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AbsSract-An ad hoc wireless network with TI nodes and ni 

sourcedestinntion pairs, using a scheduling based medium access 
control (MAC) protocol such ,as time division multiple access 
(TDMA), and a routing mechanism that may be unicast or 
multicast based, is considered. Under a given nodal transmit 
power vector P = (f,.. . ..e,). o I pi 4 P,, .I = i .  ... . n , we define 
the source-destination throughput vector 1 =(A,....,&) to he 
achievable if there esists an associated fenipural (based on the 
channel sharing MAC protocol) und spatial (based on the 
underlying routing mechanism) jouit sciwddiitg-rouiing sclrepne 
that yields the throughput vector ,A. Let S(P) denote the set of all 
achievable source-destination throughput vectors under the 
power vector P. In this paper, we analyze and investigate the 
effect of nodal transmit power vector P on the maximum (or 
supremum) level of a general (real-valued) function of the source- 
destination throughput levels Q(bl ,...$ A,) subject to R E  S (P) .  
We represent the ,latter supreme level attained under power 
vectorPby a * ( P ) .  Assuming that ..., Ant)  is not directly a 
function of P (i.e., il is affected by P only through S(P), so that 
power related expenditures are not directly included in the 
objective function), we prove that, independent of nodal 
distribution, traffic pattern, and offered traffic load, Q * ( P )  i s  

maximized (over the set o f  all nodal power vectors P) by properly 
increasing the nodal transmit power levels. Under the special 
case of our analysis for which the transmission power levels of all 
nodes are assumed to be identical (yet programmable), we prove 
that the power vector P = (PI  = PmaY ,... ,Pn = P,,* ) maximizes 
Q*(P) , independent of nodal distribution, traffic pattern, and 
offered traffic load. 

For the latter special case, when the objective function 
Q(A,  ,,.., A,) is defied properly, so that O*(P)  represents the 
throughput capacie under power vector P, our  results imply that 
P = (PI = Pma, , ... ,Pn = P,,, maximizes the throughput 
capaciq, independent of nodal distribution, traffic pattern, and 
offered traffic load. We also derive a linear programming (LF) 
formulation for obtaining the exact solution to the optimization 
problem that yields the throughput capacity of finite ad hoc 
wireless networks. Our LP based performance evaluation results 
identify the magnitude of capacity upgrade that can be realized 
for networks with random topologies and traffic patterns. 
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I. IXTRODUCTION 

Ad hoc wireless networks are infrastructure-free wireless 
networks consisting of nodes that communicate with each 
other across wireless links directly or through possibly 
intermediate nodes. Throughput capacity is one of the 
fundamental characteristics of the network, which is a function 
of various factors, including nodal density and distribution, 
mobility. traffic pattern, size of the nehvork. transmission 
power and bandwidth constraintsl and antenna directionality. 
In a recent paper [ 5 ] +  Gupta and Kumar studied the throughput 
capacity of ad hoc wireless networks in the limit as the number 
of nodes grows to an arbitrarily large level. Under this model, 
~ b t i 0 ~ 5  nodes are randomly and uniformly located (over a 
disk area) and each node sends data to a randomly and 
uniformly selected destination. Their main result indicates that 
as the number of nodes per unit area ( n )  increases, the 
throughput capacity decreases approximately as I / &  ~ 

Other papers in which the throughput capacity of an ad hoc 
wireless network is asymptotically studied include the 
following ones. Note that to achieve the highest throughput 
capacity. all the following papers assume that a fvced 
communications resource assignment, such as TDMA, is 
employed as a medium access control (MAC) mecharusm as 
also assumed in this paper. Grossglauser and Tse [YJ exploit 
nodal mobility to attain multiuser drversie. Allowing for 
unbounded delay and using only one-hop relaying, they show 
that mobility increases the throughput capacity considerably. 
Liu et al. [E] study the throughput capacity of a hybrid wireless 
network that is formed by placing a sparse network of base 
stations in an ad hoc network. The base stations are assumed 
to be connected by a high-bandwidth wired network. Their 
results show that if the number of base stations grows faster 
than & , the capacity increases linearly with the number of 
base stations, providing an effective improvement over a pure 
ad hoc network. 

In turn, in studying the throughput capacity of ad hoc 
wireless networks that consist of a finite number of nodes, Jain 
et al. [ 11 1 present methods for computing upper and lower 
bounds on the throughput capacity of finite ad hoc wireless 
networks with no. power control. Using conflict prupks la 
model constraints on simultaneous transmissions, they 
formulate a multicommodity flow problem to calculate the 
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latter bounds. Kochalam and Nandagopal [I21 consider the 
problcm of computing the throughput capacic (with no power 
control) for a given finite ad hoc wireless network with a given 
lrafFic pattern. They consider a limited interference model. 
wherc the only constraint is that each node can be 
communicating with at most one node at a m  time siat. With 
the latter limitation, they provide a polynomial time algorithm 
that computes routes and schedules such tllat the resulting 
throughput Ievel is guaranteed to be at least 67% of the 
throughput capacity. Tournpis and Goldsmith [6] investigate 
the capacity regions for finite ad hoc wireless networks. A 
capacity region characterizes the set of achievable rate 
combinations involving all sourcedestination pairs in the 
network. Comments are made as to the impact of some simple 
power level variations on the capacity region. 

We consider an ad hoc wireless network uith n nodes and 
in source-destination pairs (and a given offered traffic load for 
each pair). using a scheduling based medium access control 
[MAC) protocol such as time division multiple access 
(TDMA), and a routing mechanism that may be unicast or 
multicast based, m 5 n(n - 1) , Under a given set of nodal 
transmit power levels P=(P, , . . - ,Pn):Olt  2 Pm& = l , . - . , r i  (that 
we assume can be different from node to node but are fixed in 
time), we define the sourcedestination throughput vector 
A=(;l,,...,&> to be achievable for the ad hoc wireless 
network if there exists an associated teniporul (based on the 
channel sharing MAC protocol) and spatial (based on the 
underlying routing mechanism) joinr schedzding-routing 
scheme (henceforth referred to as joint scheduling and routing 
schente) that yields the throughput vector 2. Let S(P) denote 
the set of all achievable source-destination throughput vectors 
under the power vector P. The class of admissible joint 
scheduling and routing schemes under consideration (for a 
given power vector) is defined as follows: Evev joint 
scheduling and routing scheme induces, at each time slot, 
successful transmissions of packets across designated links. In 
this way, packets are transported across the network (possibly 
in a multihop fashion) from their sources to their associated 
destinations: packets muted across a multihop path are 
buffered at intermediaie nodes when awaiting transmission 

In this paper, we analyze and investigate the effect of nodal 
transmit power vector P on the maximum (or supremum) level 
of a general (real-valued) function of the sourcedestination 
throughput levels Q(A, t...- A,,,) subject to AE S ( P ) .  We refer 
to the latter supreme level attained under power vector P as the 
conditional (with respect to P )  sipreme vufue of the objective 
function and represent this value by R * (P) . That is, 

IL*(P)= sup c~~i.....2,):(%,...,~~)Es(~). (1) 
(h>-Jm) 

Given a selected power vector P. the conditional supreme 
value of the objective function Q * ( P )  is achieved (in finite 
rime or asymptotically in time) as the system designer selects 

an optirnal joint scheduling and routing scheme over the 
underlying (finite or infinite) operational time period T. 

Our aim in llus paper is to characterize the key features of a 
power vector solution that maximizes the conditional supreme 
value of the objective function Q*(P) over the set of power 
vectors P=(fi,.-.,P,),O<F: 5Pm, , i=1 , . . . ,n  . We call such a 
power vector an optimirni power vector? identify an associated 
optimal joint scheduling and routing scheme as an optiinunr 
joint scheduling and routing schemej and denote the resulting 
value of the objective function as the optiirazrnr objective 
firmtion valiie. Let R *  denote the optimum objective 
function value. Then, we have 
I I * = h f u x { R * ( P ) :  P =(P1,.-.,P,,I 

P 

( 2 )  $0 54. 5 Pmax?i = I;.-.n), 
or equivalently, 
L! *= hias: sup {cl(& ,..., A,) : (4 ,...,Am) E S(P) 

(Al,...,,l"T) 

, P = ( P , > - . - , P , ) , o I ~ .  <P,,,,i=l,...,n)) . (3) 

We note that the definition of the network topology (i.e. the 
connectivity graph layout of the network) for a given nodal 
transmit power vector is as usual based on a link connecting 
two nodes if they can directly communicate with each other 
successfully (under a specified minimum required signal-to- 
noise ratio level) when no other transmissions are invoked in 
the network. We refer to the topologv associated with an 
optimum power vector as an opfimuni topologv. 

Assuming that Q(& ,.... A m )  is not directly a function of P 
(i.e., R is affected by P only through S(P), so that power 
related e,qenditures ate not directly included in the objective 
function), we prove that, independent of nodal distribution, 
traffic pattern and offered traffic load, Ll*(P) is mimized 
(over the set of all nodal power vectors P )  by properly 
increasing the nodal transmit power levels. In particular, we 
prove that, independent of nodal distribution, traffic pattern, 
and offered traffic load. &re exists an optimum power vector 
that at least one of its components is equal to P,,, . Under the 
assumption that P,, can be arbitrarily large, we prove that a 
fully Connected topology (i.e. the topoIogy under which every 
node can directly communicate with every other node in the 
nehvork in the absence of interference) is always an optimum 
topology, independent of nodal distribution, traffic pattem 
and offered traffic load. Under the special case of our analysis 
for which the transmission power levels of all nodes are 
assumed to be identical (yet propmmabk). we prove that the 
power vector P = (PI = PmmX1- . . .P , ,  = Pmm) maximizes 
L2 * ( P )  , independent of nodal disuibution, traffic pattern, and 
offered traffic load. 

For the latter special case? when the Objective hnction 
Q(A, ,... :Am) is defined as Mi#(,$ ...., A,),  50 that C!*(P) 
represents the throughput capacity under power vector P, our 
results imply that P = (PI = P,, ,... , P, = P,,* ) maximizes 
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the throughput capacity (over the set of all permissible nodal 
power vectors P)? independent of nodal distribution. traffic 
pattern, and offered traffic load. We note that in the majorily 
of the previous studies in the literature ([3]-[9]. [14]) the 
throughput capacih of an ad hoc wireless network is defined 
as the maximum throughput level that is achievable by every 
sourcedestination pair of nodes (or equivalently, the 
maximum of minimum throughput level achieved by different 
sourcedestination pairs of nodes). Our analysis in this paper 
is valid for any general (real-valued) function of the source- 
destination throughput levels. including the above definition of 
the throughput capacity. Another special case of the objective 
function n(4 -.,.:A,) (aside from representing throughput 
capaciw). which is of application interest, is illustrated by 
setting R(A,, . . -, ,Inr) to represent the weighted sum of source- 
destination throughput levels. using weight factors that eqress 
the priority level of the underlying flow: i.e., 

Q ( A ~  ,.-, A,,,) = . In this case, R * (P) represents the 

maximum achievable prioritized aggregate throughput level 
under the nodal power vector P. As a special case, when 
ci =Li=l : - . ,m,  Q * ( P )  represents the maximum 
achievable aggregate throughput levef under the nodal power 
vector P,  which is another key performance measure. 
As another special case of our analysis, we assume the 
following (for our generic system assumptions see section 11): 
i) transmission power of all nodes are identical @et 
programmabIe), ii) nodes are randomly and uniforml)? located, 
iii) evev node is a source of a tmffic flow with a single 
destination, iv) the destination of every traffic flow is 
uniformly and independently distributed, v) the Ph-ysical 
Interference Model [5] is used as the measure for successful 
reception of transmissions, vi) fi(4, ...:A,,,) is defined as 
Min(&:...:Am) I vii) every node has infinite reservoir of 
packets to send to its destination, and viii) merely unicast 
routing mechanism is allowed. Under such a model, our result 
regarding the optimality of P = (PI = P,, ,..., P,, = P,,,) 
stands in sharp contrast with the inteqretation of the 
asymptotic behavior result presented in [SI. The latter result 
suggests the use of minimal "man transmission power that 
maintains connectivity in the network (P,,, 1: showing it to 
asymptotically achieve a (per source-destination) throughput 
level that is in the order ofthe maximum throughput capacity. 
This result has been interpreted to indicate that the minimm 
common transmission power that maintains connectivity in the 
network maximizes the throughput capacity ([l], [5]). We 
note that, based on the aforementioned eight assumptions, the 
above result regarding the order of throughput under Pmi, is 
asymptotically correct. However, when considering ad hoc 
wireless networks with finite number of nodes, one must also 
emmine the magnitude of the constant factors used in the 
asymptotic analysis. Specifically. our numerical results clearly 
illustrate that the throughput capacity under Pmin does not 

m 

#=I 

achieve the masimum throughput capacity (over the set of all 
nodal power vectors) for finite ad hoc wireless networks. The 
model considered in t h s  paper is a genenlization of our model 
in 171 in a variety of directions, including the following ones: 
i) generalization of the definition of throughput capacity to an 
arbit- function of the source-destination tlmughput levels 
(Q(A, ....> A,,,) ); ii) generalization of the routing scheme from 
unicasting to the generic routing scheme described in section 
11: and iii) generalization of the t-ic pattern and offered 
traffic load assumptions to the comprehensive ones presented 
in the nest section. 

We also provide in this paper a linear progranuning (LP) 
fortnulation for calculating the throughput capaci9 of a finite 
ad hoc wireless nehvork given a nodal Vansmit power vector. 
We use this LP formulation to compare our results versus 
previous results that appeared in the literature by solving about 
2000 linear p rogmning  problems (corresponding to distinct 
networks) using the ILOG CPLEX 7.0 software. Our LP 
based performance evaluation results confirm the distinct 
capacity improvement that can be attained under our 
recommended approacl\ as well as identifv the magnitude of 
capacity upgrade that can be realized for networks with 
random topologies and traffic pattems. 

The rest of the paper is structured as follows: in section 11. 
the system model is presented. Mathematical analysis is 
illustrated in section ILl Numerical analysis is presented in 
section IV. Conclusions a= discussed in section V. 

11. SYSTEM MODEL 

We consider an ad hoc wireless network that consists of n 
nodes, which are located based upon any arbitrary distribution 
in a given area. During the period of operation under 
considemtion in th~s paper (7)> we assume network nodes to be 
immobile. Eveq node, when scheduled to access the 
communications channel, transmits at a fixed data rate of W 
bits per second, and variations in transmission power merely 
affect the transmission range. A single transmission may be 
intended for more t l m  one receiver (i.e., link-layer 
multicasting is allowed). A11 nodes are equipped with 
identical haL€-duplex radios and omnidirectional antennas. A 
node can successfully receive from at most one other node in 
the same time instant. We assume node i to transmit at a fixed 
(vet programmable) transmission power P, , D  5 Pi 5 P,, , 
i=1, ..., n; assume a transmission to occupy the entire 
bandwidth of the vstem under consideration Channel time is 
slotted into identical synchronized time slots. Slot duration r 
is assumed to be equal to the transmission time of a packet 
plus some overhead duration that includes the mayimum 
propagation delay. 

The sourcedestination association can be selected based 
on an arbitrary traffic pattern. Source nodes inay be attached 
to hosts that generate multicast messages tlut are destined to 
designated groups of hosts and thus have to be routed to 
several destination nodes. Other nodes may be attached to 
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hosts that only generate unicast messages; while certain nodes 
are not attached to any hosts and may not function as source or 
destination nodes. Assume the M c  flows generated (and 
offered for transport to the network) by source node s to be 
classfied according to their disjoint destination sets as 
follows: an rth class traffic flow (originating at nodes) wishes 
to reach destination set D s ! r . r  = l ; . . .  .q ,  so that each 
packet of the flow will be received by ever?. nodal member of 
D,, . The offered traffic load for such multicast type traffic 
flows destined from node Y to D,, is denoted as f(D,.,) . 

Clearly, the total number of distinct source-destination nodaI 
pain can be calculated as 

(4)  
s=l r=l  

where I1A 11 denotes the cardinality of set A. The notation used 
above applies also to unicast flows when the destination set 
consists of a single nodal member. 

To distribute across a network packets that have multiple 
destinations, the system might duplicate such a packet into 
multiple copies and then use a unicast route (characterized by 
a single sourcedestination nodal pair) for each copy. In tum, 
to increase link capacity utilization, multicast routing 
subgraphs (such as source based multicast trees) can be used 
to route a multicast packet efficiently to multiple destinations. 
In a wireless nctwork system, whereby each node may employ 
an omnidirectional antenna, one can achieve further efficiency 
by capitalizing on the broadcast character of the multiple 
access radio channels. The results presented in this paper 
apply under the use of any one of these (and other related) 
network layer distribution methods. In general, to apply our 
results, we assume a joint scheduling and muting scheme that 
can be described, for each packet that is associated with a 
prescribed some node and destination set (consisting of 
single or multiple nodes) as follows: each nodal member of the 
selected routing subgraph at each time slot, contains an entry 
in ifs routing table that specifies the set of (link-Iqer) 
receivers to whom such a packet should be ”it ted,  if such 
a packet transmission is permitted to take place at this time 
slot (by the scheduling mechanism). This setup is consistent 
with the customary schemes used by many unicast and 
multicast routing mechanisms. 

DeJinition. Let P(M) = (Pi ,....eA4 ) be an arbitrary power 

vector, whereby 0 < ek S Pmax,k = k...?A4 . Power vector 

P’(hf) = [Pil ,.... P’, ) is said to be relotivelv nruximized 
with respect to power vector P(M, if 

P ’ { M )  = “ ( q M , ? q M ) -  (5 )  

where a(qAf)) is a real positive scalar defined as 

Furlhemore, a power vector is said to be reluti\w!v incrximtdin 
if at least one of its components is equal to P,,. 

We define a communication link to be formed froin node i 
to node j under power level e. if the signal-to-noise ratio 
( S M )  at j is not less than a threshold yc (that dictates the 
need for a mini& received power level), i.e. 

(7) 

in which G, is the propagation gain (incorporating the effects 
of link loss phenomena such as fading and shadowing) for 
direct transmission from node i to node j .  and N ,  is the 

thermal noise power at receiver j [2]. We represent a direct 
(link-layer) multicast transmission from node i to the set of 
nodes in J (where there is a communication Iink from node i to 
each of the nodes in J, physically implemented through the 
broadcast of a message by node i that is assumed to be 
simultaneously received by all nodes in J) by i -+ J .  Let 
(i + J:s;D,,,) denote the transmission i 4 J whose source 

node and the associated set of destination nodes are s and Dqr. 
respectively, r = 1. - I, qs . A transmission scenario 

is defined as a candidate set of (link-layer) multicast 
transmissions that are considered to all take place at the same 
time slot, where all transmitting and receiving nodes are 
distinct. Note that the distinction of all transmitting and 
receiving nodes guarantees that i) a node is not an intended 
receiver of more than one transmission at any time slot, a d  ii) 
a node is not transmitting and receiving at any time slot (i.e., 
the haIf-duplexing constraint is satisfied). 

For such a transmission scenario Sw, under nodal power 
vector qhf, =(e ,,... &I),Os<k 5Pm,,k=l,2 ,... sz.l, we say that 

the transmission from i, is- successfullv received at j, 
j~ J ( j k ) ,  if the SINR at j is Rot less than the minimum 
required threshold y [2], i.e. 

GvC / N I  2 rc 

qJ. fJ  ={@I +J& );4,)J$q)&q))>. -.> (ihr +J(i,l> ;&4)PN&gJik))l 

M 

Gik, ck / (NI  + C G f r ,  ) 2 y, k = 1, , -, M .  (8) 
?=I 
r+k 

We refer to such a model for successful reception of a packet 
as the S i ~ R - b a s e d ~ ~ t e ~ f e ~ e ~ c ~  Model. 

Consider the following special case of the general model 
used in this paper. Let Q and d(i , j )  denote the path loss 
exponent (when it is identical for all links in the network) and 
the distance between node i and node j .  respectively. Let 
hrj, = N denote the noise power (assumed for this special 

case to be identical for all nodes in the network) and 
G, = l / d a ( i , j ) ,  i , j = l , - ~ ~ , t i , i # j .  Then the SINR-based 
Interference Model reduces to the special scheme known as 
the Physical Interference Model [5 ] .  
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We define the cardinalig of the set of successful receptions 
in a transmission scenario S ( h f )  employing transmit power 

vector =(t,, ...&), OZF; ,  'P,,, k =1,2, ..., Ad + as the 
sparial reuse fncror of she srcrnsirrission scenario S,, with 
respect to Poi,. We define a transmission scenario S , ,  to be 
feusible under power vector P(nri (or equivalently. under power 
vector P=(P , i - - . :P ' )J l<P ,  I P , , , , i = I ; - . , n )  if all the 
transmissions are successfully received at all of their intended 
receivers. Consequently: the spatial reuse factor of the 
feasible transmission scenario S,,, under power vector Pfn0 is 
equal to c A.f llJ ~j~ Clearly, every achievable throughput 

vector A under power vector P. can be achieved under a joint 
scheduling and routing scheme over the underlying (finite or 
infinite) operational time period that can be represented by a 
sequence of feasible transmission scenarios under power 
vector P allocated to (finite or infinite) consecutive time slots. 
We refer to such a sequence as a scenario sequence with 
respect to power vector P. The it17 scenario sequence with 
respect to power vector P,  and the associated value of the 
objective function are denoted as SQ,(P) and fisof(,, - 
respectiveIy. Furthermore, the set of all possible distinct 
scenario sequences, each operating under the same power 
vector P? is denoted as X(P,. Then based on thc definition of 
the scenario sequence, we can express the conditional optimal 
value of objective function also as follows: 

(9) 

k = l  

Q * ( P )  =strp(nsQl,pj : SQ,(P)E S (P) j - .  

1. Let 3,) = {(il 3 ~ ( ~ * ~ ; ~ ( ~ , ) ; ~ ~ ~ , ~ ~ , r ~ j ~ ~ )  

,- '* ,GM -+ ~ ( ~ ~ ~ ~ s ( i ~ ) ~ ~ ~ ~ ~ ~ ) , r ( ~ ) ~ }  be an arbitray 

1 

111. R?ATHEhl.&TICAL ANALYSIS 

transmission scenario under power vector 
P(Af, = @Pi ,..., ,Beif ) 0 <piL. I P,,,,k = 1 ,... J4, where 
p is a real positive number. The spatial reuse factor of 
transmission scenario S,,, with respect to this power vector 
Pbf) is a monotonically non-decreasing function of /? in the 

interval (0, a(p-lP(M1)] , independent of nodal distribution, 

tmflic pattem and offered traffic load. 
Prooj: Let us consider an ad i tmy  twmission 
( j k  ~ ~ ( ~ ~ ) ; s ( j ~ ) ~ ~ ~ ~ i k ~ , r ~ ~ ~ ~ ~  in S,,, k = I;-.,M. Based 

on relation (S), the transmission from i ,  is successful[v 
received atj, j~ Jik if 

n.r 
Gq..PPik + Gi,iPPir) 2 Y .  (10) 

r=I 
r*P 

Independent of nodal distribution, traffic pattem and offered 
t&c load, the derivative of the left-hand-side of relation 
(10) with respect to p can be calculated as 

r=l 
r& 

T =I 
r+k 

and is-noted to be always nonnegative. Therefore:, by 
increasing the value of ,8. the SINR at j remains 
constant (when N, = 0 )  or increases. In fact. in the limit as 
p+ml the SINR a t j  converges to a constant: i.e.. 

Similarly, the SINR at all other intended receivers increase as 
/? increases. Therefore, the spatial reuse factor of 
transmission scenario S,,, under P,, is a monotonically non- 
decreasing function of ,R , PE (O:a(fi-'Plhf))] ~ independent 
of nodal distribution, traffic pattem and offered traffic load.. 

While Lemma 1 corresponds to a single time slot, the 
following theorem is related to the entire operational period. 

Theorem 2. If P' = (P', , PI, ) is relatively maximized 

with respect to P=(pl..-. ,P,), then Q*(P')2R*(P) ,  
independent of nodal distribution, traffic pattem, and offered 
tl?iffic load. 
ProoJ Let P '  be relatively maximized with respect to P. 
Based on Lemma 1, every feasible transmission scenario Scnfl 

under power vector P(M, =Cpi,,-'..PiM) is also a feasibIe 

transmission scenario under power vector 
P;M)=(l"l, .-.,P',,) . Therefore, based on the definition of 
scenario sequence, every scenario sequence under P is also a 
scenario sequence under P '. 

represent the set of all nodes j in which 
there is a communication link from node i to node j under 
power level 4 I i = I ,  ... 3 7 ,  Since PIi 2 P, ~ based on relation 
(7) node i may attain some additional communication links 
under Pi (due to the higher SNR), i.e. 

s IV~,~,, , i  = I,.. ., n . As a result, under power vector P ', 
additional routes my be explored. which uanslates into 
supplementay scenario sequences. Therefore. X(P)& XV) , 

Assume the ith scenario sequence under power vector P is 
the same as the@ scemria sequence under power vector P' ,  
i.e. SQ, ( P )  = SQ,(P ' )  . Since, every scenario sequence 
consists of a sequence of feasible transmission scenarios. we 
have QsQj(p) = fisQj(pl,. Consequently, since X(p) G X(p') 

and based on relation (9): we conclude that 

Now, let 
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C l  * (P') 2 !2 * (PI .  independent of nodal distribution, traffic 
pattern, and offered traffic load. 

Lernnia 3. An optimum power vector always exists 
Pro@ The proof is based on the fact that the set of all power 
vectors can be partitioned into afinire positive number of sets. 
so that for each set the conditional supreme value of the 
objective function is identical. The proof i s  omitted here due 
to the space limitation. 

Theorem 8. Independent of the underlying nodal 
distribution, traffic pattern and offered traffic load. there 
exists a relatively maximum power vector that is optimum. 
Proof: Let assume that there is no optimum relatively 
maximum power vector. Then, based on Lemma 3. there 
exists an optimum power vector P* that is not relativeiy 
maximum. Let P '  denotes the relatively maximized power 
vector with respect to P*. But, based on Theorem 2, 
R *s n(P') . Clearly, the latter contradicts the suboptimality 
of evev relatively maximum power vector, which completes 
the proof. 

In generd, an optimum power vector is a function of nodal 
distribution traffic pattern. and offered traffic laad. However, 
based on Theorem 4, independent of the underlying nodal 
distribution, traffic pattem, and offered tl-aftic load, there 
exists an optimum power vector for which at least one of the 
components is equal to PmaK. Intuitively, this is due to the fact 
that relative maximalit): provides a higher canibinotoriol 
diversiv (Le. higher degree of freedom) in terms of the 
optimization of the joint scheduling and routing scheme. In 
fact, as we illustrate in our numerical results (section IVL the 
latter property Ieads to significant increase in the conditional 
supreme value of the objective function. 

The following conclusions follow directly from the latter 
theorem 

Corollaty 4.1. Under the special case that the maximum 
transmission power is sufficiently high a fully connected 
topology is an optimum topology of an ad hoc wireless 
network, independent of nodal distribution, traffic pattern and 
offered traffic load. 

Corollqv 4.2. Under the special case that the transmission 
power of all nodes is assumed to be identical (yet 

the power vector P = (6 = P,, , . . ., P, = P,,)  

is optimum independent of nodal distribution, traffic pattern: 
and offered traffic load.' 

It is apparent from the properties employed above in the 
proof of our results that imposing end-toad delay constraints 
for different source-destination pairs does not change any of 
our results. That is, relative maximality leads to higher 

' This result is due to the fact that under the latter special case, power vector 
i s  the only reiatively maximum power P = ( q  =Pm Lx,-...Pn =P,,) 

vector. 

combinatorial diversity, even under end-toad delay 
constraints. 

Iv. NULIERICAL fkX4L,I'SlS 

.4. Linear Prograninling Forimdation 
In this subsection we provide a linear programming (ZP) 

fomiulation for analysis of the throughput capacity of ad hoc 
wireless networks (under a given nodal power vector) over the 
operational period T that can represent an unlimited duratio& 
for an infinite horizon operation, or it can denote a finite 
sufficiently long operational period. We use this LP 
formulation in the nest subsection to compare our ~esults 
versus previous results that appeared in the .literature. For 
such a comparison and without loss of generality? we adopt the 
same definition of the throughput capacity (as described in 
Section I) tllat has been widely used in the literature ([3]-[9]). 
Yet, the LP formulation can be also readily applied (with 
minor modifications) to any linear objective function 
n(Al , We note that our results in Section I11 are valid 
for any general real-valued function Q(A, ,...,Am) . 

Then, based on the 
definition of the conditional supreme value of the objective 
functioa C! * ( P )  is equal to the throughput capacity of the ad 
hoc wireless network under the given power vector P. For the 
sake of consistency, in our mathematical formulation we 
assume that every source node is associated uith a single 
destination and it has infinite reservoir of packets to send to its 
destination. Moreover. we assume that the nodes to operate 
under a unicast routing mechanism. 

For a given ad hoc wireless network and nodal power 
vector P, we define s f i k !  as the foilowing 

Let !2(, ,_._, ,Im) =MIn(A ,..., ,am). 

'&if iri the X-th feasible transmission 
sceriario itrider P ,  j is the receiver of 
U packet whose source i s i , i #  j 
- I ,  i f  iri the kth j2asible tmmmission , k  =l , , . . ,Ni , ( l3)  
scenario uiider P, j is the transmitre r 
of a packet whose source is i , i  # j 

(0, o t h w i s e  

where N I ,  denotes the total number of feasible transmission 
scenarios for the underlying ad hoc wireless network under 
power vector P.' Let U = ( o , . . . . p N i ) ,  where 
ak, k = l , . - . , N ' ,  , represents the fraction of time over an 
arbitrary finite positive period T' allocated to the klh feasible 

N ' s  
transmission scenario. ak I l ,a ,  2 o . Assuming 

- 

k = l  

'Note that we keep all the feasible transmission swnarios in the same order, 
over all time slots. 
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H' 

represent the ser of all given sourcedestination pairs. we first 
define Problem 1 as the fo~lowing non-linear optimization 
problem: 

s.t. 

k=l 

,except for ( i  = i , ,  j = j l ) ,  (15) 

where K = { k : ~ ~ ~ ; ~ ) = - l  for at leas[ one I , l=I , . - ;m,k=l , . . . ,Nsj  

and ak 's  are the only decision variables. Constraint (15) 
describes the j7mv co~~senv~fioii requirement at eveg node 
(i.e.. the amount of OutgoingJow is equal to the amount of 
incomingJlow, except for s o m e  and destination nodes), and 
constraint (17) prohibits a packet after its amval at destination 
from further retransmission. 

For every feasible solution of the latter non-linear 
hnS 

optimization prablem (i.e.. (01 ' * .  $,~rh ) )+ z s j l j l  (4 uk 

represents an ripper bound on the i-h sourcedestination 
throughput level Ai (in packets per slot) associated with the 
sourcedestination pair (I! , j l ) ,  averaged over period T'. The 

reason that CsIIR")ak  is not necessarily equal to the 

associated data rate itself is that the following sets of 
constraints (i.e.> the realizabilie constraints) are not 
(intentionally) incorporated into the definition of the 
optimization problem: 

k-i 

"S 

k =1 

1) Inregrarity constl.ain~s: In the definition of the optimization 
probleq we allow the decision variables ( ak 's) to be 
arbitrary real values between zero and one. As a result, 
akT' is not necessarily equal to the duration of an integral 
number of time slots, k = l...., N l s .  Therefore, a feasible 
solution of the optimization problem is not mcessarily 
realizable over the period T ' .  We refer to the set of 
constraints that confines ak 's to the values for which 
a,T' is equal to the duration of an integral number of 
time slots. k = I, '. NIs . as the integruli+ consrrainrs. 

Causaliy constraii?ts: Assuming that a feasible solution 
of the above optimization problem satisfies the integrality 
constraints, yet such a solution does not determine the 
order of the resulting transmission scenarios to be 
performed over consecutive time slots. In fact, even. 
sequencing of the resulting transmission scenarios 
(associated with the feasible solution of the optiinization 
problem) might yield a non-causal routing (i.e.. an 
intermediate node relay a packet from another node 
before that packet actually arrives) over the period T' .  
Hence, a feasible solution of the optimization problem is 
not necessarily realizable over the period T' .  We refer to 
the set of constraints limiting a k ' s  to values that are 
associated with at least one causal routing scheme over 
the period T '  as the causality constraints. 

E the realirnbilitv constraints (i.e. the integrality and the 
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causality constrain;) were imposed into the- definition of 
Problem 1, additional restrictions would lave been potentially 
incorporated into the selection of optimal uk 'S. 

Consequently, we conclude that the optimal vaiue attained by 
the objective function by solving the above mentioned 
optimization problem MiMin (C wak , represents an 

upper bound on the throughput capacity of the network (under 
a given a transmit power vector) over h e  period T'. 

We show in Appendix A that Problem 1 can be simply 
reformulated as an equivalent linear programming (Problem 2) 
by adding a single constraint and a single non-negative dummy 
variable. Since Problem 1 and Problem 2 are equivalent, 
henceforth we refer to either problem as 'the optimization 
problem.' It is apparent that the optimal value o f  the objective 
function of the optimization problem (and not the throughput 
capacity over the period T' itself) is independent of the length 
of the period T '  since the decision variables ( ak 's) are 
allowed to assume arbitrary real values between zero and one. 
Therefore, the optimal value of the objective function of this 
optimization problem is also an upper bound on the throughput 
capacity of the underlying network over the operational period 
T. In Theorem 5 and Lemma 6 (see Appendix A), we prove 
that there always exist a finite time period T'= T ' ,  such that 

an optimal solution of the optimization problem satisfies the 
integrality constraints. Furthermore, we show how to calculate 
the smallest value of such a TI, based on the o p t d  
solution of the optimization problem 

Whde in solving the optimization problem we ignore the 
realizability constraints, we prove in Theorem 7 that the 
optimal value of the objective function (which is an upper 
bound of the throughput capacity over any operational period) 
is indeed equal to the throughput capacity of the nehvork over 
a sufficiently long operational period T. 

Theorem 7. The optimal value of the objective function of 
the optimization problem is equal to the throughput capacity of 

"S 

14 E A  !€(I, ..., In) 
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the network under the given nodal power vector for 
sufficienily long operational period 2". 

ProoJ The proof is based on construction and Lemma 6 
(Appendix A). For complete proof see Appendix A. 

From computation point of view, when a large. number of 
nodedflows is involved, we note that the computational 
linutation of calculating the throughput capaciw of ad 
hoc wireless networks based on the LP formulation is in the 
verification of the feasibility of all transmission scenarios, the 
number of which grows factonally fast as the number of nodes 
increases. 
B. ,Vunrerical Restilts 

In this section, we use the LP optimization model to 
evaluate our theoretical results derived in Section 111. To 
compare with other schemes. we make similar assumptions to 
those made in [j]: namely, i) nodes operate under a unicast 
routing mechanism ii) every node is assumed to be the source 
node of a MIC flow. which is destined to a single destination 
iii) eveq node has infiite reservoir of packets to send to its 
destination iv) the Physical Interfemce Model is used as the 
measure for successful reception of transmissions, v) nodes are 
randomly and uniformly distributed over the area of 
operations, and vi) traffic pattem is randomly and umforrnlg 
selected. We further assume here that nodes are distributed in 
a 500 x 500 meters square and the path loss exponent is set to 
be 4. Noise power is -90 dBm, the minimum required SINR is 
set to 10 dIc, and the minimum required SNR is set to 13 dB. 
All trdnsmissions are performed at JP' = 12 Mbps. Let Pmh 

denote the minimal common transmission power that 
maintains connectivi@ in the underlying network (111. IS]). 
The Pmm level is selected based on the underlying realization 
of nodal distribution (so that it varies in accordance with the 
underlying realization of nodal distribution over the area). 
The maximum power level P,, is set to be 5 W in order to 
maintain a fully connected topology (as well as to provide 
SINR margin at the intended receivers to deal with 
interferences): independent of the actual distribution of nodes 
in the area. We note that since the minimum common power 
levels are dynamically adjusted to the size of the area of 
operations, the resulting topologies are in essence independent 
of the area size. This is due to the fact that PmC, is determined 
merely based on the given relative nodal location (to achieve a 
camected topology). Moreover, assuming that P,, is 
sufficiently high the resulting topoIogies are independent of 
the area size, as it always yields a fully connected topology. 
Similarly. given the locations of network nodes, the topologies 
under P,, and P,, are each independent of the value of the 
SNR threshold. Though we restrict our numerical analysis to 
networks with at most 10 nodes to be able to compute dl the 
possible feasible transmission scenarios, it adequately captures 
the trade-offs addressed in this paper. 

In Fig. l1 we depict the average throughput capacity 
(recalling it to be defined a5 the guaranteed per source- 

destination throughput level) of an ad hoc wireless network 
under the designated common t" i t  power level (P,, , 
1.5Pm,, 6Pm, and P,, ) as a function of the number of 
nodes: For each 17. n = 2:...10, we randonlly and uniformly 
generated 50  layout realizations for nodes in a 500 s 500 
meters square. For each realization, the destination of each 
source node was uniformly and independently selected. The 
throughput capacity for each layout under ever?. one of the 
above common transmit power levels was then calculated by 
solving the LP optimization model using the L O G  CPLEX 
7.0 software. The avenge throughput capacity associated with 
each n in Fig. I was then calculated based on statistical 
averaging over the throughput capacity of the 50 randomly 
generated topologies under the corresponding common 
transmit power level. 

We observe the monotonic decrease in the throughput 
capacity as a function of 17 under all of the common transmit 
power levels, which is consistent with the resdts in [SI 
regarding the reduction in throughput capacity with the 
increase in the number of nodes (under the aforementioned 
ass~mptions).~ Note that for n = 2 under all the common 
transmit power levels. and for n = 3 under Pma, all 
realizations yield the same throughput capacity level. 
Interestingly. for ai1 50 instances of n, n =6;.-,10, the 
throughput capacity under P,, was strict& greater than that 
under Pmin . Fig. 1 also illustrates how the avenge throughput 
capacity associated with each n is increased with the increase 
in common transmit power level. For an ad hoc wireless 
network with 10 nodes (averaging over 50 networks with 
random nodal layout and random traffic pattem), a 76% 
capacity upgrade is realized as the common transmit power 
level is increased from Pmi, to P,, . This is obtained under 
the condition that for specific ad hoc wkeless networks of 10 
nodes with random layouts and random traffic patters, we have 
realized over 200% capacity upgrade under P,, . Based 
on Theorem 2 and Theorem 4, this difference is rooted in the 
higher number of feasible trammission scenarios achevable 
under P,, . We note that for an ad lioc wireless network with 
10 nodes there are (in avenge) more than 28,000 additional 
feasible transmission scenarios under PmaY (with respect to 
Pmh )? which in turn, leads to astronomically higher number of 
supplementary scenario sequences under the high transmission 
power level. 

Let L denote the average path length (in hops) over all 
source-destination pairs. In Fig. 2, we illustrate the vanations 
of the averaged t value (over the 50 instances) vs. n, attained 

Clearly, under other variations of our generic system assumptions in Section 
EL throughput capacity may or may not be a monotonic decreasing function of 
the number of nodes. 
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Number of Nodes (n) 

Figure 1. Illustration ofthe lhroughput capacity as a function of number of nodes under diffkrent common transmit power levels 

under optimal joint scheduling and routing schemes for Pmin 
and for P,, , In Fig. 2, we also depict the domain (i.e.: the 
range of values attained) of L for each n, n = 2;--,10, (over 
the 50 instances) under Pmh and under rmay with solid 
arrows and long dashed arrows,. respectively. We observe that 
average L value attained under P,, to be significantly lower 
than that redized under Pmk. We thus conclude that the 
effect of P,, in providing significantly shorter paths to 
maximize the throughput capacity is of paramount importance. 
Yet, Fig. 2 also demonstrates that the selection of the shortest 
path when considered in conjunction with medium access 
control scheduling, does not necessarily yield the throughput 
capacity level. In particular. the upper bound of the domain of 
L for 10 nodes under P,, , indicates that for certain nodal 
layouts and traffic pattems. the average pakh length (over the 
10 sourcedestination pairs) is about 1.4. Recall that this is 
obtained under the condition that ever?. source node, by 
applying the same power level (P" 1, can communicate 
directly (in a single hop) to its destination in the absence of 
interference. Of come. on the average, the optimal path tends 
to assume a length close to that of the shortest path, as the 
average L (over the 50 random topologies with 10 nodes) 
under P,, is about 1.1 hops. 

C. Numerical Examples 
In the following numerical examples. we select three of the 

randomly generated nodal layouts (and their associated 
random traffic patterns) used in the numerical results presented 
above, to provide a more detailed performance comparison. In 
Table I, we illustrate the traffic patterns (S, D )  and the 
underlying nodal coordinates of the source nodes (x( S ) ,  y( S)), 
where S and D denote the source ID and the destination ID, 
respectively. The parameter values are identical to those used 
in the numerical analysis discussed above. 

P,, associated with nodal hstribution 1 is equal to 3 1  
mW, vvhile Pmin for nodal dmibutions 2 and 3 is equal .to 
55.2 mW and 40.1 mW, respectively, Though the number of 
nodes in nodal dwribution 2 is higher than that in nodal 
distribution 3, due to the specific layout of nodes the latter 
distribution requires less common transmit power level to 
maintain connectivity. In Figure 3, we illustrate the 
throughput capacity levels associated with the latter 
realizations as a function of common transmit power level. 
Interestinglyy, in all three samples, we obsenie a sigruficant 
upgrade in the throughput capacity as power increases from 
the associated Pmin to 200 mW. Meanwhile. the throughput 
capacity comwges in all three realizations as the common 
transmit power level becomes sufficiently large. 

As an esample, consider nodal distribution 1, which 
corresponds to 10 nodes: we observe an eqonential increase 
in the throughput capacity associated with nodal hstribution 1 
as power increases from P,,, to 200 mWt with the 
corresponding throughput capacity increased from 0.706 
Mbps to 1.5 Mbps. Increasing power from 200 mW to 300 
mW does not affect the throughput capacity, while increasing 

I 5 I I I 

-E- Average Path Length under Pmin ,: -..... -----.:.-.----.:- ......- 4.5 + PafhLewhunderpma* 

Number of Nodes (n) 

Figure 2. Average L under optimal joint scheduling and routing schemes far 
Pm;l and for Pmm . 
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the transinit power from 300 mW to 400 mW sIightly 
improves the throughput capacity (i.e.. the throughput capacity 
is increased from 1.5 Mbps to 1.55 Mbps). Furthermore, 
increasing the transinit power from 400 InW to 1100 mW does 
not affect the tluoughput capacity, while increasing the power 
levcl from I100 mW to 1200 InW upgrades the throughput 
capacity slightly from 1.55 Mbps to 1.579 Mbps. The latter 
tninor improvement is due to die fact that under 1200 mW 
the transmission scenario {(4 + 3:4;3)? (7 + 10;7;10) 
becomes feasible, whereby it is not a fcasibk transmission 
scenario under 1100 mW. We observe that Further increase in 
the transmit power level does not change the value of the 
throughput capacity for this particular topologicat and traffic 
pattern realization. Clearly. as the operational area becomes 
larger. the smallest power value that yields the highest 
(saturated) throughput capacity level tends to assume higher 
values. 

In Table 11, we analyze the reasons behind the sigruficant 
improvements in the throughput capacic depicted in Fig. 3: 
which based on Theorem 4 are rooted in higher number of 
feasible transmission scenarios. Specifically, in this table, we 
demonstrdte the variations of .V'(i, as a function of common 
transinit power level. where N ' ( Q  represents the number of 
feasible transmission scenarios under the irh nodal layout i = 
1,2.3. Table 11 clearly illustrates that for the nodal distribution 
1, there are more than 96000 feasible transmission scenario 
under 1300 I ~ W . ~  This number is about 26000 more than the 
number of feasible transmission scenarios under P,, . which 
based on the notion of combinatorial diversity justifies the 
improvement of the throughput capacity from 0.706 Mbps 
(under P,,, 1 to 1.579 Mbps (under 1300 mW). Specifically, 
a coinparison of Fig. 3 and Table I1 illustrates that every 
improvement in the tluoughput capacity associated with each 
of the nodal layouts is simultaneous with m increase in the 
number of feasible transmission scenarios. However, the 
opposite is not necessarily true (i.e.: increase in the number of 
feasible transmission scenarios does not necessarily Iead to 

Table 1. Traffic patterns and the coordinates of nodes (in metm) fur three 
randomly generated nodal layouts. 

2.2, I 

Common fransmit Power Level (mw) 
Figure 3.  Througliput capacity as a function of common transmit po\ver level. 

improvement in the throughput capacity). 

V. CONCLUSIONS 
In this paper. we analyze and investigate the effect of nodal 

transmit power vector P on the supremum of a general 
function of the achievable sourcedestination throughput 
levels L!(A,l...,.2,,). Assuming that R is not directly a 
function.of P? and that R * ( P )  represent the supreme level of 
R (over the set of all achievable throughput vectors) attained 
under power vector P, we prove that, independent of nodal 
distribution, traffic pattem, and offered traffic load, 12 * ( P )  
is madmized (over the set of all nodal power vectors) by 
properly increasing the nodal transmit power level. 

We note that our selection of the optimal power vector to 
have the relative masimalih feature also provides a lugh level 
of robustness under dynamic topologies induced by mobility. 
Further, we did not include mer= consumption as an 
objective for the networks under consideration in thus paper. 
The analysis of the trade-offs among capacity, energy 
consumption and robustness under the high transmission 
power is part of our ongoing research Moreover, die 
implications of the relative maximality feature on delay and 
network lifetime under various centdized/distributed MAC 
schemes are interesting directions for future research 

APPENDIX A 
By defining a single non-negative dummy variable R and 

substituting (14) with 
&fax A (19) 

f l E A  

s.t. 

We note hat  the number of feasible transmission scenarios for a given n and 
a given power vector varies significantly based on the realized nodal layout. 
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POWE "(1) X'(2) "(3) POWE 
R (n=lO) (n=8) (n=6) R 

it can be clearly seen that the non-linear optimization problem 
(Problem 1) is transformed into an equivalent linear 
programming problem (Problem 2). We note that the linear 
optimization Problem 2 (represented by relations (15)-( 18) and 
(1 9)-(20)) always has an optimal solution, since it always has a 
trivial feasible solution ( A = O,a = 0. j = 1;. - ,N's and the 
objective hnction is always finite (e.g.; it cannot be larger 
than ~ ' 2 ) .  

Clearly, the set of constraints of Problem 2 can be 
represented by the following equivalent system of linear 
equations: 

N'(1) w(2) h"(3) 
(1~10) (n+ (6) 

where z, 

Pmm 69982 

fu"" 

1280 I l l  I 700 95911 1576 162 

ak 20,a2ro,z, 2qZ>o,  
k =l,..., M s  , i = 1;- -:n, j = l;-.,n, 1 =I,. 

and z are a surplus variable and a slack variable, 
respectively. We refer to the above feasible region for 
decision variables uk's, zIts.z and A as the achievable 
spatial and temporal polyhedra. 

Theorem 5. The coordinates of evely extreme point of the 
achievable spatial and temporal polyhedra are rational 
numbers. 
PmoJ The proof is based on the fact that the set of rational 
numbers (i.e. rationals) forms ajeld (denoted by Q )  [lo]. and, 
hence, elementary row operations on rational numbers cannot 
yield an irrational number. Details are omitted here due to the 
space limitation. 

Corollap 5.  I .  All a, 's associated with an optimal solution 
of Problem 2, which are associated with a basic feasible 
solution (extreme point) of the problem, are rational numbers, 
i = l : . - . N ' , .  

In the following lemma. we prove that we can always select 
the value of T' such that nJ'J = l3-..?V3 becomes equal to 
an integral number of slot duration. 

Lemma 6. There always exist a finite positive time period 
T ' = T ' ,  and an optimal solution of the optimization 

- 
problem a* = (a CI *2, .%a * W S  ) , such that 

0 * k  TI,  = C ~ Z ,  k = 1 , m . v .  AT'S , (22) 

where r is the duration of a time slot and cp  is a non- 
negative integer. 

Proof Let 0 * be associated with a basic feasible solution of 
Problem 2. Then based on Corollary 5. l., U *k 's are rational 
numbers. Without loss of generality, suppose a*k ' s  are 
represented in their relatively prime fonnat, and d * k ' s  are 
their associated denominaton, k = l , - . . . R T ' s .  Theen 
LCAd{d*,,k = L-.-.N', f . ~  is the smallest value of T ' ,  that 
satisfies relation (22), where LCM{.) is the least common 
multiplier function. 

Proof of Theorem 7.  The proof is based on construction: let's 
consider a frnte time period T ' ,  and an optimal solution 

a* = ( a  ,a *2 , . - . , a  * of the optimization problem, wluch 

satisfy relation ( 2 2 )  (note that Lemma 6 guarantees the 
existence of such a period and optimal solution). Clearly, 
under such a period Trep, every transmission scenario is 
repeated an integral number of time slots. 

Now consider an initialization period with finite duration 
T'trDm for backloggmg packets at intermediary nodes. This 
period is of finite duration, noting that it should be sufficiently 
long in order to guarantee that there will be no-non-causal 
routing within the first period of duration T ' ,  after the 
initialization period (independent of the sequence of the 
feasible transmission scenarios);' for this purpose, a finite 
number of packets (associated with those included in YreP: 
which based on Lemma 6 is always finite) must be transmitted 
across the network transported by a finite number of 
intermedate nodes. Following ths period. we implement the 
feasible "ission scenarios prescribed by the optimal 
solution of the optimization problem in an arbitrary order over 
each finite period T ' ,  . Subsequent feasible transmission 
scenarios are formed as cyclic repetitions of period T ' ,  . 
Due to the f i t e  duration of the initialization period, using a 
sufficiently large number of repetitions of the above arbitmry 

- 

"S 

' The initialization period is sufficient to cover only the first TIrep period, 

since the flow conservation constraints guarantee the causality of the resulting 
muting over the subsequent TIrep periods. 
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realization under T’, reaches w i t h  an arbitmy deviation 
E L 0 from the optimal value of the objective funcrion of the 
optimization problem ((her the infinite time horizon the 
throughput capacity reaches precisely the optimal value of the 
objective function of the optimization problem in an 
asymptotic fashion i.e. E i 0’ .I Since the optimal value of 
the objective function is an upper bound for the throughput 
capacity over the operational period T,  we conclude that the 
optimal value of the objective function is indeed equal to the 
throughput capacip of the network under the given nodal 
power vector oyer the operational period T. 
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