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Abstract—In the ground radio environment, the propagation 
loss and multipath fading can make the received power of 
packets at an intended destination differ by an order of 
magnitude.  Such a condition allows the designer to take 
advantage of the capture effect, under which the packet with 
the strongest power may be successfully received even in the 
presence of other interfering packets.  The latter phenomena is 
reinforced under Randomized Power Control Algorithms: 
every node, based on the power density function f(P), 
independently selects a power level (from a discrete or 
continuous set of available power levels) for transmission of 
each one of its packets.   

 
In this paper, we develop and investigate a novel power  
control algorithm (the Fair Randomized Power Control 
algorithm; FRPC) to enhance the throughput level of the 
slotted Aloha medium access control mechanism.  FRPC is 
developed based on the analysis of the capture effect for which 
the transmitter captures the channel only if the observed 
signal-to-interference and noise ratio (SINR) at receiver is 
above a certain threshold.  We first analyze the sensitivity of 
the generic randomized power control algorithm with respect 
to expected value and standard deviation of the power density 
function.  In particular, based on the one-tailed version of 
Chebyshev’s inequality, we derive a closed-form expression 
for an upper bound on the probability of capture (and an upper 
bound on the aggregate throughput) in the network.  We then 
apply the latter result to the process of designing the FRPC 
algorithm for the slotted Aloha MAC mechanism.  Our 
simulation results indicate that the FRPC algorithm leads to 
significant throughput gain while providing fairness for 
different mobile users in the system.  
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I. INTRODUCTION 

In wireless communications, random access mechanisms are 
commonly used for applications where there is a rapid delivery 
of small number of messages arriving at irregular intervals.  
Random access mechanisms are indispensable approaches in 
wireless networks due to their ease of implementation and low 
overhead.  Specifically, such mechanisms are able to provide a 
low packet delay as long as the traffic load remains moderate.  
In a common type of application a large number of mobile 
users intend to transmit their messages to a single central 
station.  Simple to analyze and straightforward to implement, 
Aloha is a widely studied and deployed medium access control 
protocol: almost all deployed cellular systems use Aloha (or 
one of its variants) as a mean to request network access for 
mobile users ([3], [4]).  Similarly, Aloha is widely used for 
reservation requests in two-way messaging systems [6].     

 
Aloha was first introduced by Abramson [1], where it was 
determined that the maximum channel utilization under “pure 
Aloha” is about 18 percent (1/2e) of the channel bandwidth.  
The slotted variation was then introduced by Roberts, showing 
its capacity is doubled (over unslotted Aloha), to about 36 
percent (1/e) [2].  In classical slotted Aloha it is assumed that a 
transmission is successful if and only if no other user attempts 
to use the channel during the same slot ([2], [3]).  This is a 
reasonable assumption when all the packets are received under 
nearly equal power levels.  Clearly, in the ground radio 
environment such an assumption is somewhat pessimistic as 
the propagation loss (for example, due to differences in the 
length of the transmission path) and multipath fading can make 
the received power of packets at the central station differ by an 
order of magnitude.  These physically-induced power 
variations can enhance the capture effect, under which the 
packet with the strongest power may be successfully received 
even in the presence of other interfering packets [12]. The 
latter phenomena have been observed to actually improve the 
throughput of slotted Aloha, yet it leads to a high degree of  
unfairness in the network ([13], [12], [9]).  In turn, one can 
consider the use of deliberate user-induced randomness in the 
transmit power level in an effort to improve the throughput of 
the slotted Aloha mechanism.  We refer to such an approach as 
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the Randomized Power Control Algorithms ([7]-[12]): every 
node, based on the power density function f(P), independently 
selects a power level (from a discrete or continuous set of 
available power levels) for transmission of each one of its 
packets.   
 
In this paper, we develop and investigate a novel power 
control algorithm (the Fair Randomized Power Control 
algorithm; FRPC) to enhance the throughput level of the 
slotted Aloha medium access control mechanism.  FRPC is 
developed based on the analysis of the capture effect for which 
the transmitter captures the channel only if the observed 
signal-to-interference and noise ratio (SINR) at receiver is 
above a certain threshold.  We first analyze the sensitivity of 
the generic randomized power control algorithm with respect 
to expected value and standard deviation of the power density 
function.  In particular, based on the one-tailed version of 
Chebyshev’s inequality, we derive a closed-form expression 
for an upper bound on the probability of capture (and an upper 
bound on the aggregate throughput) in the network.  We then 
apply the latter result to the process of designing the FRPC 
algorithm for the slotted Aloha MAC mechanism.  Our 
simulation results indicate that the FRPC algorithm leads to 
significant throughput gain.  Furthermore, FRPC provides 
fairness for different mobile users in the system so that the 
maximum difference between the throughput levels attained by 
the user nodes reduces.     

 
The rest of the paper is organized as follows.  In section II, we 
present the system model and the underlying assumptions.  
The mathematical analysis is elaborated in section III.  
Numerical results and conclusions are presented in section IV 
and section V, respectively.    

 
II. SYSTEM MODEL  

There are n mobile nodes in the network, labeled 1, …, n, 
which strive to communicate with a central station.  All nodes 
operate in the same channel and transmit under a fixed data 
rate R.  Nodes are equipped with identical half-duplex radios 
and omni-directional antennas.  Let iG  denote the channel 
gain (incorporating distance dependent power attenuation and 
effects of link loss phenomena such as fading and shadowing) 
for transmission from node i to the central station.  The value 
of iG  can be dynamically estimated by the mobile user in a 
usual manner through transmission of a test packet (containing 
the associated transmit power level) form a mobile to the 
central station [15].  The channel access protocol is slotted 
Aloha.  That is, the time axis is divided into identical 
synchronized time slots whose duration is assumed to be equal 
to the transmission time of a packet (which is assumed to be 
fixed) plus some overhead duration that includes the maximum 
propagation delay.  Each user can transmit its packet only at 
the beginning of a slot.  It is assumed that all nodes always 
have packets waiting for being transmitted (i.e., heavy traffic 

load).  Conventionally, a newly arrived packet is transmitted in 
the first slot after its arrival; packets which are not received 
successfully are buffered and retransmitted after a random 
delay.  However, similar to many studies in the literature, we 
assume that the newly arrived packets and packets awaiting 
transmissions are treated identically.  That is, in every slot, 
each node transmits a packet according to a Bernoulli process 
with parameter q, 0 < q ≤ 1, whether it is a new packet or 
retransmitted packet.  The set of available transmit power 
levels (for each node) is subject to the underlying circuitry 
design.  Such a set might include a continuous spectrum of 
power levels (e.g. the Prism chipset) or only a handful of 
discrete power levels (e.g. the Cisco/Aironet cards).  Every 
node independently selects a power level (from a discrete or 
continuous set of available power levels) for transmission of 
each one of its packets ([7]-[12]).   

 
Without loss of generality, throughout this paper we assume 
that if there are M simultaneous transmissions in a slot (from 
mobiles to the central station), then the set of simultaneous 
transmitters is equal to },,2,1{ M .  A transmission from node 
k to the central station is received successfully if the signal-to-
interference and noise ratio (SINR) at the receiver is not less 
than the minimum required threshold γ  , i.e.   
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where M is the number of simultaneous transmissions in the 
underlying slot, and N denotes the thermal noise power at the 
receiver.  This model is generically referred to as the SINR-
based Interference Model ([5]).        
 

III.   MATHEMATICAL ANALYSIS 
A general randomized power control algorithm with a power 
density function f(P) is considered.  Momentarily assume that 
the channel gains for all the n users are identical (G).2  
Assuming that the minimum power level with a positive power 
density function is sufficiently large that results in a signal-to-
noise ratio level larger than γ , the throughput (TH) of the 
network (in packets per slot) can be calculated as the 
following,  
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Since the probability of transmission (q) is independent of the 
power distribution, the latter does not have any effect on the 
first term of equation (3).  Consequently, the only impact of 
the power distribution on the throughput is crystallized in 

                                                 
2 This assumption is later relaxed in the paper. 
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terms of the probability of capture, i.e., it is desirable to select 
a power distribution that maximizes the probability of capture.  
In the following theorem, we address the effect of the power 
distribution on the throughput of the network.  In particular, 
we demonstrate the impact of the mean and variance of the 
power distribution on the probability of capture. 

 
Theorem 1. A slotted Aloha medium access control with a 
randomized power control algorithm is considered.  Let µ  and 

2σ  denote the mean and the variance of the power density 
function f(P), respectively.  Then, independent of f(p), the 
probability of capture is always bounded as follows:   
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Proof.  Since at most one user can capture the channel at each 
time slot, then we have  
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where equation (6) holds, since all the channel gains are 
assumed to be identical.  Note that in relation (7), the number 
of interfering nodes (M) as well as the transmit power levels 
( sPi ' ) are random variables.   
 
It can be easily shown that equation (7) can be also written as 
follows. 

)8(}.])1(1[/])1(1[Pr{

}Pr{
1

2
1 ∑

+

=

µ−γ−−γ≥µ−γ−−γ−

=
M

k
k qnGNqnPPnq

slotaincapture

 
Based on Wald’s lemma for the expected value of random 
number of random variables3, we have    
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 Similarly, by considering the relation for the variance of 
random number of random i.i.d variables4, we have  
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By applying the one-tailed version of Chebyshev’s inequality5 
to relation (8) and considering equalities (8) and (10), we 
conclude  
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or equivalently,  
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In applying the Chebyshev’s inequality, we assume that the 
right-hand-side of equality (8) is non-negative.  The latter 
assumption is true in almost all practical cases, as nq is usually 
equal to one (or quite close to one), and γ  is significantly 
larger than one (typical values for γ  ranges from 5 dB to 15 
dB).   ■ 
 
Based on equation (3), the following corollary directly follows 
from Theorem 1.   
 
Corollary 1.1.  Independent of the power density function f(P), 
the throughput of the network is always bounded as follows:   
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where c1, c2 , and c3 are defined similar to Theorem 1.   
 

Theorem 1 provides a significant insight into the design of the 
power density function of the randomized power control 
algorithm.  It can be easily shown that the derivative of the 
right-hand-side of relation (14) with respect to 2σ  is always 
positive.  The latter implies that for a fixed value of µ , (the 
upper bound for) the probability of capture increases as the 
                                                 
4Let ,, 21 XX  be i.i.d random variables with ∞<][ 2XE .  Let N be a 
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5One-tailed version of Chebyshev’s inequality: For every random variable X 

and constant 0≥t , we have  )][/(][}][Pr{ 2tXVarXVartXEX +≤≥−  
[14 ], which provides a tighter bound in comparison with the original 
Chebyshev’s inequality.   
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variance of the power density function increases.  This 
property is intuitively reasonable as the higher variance 
induces higher variation in the value of transmit power levels, 
which in turn increases the chance of capture at the receiver.  
Furthermore, Corollary 1.1 implies that one should select the 
power density function over the available power levels such 
that its mean and variance maximize the right-hand-side of 
relation (15) (see next section for illustrative examples).   

        
Now, let’s consider a more realistic model that the channel 
gains between different users and the central station may be 
different.  This difference in channel gains may be due to 
different distances of the mobile users to the central station or 
due to dissimilar environmental circumstances. Under such a 
condition using identical power density function f(P) for all the 
users results in a higher probability of capture for the user 
nodes that have higher channel gains.  To avoid such 
unfairness, we introduce the following shifting mechanism: A 
reference gain )(RG  and a reference power density function 

)(PfR  (which can be designed based on Theorem 1 and 
Corollary 1.1) are given to all the user nodes in the network.  
Every node k (which is planning to transmit a packet in a slot) 
compares its associated channel gain kG  with the reference 
gain )(RG .  Node k shifts the reference power density function 

)(PfR  to the right along the P-axis by kGRG −)(   if 
0)( ≥− kGRG .  Otherwise (i.e., if 0)( <− kGRG ) node k shifts 

the reference power density function )(PfR  to the left along 
the P-axis by )(RGGk − .  Since in relation (1) the gain kG  is a 
linear operator, the latter shifting mechanism causes the 
distribution of the received power of all the users at the central 
station to be identical.  We note that there is a fundamental 
difference between the conventional power control operation 
in CDMA systems and our recommended approach for the 
slotted Aloha:  in CDMA-based power control operation the 
received power of all the users (at the central station) are 
required to be equal.  However, based on the shifting 
mechanism the distribution of the received power of all the 
users becomes identical.   
                
The Fair Randomized Power Control algorithm (FRPC) 
operates based on the following steps: 

 
Step 1. Based on the slotted Aloha mechanism, mobile node k 
plans to transmit a packet in the underlying time slot.  
Step 2. Node k compares its associated channel gain kG  
(obtained by exchanging test packets) with the reference gain 

)(RG .  
Step 3. If 0)( ≥− kGRG , node k shifts the reference power 
density function )(PfR  (designed based on Theorem 1 and 
Corollary 1.1) to the right along the P-axis by kGRG −)( .  
Otherwise, node k shifts )(PfR  to the left along the P-axis by 

)(RGGk − .   

Step 4.  Node k randomly and independently selects a transmit 
power level based on the shifted power density function 

)(Pfk .    
Step 5. Node k transmits its packet under the selected power 
level in the underlying time slot. Node k returns to Step 1.   
 
Under dynamic environments that the number of user nodes 
associated with the central station (n) may vary in time, the 
reference power density function )(PfR  should be modified 
adaptively (Corollary 1.1).  This implies that the reference 
power density function can be defined as ),( tPfR , where t is a 
time parameter.  ),( tPfR  updates can be broadcasted from the 
central station in an event-based fashion.   
        

IV.     SIMULATION RESULTS 
In our simulation environment 20 user nodes are located in a 
50m x 50m square.  The central station is positioned on the 
intersection of the diameters of the square.  Noise power is set 
to be equal to -90 dBm and the path loss exponent ( α ) 
is assumed to be equal to 4.  We assume that α= kk dG /1 , 
where kd  is the distance of node k to the central station.  The 
minimum required SINR is assumed to be 10dB.  Every node 
is assumed to be immobile during the period of simulation and 
it transmits a packet in a slot with probability of q=0.05.   

In Fig. 1, we evaluate the throughput of the FRPC 
algorithm when only two power levels mWP 11 =  and 

mWP 1002 =  are available.  For this simulation, without loss of 
generality, we assume that all the nodes are in the same 
distance from the central station.  Let 1q  and 12 1 qq −=  be the 
probability of transmission under power levels 1P  and 2P , 
respectively.  By substituting 1212 )( qPPP −+=µ  and 

)1()( 11
2

21
2 qqPP −−=σ  in relation (15), and calculating the 

derivative of the right-hand-side of (15) with respect to 1q , the 
optimal probability of transmission under power levels 1P  and 

2P  can be calculated.  For the underlying scenario the latter 
optimal values is equal to 28.0*1 =q  and 72.0*2 =q .   We also 
evaluate the performance of the FRPC algorithm in an 
exhaustive manner as a function of various combinations of  

1q  and 2q .  We observe a 27% throughput gain under the 
FRPC algorithm (under *1q  and *2q ) with respect to classical 
slotted Aloha (with no power control).  Note that under the 
slotted Aloha all transmissions are performed under 100 mW.  
We also note that the maximum achievable throughput under 
the given two power levels is about 0.5 (compared to 0.46 
attained under the FRPC algorithm).  Clearly, the latter minor 
difference is due to the fact that *1q  and *2q  maximize the 
upper bound of the throughput (and not necessarily the 
throughput itself).       

IEEE Communications Society / WCNC 2005 710 0-7803-8966-2/05/$20.00 © 2005 IEEE

Authorized licensed use limited to: Univ of Calif Los Angeles. Downloaded on March 11, 2009 at 04:07 from IEEE Xplore.  Restrictions apply.



 
Fig. 1. Illustration of  throughput as a function of q1 under the FRPC algorithm 

and slotted Aloha.    
 
In Fig. 2, we compare the fairness provided by the FRPC 
algorithm with those provided by the (conventional) 
Randomized Power Control Algorithm (RPC) and the classical 
slotted Aloha protocol (with no power control).  For this 
simulation, we assume that the 20 nodes are randomly and 
uniformly distributed in the underlying square and a 
continuous spectrum of power between [1mW, 100mW] is 
available at each node.  Similar to Fig. 1, under the slotted 
Aloha all transmissions are performed under 100 mW. As 
expected, slotted Aloha results in the highest variations in the 
throughput per node levels.  Also, we observe that under the 
FRPC algorithm the values of throughput for different nodes 
have minor differences.  In particular, we note that the 
minimum value of attained throughput among different nodes 
(i.e., MaxMin fairness) is highest under the FRPC algorithm.  

 
V.       CONCLUSIONS  

In this paper, we develop and investigate a novel power 
control algorithm (the Fair Randomized Power Control 
algorithm; FRPC) to enhance the throughput level of the 
slotted Aloha medium access control mechanism.  FRPC is 
developed based on the analysis of the capture effect for which 
the transmitter captures the channel only if the observed 
signal-to-interference and noise ratio (SINR) at receiver is 
above a certain threshold.  Based on the one-tailed version of 
Chebyshev’s inequality, we derive a closed-form expression 
for an upper bound on the probability of capture (and an upper 
bound on the aggregate throughput) in the network.  We then 
apply the latter result to the process of designing the FRPC 
algorithm for the slotted Aloha MAC mechanism.   
 
We are currently in the process of generalization of the derived 
results in this paper to mobile multihop wireless networks 
(with and without Rayleigh fading).  Furthermore, the analysis 
of the energy efficiency of the Randomized Power Control 
algorithms is part of our ongoing research.  
 
 

 
Fig. 2. Illustration of the throughput per node under slotted Aloha, RPC and 

FRPA.   
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