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Abstract—Wireless local area network (WLAN) systems are 
widely implemented today to provide hot spot coverage.  
Operated typically in an infrastructure mode, each WLAN is 
managed by an access point (AP).  Wireless mesh networks are 
employed for the purpose of extending the wireless coverage 
scope of the network.  In this paper, we present a scalable and 
fully distributed algorithm that serves to autonomously elect 
certain Access Points as Backbone nodes to construct a connected 
mesh backbone network.  We assume that multiple 
communications bands are used and that some nodal platforms 
are outfitted with multiple radio modules.  The new scheme 
presented here is thus identified as a Multi-radio Topology 
Synthesis Algorithm (MR-TSA).  Higher capability nodes are 
assumed to employ two radio modules and to engage in a 
collaborative manner in the construction of a mesh backbone 
network.  Less capable nodes employ only a single radio module.  
We prove mathematically that the underlying topology synthesis 
algorithm induces control overhead and exhibits temporal 
convergence features that are independent of the number of 
network nodes.  We also mathematically characterize the size of 
the constructed backbone network, deriving probabilistic bounds 
on the degree of dynamically elected backbone nodes.  Extensive 
performance evaluations confirm the scalability and delay-
throughput efficiency of the underlying multi-radio hierarchical 
operation.  We also provide comparisons with other backbone 
based (and clustering oriented) operations.   

I. INTRODUCTION  
Wireless local area network (WLAN) systems are widely 

implemented today to provide hot spot coverage.  Operated 
typically in an infrastructure mode, each WLAN is managed by 
an access point (AP).  Wireless mesh networks (WMN) [1] are 
considered for implementation for the purpose of extending the 
wireless coverage scope.  A WMN involves a wireless mesh 
backbone network that serves to interconnect the underlying 
AP nodes.  In large part, currently implemented WLANs 
implement physical and MAC layer protocols that follow the 
IEEE 802.11 standard [2].  Recently, the 802.11s [3] working 
group has been formed to study and propose recommendations 
for the implementation of a wireless-based extended service set 
(ESS) that provides for wider area communications among 
distributed clients, each of which has access to an IEEE 802.11 
wireless LAN.   

The use of multiple radio modules at a device and multiple 
communications channels to aid the performance of WMNs has 

also been considered.  It is shown in [4] that using multiple 
radios in a collaborative manner dramatically improves system 
performance and functionality over the traditional single radio 
wireless systems in terms of energy management, capacity 
enhancement, mobility management, channel failure recovery, 
and last-hop packet scheduling behavior.  The popularity of 
WLAN products has led to significant price drops of WLAN 
radios, so that the use of two or more radio modules at a device 
is becoming economically feasible.      

In a wireless mesh network, a node may be designed to 
perform as an access point and is thus identified as a “physical 
AP”.  In turn, other devices (including laptops, hand-held 
computers and others) can also be outfitted with software that 
enables them to operate as AP stations (such a station is then 
identified as a “soft AP”).  Either such station is identified by 
us as an AP node.   

For the configuration presented in this paper, we assume 
that an AP node is equipped with two radio modules: a high 
capacity radio module that is used for communications with 
other AP nodes using the high capacity communications 
channel; and a low capacity radio module for communications 
with non-AP client nodes using the low capacity 
communications channel.  Each channel can be operated at its 
selected data rate and link ranges by configuring its physical-
layer operation (including its modulation/coding and antenna 
beam-forming scheme).  Thus, communications between an AP 
and its client nodes is assumed here to take place across a 
separate channel from that used for communications among AP 
nodes.  We assume that AP nodes are outfitted with routing 
intelligence that implements our backbone oriented routing 
scheme.  In turn, we assume in this paper that non-AP stations 
employ only a single radio module and possess no routing 
capability.   

The concept and characteristics of the Mobile Backbone 
Network (MBN) architecture were developed and presented by 
Professor Izhak Rubin et al. in [19]–[20] and further described 
in [21].  Following this approach, a multi-tier hierarchical 
architecture is constructed and employed for routing messages 
in a mobile ad hoc wireless network. Routing algorithms that 
make use of this hierarchical infrastructure are presented in 
[22]–[24].  Under the MBN protocol, nodes are classified into 
two categories: Backbone Capable Nodes (BCNs) and Regular 
Nodes (RNs) based on their respective computation, processing, 
energy resource and transmission capabilities.  A Backbone 
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Network (BNet) is formed by dynamically electing BCNs to act 
as Backbone Nodes (BNs) which interconnect with neighboring 
BNs to form backbone links.  In general, the MBN is designed 
so that it involves a sufficient but not excessive number of 
backbone nodes, while providing high coverage.  A node that is 
not elected to serve as a BN proceeds to associate with a nearby 
preferred BN.  A BN manages an access network (ANet) that 
consists of itself and the set of its associated client nodes.   

In comparing the backbone synthesis roles played by the 
nodes in the mesh network studied in this paper with those of 
nodes included in our MBN model, we note that the mesh 
network AP nodes (identified as Mesh APs or just as APs) are 
regarded as backbone-capable nodes (BCNs) while non-AP 
nodes act as regular nodes (RNs).   

Fig. 1 illustrates the structure of the wireless mesh network 
under consideration.  We note that certain AP nodes can be 
attached to wired networks.  The black circles represent the 
APs that have been elected by our algorithm to serve as BNs, 
while grey circles represent non-backbone AP backbone 
capable nodes.  The sub-network that consists of black circles 
interconnected by thick solid lines represents the BNet.  For a 
given BN, the BCNs and RNs (AP and non-AP nodes) that are 
associated with this BN are identified as its client nodes.  The 
collection of a BN with its client nodes (and the corresponding 
communications links available to them) forms an Access 
Network (ANet) that is managed by the underlying BN.  In the 
figure, each ANet is identified using a dotted circle. 

 
Figure 1.  Mesh Backbone Network Topology 

In this paper, we present a scalable, fully distributed multi-
radio topology synthesis algorithm (MR-TSA) that is used for 
constructing and maintaining a backbone network.  The latter 
consists of APs acting as BNs, striving to cover the rest of the 
nodes.  Each AP node is either elected to serve as a BN or is 
one-hop away from a BN.   The MR-TSA scheme presented 
here guarantees (when feasible) the construction and 
maintenance of a connected backbone network where the size 
of the backbone network is independent of n (where n denotes 
the number of network nodes), within a period of time that is 
also independent of n, i.e., of constant (O(1)) order.  It involves 
a control message size that is of the order (vs. n) of O(1) per 
node.  Moreover, the presented topology synthesis algorithm, 
as employed by the presented routing mechanism, is shown to 
reduce routing overhead and to provide scalable and efficient 
operation for the wireless network.  We also present extensive 
comparisons of the performance behavior of the network under 

our scheme with those exhibited by other backbone-based (and 
clustering-oriented) network operations.  We present an on-
demand routing algorithm that is based on the MR-TSA and 
compare its performance with flat-hierarchy oriented on-
demand ad hoc wireless routing schemes.  

II. RELATED WORK  
An algorithm that constructs a Connected Dominating Set 

(CDS) can be employed to synthesize the backbone layout.  A 
dominating set problem in graph theory entails the finding of a 
subset of nodes with the following property: each node is either 
in the dominating set, or is adjacent to a node in the dominating 
set.  Based on the assumptions made in this paper, considering 
the special case under which all nodes are backbone capable 
nodes, the MR-TSA scheme presented here provides for the 
distributed and asynchronous construction of a CDS across the 
high capacity channel.  Finding a minimum CDS (MCDS) is 
NP-hard, hence, intense effort has been invested recently for 
the design of efficient distributed CDS construction algorithms.  
These algorithms can be divided into two categories: (1) size-
efficient algorithms, and (2) time-efficient algorithms.    

Size-Efficient Algorithms [5]–[8]:  In general, size-
efficient algorithms use two phases to construct a CDS: 
clustering, and finding gateways to connect the cluster-heads.  
The elected clusterheads and gateways form a CDS.  In the 
clustering phase, the basic idea used by such algorithms is as 
follows: Initially all nodes are white.  When a white node finds 
itself having the highest degree/ID among all its white 
neighbors, it becomes a cluster-head and colors itself black.  
All its white neighbors join in the cluster and change their color 
to grey.  This process continues until there are no white nodes.  
The cluster-heads form an independent set, i.e., a dominating 
set in which any pair of nodes are non-adjacent.  This process 
suffers from a sequential propagation problem which leads to a 
long convergence time of the order of O(n).  The second phase 
is to connect the cluster-heads.  Under certain protocols, e.g., [5] 
[6], every node includes in its periodically broadcasted Hello 
message, only its neighboring cluster-head list.  Hence, the 
Hello message length is proven to be of the order of O(1), 
independent of n.  In comparison, the message length is of the 
order of O(log n) for the protocol presented in [7] and of the 
order of O(∆) (where ∆ is the maximum nodal degree in the 
network) for the protocol described in [8].  The algorithms 
presented in [5]–[7] were shown to have constant 
approximation ratio, where the approximation ratio represents 
the ratio of the backbone network size to the size of the MCDS.  
However, the long convergence time and the synchronized 
sequential phase-by-phase character of the operation impair the 
practicality of this type of CDS construction algorithms.     

Time-Efficient Algorithms [9]–[12]: Some time-efficient 
algorithms (such as those presented in [9], [10]) are also 
executed in two phases: clustering and connecting the cluster-
heads.  The main difference is in the clustering phase: a node 
claims itself as a cluster-head if it finds itself to have the 
highest degree/ID in its 1-hop neighborhood or if it has the 
highest degree/ID in comparison with weights exhibited by 
nodes that reside in one of its 1-hop neighbor’s 1-hop 
neighborhood.  Thus, the elected cluster-heads do not form an 
independent set.  This design ensures that the clustering phase 
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converges in constant time.  The CDS construction algorithms 
proposed in [11], [12] take a different approach.  The 
construction has two phases: a marking process to generate a 
CDS with rich connectivity and followed by the application of 
pruning rules (Rule 1, Rule 2 [11], and Rule k [12]).  Execution 
of the marking process and pruning rules can be done in O(1) 
time.  In general, 1-hop neighbor list exchanges are required for 
time-efficient algorithms (such as those presented in [10]–[12]), 
inducing message lengths of the order of O(∆).  The “core 
network” topology management algorithm proposed in [9] 
requires 2-hop neighborhood data exchange, yielding O(∆2) 
message complexity per node.   

We observe that the time-efficient algorithms noted above 
do not construct a CDS whose size has a constant 
approximation ratio to the size of the MCDS.  The size of the 
backbone network derived by the algorithm presented in [12] is 
proved there to be characterized by  a “probabilistic bound,” so 
that the average size is bounded by a constant value; yet, such a 
bound does not apply for certain outlier cases.   

Under the distributed MBN topology synthesis algorithm 
(TSA) that we present in [25] and an extended version (ETSA) 
that we present in [26], all nodes are assumed to be backbone 
capable, and each node employs a single radio.  All nodes 
operate at the same frequency band.  The latter protocol has not 
been structured to apply in a multi-channel multi-radio mesh 
network system.  The MR-TSA scheme proposed here takes 
advantage of implementations under which backbone capable 
nodes employ multiple radio interfaces, so that a multi-band 
operation is invoked.  We show our scheme to yield 
performance behavior that is superior to that exhibited by other 
such backbone construction algorithms. 

For d-clustering algorithms such as those presented in 
[13]–[15], each node is either a cluster-head or is at most d 
hops from a cluster-head.  The value of d is a design parameter 
of the algorithm.  The algorithm proposed in [13] selects 
gateway nodes to connect cluster-heads.  In turn, the algorithm 
presented in [14] constructs a multi-layer hierarchy of cluster-
heads (e.g., the cluster-heads of layer 1 are the cluster members 
of layer 2) but involves no election of gateway nodes.  Upper 
bounds on communication overhead for d-clustering algorithms 
are investigated in [15].  In general, the gateway selection 
procedure employed by d-clustering algorithms demands a 
higher level of computational and communications overhead 
than those required by CDS construction algorithms.  The 
scheme proposed in this paper includes a multi-hop association 
algorithm that is applied across the low capacity channel.  No 
gateway nodes are selected and no multi-layer clustering 
process is undertaken by our scheme since inter-cluster traffic 
flows are carried across the BNet using the high capacity 
communications channel. 

For efficient broadcast algorithms such as [16–18], there is 
no explicit CDS formed, but upon receiving a broadcast packet, 
every node selects a subset of its 1-hop neighbors to be 
“multipoint relays” to cover its 2-hop neighborhood.  Similarly, 
1-hop neighbor list exchange is required.  The forward node 
sets actually form a CDS.  This approach usually results in a 
smaller CDS because of the extra routing information bundled 
with broadcast data packets.  However, this small CDS is very 

vulnerable to incorrect neighborhood information since even 
the broadcast data packet collisions can induce extra error in a 
node’s neighborhood knowledge, which leads to a poor 
delivery ratio.  To improve the delivery ratio, [17] proposes to 
add extra nodes into the forward node sets to increase the 
chance of successful transmission of broadcast data packets.  
On the other hand, using a proactive approach, such as with the 
algorithm presented in this paper, incorrect neighborhood 
information oftentimes results in too many backbone nodes 
rather than not enough.     

Note that all of the above mentioned backbone formation 
algorithms have been designed for an ad hoc network in which 
all nodes use a single radio module that is operated across a 
single common frequency band.      

III. MULTI-RADIO TOPOLOGY SYNTHESIS ALGORITHM 
We assume that each backbone capable node is equipped 

with two radio modules:  a higher capability radio and a lower 
capability radio. These radio modules can be distinguished 
from each other by the use of different power levels, and/or 
data rates, spanning possibly different communications ranges. 
We assume that two distinct frequency (and/or time, and/or 
code) bands are allocated; forming two communications 
channels.  The higher (lower) capability channel is shared by 
all higher (lower) capability radios.  Each regular node operates 
a single lower power radio. 

Every node has two timers: Short_Timer and Long_Timer. 
In our simulations and testbed, the Long_Timer is set to be 
three times Short_Timer.  There is no time synchronization 
between nodes; every node maintains its own time.   

Whenever the Short_Timer expires at a node, the node 
broadcasts a Hello message to its direct neighbors on the high- 
and low capability channels (if it is a BCN or BN), or just on 
the low capability channel (RNs).  A Hello message sent on the 
high capability channel contains the node’s ID, status, weight, 
associated BN ID, and its “BN neighbor list” based on its local 
high capability channel connectivity layout. A Hello message 
sent across the low  capability channel contains the “node ID”, 
“node status”, “nodal weight”, “associated BN ID”, 
“predecessor node ID” and its “number of hops to the closest 
BN” based on its local low capability channel connectivity 
layout.     

The weight of a node can be based on its ID, degree, 
capability, or on some stability measure.  Through periodic 
Hello message exchange, each backbone capable node learns 
its 1-hop neighborhood and 2-hop BN neighborhood across the 
high capability power channel.  All nodes, BCNs and RNs, 
learn their 1-hop neighborhood across the low capability 
channel.  We note that a node does not learn its complete 2-hop 
neighborhood, as assumed by typical CDS construction 
algorithms.   

Whenever the Long_Timer expires at a node, the node 
updates its neighbor lists (and client lists) based on the number 
of Hello messages received from each neighboring radio within 
the previous period.  A backbone capable node keeps a separate 
neighbor list (and client list) for each channel.  In accordance 
with its type, a node then executes the following operations:  A 
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RN executes the association algorithm.  A BCN runs the 
association scheme across the two channels.  The BCN-to-BN 
conversion algorithms are performed across the high capability 
channel.  Backbone nodes are dynamically elected by our 
algorithm among backbone capable nodes.     

A. Association Algorithm 
Every BCN has to associate with a BN that is its direct 

neighbor on the high capability channel.  Every BCN and RN 
strives to associate with a BN through a path that is less than or 
equal to h hops (where h is a design parameter) on the low 
capability channel.  The resulting graph topology is illustrated 
in Fig. 2.  In our illustrations, we assume that higher capability 
radios have been configured (e.g., through the selection of a 
particular modulation/coding scheme and related power and 
data rate parameters) to communicate over longer ranges than 
those configured for lower capability radios. The association 
algorithm thus consists of two components:     

1) Association in the high capacity channel 
Based on the neighborhood connectivity across the high 

capacity channel, BCNs will try to find a BN node with highest 
weight (node ID is used for tie breaking) in its 1-hop 
neighborhood to associate with.  If no neighboring BN is 
detected, the node attempts to associate with a BCN—selecting 
among all its neighboring BCNs, including itself, the one with 
the highest weight.  This selected node is then identified as its 
associated BN in the Hello messages that it subsequently 
periodically issues.  When a BCN or BN receives a Hello 
message indicating itself as the associated BN, it proceeds to 
include this node in its client list. 

  
(a) High power channel topology 

  
(b) Low power channel topology 

Figure 2.  Mobile backbone network topology  
BNs: black circles; BCNs: grey circles: RNs: while circles 

2) Multi-hop association in the  low capacity channel 
Based on the neighborhood connectivity layout detected 

across the low capacity channel, a BCN or RN will attempt to 
select and associate with a neighboring BN that has advertised 
the highest weight.  If no neighboring BN is detected, the node 

attempts to identify a BCN v—selecting among all its 
neighboring BCNs, selecting the one that has the lowest 
advertised hop count of a path leading to a BN.  This selected 
node will serve as its predecessor (on the shortest path from its 
associated BN).  This use of the selected BCN v as its 
predecessor is included in the Hello messages that it 
subsequently periodically issues.  When a BCN receives a 
Hello message indicating itself as the predecessor of some 
BCN or RN, it proceeds to include this node in its client list.   

B. BCN to BN Conversion Algorithm 
BCN to BN conversion algorithm executes based on the 

high- power channel neighborhood information.    
Such a conversion will take place if the two BCN-to-BN 

conversion restriction rules are satisfied (details are illustrated 
in section III. D.) and any of the following conditions are 
satisfied at a BCN u:   
(1) Client coverage: i) NBN(u)=∅ and wt(v) < wt(u), 

∀v∈NBCN(u), or ii) ∅≠)(uCH
.     

(2) Local 2-hop BNet connectivity:  (illustrated in Fig. 3 (a)) 
{ } { } { } ∅=⊆∃ )()(),(, wNwvNvuNwv BNBNBN UIU  and 

{ } )(,),(),()( xNwvuNxuwtxwt BNBCN ⊆∈∀< . 

(3) Local 3-hop BNet connectivity:  (illustrated in Fig. 3 (b)) 
{ } ∅=∈∈∃ )()(),(),( wNvNvuNwuNv BNBNBCNBN IU   

and there does not exists a BCN x, such that 
∅≠∈∈ )()(),(),( wNxNxNvuNx BNBNBNBCN I .   

In fact, as is the case for the example in Fig. 3 (b), if BCN 
u’s conversion to BN is necessary, BCN w will detect the 
existence of a similar situation leading to analogous conversion 
conditions, and will convert to a BN to provide a 2-hop path 
(along with node u) between node u and BN z in the BNet.   

TABLE I.  NOTATION 

R High capacity radio transmission range 
r Low capacity radio transmission range 
ind(u) BN-to-BCN indicator.  A value “0” means that node u’s 

conversion from BN to BCN would break the local network’s 
connectivity.  A value “1” means that the local network may stay 
connected if node u converts from BN to BCN.          

wt(u) The weight of node u.  The relation wt(u) > wt(v) is defined to 
indicate that u’s weight is higher than v’s or  that u and v have 
the same weight but u’ ID is higher than v’s ID.         

NBN(u) The set of 1-hop neighbors of node u in the high power channel 
that are in BN status.   

NBCN(u) The set of 1-hop neighbors of node u in the high power channel 
that are in BCN status. 

CH(u) The set of clients of node u in the high power channel. 
CL(u) The set of clients of node u in the low power channel. 

               
(a)   (b) 

Figure 3.  BCN to BN conversion conditions 
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            (a)                           (b)                         (c)                          (d) 

Figure 4.  BN to BCN conversion conditions 

C. BN to BCN Conversion Algorithm: 
The BN to BCN conversion algorithm executes only based 

on the high capacity channel neighborhood information. 

Such a conversion will take place if all of the following 
conditions are satisfied at a BN u:   

(1) Client coverage condition: ∀v ∈ CH(u), NBN(v) > 1.   

(2) Local 2-hop BNet connectivity: ∀{v, w} ⊆ NBN(u) either  
i) (v, w) ∈ E, and at least one of the following four 

conditions are satisfied: wt(v) > wt(u), wt(w) > wt(u), 
ind(v) = 0, ind(w) = 0 (Fig. 4 (a)), or,   

ii) )()(, wNvNxx BNBN I∈∃ , and either wt(x) > wt(u) or ind(x) 
= 0 (Fig. 4 (b)).   

(3) Local 3-hop BNet connectivity: ∀{v, w}, v ∈ NBN(u), w ∈ 
NBCN(u) either  
i) v ∈ NBN(w), and either wt(v) > wt(u) or ind(v) = 0 (Fig. 

4 (c)), or,     
ii) )()(, wNvNxx BNBN I∈∃ , and either wt(x) > wt(u) or 

ind(x) = 0 (Fig. 4 (d)).   

For BN u, if condition (1) is not satisfied or either condition 
(2) or condition (3) are not satisfied because there does not 
exist a sufficiently short alternate path between at least one pair 
of u’s BN neighbors, or between a pair of BN and BCN 
neighbors, BN u sets ind(u) equal to “0”.  This indicates that u 
converting from BN to BCN will definitely break the network 
connectivity.  If condition (1) is satisfied and either condition 
(2) or condition (3) are not satisfied because the BNs on the 
alternative routes have higher weights, ind(u) is set to “1”.      

D. Restricting Conversions of BCN to BN 
We introduce two rules to govern the conversion of a 

backbone capable node to BN status.   

Rule 1:  A BCN should not convert to a BN if the number 
of its BN neighbors is higher than a threshold level, denoted as 
the BN_Neighbor_Limit.   

To mathematically justify and characterize such a threshold 
based rule, we prove in the following that if a BCN has more 
than 9 BN neighbors, its BN neighbors must all belong to a 
single connected BNet and these BN neighbors already provide 
sufficient client coverage in its coverage disk, indicating that its 
conversion to BN status is not required.   

Theorem 1:  If a BCN has more than 9 BN neighbors, 
these BN neighbors must all belong to a single connected 
BNet.    

Proof: In Fig. 5(a), we show the BN neighbors of BCN u to 
be located along a circle of radius R centered at BCN u.  We 
identify them as peripheral BNs (BN 1 ~ 9).  Such an 
arrangement is noted in section V-A to induce an upper bound 
on the number of node u’s BN neighbors.  In order to separate 
the peripheral BNs into disconnected BNet components, there 
must be two pairs of “neighboring” BNs out of each other’s 
radio transmission range, e.g. (BN 1, BN 9) and (BN 5, BN 6).  
At the same time, the distance between any two peripheral BNs 
that have a single BN separating them along the circle (e.g., BN 
1 and BN 3) needs to be larger than R according to BN to BCN 
conversion condition (2).  Hence, based on the underlying 
geometry, the maximum number of BN neighbors of a BCN is 
equal to 9, for the case under which the peripheral BNs may be 
divided into separate groups.  If there are more than 9 BN 
neighbors, the underlying BCN (located at the center of the 
figure) does not have to consider converting itself to a BN for 
the purpose of enhancing BNet connectivity. ■   

Theorem 2:  If a BCN has at least 9 BN neighbors, it does 
not have to convert to BN status for client coverage purposes.   

Proof:  Noting from the geometrical layout depicted in Fig. 
5 (b) that a client node located in BCN u’s coverage disk is 
within a distance R from at least one of the 9 peripheral BNs 
(BN 1 ~ 9).  Thus, all of the non-backbone neighbors of BCN u 
are already covered by these peripheral BNs, indicating that it 
does not have to convert to BN status for client coverage 
purposes.  ■    

We thus conclude that a conservative BN_Neighbor_Limit 
threshold level will be implemented if it is set to a value that is 
no smaller than 9.  

Rule 2:  A BCN should not convert to a BN if the number 
of its BN neighbors increases by at least one within the 
previous Short_Timer period.   

When a BCN u has just converted to a BN, its 1-hop 
neighbors will recognize its new status once they receive its 
next Hello message.   However, u’s neighbors have to wait at 
most an additional Short_Timer period before they send out 
their next Hello message with the updated BN neighbor list.  
Thus, if one of u’s BCN neighbor acts on its conversion to BN 
before receiving the updated Hello messages, its conversion 
operation may be unnecessary.  Node u’s conversions from 
BCN to BN may have enhanced the network connectivity to a 
sufficient level.      

     
(a)         (b) 

Figure 5.  Maximum number of BN neighbors a BCN can have when 
considering converting to a BN 
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IV. MULTI RADIO MBN ON-DEMAND ROUTING (MR-MBNR) 

On-demand routing protocols for ad hoc networks such as 
Ad hoc On-demand Distance Vector (AODV) and Dynamic 
Source Routing (DSR) instruct a source that initiates a flow to 
discover a source-destination route across network.  For this 
purpose, they broadcast route request (RREQ) packets across 
the entire network.  When the request packet reaches the 
destination, a reply is returned and route is set.  Clearly, this by 
itself is not a scalable approach.  As the network size grows, or 
when the network contains a high density of nodes, the high 
traffic intensity caused by the control message overhead 
corresponding with the high rate of RREQ broadcast 
messaging flows can result in significant demand on link 
capacity resources, leaving insufficient residual capacity for 
data packet support.   

Based on the MBN structure described above, we define an 
on-demand routing algorithm that employs the synthesized 
mobile backbone for route discovery purposes; we identify this 
scheme as the Multi Radio Mobile Backbone Network Routing 
(MR-MBNR) protocol.  Under this routing scheme, only BNs 
forward RREQ packets across both channels and only the 
predecessor BCNs forward the RREQ packets across the low 
capacity channel.  Note that for the described version of the 
routing scheme, we use the ANet sub-graph that consists of 
predecessor nodes to distribute request messages in the ANet. 
If such a message reaches locally its destination node, an intra-
ANet non-backbone route is established.  In turn, in the MBNR 
versions used in [22], [24], complete ANet flooding is invoked 
for discovering non backbone shorter routes.  Either variation 
of local discovery process, as well as other, can be employed.  
Thus, route discovery is limited to take place only across the 
low capacity channel within each ANet and only across the 
high capacity channel within the BNet.  In this manner, the 
underlying route discovery overhead is significantly reduced, 
and robust and scalable network operation is realized.      

For comparison purposes, we use a multi radio AODV type 
operation (also denoted here as MR-AODV or simply as 
AODV).  Under this scheme, each node acts to forward RREQ 
messages across all of its attached communications channel 
interfaces.  In this manner, the discovered route can employ 
different bands along different path links.     

V. PERFORMANCE ANALYSIS 
For presentation simplicity, we assume that, for both high 

capacity and low capacity channels, the number and the 
distribution of backbone capable nodes is such that the sub-
networks that contain only backbone capable nodes are 
topologically connected; for the low capacity channel, we 
assume every RN has at least one backbone capable node 
neighbor.  We also assume the network graph topology stays 
unchanged during the time that it takes the MR-TSA to reach 
completion.   

A. The Size of Backbone Network 
According to our algorithm, a backbone node is elected to 

provide for either coverage (i.e., access to the BNet) of a client 
node and/or to provide for BNet connectivity.   

Lemma 1:  Consider the election of BNs for client 
coverage purpose for a network that consists of n nodes.  Given 
a value ε > 0, there exists a bound K < ∞, such that the 
probability that the size of the BNet is higher than K is lower 
than ε.    

Proof: Time-efficient CDS construction algorithms have 
been known to construct a backbone network whose size 
(under worst case analysis) is proportional to n. This behavior 
is induced by the client coverage requirement.  Such a worst 
case scenario based bound however does not well reflect the 
size of the BNet observed under typical operational conditions.  
To obtain a more practical characterization of the BNet size 
resulting from the application of our scheme, we carry out 
probabilistic analysis. We prove in the Appendix that when 
nodes are randomly and uniformly distributed across the area, 
the probability that the size of the BNet (when BNs are elected 
to provide client coverage) is higher than a given level K is low. 
See the Appendix for the expression providing for the 
calculation of the involved bound.  ■  

Lemma 2:  In considering the election of nodes to provide 
BNet connectivity, the number of BN neighbors of a node is 
upper bounded by a constant value that is independent of n.     

Proof:  We randomly select a backbone node u as shown in 
Fig. 6 (a).  The BN neighbors of BN u must be located on or 
inside the circle whose center is at BN u and whose radius is 
equal to R.  For obtaining an upper bound, we consider the 
extreme situation under which all BN neighbors of u are 
located on this circle.  The latter BNs are identified as 
peripheral BNs.  We note that if the radius of this circle is 
smaller than R, then a smaller number of such BNs will 
necessarily be elected because of the overlapping coverage 
areas.  The distance between every other BN on the ring (e.g. 
“BN 1 and BN 3”) must be larger than R.  Otherwise a BN will 
have to convert to BCN status because of redundancy in 
connectivity, according to BN-to-BCN conversion condition 
(2).  If there is a BN inside the ring, e.g. BN v, it will convert to 
BCN status, since BN u already provide a 2-hop path between 
any pair of BNs located within its coverage area.  Observing 
the geometry represented in Fig 6 (a), we conclude that the 
number of BN neighbors of any backbone node is upper 
bounded by 11.   

     
(a)          (b) 

Figure 6.  Maximum Number of BN Neighbors  

Next, we consider the case where the node under 
consideration is a BCN, as shown in Fig. 6 (b).  Following an 
analysis similar to the one described above, we conclude the 
number of BNs on the corresponding ring to be upper bounded 
by 11.  However, if a BN is located inside the ring, such as BN 
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v in Fig. 6 (b), the latter will stay as a BN because no other BN 
can provide a 2-hop path between BN 3 and BN 11.  If there is 
another BN located inside the ring such as BN w, which can 
provide a 2-hop path between any two BNs among BN 11, BN 
1, BN 2, BN 3 and BN 4, then BN w will stay as a BN while 
BN v will convert to BCN status.  On the other hand, if there is 
another BN, such as BN x, which provides a 2-hop paths for 
any two BNs among BN 8, BN 9, BN 10, BN 11, then BN x 
can co-exist with either BN v or BN w.  Thus, there can be up 
to 11 BNs in total located inside the ring.  We conclude that for 
any non-backbone node, the number of BN neighbors of this 
selected node is upper bounded by 22. ■   

Theorem 3:  The number of BN neighbors that a node can 
have is upper bounded by a constant value that is, with high 
probability, independent of the number of nodes in the network. 

Proof:  The statement follows directly from Lemmas 1 and 
2. ■ 

The analysis (carried out in Appendix) in evaluating an 
upper bound on the number of BN neighbors when considering 
the election of BNs to be driven by client coverage focuses on a 
worse case layout that involves the same ring structure used 
above in Lemma 2 in analyzing the number of BN neighbors 
when BNs are elected for BNet coverage purposes.  Hence, one 
expects that under typical nodal layout scenarios the above 
mentioned probabilistic bounds will be applicable to 
characterizing bounds on the total number of BN neighbors.  
Note however, that in Fig. 6, additional BNs may have to be 
placed along the ring to provide for total client coverage.  
Based on the analysis carried out in the Appendix, we note that 
the probability that BN u has more than 11 BN neighbors is 
less than 5.1% in a very dense network.  The probability that a 
non-backbone node u has more than 22 is thus also upper 
bounded by 5.1%.  In fact, in considering the total number of 
elected BNs (for both client coverage and connectivity 
purposes), we note that our simulation results, as shown in the 
next section, demonstrate that typically the number of BN 
neighbors per node is quite low, assuming a value closer to 7.   

Theorem 4:  The size of the backbone network synthesized 
by MR-TSA is of the order of O(A), where A represents the 
size of the operational area, and is independent of the nodal 
density.   

Proof:  According to Theorem 3, the maximum number of 
BN neighbors of any BN is upper bounded by 11 at 95-
percentile.  At steady state, we note that every non-backbone 
node is associated with a BN and is inside its associated BN’s 
coverage disk.  If we randomly chose a BCN, there are at most 
12 BNs within its associated BN’s coverage disk.  Thus, the 
total number BNs in the network is upper bounded by 122 ×

R
A

π
, 

where A represents the size of the operational area.  Thus, we 
conclude that the size of the BNet synthesized by the MR-TSA 
is of the order of O(A) and is independent of the total number 
of nodes and of the nodal density.  ■      

We note that the size of a MCDS is linearly proportional to 
the operational area size.  Thus, we conclude that the size of the 
backbone network constructed by MR-TSA exhibits a constant 
approximation ratio to the size of the MCDS of a graph.   

B. Message Overhead 
Every node sends a Hello message to all of its radio 

interfaces whenever its Short_Timer expires.  Under this design, 
the control message send rate is fixed to avoid accelerated 
reactions that can lead to rapid performance degradation.   

Theorem 5:  The message complexity of the MR-TSA 
scheme is of the order of O(1) per node.  

Proof:  The Hello messages include only the “BN Neighbor 
List” instead of the full neighbor list.  Noting the number of 
BN neighbors of a BN or BCN to be bounded by a constant 
number (11) or (22) at 95-percentile, we conclude that the size 
of each Hello message is bounded by a level that is 
independent of the number of nodes.  Thus, the message length 
is of the order of O(1) per node.  Every node sends a Hello 
message at a fixed rate, i.e., one per Short_Timer period.  
Hence, we conclude that the control message complexity of 
MR-TSA is of the order of O(1) per node. ■ 

C. Convergence and Time Complexity 
Theorem 6:  The convergence time of MBN topology 

synthesis algorithm is bounded by a constant value that is 
independent of the number of nodes in the network.  

Proof:  First, we analyze the convergence time of the 
backbone formation process that takes place in the high 
capacity channel.  Assume that all backbone capable nodes are 
initially set to be in BCN state.   

Following the second Long_Timer period, every node has 
learned the identity of the nodes in its 1-hop neighborhood, as 
well as in the nodes in its 2-hop neighborhood that are BNs.  
Using this information, each BCN decides if it should convert 
itself into a BN or rather act to associate with a neighboring 
BCN.  According to Rule 2, a BCN cannot convert to BN 
status if the number of its BN neighbors increases by at least 
one within the previous Short_Timer period.  In the worst case, 
a BCN that needs to convert to BN status waits for its 
neighboring nodes to convert from BCN to BN one-by-one 
(one per Long_Timer period) before the original BCN can 
proceed with its own conversion.  Restricted by Rule 1, a BCN 
will stop considering conversion to a BN when it has more than 
9 (for a BN_Neighbor_Limit that is set to 9) BN neighbors, 
which takes 9 cycles.    

After the basic backbone topology is formed, the backbone 
network reduction processes take place.  Some BNs may 
convert back to BCNs, as dictated by the specified BN 
redundancy check condition.  This process takes only one 
Long_Timer period.  Furthermore, the reduction operation does 
not disrupt the connectivity of the backbone network.  Hence, 
no further BCN to BN conversions will be triggered.  We 
conclude that the MR-TSA scheme convergences in at most 12 
update cycles, corresponding to the 12 underlying Long_Timer 
periods noted above.   

Second, we analyze the convergence time of the multi-hop 
association process that takes place in the low power channel.  
Each RN or BCN will either associate with a BN that is a direct 
neighbor in the low power channel neighborhood or find a 
predecessor that has smallest hop count to access a BN in the 
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low power channel.  Thus, the convergence time of the multi-
hop association process is 





≤

r
R .  Therefore, the overall 

convergence time of MR-TSA is bounded by 




+

r
R12 , which is 

a constant value depending on the radio transmission ranges. ■ 

VI. PERFORMANCE BEHAVIOR 

The cross-layer simulation models used for performance 
evaluation in this paper were implemented in the QualNet 
v3.6.1 simulation environment.  The Distributed Coordination 
Function (DCF) of IEEE 802.11 is used as the MAC-layer 
protocol.  An 802.11 based physical layer operation is used.  
The channel data rate is set to 2 Mbps.  The radio transmission 
range is then equal to about 300m.  For illustrative purposes, 
we consider a special case under which all nodes are backbone 
capable nodes.  We set here the weight of each node to be equal 
to its nodal degree.  The Short_Timer is set to 2 seconds, while 
the Long_Timer is set to 6 seconds.  Each run spans 300 
seconds of simulation time, and the results have been averaged 
over 5 randomly generated topologies.  Each BCN is equipped 
with two radio interfaces for the high capacity and low capacity 
radios.  The transmit power for the high capacity radio is set at 
the default value of 15 dBm.  We vary the low capacity radio’s 
transmit power from 3 dBm to 15 dBm.  The notation “Lx” in 
the figures identifies results for cases under which the low 
power radio transmit power level has been set to x dBm.   

A. Backbone Network Performance Features 
In this set of experiments, we simulate a static wireless 

mesh network that consists of 100 to 500 nodes that are 
randomly placed in a 1500m x 1500m operational area. The 
topology synthesis algorithms presented above are employed, 
using multi-radio modules operating across two frequency 
bands. Performance results are shown in Fig. 7.  We have also 
compared the size of the mesh backbone constructed through 
the use of our protocols with an analytically computed lower 
bound on the size of the backbone.  The latter is calculated by 
using a minimum disk-covering approach.  For this purpose, 
we have assumed that we can place BNs in preferred positions 
to form a connected covering of the area of operations, so that a 
minimal number of such BNs are required.  For the underlying 
illustrative system, we have computed the minimum size of 
such an optimally synthesized BNet to consist of 19 BNs.              

We observe that the size of the backbone network 
constructed by our MR-TSA scheme stays almost the same 
(under 40 nodes) as the number of network nodes increases 
from 100 to 500 nodes.  This confirms the scalable character of 
the protocol, as reflected in the analysis carried out in section 
V-A.  The size of the backbone network constructed by MR-
TSA is probabilistically upper bounded by a constant value that 
is independent of n, where n represents the total number of 
network nodes.   

Theoretically, at steady state, the number of BN neighbors 
per node is effectively (at the 95 percentile) bounded by 22.  
We observe that the average number of BN neighbors per node 
obtained under MR-TSA is not larger than 8 and it is 
independent of the nodal density.   

We also demonstrate that the convergence time of our MR-
TSA scheme is expressed directly as a function of the cycle 
length where the cycle length is equal to the Long_Timer 
period).  The displayed performance results show that, on 
average, the convergence time exhibited by the MR-TSA 
scheme is not higher than 10 cycles, nicely under the upper 
bound 12 when r = R, and is independent of the number of 
network nodes or nodal density.  When the transmit power of 
the low capacity radio is at the low end (such as 3 dBm), it 
takes longer for the MR-TSA to converge due to the multi-hop 
association process that takes place across the low capacity 
channel.  The maximum number of hops that it takes for a non-
BN node to reach a BN across the ANet’s low capacity channel 
is shown in Fig. 7 (d).  As one would expect, as the transmit 
power is lowered, a non-BN will require a higher number of 
hops to reach its associated BN across the low capacity channel.       
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Figure 7.  Performance behavior of a static mesh network that consists of  
100 ~ 500 nodes  

B. Throughput Performance Features 
In the following experiments, we import 25 simultaneous 

UDP traffic flows associated with randomly selected disjoint 
source and destination nodes.  The inter-arrival time of packets 
follows an exponential distribution.   

1) Throughput Performance of MR-TSA 
In this set of experiments, we model a static wireless mesh 

network consisting of 400 nodes randomly placed in a 1500m x 
1500m operational area.  The inter-arrival time of data packets 
follows an exponential distribution with an average inter-
arrival time ranging from 0.08 sec to 1 sec, and the packet size 
is set to 512 bytes, leading to an offered load ranging from 
102.4 kbps to 1.28 Mbps.  The throughput performance 
characteristics of the MR-MBNR (that utilizes the underlying 
backbone structure synthesize using MR-TSA) and multi-radio 
AODV schemes are shown in Figs. 8 and 9, respectively.   
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The data delivery ratio of multi-radio AODV scheme starts 
to drop dramatically when the offered traffic load exceeds 300 
Kbps.  When the transmit power of the low capacity radio is 
low (such as 3 dBm), the connectivity level of the network 
graph in the low capacity channel is low.  Thus, the low 
capacity channel is unable to provide sufficient capacity 
enhancement for the system.  When the transmit power of the 
low capacity channel is higher (such as 15 dBm), the broadcast 
storm problem induced by the resulting higher rate of RREQ 
packet generation degrades the performance of the AODV 
scheme.  Therefore, a best intermediate transmit power level 
for this channel can be selected.  For the illustrated system, we 
find this level to be around 6–10 dBm.    
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Figure 8.  Throughput performance behavior of MR-MBNR 
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Figure 9.  Throughput performance behaviors of AODV 

On the other hand, the data delivery ratio attained by the 
MR-MBNR scheme is noted to drop only when the offered 
load rate exceeds 700 Kbps.  Furthermore, as the loading level 
is further increased, the throughput is noted to drop gradually 
in a moderately slow manner.  As noted for the AODV scheme, 
when the transmit power of the low capacity radio is low, the 
associated layout exhibits poor connectivity features, and 
consequently cannot contribute in a significant manner to the 
upgrade of the system’s throughput capacity level.  In turn, due 
to the selective flooding nature of the operation, the rate of 
RREQ packet generation is kept under control.  As a result, the 
data delivery ratio is reduced in a gradual manner under traffic 
overloads.  When the transmit power level used by radios 
operating across the low capacity channel is sufficiently high 
(10–15 dBm), the system capacity is noted to be at least twice 
that attained by the single-radio system.  The results well 
demonstrate the ability of the (MR-TSA) algorithm presented 
in this paper to capitalize on the increased functionality of the 
system, in employing some nodes that use two radio modules.  
The presented multi-radio system is thus noted to provide 
significant improvement of network throughput, while also 
providing robust operation under overloads.      

One would expect that by reducing the transmit power level 
of the lower capacity radios we may increase the spatial reuse 
factor and subsequently attain a higher overall network 
capacity level.  However, we observe from our evaluations that 
the realized level of such a capacity enhancement effect is very 
small.  This is induced by the uniform nature of the underlying 
traffic pattern employed here (noting that the source and 
destination nodes are randomly distributed across the network).  
The capacity enhancement effect would be more distinct if high 
fraction of the source and destination nodes are located in 
closer geographical proximity of each other.   

2) Performance Comparison 
For performance comparison purpose, we have also 

implemented the CDS formation algorithm presented by Dai 
and Wu [12], identified as the DW algorithm.  This algorithm 
also is configured to send out a Hello message every 
Short_Timer period and to execute the backbone formation 
algorithm every Long_Timer period.  A Hello message sent by 
the DW algorithm contains an “1-hop neighbor list” (as the 
bulk of CDS construction algorithms do), while a Hello 
message issued by the MR-TSA includes only the “1-hop BN 
neighbor list”.   

Note that the DW algorithm assumes each node to have a 
single radio; all radios share a single communications channel.  
Thus, for a fair comparison, in this set of simulation studies, we 
assume that each BCN employs only one high capacity radio 
and executes only the parts of the algorithm that take place 
across the high capacity channel.  Under the MR-MBNR 
protocol (as described in section IV), only BNs (elected by the 
MR-TSA) forward route request (RREQ) packets.  A similar 
routing strategy is used for the evaluated DW algorithm: only 
backbone nodes (elected by the DW algorithm) forward route 
request (RREQ) packets.   

In this set of experiments, we model a mobile wireless 
mesh network consisting of 100 ~ 500 nodes randomly placed 
in a 1500m x 1500m operational area.  A random waypoint 
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mobility model is employed with a maximum movement speed 
of 10 m/s.  The inter-arrival time of packets follows an 
exponential distribution with an average inter-arrival time of 
0.21 sec; the packet size is set to 512 Bytes, leading to an 
offered traffic rate of 487.6 kbps.  The performance behavior of 
MR-TSA, the DW algorithm, and the MBN topology synthesis 
algorithm without two BCN-to-BN restricting rules (identified 
as “Unrestricted”) are shown in Fig. 10.    
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Figure 10.  Performance comparison between MR-TSA and Dai and Wu’s 
algorithm in a mobile wireless mesh network  

(all nodes operate on a single channel) 

We observe that the size of the backbone network 
constructed by the MR-TSA is similar to the size of the 
backbone network obtained under the DW algorithm.  We thus 
note that the use of reduced neighborhood status data (recalling 
that the MR-TSA scheme uses only 1-hop complete 
neighborhood and 2-hop BN neighborhood information—while 
the DW algorithm requires complete 2-hop neighborhood data) 
does not have a noticeable impact on the size of the synthesized 
backbone network.  In addition, the two restricting rules act to 
effectively control the size of the backbone network by 
reducing unnecessary BCN-to-BN conversions.          

As noted in section V-B, the length of control messages 
issued by the MR-TSA only depends on the number of BN 
neighbors per node.  Our simulation results have confirm this 
feature:  the per node Hello message rate under the MR-TSA 

scheme is noted to be lower than 0.2 kbps, and stay 
independent of the nodal density level.  In turn, under the DW 
algorithm, since Hello messages include the full 1-hop 
neighbor list, the Hello message send rate per node increases as 
n increase, where n represents the total number of network 
nodes.  Without the two restricting rules, the control message 
overhead also increase along with n due to the increased BNet 
size.    

Note that though the traffic loading is fixed, the data packet 
delivery ratio of AODV drops dramatically as the nodal density 
increases.  This is caused by involving all of the nodes in 
forwarding RREQ packets when using such a flat architecture 
based routing protocol such as AODV.  The consequent high 
rate of generated RREQ packets imposes a network overload, 
which leads to the observed throughput degradation.  In turn, 
the nodes involved in forwarding RREQ packets are limited to 
the elected backbone nodes (about 35 BNs in this case) under 
the backbone based algorithms, i.e., MR-TSA and the DW 
algorithm.  The data delivery ratio of MR-MBNR that utilizes 
the underlying backbone infrastructure synthesized by MR-
TSA stays above 95% throughout the whole experiment.    

The high control overhead (Hello message rate) generated 
by the DW algorithm in dense network cases also causes the 
data delivery ratio to drop (by about 30%) and the average end-
to-end delay to increase.   

The average path length obtained under MR-MBNR is 
shorter than that obtained under the DW algorithm, i.e., in 
average, 2.55 hops under MR-TSA and 2.8 hops under DW 
algorithm, which also contributes to the observed good end-to-
end delay performance.  To explain this phenomenon, we note 
that the BCN-to-BN conversion condition (2) ensures a path 
that is no longer than 2 hops between any pair of BN neighbors 
of a backbone capable node.  There are no similar criteria 
enforced in the DW algorithm.  On the other hand, the 
collisions incurred among RREQ packets under AODV also 
result in the discovery of longer data paths.  The longer average 
path length level further induces poorer data delivery ratio and 
longer average end-to-end delay.         

VII. CONCLUSIONS 
In this paper, we present a scalable and fully distributed 

algorithm, the multi-radio topology synthesis algorithm (MR-
TSA) that serves to autonomously elect certain Access Points 
as Backbone nodes to construct a connected mesh backbone 
network.  Those higher capability nodes are assumed to employ 
two radio modules and to engage in a collaborative manner in 
the construction of a mesh backbone network.  Less capable 
nodes employ only a single radio module that provides for 
access communications across a lower capacity 
communications band.  The backbone network is synthesized 
to operate across the higher capacity communications band. 
Multi-hop communications among distant client stations take 
place in accordance with a routing algorithm that uses the mesh 
backbone to establish inter-WLAN routes.  The presented 
topology construction algorithm and associated on-demand 
backbone based routing mechanism are shown to improve the 
asynchronous, distributed and stable operation of the network.  
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We prove mathematically that the underlying multi-radio 
topology synthesis algorithm induces control overhead and 
exhibits temporal convergence features that are independent of 
the number of network nodes.  We also mathematically 
characterize the size of the constructed backbone network, 
deriving probabilistic bounds on the degree of dynamically 
elected backbone nodes.   

We exhibit results of performance evaluations that confirm 
the scalability and delay-throughput efficiency of the 
underlying multi-radio hierarchical network operation.  We 
also provide comparisons with other backbone based (and 
clustering oriented) operations.  We present an on-demand 
routing algorithm that is based on the MR-TSA scheme and 
compare its performance with that obtained under multi-radio 
based flat-hierarchy oriented on-demand ad hoc wireless 
routing schemes.       

APPENDIX 
In this Appendix, we derive a probabilistic bound on the 

number of BN neighbors (induced by client coverage 
conditions) of a node.  The analysis carried out in this here only 
focused on the connectivity graph on the high capacity channel.   

Consider a wireless ad hoc network where all the nodes are 
randomly distributed in the area of operation.  The average 
nodal density of this network is η, i.e., there are η nodes located 
in a basic disk area (of size: πR2).  We randomly select a 
backbone node, u.  We are interested in obtaining an upper 
bound on the number of BN neighbors of BN u according to 
the client coverage conditions of the MR-TSA.  The BCN 
clients of the BN neighbors of BN u can be located at a 
distance as far as 2R from BN u.  In other words, only the 
nodes placed inside the circle whose center is at BN u and 
whose radius is equal to 2R can possibly affect the number of 
BN neighbors of BN u.  Let the latter circle be identified as the 
outer circle relative to BN u. The inner circle around u has 
radius R and u as its center.  For obtaining the upper bound, we 
consider the extreme situation under which all BN neighbors of 
u are located on the inner circle.  Such an arrangement is 
readily noted to induce an upper bound on the number of u’s 
BN neighbors as explained in section V-A.     

Assume that there are k BNs uniformly distributed on the 
inner circle (as illustrated in Fig. 11).  We prove that given a 
value ε > 0, there exists a bounded value k < ∞, so that 
Pr(number of BN neighbors of BN u > k) < ε.  The primary BN 
neighbors of u located on the inner circle are denoted as BN 1, 
BN 2…, BN k.  Consider a pair of such neighboring BNs, say 
BN 1 and BN 2.  The shaded zone A identifies an area that can 
contain nodes that are not covered by BN 1 and BN 2 (as well 
as other BNs on the inner circle), but these nodes are within a 
distance of 2R from BN u.  BCNs located in zone A may need 
to be covered by BN neighbors of u, provided the latter are 
located in zone B.  There are k such zones of type A and B.  If 
at least one unassociated client, e.g., node v, in one of these k 
zone A areas attempts to associate with a BCN in its 
corresponding zone B (because the later BCN in zone B has 
highest weight among v’s BCN neighbors), the conversion of 
this BCN to BN will increase the number of BN neighbors of 
BN u.  In the worst case (i.e., for the case under which the zone 

B area is the largest), node v is at a location inside zone A that 
is closest to BN u.       

Using trigonometric relations, for θ = 2π/k, we obtain the 
following:  
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The average number of nodes N in the outer disk, excluding 
the k BNs, is given by: N = 4η – k (Assume the nodal density to 
be sufficiently high so that for a given δ > 0, N = 4η – k with 
probability that resides in (1- δ, 1) in accordance with the Law 
of Large Number.).  Hence, the probability that there will be n 
out of these N nodes located in the area that is superposition of 
the k zone A areas, is given by: nNn pp

n
N −−





)1( , where p 

denotes the probability that a node is located in any of the zone 
A areas, where 0 < p < 1.  To calculate p, we first note the 
following.   

Lemma 3:  The k Zone-A areas are disjoint.   

Proof:  The distance between BN 1 and BN u is R since 
BN 1 is on the inner circle.  Thus, the coverage disk of BN 1 
(centered at BN 1 and whose radius is R) and the outer circle of 
BN u intersect in a single point.  Similar situations can be 
applied to BN 2 …BN k.  Thus, the zone A identified by BN 1 
and BN 2 is disjoint from the zone A identified by BN 2 and 
BN 3, as well as all of the other zone A areas identified by 
other neighboring pair of BNs on the inner circle.  ■    

 
Figure 11.  Probabilistic bound 

Using Lemma 3, and noting that nodes are randomly placed 
in the area of operations, we conclude that the probability p is 
given by:    

This full text paper was peer reviewed at the direction of IEEE Communications Society subject matter experts for publication in the Proceedings IEEE Infocom.



2

23
2

2
2

2

2

1
3

2
6
1

4
)2sin(2

4

4
)(

kk
R

R
k

kk
R

R
k

R
Azonesizekp

×=





×××<






 −××=

×=

ππ
π

ππ
π

π  (3) 

Let a(k) = Pr(number of BN neighbors of BN u > k).  Then, 
we obtain the following bound: 
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The inequality expressed by (7) is obtained by using the 
first 3 terms of the Taylor’s series expansion of sin(θ) at 0, 
noting that 

!3)sin(
3θθθ −> .  The inequality given by (8) is 

readily verified to hold for k >  3
2

3
4π .  Using relations (3) 

and (9), we conclude:  

Pr(number of BN neighbors of BN u > k) < ( ) 5

4 14
9

4
k

k ×−× ηπ . 

One readily observe that as k increases, a(k) approaches 0.  
Consider a high density network with nodal density η = 50.  
The probability that BN u has more than 11 BN neighbors is 
then calculated by our bound to be less than 5.1%.  The 
probability that BN u has more than 22 BN neighbors is less 
than 0.2%.      
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