G/1 queueing 
system to characterize the queueing behaviour of the underlying 
switch (Fig. 1). For this system, "messages" (equivalent mes- 
sages ) correspond to input traffic "modes". Message arrivals 
thus represent mode changes in the input traffic process. During 
each mode, cells arrive to the switch according to  the parameters 
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described in Section 3. An equivalent message requires a service 
time (an equivalent service time provided by the G / G / l  system) 
which is set equal to  the total time i t  takes for the switch to 
transmit (across i ts  output lines) all the cells which have arrived 
during this mode (thus representing the offered load imposed by 
an equivalent message). For each queueing system, we calculate 
the time i t  takes to  serve (transmit across the output lines) all 
the cells that  arrive within a mode. The  maximum throughput 
of certain switch architectures (input queueing) depends on the 
characteristics of the input traffic. For each mode, the maximum 
and offered throughput rates are calculated. We show that the 
equivalent service time duration for an equivalent message is lin- 
early proportional to the inter-arrival time between this message 
and the subsequent one. We then carry out the analysis of this 
correlated- G/G/1 queue. This analysis involves a modified ap- 
proach to  that presented in [5]. 
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3.1 Input Queueing ATM Switch 
We first consider the input-queueing shared-memory switch archi- 
tecture. We regard the instants of time a t  which the input traffic 
changes from one mode to  another as equivalent message arrivals 
into the G/G/1 queue. The  message inter arrival time therefore 
follows a hyper-exponential distribution; with probability uk i t  is 
exponentially distributed with parameter P k ,  k = 1,. . . , M. sup- 
pose that the n-th mode arrival is of type k. During mode k, the 
offered traffic to the switch is given by, 

N 

X k  = NCP:. 
3=1 

We have shown in [6] that  the maximum throughput of the 
switch in this mode is given by 

All cells that  arrive during this mode ( mode k ) are stored 
in successive cell-buffer locations. Suppose that this mode lasts 
for 1,+1 time units. Thus, In+l time units after the "arrival" 
of this mode, another mode change occurs. The  number of cells 
that  arrive a t  the switch during this time represents the "length" 
of the equivalent message arriving at  the G/G/1 system. We 
approximate this number by the variable B; which is given as 

Bk = I , + l X k .  (3) 
Note that  the total number of cell arrivals during mode-k is 

assumed in (3) to  be well described by a deterministic value. The 
amount of time required to serve these cells, St, is approximately 
given by 

st=-- - I ,+lNP,kz (4) Tk,, 

Note that i~n (4) we have also set Tk to be given by Thas, since 
the latter yiellds a good approximation, as observed earlier. Thus, 
the equivalent message service time in this G / G / l  queueing sys- 
tem is proportional to  the inter-arrival time following the arrival 
of this message, with the proportionality parameter given by 

CY, = NP,',,,,. ( 5 )  
We now analyze this G / G / l  queueing system, noting that i t  has 

correlated service and inter-arrival times, using an approach sim- 
ilar to that used in [5 ] ,  with the following modifications. Incorpo- 
rating the specific way in which the message service time depends 
on the inter-arrival time in our model, the message inter-arrival 
times are concluded to follow an hyper-exponential distribution. 
( In [5], they are governed by an exponential distribution, and a 
different functional dependency is applied. ) 

The  G/G/1 queueing system under consideration uses a single 
server and i ts  buffer capacity is unlimited. The  inter-arrival time 
between the n-th and n+l-st messages is denoted as I,+l, and 
is assumed to  be a hyper-exponentially distributed random vari- 
able; i.e. with probability U k  i t  is an exponentially distributed 
random variable with parameter P k ,  k = 1 , .  . . , M. The process 
{ I n , n  2 1) is sequence of independent identically distributed 
(i.i.d.) random variables. The service time of the n-th message, is 
proportional to  the n+l-st inter-arrival time, S,, = Q n I n t 1 ,  where 
the proporticlnalty parameter itself (Q,) is a random variable, so 
that Q, = ( Y I ;  with probability Uk, k = 1,. . . , M ,  and {a,, n 2 1) 
is a sequence of i.i.d. random variables. Without loss of general- 
ity, we assume 1 < a1 < . . .  < ai<, and 1 > C Y M  > ... > aiiti, 
where K denotes the number of overloading modes; i.e. modes for 
which CY, > 1, 1 _< K 5 M. 

The unfinished load in the system prior to  the arrival of the 
n+l-st message is a random variable which is denoted as W,. Its 
probability density function is denoted as fw, and its Laplace- 
Stieltjess transform (LST) is given by W,~(Y) = We set 
W * ( s )  = lzmn-wW:(s), when the limit exists. The  evolution of 
the unfinished load process at arrival instants is given by 

W n + l  = (VVn+Sn-In+l)t  =(Wn+(Qn- l ) In+ l ) ' , n  2 1 (6)  

where (X)+ = max(0, X). The  analysis of this system is carried 
out using the spectral analysis method described in [7]. First, we 
rewrite (6) as 

Wn+l = ( ~ n  + U,)+ (7) 
where U ,  = (0, - l ) In+ l .  The  stability condition for this system 
is,(= 1711, 

The  LST of U,, denoted as U * ( s )  is given by 

M 

where yl is equal to  

y* = (1 - CYl)/Pl. (10) 

The spectral factorization approach requires factorization of 
U(s)-1 a s  follows, ([7]), 

where Q+(s )  is an analytic function for Re(s )  > 0, having no 
zeroes in this half plane. In turn, S-(Y) is an analytic function 
for Re(s)  < .D ( where D is a positive constant ) having no zeroes 
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in this half plane. Substituting (9) in (ll), the factorization is 
performed as follows: 

where, 

M M M 

and 

Let us denote the degree of these polynomials as R. If a ~ = l ,  we 
have R=M-1; otherwise we have R=M. It  can be readily verified 
that the roots of polynomial Y(s), y i ' ,  1 5 z 5 R are all distinct. 
For 1 5 z 5 K these roots are negative, and for K + 1 5 i 5 R 
these roots are positive. The theorem that follows, determines 
the location of the roots of X(s). The proof of this theorem is 
given in [lo]. 

Theorem 1: If the  stability condi t ion holds ,  i.e.,  
E,"=, e a t  < 0 ,  t h e n  X ( s )  h a s  K dist inct  negat ive  real roots, 
a single root a t  s=O, a n d  R-K-I d i s t inc t  posi t ive  real roots. T h e  
K d i s t inc t  negat ive  roots of X( s ) ,  denoted as  u1,. . . , u ~ i ,  sat is fy  
t h e  relat ion 7;' < u1 < 7;' < . . . < 7;' < u1; < 0. 

We now proceed with the factorization of U * ( s )  - 1, using ( l o ) ,  
as follows: 

The  LST of the unfinished load, up to  a constant [7] ,  is obtained 
as, 

The  constant L is obtained from the normalization condition 

Consequently, we obtain the LST W * ( s )  of the unfinished load 
to be given by, 

Note that u t ,  z = I , .  . . , I< are the distinct negative roots of 
X(s). They can be calculated using a standard linear search pro- 
cedure. 

Consider next an input-queueing dedicated-memory ATM 
switch. In [6] ,  we have shown that ,  under the Traffic Model 1. 
the results obtained for the shared memory input queueing switch 
also hold for the dedicated memory input queueing switch. 

3.2 Output Queueing ATM Switch 
When analyzing an output-queueing ATM switch we focus on 
one output port a t  a time. Consider output port j .  We construct 
again a G/G/1 queueing system model for which message arrivals 
correspond to modal changes. Suppose that  n-th arriving mode 
is of type k. During mode k, the traffic offered to output port j 
is given by 

The  maximum throughput level achieved by an output queue- 
ing switch is equal to  1, regardless of the input traffic pattern. 
All cells that  arrive during a mode (mode k) are stored in the 
switch's output buffer(s). Suppose that mode k has lasted for 
In+' time units. Thus,  In+' time units after the arrival of this 
mode, another mode change has occured. The  number of cells 
that  arrive at  the switch and are destined for output port j dur- 
ing this time represents the "length" of the equivalent message 
arriving at  the G/G/1 system. Based on the same considerations 
delineated above, we approximate this number by the variable 
B;,, which is given as 

The amount of time required to  serve these cells is St,n = 
Thus, the equivalent message service time in the G/G/1 

queueing system is proportional to the inter-arrival time following 
the arrival of this message, with the proportionality parameter 
given by 

CYk =NP;. (21) 
From this point on the analysis method used for the equivalent 
G/G/1 queue is identical to  the analysis procedure employed in 
Section 3.1. 

4 Cell Delay Analysis 
The following analysis applies to  both input and output queueing 
switches, given the calculated parameters a t ,  i = 1 , . . . ,I<. Equa- 
tion (18) is the Laplace-Stieltjess transform of the unfinished load 
seen by a mode arrival. Note that this unfinished load is defined 
as the time required to  serve all the cells residing in the buffer in 
front of an arriving mode. Hence, i t  also represents the waiting 
time of a cell at  the head of an arriving mode. Let us denote the 
inverse transform of W * ( s )  as f w ( t ) .  This function represents 
the probability density function of the unfinished load seen by 
the arriving mode. From (IS),  one can show that the function 
fw( t )  is of the following form, 

t = l  r = l  

where S(t) is the Kronecker delta function and the constants C, 
are obtained by partial fraction expansion of (18). 

We also define the survivor distribution function sw( t )  as 

s w ( t )  = fw(z)dx. (23) r 
It  should be observed that  the waiting time experienced by a 

cell served within an underloading mode is quite different from the 
waiting time experienced by a cell belonging to  an overloading 
mode. In turn, the waiting time incurred by the cell arriving 
at  the begining of the mode is different from the waiting times 
experienced by other cells served within this mode. We need to 
derive a relationship between a cell's delay and the unfinished 
load seen by the first cell served during the underlying mode. For 
this purpose, we define the random variable d ,  to  represent the 
delay experienced by a cell belonging to  mode i. The  probability 
distribution function for the variable d ,  is Fcd( t )  = P(d,  5 t ) .  For 
an underloading mode i ,  Ftd( t )  is readily noted to  be expressed 
as, 
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where f i (z)  = k e z p ( - p i z )  denotes the probabilii,y density func- 
tion of mode i’s duration. For an overloading mode i, ptd(t) is 
given by 

(25) 
The  derivation of equations (24) and (25) is given in [IO]. 

5 Blocking Analysis 
In this section we calculate mode and cell blocking probabilitics. 
Throughout this section, we denote the buffer size as BS. 

5.1 Mode Blocking 
An upper bound on the mode blocking probability is given by the 
probability that the queue size (unfinished load) in front of an 
arriving mode is larger than BS. We denote this quantity as P m b ,  

00 

P m b ( B S )  SiV(DS)  = ls f W ( X ) d Z  (26) 

For an output-queueing shared-memory switch, the total num- 
ber of cells residing in the buffer is given as the sum of the queue 
sizes formed, each queue containing the cells waiting for a spe- 
cific output port. Equation (18) provides an expession for the 
LST of the queue size distribution per output port. If we adopt 
an independence assumption, the LST of the shatred queue size 
is obtained as the product of the LST’s for the individual ports. 
This independence assumption provides us with a conservative 
estimate of the shared output queue size. 

5.2 Cell Blocking 
We let TR denote the throughput rate of the underlying queue. 
We let ARi denote the average number of cells per slot that  ar- 
rive to  the queue under consideration during mode i. For an 
output queueing switch, if we concentrate on output port j, we 
have ARi=NPj=ai. We set C to represent the a.verage number 
of cells arriving to the queue under consideration during a ran- 
domly selected mode. For the input-queueing ATM switch, C is 
given by, 

We observe that when an underloading mode arrives at a full 
buffer, no cell blocking takes place. During an underloading mode, 
the number of cells arriving to a queue per slot is less then the 
maximum throughput of thc qucuc. During undcrlonding mode i, 
the number of cells in the queue decreases a t  a rate of (TR- ARi) 
cells per slot. When an overloadig mode arrives irt a full buffer, 
on the average (ARi - TR) cells per slot are being blocked. By 
averaging over all modes, we find that the average number of cells 
blocked per mode, when a mode arrives a t  a full buffer, denoted 
as c b ,  is given by, 

IC 

(29) 
cb = ai(ARi - T R )  

Pi 
i x l  

A number of cells within an overloading mode niay be blocked, 
even when the mode does not find a full buffer upon arrival. This 

~ 

84 1 

while for the output queueing switch (when focusing on output 
port j), C is given by 

is due to the fact that after the arrival of an overloading mode, 
the number of cells in the system increases a t  the average rate 
of (AR; - T R )  cells per slot and therefore a buffer overflow may 
occur a t  a l.ater time during this mode. We denote the average 
number of cells blocked per admitted mode as c b o .  (We consider 
a mode to be admitted if i t  arrives to a non-full buffer). We show 
in [lo] that  ‘Cba is given by, 

IC 00 B S  * ,  

Cba = & nfw(x/TR)dx 1 ~~ f t ( Y ) d Y  
BS--r n 

1=1 n=O A :- 

(30) 
As noted earlier, since the channel process is stochastically re- 

generative with respect to successive arrival times of a prescribed 
mode (say mode i), we consider a regenerative cycle. We denote 
by N b  the number of modes that arrive a t  a full buffer during a 
cycle. Also, let N ,  denote the number of modes that arrive a t  a 
non-full buffer during a cycle. The mode blocking probability is 
then given by 

Thc average numbcr of cclls that are blocked during a regener- 
ative cycle is N b C b  + N a C b a ,  while the total number of cells that 
arrive during a regenerative cycle is equal to ( N ,  -t Nb)C.  The 
cell blocking probability, denoted as P c b ,  is then given by 

where P m b  can be calculated using (26). 

6 Applications And Examples 
We consider the following system. The switch size is N=8. The 
input traffic model parameters are shown in Table 1. The  total 
normalized loading of this system is equal to 0.43. 

-1 P / , i = l , . . . , 8  1 qok I ak I Pk 

1- Table 1. Traffic Loading Parameters 1 
The trafic loading model is assumed to  be characterized by 5 

states (modes). The  output port distribution is non-uniform. 

Cell Delay Analysis In Fig. 2, we show the cell delay density 
functions for the input queueing switch obtained from the simu- 
lation as we1.l as those derived by our analysis ((24) and (25)). 

. I 
When considering the output queueing switch we focus our 

attention on output ports 1-4 since they each have one overloading 

Authorized licensed use limited to: Univ of Calif Los Angeles. Downloaded on March 4, 2009 at 02:56 from IEEE Xplore.  Restrictions apply.



mode. Output ports 5-8 have no overloading modes and therefore 
experience very little or no queueing a t  all. In Fig. 3,  we show the 
cell delay density functions obtained from the delay distribution 
functions, (24) and (25) along with simulation results. 

I.-- 

1 simulation 11 573 1 7  I 23 I 40 I 53 
Table 2. Average Delays 

,6 A L a 1; 11, I;, It Ib, U ?. U 

11- 1.1.1.1 

ficum3: ccncxhy~auii~~ud~ioor~a,~~~mltn~ 
W p b W n g A T M S w i I c h  

In Fig. 4, we observe the difference in the delay experienced 
by cells belonging to different modes. 
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presented in the Table 2. 
1 Avg. Del(ma) 11 Inp. Q. I O P  1 I O P  2 I O P  3 [ O P  4 [1 
n analvsis Ims) 11 591 I 8.1 I 25 I 43 I 58 11 
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*. 
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Cell Blockiiig Analysis Fig. 5 shows the cell blocking per- 
formance of the input-queueing and output-queueing switch ar- 
chitectures. As expected, the input-queueing switch experiences 
the highest blocking probability. 

port. The  blocking a t  output port 4 dominates that observed for 
the rest of the ports and is the main reason for the high overall 
blocking exhibited by this switch. 

In' d 

7 Conclusions 
111 this paper, we present a ncw performance analysis method for 
input and output queueing switches, using a correlated G/G/1 
queucing model. We calculate the unfinished load distribution for 
the switching architecturcs under consideration. We also state 
stability conditions for the switches under consideration. We 
show, by comparison with simulation results, that  the accuracy 
of the obtained results is excellent. The  methodology developed 
here also provides for the calculation of the cell-delay distribution 
and for the computation of the cell loss probability under imposed 
buffer capacity limits. 
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