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Abstract—In hyperspectral unmixing, the prevalent model used
is the linear mixing model, and a large variety of techniques
based on this model has been proposed to obtain endmembers
and their abundances in hyperspectral imagery. However, it has
been known for some time that nonlinear spectral mixing effects
can be a crucial component in many real world scenarios, such as
planetary remote sensing, intimate mineral mixtures, vegetation
canopies or urban scenes. While several nonlinear mixing models
have been proposed decades ago, only recently there has been
a proliferation of nonlinear unmixing models and techniques in
the signal processing literature. This paper aims to give an his-
torical overview of the majority of nonlinear mixing models and
nonlinear unmixing methods, and to explain some of the more
popular techniques in detail. The main models and techniques
treated are bilinear models, models for intimate mineral mixtures,
radiosity based approaches, ray tracing, neural networks, kernel
methods, support vector machine techniques, manifold learning
methods, piecewise linear techniques and detection methods for
nonlinearity. Furthermore, we provide an overview of several
recent developments in the nonlinear unmixing literature that
do not belong into any of these categories.

Index Terms - Hyperspectral imaging, hyperspectral re-
mote sensing, image analysis, image processing, imaging
spectroscopy, inverse problems, machine learning algorithms,
nonlinear mixtures, remote sensing, spectroscopy, unmixing.

ABBREVIATIONS

• ANC: abundance non-negativity constraint
• ANN: artificial neural network
• ART: adaptive resonance theory
• ASC: abundance sum-to-one constraint
• BC: betweenness centrality
• BRDF: bidirectional reflectance distribution function
• EEA: endmember extraction algorithm
• FCLSU: fully-constrained least-squares unmixing
• GBM: generalized bilinear model
• ID: intrinsic dimensionality
• IFOV: instantaneous field of view
• KNN: K-nearest neighbor
• LAI: leaf area index
• LLE: local linear embedding
• LMM: linear mixing model
• MIR: mid-wavelength infrared range
• MLP: multilayer perceptron
• NDR: nonlinear dimensionality reduction
• NIR: near-infrared range

• NLF: nonlinear fraction
• OSP: orthogonal subspace projection
• RBFNN: radial basis function neural network
• RE: reconstruction error
• RTE: radiative transfer equation
• SOM: self-organizing map
• SPU: simplex projection unmixing
• SSA: single scattering albedo
• SVM: support vector machine
• SWIR: short-wavelength infrared range
• TIR: thermal infrared range
• VIS: visible range

I. INTRODUCTION

Hyperspectral remote sensing concerns the processing of
images containing a high number of spectral bands. These
bands typically span the visible range (VIS) and the near-
infrared range (NIR), although some sensors have bands in the
short-wavelength infrared (SWIR), mid-wavelength infrared
(MIR) or thermal infrared (TIR) as well. Usually, hyperspec-
tral images are acquired from a large distance, such as from
an airplane or a satellite, and the instantaneous field of view
(IFOV), or the area covered, by a given pixel will become
relatively large. For example, the Airborne Visible InfraRed
Imaging Spectrometer (AVIRIS) instrument designed by Jet
Propulsion Laboratory (JPL) flies at an altitude of 20km,
resulting in an IFOV in the order of 20m×20m [1]. The
OMEGA imaging spectrometer on board the Mars Express
probe has a 300m×300m IFOV [2]. In table I, we listed the
specifications of several other popular hyperspectral sensors,
and it can be noted that the IFOV is always in the order of
several meters or more.

At these scales, several types of objects can be present in
the IFOV, and it is not realistic to assume that the observed
spectrum always corresponds to only one pure material. The
spectrum observed of a pixel of a hyperspectral image is
the result of incoming light interacting with all the objects
within, and in some cases outside, its IFOV, and a multitude
of physical interactions can occur that affect the resulting
observed spectrum. The aim of hyperspectral unmixing is to
identify the spectra of the pure components present in the
image, and the abundances of each component in each pixel.
This allows the decomposition of each observed spectrum
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Sensor bands range (µm) IFOV (m)
AISA 244 0.40-0.97 0.5-5
APEX 300 0.40-2.50 2-5
AVIRIS 224 0.40-2.45 20
AVIRISng 480 0.38-2.51 20
CASI 288 0.38-1.05 0.2-1.5
CRISM 544 0.36-3.92 14-18
HYDICE 210 0.40-2.50 1-4
HyMap 128 0.45-2.50 3-10
OMEGA 352 0.35-5.10 350-10000

TABLE I: Several well-known hyperspectral sensors, the num-
ber of spectral channels (bands), the spectral range (µm),
and the typical IFOV (m). The IFOV depends on the altitude
that the instrument is flown. The presented specifications are
found on the websites of the respective sensors, and are not
guaranteed to be current or correct.

into its constituent pure components, and provides subpixel
resolution.

Spectral unmixing is not restricted to hyperspectral imagery
obtained from large distances, as spectral mixing effects also
happen on a smaller scale [3]–[5]. For instance, in miner-
alogy one measures the spectrum of a mineral sample with
a spectrometer. These samples can be mixtures of several
minerals with different physical and optical characteristics,
and incoming light can undergo complex interactions between
the individual mineral grains. Unmixing in this case concerns
the determination of the different mineral fractions, either by
weight, volume or area.

In plant production systems, such as orchards, crop or
greenhouse monitoring, one also uses hyperspectral imagery
or spectrometer data [6], [7]. Here, spectral mixing effects
have to be taken into account as well, since the IFOV in these
applications can capture an entire tree canopy, or mixtures of
shrubs, grasses and soil. The properties of interest that can be
obtained by spectral unmixing are for instance the abundances
of certain target species, or the leaf area index (LAI), i.e., the
green leaf area per unit ground surface.

Several other applications exist where hyperspectral im-
agery or spectrometry are employed to obtain estimates of
the abundances of components of interest, such as in plan-
etary science, marine applications (bathymetry, monitoring),
military and search-and-rescue applications, and the medical
and pharmaceutical industry. Hence, a large need exists for
hyperspectral unmixing techniques, and a large amount of
methods and techniques have been developed over the last
few decades, often in different scientific fields, independently
of each other.

In this paper, we aim to give an overview of the majority
of the hyperspectral mixing models and unmixing methods.
Several of the more popular models will be explained in detail,
and key results will be presented. We first introduce the general
concepts of reflectance and spectral mixing, and the different
general approaches used for solving the unmixing problem. We
briefly present the popular linear mixing model (LMM) as an
example of a simple mixing model, but will not elaborate on
the extensive amount of algorithms and techniques concerning
this model, since very good review papers exist that discuss
all these techniques [8], [9]. Next, we describe the different
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Fig. 1: Taxonomic tree of the different unmixing techniques
presented in this review.

nonlinear mixing models and unmixing approaches found in
the literature. While the number of approaches treated is
quite extensive, we do not consider this to be a complete
enumeration of all possible techniques ever developed, due
to the wide range of scientific fields that employ spectral
unmixing methods. We refer the reader to specialized literature
in the field of interest.

Many distinct categories of techniques and methods for non-
linear unmixing can be identified, and a taxonomy is shown in
Fig. 1. On a first level, a distinction is made between physics-
based methods, and data driven techniques that do not require
any underlying physical assumptions. The physics-based meth-
ods are separated in explicit modeling of the spectral mixing
effects, with varying degrees of complexity, physics-based
simulation techniques where the light interactions in a scene
are modeled or calculated with computer graphics methods,
and physics-based kernel methods. Data driven methods are
partitioned in supervised and unsupervised machine learning
methods, and a method using data interpolation is presented
as well. This taxonomy is discussed in detail in the concluding
section XIII. For each category, we will provide an historical
evolution of the models and techniques, whenever appropriate.
Several models that are popular in the signal processing
community will be explained in more detail, and current results
presented. The different categories are bilinear models, models
for intimate mineral mixtures, radiosity based approaches,
ray tracing, neural networks, kernel methods, support vector
machine techniques, manifold learning methods, piecewise
linear techniques and detection methods for nonlinearity. Other
recently developed techniques that do not fit any of these
categories are treated in a separate section as well.

The layout of this paper is as follows: In section II, we
give a general introduction on spectral mixing models and the
unmixing problem. Section III briefly introduces the LMM,
and lists some of its properties and shortcomings. In section IV
we present the bilinear mixing models, which take secondary
illumination into account. Section V is dedicated to intimate
mineral mixtures. We present the popular Hapke model,
several recent developments that improve upon the original
model, list experiments that successfully employed this Hapke
model, recent work that aims to combine the Hapke model
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with the LMM, and finally several other models for intimate
mineral mixtures. Section VI presents radiosity and modeling
approaches, where one creates a physical model of the scenes
under investigation, and uses radiosity theory to determine
the resulting reflectance. We treat both theoretical approaches
in this section, as Monte-Carlo ray tracing techniques that
solve the radiosity equations via random sampling. Section
VII treats neural network approaches for solving the nonlinear
unmixing problem. The focus lies on the popular multilayer
perceptron, but other approaches are presented briefly as
well. Section VIII looks at kernel methods. We first explain
how one can kernelize a linear algorithm, then present the
kernelized versions of linear unmixing methods that have been
developed, and finish with kernel-support vector machines.
Manifold learning techniques are treated in section IX, and
piecewise linear methods in section X. Section XI contains
several methods for nonlinear unmixing that do not belong into
any of the other categories, and treats database approaches and
mixture discriminant analysis. Finally, section XII describes
several methods that can be used to detect nonlinearity in
spectral data sets, followed by a discussion section XIII, and
the conclusions in section XIV.

II. MIXING MODELS AND UNMIXING

The first task is to define what is meant by a reflectance
spectrum. In hyperspectral imagery, one typically uses a pre-
processing chain to obtain the relative bidirectional reflectance,
defined as the amount of radiation observed in a given di-
rection, relative to the amount of radiation incoming from
a collimated light source. This is usually accomplished by
dividing the measured radiance by the radiance measured from
a perfectly white Lambertian calibration panel in the same
measuring setup. While the relative bidirectional reflectance
is usually what one measures in remote sensing applications,
exceptions exist, such as measurements on a cloudy day, or
laboratory samples lighted with a diffuse white dome, where
the hemispherical directional reflectance would be a better ap-
proximation. Throughout this manuscript, whenever we use the
term reflectance or spectrum, we implicitly mean the relative
bidirectional reflectance, unless explicitly stated otherwise. An
overview of the different definitions and interpretations of
reflectances and albedos can be found in [10].

With these definitions, a hyperspectral image can be inter-
preted as a set of N pixels {xi}Ni=1, where we ignore the
spatial relations for now. Each pixel xi is a vector describing
the observed reflectance, and consists of d spectral bands in the
range [0, 1], hence ∀i : xi ∈ [0, 1]d. A mixing model assumes
that a given spectrum x can be constructed from M elementary
spectra {em}Mm=1, called endmembers, corresponding to the
spectra of the pure components present in the pixel his IFOV.
Each of these endmembers em has an associated abundance
am, typically corresponding to the areal abundance fraction of
the endmember, but different definitions or conventions can be
used. Generally, a mixing model can be written as

x = F (E,a) (1)

where we introduced the matrix notation E = (e1, . . . , eM )
containing columnwise the endmembers, and the column

vector a = (a1, . . . , aM )T containing the abundances. The
function F describes how one can construct the observed
spectrum x from the endmember spectra and their abundances,
and this function can depend on other parameters. Further-
more, one usually assumes two constraints on the abundances
{am}, i.e., the abundance non-negativity constraint (ANC),
meaning that every abundance has to be non-negative, and
the abundance sum-to-one constraint (ASC), meaning that the
fractional abundances of the endmembers have to sum to
one. We will indicate in every model whether any of these
constraints are assumed or not.

We want to find the endmembers and abundances making up
each spectrum. In a typical unmixing scenario, one considers
the endmembers to be the same set of spectra for the entire
image, whereas the abundances will vary on a per-pixel basis.
Several general approaches then exist: if the endmembers
are known, either from other studies, ground truth data, or
available from spectral databases, unmixing comes down to
inverting the mixing model (1). Several approaches can be
used, depending on the details of the mixing equation F . If
on the other hand the endmembers are not known, they have
to be derived from the spectral data itself. Most unmixing
approaches employ an endmember extraction algorithm (EEA)
to find the endmembers, followed by the inversion step, but
some algorithms find the endmembers and abundances simul-
taneously. Another problem aggravating the spectral unmixing
problem is that the number of endmembers M is usually
unknown, and has to be estimated by some means.

III. THE LINEAR MIXING MODEL

While this description of the unmixing problem is very
general, some of these properties can be presented in more
detail by considering the LMM, which is a simple, very
popular and physically interpretable mixing model:

x =
M∑

m=1

amem + η (2)

= Ea+ η (3)

The spectrum x is hence a linear combination of the end-
member spectra, with additional uncorrelated Gaussian noise,
represented by the noise vector η. The idea is that each
incoming light ray interacts with only a single endmember in
the IFOV before reaching the sensor, and that the probability
of interacting with a given endmember is proportional to its
areal abundance in the IFOV. This model is appropriate for
a flat scene, and contains separated spatial regions of pure
materials. This is often referred to as a checkerboard pattern.
See Fig. 2 for a schematic example.

Because an abundance in the LMM is an areal fraction, one
assumes the ASC and ANC on the abundances: no endmember
can have a negative areal presence, yielding the ANC, and
we want that the observed spectrum can be decomposed
completely in endmember contributions, leading to the ASC.
This leads to a geometrical interpretation of the LMM [11]:
without noise, the pixel values generated by the LMM will
lie in the convex hull spanned by the endmembers, with
the abundances as barycentric coordinates. Since one usually
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Fig. 2: Schematic representation of linear mixing in a flat scene
containing several spatially segregated regions. The IFOV of
a single pixel is indicated with the dotted square. Light comes
in and reflects of each of the components present in the IFOV
once before reaching the sensor. The relative areal abundance
of each component determines the size of its contribution to
the observed spectrum.

assumes that the number of endmembers M is much smaller
than the number of spectral bands d, this convex set will be a
(M − 1)-dimensional simplex in spectral space.

Many techniques for solving the LMM exist, and we do
not aim at giving an extensive overview of linear unmixing
methods. We refer to the tutorial [8] for a general introduction
to the unmixing problem, and to [9], [12] for recent and
extensive overviews of linear unmixing techniques.

IV. BILINEAR MODELS

A. Bilinear interactions

The LMM works well as long as the different components
in the pixel his IFOV are spatially segregated regions, and no
interactions between these components are present [8]. If the
spatial structure is less trivial however, for instance if there are
rocks or vegetation sticking out above the surface, it is possible
that light rays undergo multiple reflections before reaching the
sensor. The simplest way of modeling such multiple reflections
is to consider only secondary reflections or bilinear interac-
tions, where a light ray interacts with two different materials.
Another term often used for bilinear interaction is secondary
illumination, indicating that an object is not illuminated by the
light source, but by light reflected by another object. See Fig.
3 for a schematic example.

If we consider two endmembers e1 and e2, these bilinear
interactions will take on the form e1�e2, where the � operator
stands for the Hadamard product, or point-wise multiplication:

x = e1 � e2 ⇔ ∀n ∈ {1, . . . , d}, xn = e1ne2n (4)

The reasoning is that a light ray will undergo absorption twice,
once for each endmember. The change in intensity at each
reflection is by definition given by the reflectance of each
endmember, which is wavelength dependent.

Fig. 3: Schematic representation of secondary illumination
in a flat scene with a tree. The IFOV receives direct light
from the light source, but also secondary illumination of light
reflected by the tree canopy. This secondary illumination has
the relative reflectance spectrum of the tree, and will add a
bilinear interaction term in the observed composite spectrum.

B. Two endmember bilinear models

The first model that introduced these bilinear interactions
was created by Singer and McCord [13] to model the spectral
reflectance observed on the Martian surface, where both bright
and dark materials are present. The model they introduced was
a two-endmember bilinear model:

x = a1e1 + a2e2 + a12e1 � e2 (5)

with constraints

a1 ≥ 0, a2 ≥ 0, a12 ≥ 0 (6)
a1 + a2 + a12 = 1 (7)

By considering the bilinear interaction term as an artificial
third endmember, the constraints reduce to the classical ANC
and ASC. The authors argue that higher-order multilinear
terms are not required, because such physical interactions
are not expected to have a significant enough contribution to
warrant their additional complexity, and because such higher-
order terms would be very small due to the multiplication
of three or more reflectance values that are well below one:
the reflectances of the bright and dark materials in this study
were reported to be smaller than 0.4 and 0.2 respectively. This
bilinear model was then used to yield a better estimation of
the endmember spectra. Also in [14] a secondary illumination
endmember was considered when unmixing images of the
Martian surface with a LMM.

The existence and importance of bilinear interactions were
also stressed in [15] and [16], where the influence of the soil
on vegetation spectra was studied. It was observed that the
relation between the intensity of a given spectral band and the
abundance of the vegetation endmember does not behave lin-
early, and depends strongly on the soil type. Even near 100%
plant cover, the type of soil influences the observed spectra
due to NIR light penetrating the canopy and interacting with
the soil. This interaction between vegetation and soil hence
needs to be taken into account, and in [16], a bilinear model is
proposed to incorporate this interaction. The mixing equation
is identical to (5), and much better spectral reconstructions can
be obtained with this model. The soil-plant bilinear interaction
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is shown to often have a large contribution in the observed
spectrum.

A more advanced two-endmember bilinear model for mod-
eling vegetation and soil interactions was proposed in [17].
The observed spectrum was considered to contain three com-
ponents: two linear components and one bilinear component,
composed of four terms. These terms are

• Light reflected of a leaf onto the soil or another leaf
• Light transmitted through a leaf onto the soil or another

leaf
With es and el the soil and leaf endmembers respectively, and
τ l the transmittance of the leafs, the mixing equation becomes

x = a1el + a2es + a3 ((τ l + el)(es + el)) (8)

with the ANC and ASC on the abundances {am}3m=1. This
bilinear model is then simplified by assuming τ l = el, and
shown to yield a smaller reconstruction error (RE) than the
LMM on real vegetation data sets. Also here it is observed
that the bilinear interaction endmember can have a substantial
abundance, up to 0.3.

The bilinear model was also used by Nascimento and
Bioucas-Dias in [18], where the same two-endmember mixing
equation (5) was derived. By considering the bilinear interac-
tion as a third endmember, techniques usually used for solving
the LMM could be used to solve the bilinear model. The
unmixing procedure was demonstrated on real and artificial
scenes containing two endmembers, tree and grass. After
estimation of the endmembers, the third bilinear endmem-
ber was created, and fully-constrained least-squares unmixing
(FCLSU) [19] was used to determine their abundances. The
RE between the model and actual spectra was calculated, along
with the error in the abundances. The conclusion was that the
bilinear model obtains significantly smaller reconstruction and
abundance errors than the LMM on these data sets.

C. Multiple endmember bilinear models

One can extend mixing equation (5) to more than two end-
members, with the interpretation that the bilinear interactions
are additional endmembers:

x =
M∑

m=1

amem +
M∑

m=1

M∑
k=1

bmkem � ek (9)

Many choices for the bilinear parameters {bmk}mk and their
constraints have been proposed, with sometimes very different
physical interpretations. A summary is provided in table II.

In [6], one considers the bilinear interaction terms as extra
endmembers, and their abundances {bmk}mk to be unrelated to
the linear abundances {am}m. Self-interactions are excluded,
and the ANC and ASC are imposed on all abundances, leading
to ∀m ≥ k : bmk = 0, and

M∑
m=1

am +

M−1∑
m=1

M∑
k=m+1

bmk = 1 (10)

The authors of [20] referred to this model as the Nascimento
model, and cite [18] as its origin.

Another approach is proposed in [21], where the Fan model
is derived as a truncated Taylor expansion of a general non-
linear mixing function. This leads to bmk = amak for m < k,
and zero otherwise. The ANC and ASC are imposed on the
set of linear abundances {am}m. The physical interpretation
of the Fan model is that the probability of interaction with any
material should be proportional to its abundance. However, it is
shown in [20], [22], [23] that this model can be too restrictive,
and it is proposed to add an additional free parameter at each
bilinear interaction, leading to ∀m < k : bmk = γmkamak,
with γmk ∈ [0, 1]. This generalized bilinear model (GBM)
hence has a lot more degrees of freedom than Fan’s bilin-
ear model. The GBM reduces to the LMM if we choose
∀m, k : γmk = 0, and reduces to Fan’s bilinear model if
we choose ∀m, k : γmk = 1. Note that the Nascimento, Fan
and generalized bilinear models all assume that there are no
bilinear self-interactions.

In [20], [22], the GBM was fitted to a data set using a hier-
archical Bayesian technique. Suitable prior distributions were
constructed for the model and noise parameters, an analytical
relation between the prior and posterior distributions was
derived, and a Metropolis-within-Gibbs algorithm was applied
to generate samples distributed according to this posterior
distribution. This sampling was then used to derive the model
parameters. Several experiments on synthetic and real data
sets were conducted, and overall, the GBM provided better
unmixing results in terms of RE than the LMM and Fan’s
bilinear model. Another Bayesian technique is presented in
[27], where bilinear models were introduced and solved using
Gaussian process regression and latent variables, and com-
pared with other linear and nonlinear unmixing techniques.
The advantage of this technique is that the endmembers do
not need to be present in the data set, and in these cases,
much better results are found. The GBM can also be solved
by non-negative matrix factorization [28].

Another approach leading to a bilinear model is intro-
duced in [24], where it is proposed to perform a nonlinear
transformation of the spectrum generated by the LMM to
introduce nonlinearities. The transformation proposed is a
polynomial of degree two, leading to the polynomial post-
nonlinear model (PPNM). This bilinear model differs from
the Fan and generalized bilinear models on two accounts: self-
interactions are included, and all bilinear terms are scaled with
the same constant: ∀m, k : bmk = bamak. No restrictions on
the possible values of b are imposed.

In [25], a bilinear model is proposed for describing the non-
linear effects observed between trees, soil, grass and shadow
in a data set containing a pine tree forest and grassy areas. It
is assumed that the bilinear terms mainly arise due to the pine
trees sticking out above the flat surface, and hence one can
ignore all bilinear interactions not involving these trees. The
bilinear coefficients are hence chosen as ∀m : b1m ≥ 0, and
zero for all other coefficients. The ASC becomes

M∑
m=1

(am + b1m) = 1 (11)

Notice that the tree-tree self-interaction e1 � e1 is present in
this model, and shown to often have a significant contribution
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Name Bilinear parameters Constraints References
Nascimento ∀m ≥ k : bmk = 0

∑
m am +

∑
mk bmk = 1 [6], [18], [20]

∀m < k : bmk ≥ 0
Fan ∀m ≥ k : bmk = 0

∑
m am = 1 [21]

∀m < k : bmk = amak
GBM ∀m ≥ k : bmk = 0

∑
m am = 1 [20], [22], [23]

∀m < k : bmk = γmkamak , γmk ∈ [0, 1]
PPNM ∀m, k : bmk = bamak

∑
m am = 1 [24]

Chen ∀m > 1, k : bmk = 0
∑

m(am + b1m) = 1 [25]
∀m : b1m ≥ 0

Meganem ∀m, k : bmk ≥ 0
∑

m am = 1 [26]

TABLE II: Bilinear models, their parameters and constraints. In every model, positivity of the linear abundances is assumed:
∀m : am ≥ 0

to the observed spectrum. While the model allows better re-
constructions than the LMM, the abundances often show larger
deviations from the ground truth than the linear ones. It is
argued that, because the bilinear terms can have relatively large
abundances, another interpretation of abundances is required
when dealing with bilinear models.

Finally, a more physics-based approach that also leads to
a bilinear model was recently presented in [26]. The full
radiative transfer equations are calculated for a simulated
urban setting, taking factors into account such as solar irradi-
ance, atmospheric scattering effects, radiance emitted by the
neighborhood, and multiple reflections. Solving the radiative
transfer equations leads to a mixing model with linear and
quadratic terms. The model is validated against simulated
scenes of a canyon and an urban scene, and good agreement
is found. Next, the model is simplified to obtain a version
that can practically be used in unmixing applications. The
resulting mixing equation imposes only the ANC on the
bilinear abundances ∀m, k : bmk ≥ 0, and the ANC and
ASC on the linear abundances {am}m. We will refer to this
mixing equation as the Meganem model. The power of this
derivation is that it is completely physics-based, and yields a
bilinear model with a clear interpretation of the abundances
and their constraints. A similar technique was used in [29] to
treat hyperspectral imagery in the thermal infrared region.

D. Shortcomings of bilinear models

While several bilinear models have a clear physical inter-
pretation, they may suffer from several drawbacks. Since a
bilinear term involves the multiplication of two endmember
spectra which are smaller than one, it will have a smaller mag-
nitude than the actual endmembers. This is further exacerbated
in several models where these bilinear interaction terms are
multiplied with other parameters that are smaller than one,
such as the abundance fractions, or free parameters such as
the γmk parameters in the GBM. This can cause confusion
between bilinear interaction terms and spectral contributions
caused by shadows, which should involve a zero endmember.

Another possible issue is the exclusion of self-interactions
encountered in many bilinear models. Both the Nascimento,
Fan and GBM exclude self-interactions, while it has been
indicated in many papers that such self-interactions can form
a substantial contribution in the total spectral signal.

Furthermore, several bilinear models, such as the Nasci-
mento model or the GBM, involve the introduction of a large

number of extra free parameters, often of the order M2,
with M the number of endmembers. Such a large amount
of free parameters makes these models prone to overfitting.
A possible solution to this problem was proposed in [30].
The bilinear model is first presented as a linear mixing model
involving many artificially added bilinear endmembers, and the
observation is made that simply applying a linear unmixing
approach to this large number of endmembers will usually
result in unrealistic unmixing results due to overfitting. It is
proposed to reduce the number of endmembers, both linear
and bilinear, partaking in the unmixing of each pixel. The first
approach is to use the endmember variable LMM (EVLMM)
algorithm [31] to find the best reconstruction using only a
limited number of endmembers for each pixel. The second
approach is to use the endmembers found in the neighboring
pixels to identify the bilinear terms that might be present in the
pixel. Also the importance of allowing bilinear self-interaction
terms (e.g. tree-tree interaction) was stressed in this paper. An
alternative technique for avoiding the large number of free
parameters in the Nascimento model was proposed in [32],
where sparse unmixing was combined with a bilinear model.

Bilinear models that scale the bilinear interaction terms with
the linear abundances, such as the Fan model, the GBM and
the PPNM, do not allow the presence of bilinear contributions
involving endmembers that are not present as a linear com-
ponent as well. If a certain linear abundance ai = 0, then
there can be no bilinear interaction terms present involving
endmember ei in these models. This can become unrealistic
in scenarios where the secondary illumination effects happen
over larger scales, such as in urban scenarios, where a pixel
might receive illumination from objects outside its IFOV.

In [33], [34], it is noted that bilinear interaction terms often
show very large degrees of correlation. It is argued that these
correlations will make the unmixing procedure much more
sensitive to noise.

Finally, the interpretation of abundances can become cum-
bersome in bilinear mixing models: Since the bilinear inter-
action terms can form a substantial part of the total spectral
signal, the linear abundances alone will no longer sum to one,
and it is not immediately clear how the total abundance of any
given endmember can be determined. A possible solution was
proposed in [6], where the authors used the Nascimento model
to extract abundances. The authors remark, as in [25], that the
abundances corresponding to the bilinear terms do not relate
to physical quantities. Since the linear and bilinear abundance
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coefficients are modeled to sum to one, the actual areal
proportions of each endmember are not simply given by the
linear abundance coefficients. It is proposed to distribute the
bilinear abundance contributions over the linear abundances,
with appropriate weighting factors. In terms of the introduced
notation, this becomes

a′m = am + τm

[
m−1∑
k=1

bkm +
M∑

k=m+1

bmk

]
(12)

The corrected abundance a′m consists of two terms: The linear
abundance am, and a second term consisting of all bilinear
abundance terms that involve endmember m, weighted with a
scaling factor τm. Three different values for τm are considered:

• τm = a′m: One assumes that the probability that an
incoming light ray interacts with any given endmember
is equal to its areal abundance in the pixel, and should
hence be assigned a proportional amount of the associated
bilinear abundances.

• τm = 1/M : One evenly distributes the bilinear abundance
contributions over all M endmembers.

• τm = δm,1: All bilinear effects are assumed to be
generated by a single endmember (e.g. trees sticking out
above a flat surface, as in [25]), and all bilinear abundance
contributions are assigned to this endmember.

Next, several spectra obtained in a citrus orchard are unmixed
using these different models. Furthermore, it is shown that
the main bilinear contribution comes from those interaction
terms involving the tree endmember, a conclusion that was
also reached in earlier work [16], [25], [35].

A slightly different reasoning for distributing the bilin-
ear abundance contributions was presented in [36], where a
simulated urban scene was unmixed with respect to three
endmembers, and bilinear terms were taken into account. The
bilinear abundance contributions were added to the ground
material abundance in this work, reasoning that any bilinear
interaction term must have necessarily reflected off the ground.

E. Comparison of the main bilinear models

The bilinear models introduced in previous sections are all
obtained through different means, either as a series truncation
of more complex models, physical modeling of the secondary
reflections, or as polynomial approximations of general mixing
models. The resulting mixing equations are often quite similar,
but the subtle differences in abundances, constraints and free
parameters yield very different data clouds. In Fig. 4, we have
schematically plotted the data manifolds for a two-endmember
bilinear mixing scenario, where there is only a single bilinear
interaction, or secondary reflection, present. The data mani-
folds show the regions in spectral space corresponding to the
respective mixing equations.

Since the reflectance values are typically smaller than one,
the virtual bilinear endmembers will be smaller in magnitude
than the true endmembers. For the LMM, these bilinear inter-
action terms do not play a role, and the data manifold is simply
the simplex between the two endmembers (a line segment). In
the Nascimento model, the virtual bilinear endmembers will

(a) LMM (b) Nascimento (c) Fan

(d) GBM (e) PPNM (f) Meganem

Fig. 4: Two-dimensional schematic representation of the data
manifolds corresponding to the different bilinear mixing mod-
els. Two endmembers are indicated with circles, the bilinear
interaction endmember is indicated with a square. For the
GBM we have γ12 = 0 (full), γ12 = 0.5 (dashed) and γ12 = 1
(dotted). For the PPNM we have b = −0.5 (dashed), b = 0
(full) and b = 0.5 (dotted). For the Meganem model we have
b = 0 (full), b = 0.5 (dashed) and b = 1 (dotted).

play the role of actual endmembers, with the ASC imposed
on both the linear and bilinear endmembers. This results
in a manifold that forms a polygon, spanned by the linear
and bilinear endmembers. In the Fan model, the bilinear
interaction term is added to the linear mixing model, weighted
by the product of their abundances. This results in a manifold
with a parabolic shape, and with the linear endmembers as
extremities.

The GBM adds additional free parameters to the bilinear
interaction terms in the Fan model. This results in a manifold
that can interpolate between the LMM and the Fan model.
The resulting manifold contains all spectral space between the
manifolds corresponding to the LMM and the Fan model. The
PPNM entails a second-order polynomial transformation of
the LMM, where the quadratic term is weighted by a single
parameter b. For b = 0, we retrieve the LMM, but for other
values of b, we find parabolic manifolds where the linear
endmembers are no longer the extremities, as illustrated in Fig.
4 (e). Finally, in the Meganem model, bilinear terms are added
to the LMM, with only the ANC imposed on their abundances.
This results in a complex manifold consisting of the simplex
associated with the LMM, augmented by the positive orthant
of the subspace spanned by the bilinear endmembers. Starting
from the LMM manifold, all points in spectral space in the
direction of the bilinear interaction terms can be reached.

For further discussions on several of these bilinear models,
along with examples on real and simulated data sets, we would
like to refer to the recent overview paper [37].
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V. INTIMATE MIXTURES

A. Introduction

Intimate mixtures are mixtures of grains or particles that
are in close contact with each other, e.g., mineral particles
in sand and soil, or droplets in emulsions, clouds or paint.
The optical characteristics of such mixtures depend on many
parameters, such as the total number and the fractions of each
component, the grain size distribution of each component,
the shape and orientation of the grains, the average optical
distance between reflections, the absorption and scattering
characteristics, and the bidirectional reflectance distribution
function (BRDF), of each material. This large number of
parameters and complex interactions introduces nonlinearities
with respect to the individual abundances, and exact modeling
of the optical behavior of intimate mixtures is a difficult task.
One often resorts to several simplifications and assumptions
to make the problem tractable.

In an intimate mixture, light will typically interact multiple
times with the particles making up the mixture before reaching
the observer. At each interaction with a particle, the photon
might be either absorbed or scattered into a random direction.
The fraction of incoming photons scattered by a particle,
divided by the total fraction of photons affected by that particle
(either due to scattering or absorption), is defined as the
single scattering albedo (SSA). This wavelength-dependent
property of a particle can be used to describe interactions
of light with individual particles on a microscopic scale.
Macroscopically, due to the multiple interactions in an intimate
mixture, a complex relationship exists between the SSA of the
composing particles, and the bulk reflectance of the mixture
that an observer will measure. See Fig. 5 for a schematic
representation.

Papers describing the nonlinear spectral mixing behavior of
intimate mixtures have appeared as early as 1931. In [4], the
optical characteristics of paint films and mixtures of pigments
were derived, resulting in a nonlinear relationship between
the abundances or thickness of the different components, and
the observed reflectance. In [38], a study of Lunar minerals,
nonlinear spectral behavior is observed in laboratory created
mineral mixtures. Strong nonlinear behavior of mineral mix-
tures was also observed by Nash and Conel [39] in laboratory
created binary and ternary mineral mixtures. The suggestion is
made that large differences in albedo could be responsible for
the nonlinear behavior. Similar observations on these nonlinear
mixing effects were made in [40].

These sometimes strong nonlinear mixing effects exhibited
by intimate mixtures can be easily illustrated by mixing a
bright and a dark material together, and observing the resulting
reflectance. A simple experiment, where salt and ground basalt
(very bright and dark respectively) were mixed in different
proportions and their reflectance measured, is illustrated in
Fig. 6. This graph shows the strong nonlinear relationship
between the observed bulk reflectance of the mixture, and the
abundances of each material in the mixture. E.g., the addition
of 1% of basalt to pure salt reduces its reflectance by over
10%.

Many models have been proposed to describe the optical

Fig. 5: Schematic representation of the multiple reflections that
occur between grains in an intimate mixture. Left: High albedo
grains, so every grain has a high probability of scattering the
incoming light ray. Right: A small fraction of low albedo
grains is present. Every path that encounters these grains has a
high probability of undergoing absorption, and the reflectance
of the mixture will lower drastically.
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Fig. 6: The reflectance at 964 nm of a mixture of salt and
basalt, as a function of the volumetric fraction of salt.

characteristics of intimately mixed particulate matter, but the
most popular model is the one introduced by Hapke [3].
This Hapke model has been continuously refined since its
introduction, and remains the most popular approach for de-
scribing intimate mixing effects. Several authors have used the
Hapke model as well in hyperspectral unmixing applications.
Therefore, we will focus on the Hapke model in this overview.
Also in Fig. 6, we have added the reflectance of the mixture
as predicted by this Hapke model, showing good accordance
with the experimental data points. See further for more details.

B. The Hapke model

The isotropic multiple scattering approximation (IMSA)
introduced by Hapke [3], [41] is used to derive the diffuse
reflectance of an intimate mixture, and combines two terms:
the contribution of singly scattered light is given exactly, while
the multiply scattered light is described by an approximate
solution to the RTE for isotropically scattering particles. One
solves the RTE in an infinitely thick half-space of dispersed
particulate matter. The derivation assumes that the particles are
much larger than the wavelength of light, and uses geomet-
rical optics arguments to solve the radiative transfer integral
equations.
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θi

θe

g

φi

φ

φe

Fig. 7: The angles used in the bidirectional reflectance dis-
tribution function (modified from [42]). The horizontal plane
is the plane of the medium surface. The vertical axis is the
normal to this plane. θi and θe are the angles of the incoming
and outgoing radiation with this normal. g is the angle between
the incoming and outgoing radiation.

The Hapke model provides an equation that relates the bidi-
rectional reflectance of a closely-packed particulate medium
with the optical and physical parameters of the medium. This
derivation is beyond the scope of the current review, but we
present the final result (See [3] eq. (16) or [10] eq. (8.89)). The
wavelength-dependent bidirectional reflectance x is a function
of the SSA w, and is given by:

x(µ, µ0, g) (13)

=
wµ0

4π(µ0 + µ)
[(1 +B(g))p(g) +H(w, µ0)H(w, µ)− 1]

Here µ0 = cos(θi) and µ = cos(θe) are the cosines of the
angles with the normal of the incoming collimated radiation
and outgoing radiation respectively, g is the phase angle, or
the angle between the incoming and outgoing radiation in the
scattering plane (see Fig. 7), p(g) is the normalized phase
function of the medium, describing the angular scattering de-
pendence, B(g) is a correction factor for the opposition effect,
w is the SSA of the mixture, and H(w, µ) is Chandrasekhar’s
isotropic scattering function. We will treat all of these terms
separately for the specific case of remote sensing of intimate
mineral mixtures.

The SSA w is defined as

w =
S

E
(14)

=
S

S +A
(15)

where S is the scattering coefficient of the medium, and E is
the extinction coefficient. Extinction is defined as any process
that removes photons from the incoming light beam, and hence
is the sum of scattering S and absorption A. This also means
that w ∈ [0, 1], where w = 0 corresponds to a medium that
absorbs all incoming light, and w = 1 is a medium that

shows pure scattering, and no absorption. Typically, w(λ) is
wavelength-dependent, and we will use the discretized vector
notation w whenever appropriate.

The phase function of the medium describes the fraction
of incoming light that is reflected towards a given direction.
Assuming spherical particles, the phase function is only de-
pendent on the phase angle, and assuming isotropic scatterers,
the phase function p(g) = 1.

The opposition effect, or opposition surge, is an optical
effect observed in particulate media when the phase angle
is very small, meaning that the observer is located close to
the line from the light source to the sample, e.g., the sample
is close to the shadow of the observer. In these cases, the
sample will appear brighter due to two reasons: the shadow-
hiding opposition effect is caused by the disappearance of the
mutual shadowing effect of the particles, as no shadows can be
visible at zero phase angle. Another source of opposition surge
effect is coherent backscattering, which was described later
[42], [43], and is caused by constructive interference between
rays that follow the same path in the particulate medium, but
in opposite directions. For these reasons, the directions with
small phase angles are often called the hot-spot retroreflection
directions. When the phase angle is large enough this effect
can be ignored, and B(g) = 0.

The H(w, µ) function is Chandrasekhar’s isotropic scatter-
ing function, and it is defined by the integral equation

H(w, µ) = 1 +
wµ

2
H(w, µ)

∫ 1

0

H(w, µ′)

µ+ µ′ dµ′ (16)

which can be computed numerically in a variety of ways. A
computationally more tractable approximation is provided in
[3], [10], which is within 4% of the true value [10]:

H(w, µ) =
1 + 2µ

1 + 2µ
√
1− w

(17)

Better approximations have been derived, and we refer to
[44] and references therein for a highly accurate polynomial
approximation of the true solution, and recent developments.

Equation (13) describes the relation between the SSA w of a
mixture and its reflectance x. While a tightly packed intimate
mineral mixture does not demonstrate linear mixing behavior
in terms of reflectance, their SSA does mix linearly [3], [10]:

w =
M∑

m=1

amwm (18)

where the abundances am are the mean cross-sectional areas
of each of the components. The physical reason for this linear
behavior is that the SSA only depends on the first material
that is hit by an incoming ray. This is proportional to its cross-
sectional area in a mixture, which is equivalent to the areal
abundances used in other mixing models.

In the case of tightly packed spherical particles, these
cross-sectional areas can be written in terms of the physical
parameters of the individual components:

am =

(
M∑
k=1

Mk

ρkDk

)−1

Mm

ρmDm
(19)
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Here Mm is the mass fraction or bulk density of component
m, ρm its solid or single particle density, and Dm its average
spherical diameter. By definition, these abundances obey the
ANC and ASC. If the particles have other shapes, relation
(19) has to be modified to represent the correct conversion
from cross-sectional area to physical parameters.

In a typical unmixing scenario, the endmembers and mix-
tures are measured in several geometrical configurations (i.e.,
different angles), and are available as relative bidirectional
reflectance vectors. The three angle variables µ, µ0 and g are
provided by other instruments (e.g., LIDAR). The processing
chain used for obtaining the reflectance vectors usually in-
cludes a calibration step, where the reflectances are determined
relative to a perfectly white Lambertian scatterer, e.g., by
including a Spectralon R© panel in the scene.

One is interested in calculating the bulk densities of the
different components. This requires the computation of the
SSA of both the endmembers and the mixtures. Because (13) is
not invertible, this cannot be done in a straightforward manner.
The current approach is to use least square error fitting with
equation (13). The single-scattering albedo w is chosen so that
it minimizes χ2, which is defined as:

χ2 =
∑
p

[xp − x(µ, µ0, g)]
2

σ2
p

(20)

where σp, xp, and x(µ, µ0, g) are the measurement error, the
measured reflectance value of one type of material, and the
theoretical value predicted by (13) of the p-th experiment. The
endmember and mixture single-scattering albedos derived by
minimizing equation (20) for each endmember and mixture
spectrum and all wavelengths are then used to solve equations
(18) and (19) to obtain the bulk densities Mm.

A complication in the application of equation (20) is that
each wavelength is treated separately, and more importantly
that the strong coupling between the parameters is ignored. A
different method for unmixing with the Hapke model relies on
additional assumptions that allow the inversion of (13). These
assumptions are

• The single-scattering behavior of the particles is isotropic,
so that p(g) = 1.

• The particles are spherical (used to determine surface and
volume relations)

• The phase angle is large enough so that the opposition
surge can be ignored, and B(g) = 0.

The relative bidirectional reflectance, where the reflectance
is relative to a panel with w = 1, then becomes

x(µ, µ0, w) = w
H(w, µ0)H(w, µ)

H(1, µ0)H(1, µ)
(21)

If the approximation (17) is used for the H functions, this
becomes

x(µ, µ0, w) = R(w)

=
w

(1 + 2µ
√
1− w)(1 + 2µ0

√
1− w)

(22)

Equation (21) or (22) allows to determine the relative bidirec-
tional reflectance as a function of the geometrical positioning
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Fig. 8: The relative bidirectional reflectance x as a function of
the SSA w, for several parameter pairs (µ, µ0). The full line
is the solution of (21) using the exact Chandrasekhar solution
for the H functions. The dashed lines are obtained with the
approximation (22). The parameters are from top to bottom:
(µ, µ0) = (0.5, 0.5), (µ, µ0) = (1, 0.5), and (µ, µ0) = (1, 1).

of the light source, observer, and SSA of the medium. While
(22) is but an approximation of (21), the differences are not
large, and (22) can be used in most practical situations. Refer
to Fig. 8 for some typical examples.

By inverting (22), we can write the SSA as a function of
the observed relative bidirectional reflectance. This allows the
application of linear unmixing methods for unmixing the SSA
instead of the reflectances. The inverse can be found from

√
1− w = (23)[

(µ0 + µ)2x2 + (1 + 4µ0µx)(1− x)
] 1

2 − (µ0 + µ)x

1 + 4µ0µx

Better approximations to the H functions can be used as
well, but require more involved equations, numerical tech-
niques or lookup table approaches. If other types of re-
flectance are used, such as hemispherical reflectances, other
equations are required to relate the SSA w with the observed
reflectances. These equations and their inverses can be found
in [10] for most common types of reflectance.

Since its inception, the Hapke model has been constantly
tested and refined. Many papers exist that modify the original
equations with additional terms, taking several optical effects
into account, or modifying the original equations with more
realistic assumptions or better approximations. Recently, in
[45], many of the assumptions and their shortcomings used
in the Hapke model are discussed, and several improvements
are proposed. These advanced models are then tested on
particulate surfaces simulated with ray tracing, on laboratory
spectra, and on real spectra observed on the moon. It is shown
that, due to several assumptions made in the derivation of the
Hapke intimate mixing model, sometimes severe deviations
from the observed spectra are observed. Elaborating on all
these recent results is beyond the scope of this paper, and we
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refer to [41], [42], [45]–[57] and references therein for current
developments involving the Hapke model.

Several alternatives for the Hapke model exist. The ma-
jority of such models for intimate mixing are based on the
radiative transfer equation (RTE), describing the propagation
of radiation through a medium. The numerical computer code
by Mishchenko et al. is a direct numerical integration of the
radiative transfer equation in particulate matter [58]. Skhuratov
et al. [59] reformulated the problem of multiple scattering in
a particulate medium as scattering in an equivalent system of
plates or layers. This model was compared with the Hapke
model in [60], and validated on laboratory mixtures in [61].
A similar layered approach was used in the Isograin model
[62]. In [63] one also solves the RTE, but under slightly
different assumptions than employed in [3]. The effects of
roughness, porosity, backscattering, multiple scattering and
mutual shadowing are derived, and compared to similar results
obtained by Hapke in [3]. Many other approaches and models
for solving the RTE can be found in [62], [64]–[67], resulting
in modifications of the original equations found by Hapke,
and often better adapted at certain conditions or situations. A
detailed study of all these differences however is beyond the
scope of this review.

C. Experiments using the Hapke model

A common strategy employed by numerous authors study-
ing intimate mixtures is to exploit the linear mixing of the
SSAs of a mixture. By converting all reflectances to SSAs,
linear unmixing techniques can be employed to obtain the
abundances. Early results [5] using this strategy, but based
on the Kubelka-Munk theory [68] to make the conversion to
SSA, showed severe deviations in the obtained abundances,
with up to 30% error.

Later, Mustard and Pieters [69] used this strategy with the
bidirectional reflectance equations (21) and (22) derived by
Hapke, and obtained much better results. Lab-created mixtures
with known physical properties were created and unmixed
using least-squared fitting of the SSA, and it was observed
that the obtained abundances were within 5% of the true
abundances. The same authors used this technique as well in
[70], for unmixing mineral mixtures in a real-world scenario.
In [71], this technique is further evaluated on lab-created
binary and ternary mixtures, and it is observed that the highest
deviations from the theoretical value occur when there are
components with a low SSA present. It is suggested that this
discrepancy is mostly due to the breakdown of the isotropic
scattering assumption: bright materials are mostly forward
scattering, while dark materials mostly backward scattering,
although it is shown that minerals exist that demonstrate ex-
actly the opposite behavior. A lookup table approach combined
with laboratory experiments to obtain the phase functions is
introduced to deal with these varying scattering functions, and
much better accordance with the theory is found.

In [72], the Hapke model for intimate mixtures is compared
with the LMM on spectra obtained in the Cuprite region
in Nevada, USA. It is shown that the Hapke model often
yields better results than the LMM. Also in [73], the LMM
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Fig. 9: The (black) spectrum of a mixture of 50% quartz and
50% alunite. The reconstructions obtained by (red) LMM and
the (green) Hapke model.

is compared with the Hapke model on a lunar data set. It is
observed that the abundance differences between both methods
are up to 10%, and that the nonlinear model provides a much
more realistic abundance map. Lunar data sets have been
processed using the Hapke model also in [74].

The Hapke model for nonlinear mixing was also used in
[75], where the mapping between reflectance and SSA was
used to construct a kernel describing the cross product between
two vectors in SSA space. This kernel was then used in the
kernelized fully-constrained least-squares unmixing (FCLSU)
algorithm [19], [76] to unmix the data. Due to the kernel
approach, the Hapke nonlinear mixing model was intrinsically
present in the unmixing scheme.

The performance of these unmixing techniques based on the
Hapke model can be easily illustrated with two experiments.
As a first experiment, we have unmixed a spectrum of an
intimate mixture of two minerals, quartz and alunite, acquired
by the NASA RELAB facility at Brown University [62].
These two mineral components are assumed to possess similar
physical characteristics, such as grain size and density, and
hence weight and areal fractions can be considered equivalent
[62]. Also the spectra of the pure mineral components, which
can be used as endmembers, are available, as well as the
angles used in the experimental setup. For the LMM, the
spectra were unmixed using the FCLSU algorithm [19] on
the reflectance spectra, while for the Hapke unmixing results,
FCLSU was used on the SSA vectors, obtained by converting
all reflectances to SSA with (23).

In Fig. 9, we have plotted the input spectrum, and the
spectra with the smallest reconstruction error, as obtained with
the LMM and the Hapke model. From this figure, it is clear
that the Hapke model allows for a much better reconstruction,
and that the LMM will underestimate high reflectance values,
and overestimate low values. The abundances of the quartz
component obtained by the LMM is 0.21, while the Hapke
model finds 0.50. Since this is a 50/50% mixture, this shows
that the LMM will obtain severe abundance deviations from
the true value, while the Hapke model accurately retrieves the
correct abundances.
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A second illustrative example is shown in Fig. 6, where
the reflectance at a given wavelength of a mixture of salt and
basalt is plotted for different volumetric ratios. By considering
these volumetric fractions as abundances, one can fit the data
to the Hapke model, as shown by the blue line. While many
factors are unknown in this scenario, such as particle and
bulk densities, and grain size distributions, we still obtain
results that are well in line with the experimental data, and
much better than what would be obtained by the linear mixing
assumption.

D. Combining the LMM and the Hapke model

Several models have appeared recently that attempt to com-
bine the LMM with the Hapke model for intimate mixtures.
The reasoning is that in real-life situations, both linear and
intimate mixing might be present to a certain extent. The scene
in the IFOV of a pixel might consist of spatially well-separated
flat regions, e.g., grass and a sandy area, with one or more of
the components intimate mixtures. An interpolating approach
was used in [77], [78], where the kernel-FCLSU algorithm was
used to unmix data, with a kernel that can interpolate between
the LMM and the Hapke model depending on a parameter.
The proposed kernel function was

Kγ(x,y) = (1− e−γx)T (1− e−γy) (24)

This kernel becomes the linear kernel for γ → 0, and approx-
imates the inverse of the reflectance-SSA relation derived by
Hapke for large γ.

An additive approach for combining the LMM with intimate
mixtures has been proposed in [79]–[81], where an unknown
nonlinear mixture was added to the LMM as an additional
endmember. The mixing equation of this multi-mixture pixel
(MMP) model is

x =
M∑

m=1

amem + am+1R

(
M∑

m=1

fmwm

)
(25)

where R(.) is given by (22).
Another approach that combines linear and nonlinear mix-

ing was proposed in [82]. The reasoning is that the LMM is
well fit for modeling spatially separated endmembers (checker-
board pattern), but that in reality each of these patches might
contain an intimate mixture instead of a single endmember.
The mixing equation of this linear mixture of intimate mixtures
(LIM) model is given by

x =

M∑
m=1

amR

(
M∑
k=1

fmkwk

)
(26)

There are M linear abundances {am}Mm=1 representing the
sizes of the different checkerboard-type patches in the pixel.
Each of these patches can have its own intimate mixture, with
M associated intimate-mixing abundances {fmk}Mk=1. Each
of these abundance sets have to obey the ANC and ASC
individually. The total areal abundances are then given by

Ak =

M∑
m=1

amfmk (27)

VI. RAY TRACING AND RADIOSITY APPROACHES

A. The rendering equation and ray tracing

Ray tracing and radiosity are techniques typically used
in computer graphics to generate realistic lighting in virtual
scenes. As such, these techniques can be used to study
nonlinear mixing effects as well, as has been done by several
authors.

To determine the lighting in a virtual scene, one starting
point often used in computer graphics is the rendering equa-
tion, describing the radiance leaving a point in a given direc-
tion as the sum of emitted and reflected incoming radiance.
The angular dependencies are introduced via the BRDF. The
rendering equation assumes that a geometrical description of
the scene is available, and is given by

B(x,w) = E(x,w) +

∫
S

ρ(x,w,w′)B(x′,w′)G(x,x′)dA

(28)

• B(x,w) is the radiance at wavelength ω from the point
x on a surface in the direction w.

• E(x,w) is the emitted radiance in the direction w, and
is only non-zero for light sources.

• ρ(x,w,w′) is the wavelength-dependent BRDF at x.
• S describes all surfaces visible in the scene from the

viewpoint of x.
• w′ is the vector pointing from x′ to x.
• G(x,x′) is the geometrical viewfactor between the sur-

faces at x and x′, taking distances and angular depen-
dencies between the two surfaces into account.

This equation is implicitly wavelength-dependent, and can
be extended with additional terms introducing several opti-
cal effects, such as transmission, dispersion, fluorescence, or
volumetric effects. Determining the solution of the rendering
equation is very difficult for all but the simplest scenes, hence
one resorts to numerical techniques and analytical simplifica-
tions to find solutions in the general case.

One very popular method to find the lighting of a simulated
scene from a single fixed viewpoint by solving the rendering
equation via a Monte Carlo technique is ray tracing. While
several approaches exist, one typically shoots rays from the
viewpoint of the observer into the scene, and at each interac-
tion with an interface, the ray is either absorbed, reflected or
refracted, depending on the geometrical viewfactor and BRDF.
Repeating this for a very high number of rays leads to an
approximate solution of the rendering equation, and can yield
very realistic results, even for complex scenes. The drawback
is that this method can be very computationally intensive.

Also to study nonlinear mixing effects in simulated hyper-
spectral scenes, one has employed ray tracing. Early attempts
can be found in [83]–[85] and references therein. In [86], ray
tracing was used on a simulated vegetation scene containing
shrubs on bare soil. The amount of nonlinearity was measured
by tracking the number of interactions each ray underwent be-
fore reaching the observer. This fraction of rays that interacted
with more than one object, or nonlinear fraction (NLF), was
then determined as a function of wavelength, LAI and solar
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zenith angle. Several conclusions can be drawn from these
results. First of all, the NLF is very small when the phase angle
is small. It was already known that small phase angles can
cause an opposition surge effect in mineral mixtures [10] due
to the disappearance of mutual shadowing effects. The same
effect causes a strong decrease in nonlinear mixing effects: any
light observed in shadowed areas has been multiply reflected
by default. Another observation is that nonlinear mixing effects
are much stronger in the NIR than in the VIS if vegetation with
a large LAI is present. This effect is caused by the fact that
leafs reflect and transmit much more in the NIR than in the
VIS. Depending on the simulation parameters, a NLF of up
to 0.2 is found, indicating that up to one out of five light rays
will undergo multiple reflections before reaching the camera.

In [87], ray tracing was used to determine the optical
properties of irregularly shaped particles, such as SSA and
phase functions. The obtained results were then compared to
theoretical results obtained by Hapke.

In [88] one used a physically based ray-tracer employing
BRDFs and sky maps to generate realistic simulated scenes
of forest areas with known physical properties, such as tree
structure, height, density and spectral properties. The influence
of these parameters on the observed spectra are then studied.
The reflectance plotted as a function of cover fraction of one of
the species shows nonlinear behavior and spectral variability.
These data points can be well fitted with a second order
curve, indicating possible bilinear spectral interactions. Similar
techniques were used in [89] to simulate orchards. Other
simulation codes for hyperspectral scenes, such as the Digital
Imaging and Remote Sensing Image Generation (DIRSIG)
model [90], also use ray tracing and radiosity steps in their
complex processing chains.

Ray tracing was also used in [45] to simulate particulate
matter. These results were used to validate the Hapke intimate
mixing model, and to demonstrate several of its shortcomings.

B. The radiosity equation

While ray tracing can offer realistic results, one large
drawback is that it requires a detailed geometrical description
of the scene, and is computationally very involved. It is
hence not invertible, and can only be used to demonstrate
nonlinear effects, or to simulate certain effects in function of
known scene parameters. However, by making some additional
assumptions, exact solutions can be obtained for some simple
scenarios. The rendering equation (28) can be simplified
significantly by assuming Lambertian scatterers, so that all
surfaces are perfectly diffuse or non-directional. The geometric
viewfactor can be explicitly determined, since it depends only
on the distance between the two points, and the relative
angles of the surfaces with respect to each other. Also all
dependency on directions will drop out, and the BRDF will
become a constant reflectance. The resulting equation is called
the radiosity equation, and reads

B(x) = E(x) + ρ(x)

∫
S

B(x′)
cos(θx) cos(θx′)

πr2
dA′ (29)

• B(x) is the total hemispherical flux of energy leaving
around x

• E(x) is the emitted energy due to light sources
• ρ(x) is the reflectance at x
• S describes all surfaces visible in the scene from the

viewpoint of x
• r is the length of the vector connecting x and x′

• θx and θx′ are the angles between the vector connecting
x and x′ with the respective surface normals

Radiosity hence attempts to simulate the way in which
directly illuminated surfaces act as indirect light sources for
other surfaces, under the assumption that all scattering is
Lambertian. The radiosity equation still requires a full geomet-
rical description of the scene, but can be solved analytically
for some simple scenarios, and several efficient numerical
techniques exist for solving it in more complex situations.
Some simple examples and the theoretical background of
radiosity theory can be found in [91]–[94].

Several authors have used these radiosity-based simulation
techniques to derive the reflectances of simulated scenes,
and study possible nonlinear mixing effects. In [95]–[97],
it is recognized that in vegetation scenes, interactions have
to exist between shadow and tree endmembers. To quantify
this interaction, one models tree canopies as cylinders with
a given height and width, and determines the percentage of
shadow present in each pixel. This leads to a nonlinear relation
between the true and observed abundances of sunlit canopy
and shadow.

In [35], Borel and Gerstl derive two nonlinear mixing
models, based on analytical solutions of the radiosity equation.
The BRDF of a single and multiple infinitely large layers of
semi-transparent leafs above a soil underground is calculated
as a function of the LAI, the reflectance, and the transmittance
of the leafs. It is shown that the observed reflectance is a
nonlinear function of the LAI, which is related to the areal
abundance of leafs above the soil, and can be written as a series
expansion of reflection products, representing n-ary reflections
between the leaf layer and the ground. The relations be-
tween several vegetation indices are derived. Also the mutual
lighting effects were calculated for two flat surfaces touching
each other with a given angle, and excellent agreement with
experimental results was demonstrated. Because of mutual
illumination, the observed reflectance increases faster than
linear with increasing single surface reflectance.

In [98], the BRDF of plants on soil is calculated by first
modeling a plant as a cylinder containing layers of leafs
with known physical parameters, such as LAI, leaf angle
distribution and optical characteristics. These modeled plants
are put in a grid-like fashion, where grid cells can be occupied
or not depending on the simulation parameters. The BRDF is
determined with a radiosity model, and the dependence of the
observed reflectance on the simulation parameters is derived.
This model is then used in [99] to obtain the vegetation
parameters of heterogeneous canopies, and compared to results
obtained with the LMM. Three endmembers are employed
in the unmixing procedure, i.e. vegetation, illuminated soil
and shaded soil. It is shown that the results obtained by
the LMM show a large bias for the vegetation fraction, and
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Fig. 10: A multilayer perceptron with an input layer with 4
neurons, a single hidden layer with 3 neurons, and an output
layer of 4 neurons.

that the radiosity-based approach yields much better results.
Unfortunately, since this technique again requires geometric
modeling of the scene and a large effort for inverting the
resulting reflectance model, it cannot be easily applied in
general unmixing situations.

VII. NEURAL NETWORKS AND FUZZY CLASSIFIERS

A. The multilayer perceptron

Artificial neural networks (ANNs) are a broad field of
research, and a wide range of architectures and models
have been designed over time for solving a wide variety
of problems, such as pattern storage and retrieval, pattern
recognition and prediction, control systems, clustering, and to
learn complex nonlinear relationships in data sets. Typically,
ANNs can be described as a directed graph structure, with
vertices representing neurons, inputs or outputs, and weighted
directed edges representing links between the vertices. The
dynamics of the network is described by the activation rules
for each neuron, and the weights of the edges can be adapted or
even contain time delays. A rich literature exists on ANNs, and
a thorough explanation of even the main architectures would
be beyond the scope of this work. We refer to the book [100]
for a thorough introduction on ANNs, and will focus only on
the multilayer perceptron (MLP).

The MLP is one of the most popular neural network archi-
tectures, and has found many applications in image processing,
including hyperspectral unmixing. The MLP is depicted in
Fig. 10, and consists of an input layer, a number of hidden
layers, and an output layer. Each layer consists of a number
of neurons, all connected to the neurons in the next layer with
unidirectional weighted connections. The output of a neuron is
a sigmoidal function of the integrated input, and this output is
fed to the neurons in the next layer, weighted by the connection
weights.

The MLP can be trained to learn an input-output relation,
given a number of training data where the input-output relation
is known. For this supervised learning, the training data is
presented to the network, the output is determined, and an
error signal is calculated, i.e., the difference with the target
output. These errors are backpropagated through the network,

and the connection weights are adapted to decrease this error,
depending on a learning rate. The idea is that if the training
data is representative of the entire data set, the network will
learn the underlying nonlinear relation, and will function
properly for other data as well.

Possible problems with MLPs are overtraining, leading to
a loss of generalization capability, slow convergence of the
learning phase, getting stuck in local minima, the requirement
of manual tuning of the number and sizes of hidden layers, and
the lack of insight into the physics or logic of the underlying
problem. Despite these disadvantages, MLPs have been shown
to be powerful tools in many applications.

One of the first unmixing approaches using the standard
MLP was proposed in [101]. In this work one investigates
the performance of a MLP trained with backpropagation,
where the input consists of three reflectance values, and the
outputs are the abundances with respect to three classes. The
network is trained using pure pixels as input, and expected to
generate partial class memberships, or abundances, for mixed
pixels. It is shown that this technique can be successfully
used for unmixing hyperspectral data, and that the unmixing
procedure is intrinsically nonlinear due to the neural network
structure. The same author then proposed in [102] to use
the partial membership values of a fuzzy c-means classifier
[103] as abundance values in a spectral unmixing scheme. Its
performance is compared to the output of the MLP technique,
and it is shown that either method can obtain much more
realistic land cover representations than a hard classifier. These
techniques have been applied for image fusion as well [104].

In [105], the idea to use a MLP for generating abundances
is further explored. A MLP is trained with backpropagation
to relate a spectrum (input of the network) to the correct
abundance proportions of a set of endmembers (output of the
network), and its performance is evaluated on a real image data
set. It is observed that relatively good results can be obtained,
but that the performance depends strongly on the number of
neurons used, the number of training samples presented, and
the endmember under consideration. Similar approaches are
used in [106] for a forested scene, in [107] for an urban scene,
and in [108] on an artificial vegetation data set. It is argued
that the capability of ANNs to deal with nonlinearities in the
data is the main reason for the observed improved performance
over the LMM.

In [109], three different approaches are compared for un-
mixing. The first approach is a MLP trained with backprop-
agation, the second method is based on the unconstrained
LMM, and the third method used fuzzy c-means classifi-
cation to find the abundances as partial class memberships.
It is demonstrated that the MLP has the best performance,
followed by the fuzzy c-means approach, and finally the
LMM. Also in [110], the MLP is compared with two neuro-
fuzzy network approaches. Other attempts to use the output of
fuzzy classifiers as unmixing results were reported in [111]–
[116]. A comparative study of five different techniques for
subpixel land cover mapping, i.e., a hard classifier, a MLP, a
clustering/lookup table approach, multivariate regression and
linear least-squares inversion, has been reported in [117].

A MLP is also employed in [118], where the focus lies
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more on the generation of appropriate training data sets.
Several different approaches are compared, i.e., samples that
are located close to the separating hyperplanes in spectral
space, samples that are highly mixed, or samples obtained
through a morphological erosion operation. Also the effect of
training size is studied.

A combined linear/nonlinear approach is proposed in [119],
where the data is first linearly unmixed using a standard
linear unmixing algorithm, followed by a nonlinear refining
by a MLP. Several techniques for selecting training samples
are introduced, and reconstruction errors using the different
techniques are presented.

B. Other neural networks

Several other ANN architectures have been used in hy-
perspectral unmixing as well. We will not elaborate on the
details of these networks, but refer to their references for more
information.

In [120], neural networks based on adaptive resonance
theory (ART) [121], [122] are used for classification and
unmixing of hyperspectral data. It is shown to yield better
results than a maximum likelihood classifier for classification
purposes, and better unmixing results than the LMM are
obtained as well on real data sets. Also in [123], [124], ART
networks are used for unmixing, and compared with other
unmixing techniques.

In [125], a radial basis function neural network (RBFNN)
was constructed for nonlinear spectral unmixing. This network
was trained using two sets of training data: One set obtained
with the LMM, and a nonlinear set obtained with the Hapke
mixing equation (21). The network was then used to interpo-
late the unknown abundance values of test vectors, and the
model parameters were tuned to obtain the smallest deviation
from the known abundances. It is shown that the resulting
method yields better abundances and smaller reconstruction er-
rors than the LMM on nonlinear data, and that the performance
is comparable on linear data. This RBFNN technique was also
used in [126], and extended with steps to minimize the number
of centers used (and hence the computational complexity), and
to ensure the ASC and ANC.

The self-organizing map (SOM) neural network was used
for unmixing in [127]. This network is capable of unsupervised
clustering of high-dimensional data, and was used to extract an
endmember representation of the data. Next, the output of this
network was used as the input of a Hopfield neural network,
which is trained to associate abundances with its input. The
approach is demonstrated on laboratory data with ground truth
available, and on a real hyperspectral image for the purpose
of pollution quantification.

The approach used in [128], [129] combines a Hopfield neu-
ral network with a MLP. First, endmembers are estimated with
the automated morphological endmember extraction [130]
algorithm. Then a Hopfield neural network is trained to solve
the LMM with these endmembers, and a MLP is chained to the
output of the Hopfield network to refine the linear abundances,
and allow for nonlinear effects. The technique is demonstrated
on simulated data [129] and real hyperspectral imagery [128].

Another ANN approach for nonlinear spectral unmixing is
presented in [131], [132], and is based on nonlinear prin-
cipal component analysis. The idea is to construct an auto-
associative neural network, where the output should equal the
input, but with a bottleneck layer in the middle (a hidden
layer with a small number of neurons). Since all information
has to pass through this bottleneck layer, the neuron outputs
from this layer are a nonlinear representation of the data, and
considered nonlinear principal components. When applied to
the unmixing application, the inputs and targets are the spectra
themselves, and the bottleneck outputs can be rescaled to
represent abundances [132], or a second MLP can be used to
match these bottleneck outputs to abundances [131]. A large
advantage of this method is that no training data sets need to be
constructed, since the network simply tries to match its output
with its input for all pixels. This technique was demonstrated
on CRISM data obtained over Mars, and one shows that
the abundance maps correspond with pure components and
nonlinear mixtures. Also on the Cuprite data set, abundance
maps were obtained that could be identified with several
well-known mineral maps. Note that this technique can be
augmented to behave as a fuzzy classifier as well [131], and
can be used on extended morphological profiles instead of
reflectance data for classification purposes also [133].

VIII. KERNEL METHODS

A. The kernel trick

The kernel trick is a popular method for introducing non-
linearities in an otherwise linear algorithm. The main idea is
that a mapping exists between the data space and a much
higher dimensional feature space, so that the problem at hand
becomes linear in this feature space. Since one does not want
to explicitly construct this feature space, or find the exact
mapping, one applies the kernel trick, based on two main
ideas:

• Write the algorithm to be used in the feature space in
terms of inner products

• Use a kernel function that describes the inner product
between two points in the feature space as a function of
the two corresponding points in the data space.

A simple example is the classification problem of points in
the 2D plane, where points inside the unit circle have label 0,
and all other points label 1. This classification problem cannot
be solved with linear algorithms, such as a linear perceptron
or a SVM. However, if we map the points in 2 dimensions to
3 dimensions with the mapping

φ(x1, x2) = (x2
1;x

2
2;
√
2x1x2) (30)

then the circular boundary becomes a plane in the 3-D feature
space. Furthermore, inner products between two vectors in
feature space can be written as

〈φ(x1, x2), φ(y1, y2)〉 = x2
1y

2
1 + x2

2y
2
2 + 2x1x2y1y2

= (x1y1 + x2y2)
2

= 〈x,y〉2 (31)
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There exists thus a function that gives the inner product
between two feature vectors in terms of their associated data
vectors: The kernel function. Hence as long as we can express
the algorithm to be used in feature space in terms of inner
products, we do not have to explicitly perform (or even know)
the mapping, since these inner products can be calculated
using only the data space. While kernels have been used in
hyperspectral image processing for target detection [134] and
image classification [135]–[137], this idea has recently been
exploited in several unmixing applications as well.

B. Kernelized linear unmixing algorithms
In [138], the orthogonal subspace projection (OSP) algo-

rithm [139], [140] was adapted, and the kernel-OSP algorithm
was introduced. This KOSP algorithm can be used for nonlin-
ear endmember extraction or target detection. A demonstration
on artificial and real data is provided, using the Gaussian
RBF kernel, and it is shown that KOSP outperforms OSP
on a subpixel target detection task. A similar method was
introduced in [141].

In [76] a kernelized fully-constrained least-squares algo-
rithm is derived, which allows to perform FCLSU in the
feature space instead of the data space, using any kernel
function. One first writes the constrained optimization problem
in terms of inner products, these are then replaced by the
kernel function, and an active set optimization algorithm is
used to solve the resulting optimization problem. It is shown
that this kernel-FCLSU (KFCLSU) algorithm is capable of
successfully unmixing the Cuprite data set with a radial basis
function kernel.

In [75], this idea is further explored, and a physics-based
kernel is introduced. The data-to-feature space mapping is
given by the reflectance-SSA relation for intimate mixtures
derived by Hapke (equation (23)), and a kernel function is con-
structed based on this mapping. Since the SSA’s are supposed
to mix linearly, KFCLSU used with this kernel will perform
nonlinear unmixing taking the intimate mixing into account.
Three other kernels are tested as well, the polynomial kernel,
the radial-basis function kernel, and a linear kernel (yielding
the standard FCLSU algorithm). This unmixing procedure is
tested on intimate mineral mixtures from the RELAB database,
and it is shown that the physics-based kernel has superior
performance compared to the three other kernels, except in
cases where the mixture can be well described by the linear
kernel.

In [142], one solves the nonlinear unmixing problem by
redefining the OSP algorithm [139], [140] for endmember
extraction and the unconstrained least-squares regression al-
gorithm for abundance estimation in terms of kernels. The
resulting kernel least-squares algorithm is equivalent to per-
forming the OSP algorithm in the feature space to identify
the endmembers, and performing unconstrained least-squares
unmixing in this feature space. It is shown that the obtained
abundances are much more realistic on simulated nonlinear
data sets. On real data sets, the obtained reconstruction errors
are shown to be smaller.

In [143], one first introduces an objective function to be
minimized for solving the LMM, consisting of the traditional

Fig. 11: Support vector machines used for linear unmixing.
The colored points are considered pure pixels of a given class,
the white points are mixed pixels. Left: A single SVM that
separates the red class from the green and blue classes. The
points on the line are the support vectors. Right: Three SVMs
that separate each class from the others. The common support
vectors are the endmembers, and they span a simplex. The
mixed pixels lie inside this simplex, and their abundances can
be derived from their distances to the margins.

reconstruction error and additional terms that measure spatial
complexity, based on the correlation of the abundance matrix
calculated over the nearest neighbors. It is shown how this
model can be solved with NMF, and a kernelized version of the
algorithm is introduced, capable of dealing with nonlinearities.
A Gaussian RBF is used as a kernel, and the resulting algo-
rithm is shown to yield better results than when using a linear
kernel. A similar reasoning is employed in [144], where the
objective function consists of three terms: the residual sum of
squares to minimize the reconstruction error, a sum of squared
distances term to minimize the endmember simplex volume,
and a penalty term to promote smoothness of the abundances.
This objective function is also minimized with NMF, and it is
shown how to use kernels to introduce nonlinearities.

In [145]–[147], a kernel-based unmixing approach is pre-
sented where the mixing equation is considered to consist of
a linear mixing part, and a nonlinear fluctuation depending
only on the endmember signatures. The nonlinear function
describing these fluctuations is considered to be defined in
a reproducing kernel Hilbert space. The corresponding con-
strained optimization problem is derived and solved, and the
method is demonstrated on artificial and real data sets with a
Gaussian kernel. The obtained reconstruction errors are shown
to be smaller than those obtained with FCLSU, KFCLSU and
the GBM. It is also suggested that polynomial kernel functions
could be useful for describing bilinear and multilinear mixing
equations. This technique is further developed in [148], where
a L1 spatial regularization term is added to promote spatial
continuity of the abundance maps. This regularization term,
along with the optional nonlinearity of the technique through
the use of kernels, shows excellent results on simulated data
and on classification tasks. In [149], a similar method was
employed, but with a L2 regularizer.

C. Support vector machines

In [150], [151], it is shown that the fully-constrained LMM
can be solved with support vector machines (SVMs). A
number of pure pixels are selected from each class, and an
SVM is constructed for each class to separate it from all
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other classes. The support vectors are then considered to be
the endmembers, and mixed pixels will lie in the margin
separating the classes. Since the intersection of these margins
will form a simplex with the support vectors as vertices, the
classical LMM is recovered. It is shown that under certain
conditions, the LMM and the proposed SVM technique are
equivalent. See Fig. 11 for an illustration of this concept.

Nonlinearities can be easily introduced into SVMs by the
use of the kernel trick (kernel-SVMs). A demonstration is
given of a quadratic polynomial kernel on a real data set,
showing nonlinear SVM boundaries and subsequent nonlinear
mixing in between these boundaries, in [150], [151].

This technique is also used in [152], where a simulated
forest scene is unmixed with a SVM, and the performance of
several kernels is compared. The kernels considered are the
linear, polynomial, radial basis function and sigmoid kernel.
It is observed that the results obtained by the polynomial an
RBF kernels are far better than those obtained by the LMM.

In [153], one argues that a SVM can be used as a soft
classifier by using the distance to the class separating hyper-
plane in conjunction with a sigmoid function to obtain a soft
classification result. The parameter of the sigmoid function has
to be optimized via likelihood maximization, and since more
than two endmembers are usually present, several pairwise
SVMs have to be trained. Two strategies are discussed: one
class versus one class, and one class versus all the others. This
method can be made nonlinear by using kernel-SVMs. The
technique is shown to yield qualitatively good results, but the
use of nonlinear kernels was not explored. Using the distance
to the separating hyperplanes was also used in [154], [155] to
obtain abundances.

In [156], one uses SVMs for unmixing, combined with the
spectral band weighting techniques first described in [157].
The idea behind this extended SVMs is to incorporate the in-
formation in each spectral band into the kernel function, so that
more distinctive bands will have a higher importance in the
unmixing process. The per-band weighting measures proposed
are the within-class scatter matrix, the spectral covariance or
correlation matrix, or an unwanted signal-rejector. It is shown
that the resulting algorithm succeeds in correctly classifying
pure pixels in scenarios where the LMM fails.

In [158], one proposes to transform the abundance estima-
tion step in SVM-based unmixing methods into a classification
step. This is accomplished by artificially generating mixed
classes with a given constant mixing ratio, and by training
SVMs in a one-versus-all manner to separate these classes
from all other. The resulting classifiers can hence be used
to obtain the per-class abundances, within a given resolution
dependent on the number of mixed classes used. The technique
is demonstrated with a Gaussian RBF kernel, and shown to
yield better results than FCLSU on artificial and real data sets.

IX. GEOMETRICAL AND TOPOLOGICAL TECHNIQUES

A popular concept derived from topology for describing
nonlinearities is the manifold, defined as a topological space
that is locally homeomorphic to the Euclidean space. For
most applications, a special kind of topological manifold,

a differentiable manifold, is used and it is studied in the
field of differential geometry. Intuitively, it is a manifold on
which differentiable functions can be defined, and calculus
can be used to compute such functions. Each point of an n-
dimensional differentiable manifold has a tangent space. This
is an n-dimensional Euclidean space consisting of the tangent
vectors of the curves through the point. To measure distances
and angles on manifolds, the manifold must be Riemannian. A
“Riemannian manifold” is a differentiable manifold in which
each tangent space is equipped with an inner product in a
manner which varies smoothly from point to point. This allows
one to define various notions such as length, angles, areas (or
volumes), curvature, and gradients of functions.

While a mathematically rigorous introduction of manifolds
is outside the scope of this work, an intuitive example of
a Riemannian manifold is the surface of a sphere in three
dimensions, e.g., the earth surface. On a small scale, such
a surface looks like a two-dimensional Euclidean space, but
globally the structure is not linear, and embedded in three
dimensions. There exists a rich literature on differential ge-
ometry, with applications in several fields in physics, such as
general relativity, electromagnetism, and thermodynamics, but
also in other disciplines, such as economy, geology, computer
vision, and image processing.

Also in hyperspectral image processing, differential geom-
etry and manifold learning techniques have been successfully
applied for several applications. Many results have been pub-
lished on nonlinear hyperspectral image classification [159]–
[166], and manifold learning techniques have been used to deal
with the nonlinearities encountered in bathymetric applications
for determining the depth of shallow coastal waters [167].

Recently, a technique has been proposed in [168] that uses
manifold learning methods to create an unsupervised nonlinear
unmixing algorithm. The algorithm combines results from the
ISOMAP algorithm [169] for nonlinear dimensionality reduc-
tion (NDR) with the NfindR algorithm [170] for endmember
extraction to yield a nonlinear EEA. The algorithm is data-
driven, and assumes that the data set lies on a Riemannian
manifold, but can still be parametrized by abundances that are
subject to the ANC and ASC. The endmembers are assumed
to be present in the data as spatial extremes of the manifold,
and to look for these extremes, one has to take the manifold
structure into account. This is done via geodesics, i.e., the
curves that minimize the distance between two points on the
manifold while respecting the manifold geometry. While these
curves can be calculated analytically given a mixing model
[171], they can be approximated by creating a K-nearest-
neighbor (KNN) graph in the data set, where every point is
connected to its K nearest neighbors, and finding the shortest
path between two points, e.g., with the Dijkstra algorithm
[172]. The length of this shortest path will then approximate
the lenght of the geodesic between these two points, since
the graph structure will roughly follow the manifold structure.
An illustration of this technique in a 3-endmember scenario is
illustrated in Fig. 12

The next step is to create a version of the NfindR EEA
that functions with mutual distances instead of Euclidean
coordinates. The NfindR algorithm will look for the largest
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Fig. 12: Graph geodesics illustrated with a simplex on a spiral.
a: Data cloud (dots), and true geodesic distance along the
manifold (full line) versus Euclidean distance (dashed line)
between 2 data points. b: KNN graph (gray lines) and graph
geodesic between two points. c: Unfolded manifold, with the
graph geodesic (red) and the true geodesic (blue).

embedded simplex in the data cloud, and by using the ap-
proximated geodesic distances in this modified NfindR al-
gorithm, this simplex can be found respecting the manifold
structure. This approach also avoids the computationally very
intensive multidimensional scaling step employed in several
NDR techniques, and functions with modest computational
means. It is shown [168] that this technique still finds the
correct endmembers in artificial cases that show very high
nonlinearities, and where linear EEAs will fail. Also on real
data sets, reasonable endmembers are obtained.

While this method only extracts the endmembers, a similar
reasoning can be employed for solving the inversion step to
find the abundances: write an existing inversion algorithm in
terms of distance geometry instead of Euclidean coordinates,
and use the approximated geodesic distances in the resulting
algorithm. This technique was employed in [173], where
the simplex projection unmixing (SPU) algorithm [174] was
rewritten in terms of distance geometry, and applied to the
approximated geodesic distances. It can be shown that this
technique yields better abundances on artificial data sets, and
on real data sets, differing abundance maps where obtained.
The lack of ground truth however makes it difficult to assess
the quality of these maps.

Another approach to avoid the computational complexity
of NDR techniques is to employ landmark techniques. This
approach, combined with the local linear embedding (LLE)
algorithm [175], has recently been used in [176], [177] to
obtain a manifold-based unmixing method.

In [178], one uses a NDR technique combined with a graph
partitioning algorithm to detect groups of similar spectra prior
to unmixing. The first step of the algorithm performs NDR
with a modified version of the stochastic neighbor embedding
algorithm [179] to reduce the dimensionality of the data,
and find a representation by embedding an ε-nearest-neighbor
graph in a lower-dimensional Euclidean space. Any two nodes
(pixel spectra) in the graph are connected if their (spectral)
correlation is less than ε. The employed NDR algorithm will
cause similar spectra to cluster in the lower-dimensional space
into non-convex shapes. Such a ”natural” cluster structure
is hidden in the original space due to the high density
of the data cloud. Via graph partitioning, the clusters can
be identified, and the corresponding spectra in the original
spectral space are unmixed for each cluster separately. Finally,

a post-processing step will prune spurious endmembers. The
technique is demonstrated on CRISM Mars data, and shown
to be very robust against spectral noise, to outperform several
linear unmixing alternatives, and identify similar endmember
spectra as those obtained manually by an expert.

Another technique that uses graphs to capture the possible
nonlinear manifold structure is presented in [180], [181]. After
creation of an ε-nearest-neighbor graph based on euclidean
distances between pixel spectra, the betweenness centrality
(BC) is calculated for each node (pixel spectrum). The BC
of a node is defined as the percentage of shortest paths in
the graph that pass through that node. This network-theoretic
quantity is used to isolate the points on the boundary of the
data cloud. The reasoning is that points that lie in the interior
of the data cloud will generally have a high BC, independent
of the local density, and points that lie on the borders of the
data cloud will have a low BC. These latter points are exactly
the ones corresponding with endmembers or anomalies, and
a distinction is made between these two by considering the
distances to their nearest neighbors: if these are high, the point
is considered an anomaly, and for lower values, the point is
an endmember. This technique is shown to yield excellent
results on CRISM and AVIRIS data. A recent development
of the technique considers successive calculation of the BC
on boundary points to refine the selection and ranking of
endmembers and anomalies [181].

Also for estimating the number of endmembers present
in a hyperspectral image, techniques that try to estimate the
intrinsic dimensionality (ID) of the data manifold have been
developed. It is assumed that the ID, or the intrinsic number
of degrees of freedom required to describe the manifold, has a
linear relationship with the number of endmembers present. In
[182], a method has been proposed to estimate the ID based
on the Grassberger-Procaccia algorithm [183]. This algorithm
looks for the scaling relationship between the number of points
inside a ball and the radius of the ball to derive the ID.
A similar algorithm based on a scaling relationship of the
KNN distances has been derived in [184], and shown to yield
similar results on real data sets as many other algorithms for
estimation of the number of endmembers.

X. PIECE-WISE LINEAR METHODS

Some nonlinear unmixing approaches based on a piecewise
linear approximation of a nonlinear model have been proposed
as well. In [185], a stepwise regression tree method is proposed
for nonlinear unmixing. The idea is to first start with the
optimal linear unmixing result, and then to split the data set
into two subsets, and calculate the difference in reconstruction
error if these two data sets are linearly unmixed separately. The
optimal split is determined, and if splitting the data set reduces
the reconstruction error more than some threshold value, and
the subsets are larger than a given minimum, the data is split
into two nodes. This process is repeated for these nodes in a
regression tree fashion, eventually leading to a piecewise linear
approximation of the complex nonlinear relation between
abundances and the spectral data. The technique is then used
for subpixel forest abundance estimation.
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Three piecewise linear methods called the Piecewise Convex
Endmember (PCE) algorithm, the Sampling Piecewise Convex
Unmixing and Endmember estimation (S-PCUE) algorithm,
and the Piecewise Convex Multiple-Model Endmember Detec-
tion (PCOMMEND) algorithm have been developed in [186]–
[188] respectively. These methods estimate the number of
convex regions for a scene, and are based on the observation
that in a real-world unmixing scenario, only mixtures of certain
subsets of endmembers will occur, and one will seldomly
find mixtures of endmembers having significant contributions
from all endmembers. For instance, in a real-world image with
5 endmembers (grass, trees, soil, metal, concrete), the grass
endmember might show mixing with the tree endmember and
soil endmember, while the concrete endmember will only mix
with the grass and a metal endmember. No pixel will contain
contributions from all endmembers, and the data can be
perfectly described by 2 simplices with 3 endmembers. From
a geometrical point of view, the data will be mainly located
on certain faces or sub-simplices of the endmember simplex,
and a better data description might be obtained by regarding
several lower-dimensional simplices, each describing a subset
of endmembers that do show mixing with each other. This
leads to a piecewise convex data description of the highly
complex data cloud, and sometimes drastic improvements in
endmember selection and unmixing results. Another advantage
of piece-wise linear approaches is that endmembers can be
found within the simplex of another set of endmembers
resulting in overlapping endmember sets.

It must be noted that sparse linear unmixing techniques
[189]–[192] can be considered as piece-wise linear methods
as well. Sparse unmixing techniques employ a spectral library
or database, and try to find an optimal linear representation
of the data, but with additional constraints or penalty terms
that restrict the number of endmembers that can have a non-
zero abundance. The reasons for restricting the number of
endmembers in each pixel can be numerous: Large libraries
might be employed, and the number of endmembers has
to be restricted to avoid overfitting or to keep the problem
tractable. The researcher might also try to avoid mixtures with
a high number of endmember contributions since they might be
unrealistic in certain scenarios, or one might want to promote
the use of the same set of library endmembers for the entire
image [192]. As in piecewise convex unmixing techniques,
sparse unmixing methods will lead to data clouds that are
no longer globally linear, since they are confined to the low-
dimensional subspaces of the possibly very high dimensional
endmember simplex, resulting in possibly complex manifolds
composed of many linear submanifolds.

XI. OTHER NONLINEAR TECHNIQUES

A. Database approach

In [193], one studies the spectra of mud flats in coastal
wetlands covered with a biofilm of microalgae of different
thickness. The aim of the paper is to develop a technique that
can estimate the biomass of this microalgae, and can differ-
entiate between different algae species, using hyperspectral
image processing. It is observed that strong nonlinear effects

are present due to intimate mixing between the thin translucent
algae film and the sand or mud underneat. Furthermore, the
algae form small patches of different densities, smaller than
the IFOV of the pixels, further aggravating the unmixing effort.
The technique used is to first collect many spectra with de-
tailed in-situ measurements of all possible components present,
and laboratory analysis of the biofilm biomass and thickness.
Next, a database of 85800 spectra is built by creating linear
combinations between the background spectra and the spectra
with known algae concentrations, with abundances that differ
in steps of 10%. This database is then used as a lookup table
to identify the percentual algae cover or biomass of observed
pixels. Different distance measures are proposed to identify
the closest database member, and the model is validated with
field measurements. It is shown that this technique yields better
results than linear unmixing or index based approaches. It is
suggested that the database approach for nonlinear unmixing
can be an interesting alternative for many complex mixing
scenarios.

B. Mixture discriminant analysis

In [194], one employed a mixture discriminant analysis
model [195] for nonlinear unmixing of spectra, and compared
its results with the LMM, and with the nonlinear unmixing
results obtained with the ARTMAP neural network [120].
The technique is an extension of linear discriminant analysis,
where one no longer assumes a single Gaussian distribution
per class, but rather that each class distribution consists of a
mixture of subclass distributions, each with its own Gaussian
distribution. This approach is motivated by the observation
that class distributions in hyperspectral imagery cannot be
easily modeled by a single Gaussian distribution, and require
multimodal distributions. With the assumption that each class
consists of a number of subclasses with Gaussian density func-
tions, a mixture density could be derived. Next, the abundances
of each class are defined as posterior class distributions, and an
expectation maximization algorithm is employed to derive the
model parameters from training data. The technique is tested
on a 6-band hyperspectral image of a forested area, of which
unmixing ground truth was available for a number of pixels.
The best unmixing results are obtained with the ARTMAP
technique, but the proposed technique has almost the same
accuracy. Both outperform the LMM on this data set.

XII. DETECTION METHODS FOR NONLINEARITY

While the techniques presented so far focused on retriev-
ing the endmembers and/or abundances in nonlinear mixing
situations, several papers have been published that deal with
the nonlinearity detection problem. These techniques try to
assess whether a given hyperspectral data set is linearly or
nonlinearly mixed, and typically use statistical tests.

In [196], [197], a statistical method is proposed to identify
the presence of nonlinearities in hyperspectral imaging data.
One introduces a statistical test based on surrogate data [198]:
The null-hypothesis is that the data is distributed according
to an underlying linear statistical process, a surrogate data
set is constructed with the same statistical properties as the
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actual data set, but consistent with the null-hypothesis, and a
discriminating statistic based on high-order autocorrelations is
calculated and compared for both data sets. The technique is
demonstrated on an AVIRIS image, and the data set is shown
to contain nonlinearities in the spectral domain with a high
confidence.

The PPNM model introduced in [24] can be used to gauge
the presence of nonlinearity as well, under the assumption that
the data can be adequately described by this model. Since the
PPNM model contains a single parameter measuring the size
of the bilinear component in the data, a statistical test can be
developed that can be used for detection of nonlinearity. This
approach is presented in [199], and demonstrated on several
artificial linear and nonlinear data sets.

Another approach to test for nonlinearity is presented in
[200]. One constructs a test based on the orthogonal distance
of an observed spectrum to the hyperplane through the end-
members. In the case of linear mixing, all points should lie in
this hyperplane, and deviations are only caused by the Gaus-
sian noise assumed present in the image. A null-hypothesis
is derived, and the statistics of this detector are derived in
the case of known and unknown noise variance. ROC curves
are presented, generated on synthetic data generated with the
GBM, and a demonstration is given on a real hyperspectral
image.

XIII. DISCUSSION

As demonstrated in previous sections, a large variety of
techniques and approaches for nonlinear hyperspectral unmix-
ing exist. Many of these techniques require certain assump-
tions, can only be employed in given scenarios, and have
different strengths and weaknesses. Many of the techniques
are also related, and we refer to Fig. 1 for a taxonomic tree
of the presented methods.

Unfortunately, a well-known problem is the lack of data
sets including detailed ground truth information for the as-
sessment of unmixing procedures. While this problem has
been acknowledged in the linear unmixing literature, it be-
comes even more pressing if one considers the sometimes
subtle spectral interactions involved in nonlinear hyperspectral
unmixing. Therefore, it is currently very difficult to perform
an experiment that fairly assesses all the different unmixing
techniques on some standard data set. Only very limited results
are currently available, assessing the bilinear mixing model
from [6] on data sets obtained via ray tracing [201], and several
bilinear models on spectra measured in orchards [202].

On the highest abstraction level, one can make the dis-
tinction between physics-based techniques, and data driven
methods. With physics-based, we mean that some physical
interaction is modeled, or some equation is used to derive what
happens on the level of optical interactions. Physics-based
approaches can therefore be roughly divided in two groups:
Those that explicitly try to model the optical interactions,
leading to a mixing model, and simulation approaches, where
some optical laws are employed to generate a virtual scene.
These techniques are described in detail in the first half of this
review paper.

The data driven methods on the other hand do not require
any physical laws describing or modeling the optical inter-
actions in the scene, but try to derive results from the data
cloud itself. This is mostly done through machine learning
techniques, of which several methods have been successfully
employed in hyperspectral unmixing. The second half of this
review treats these techniques. We will discuss each of these
items separately.

A. Physics-based approaches
1) Mixing models: We have presented several mixing mod-

els, with different levels of complexity. These models can be
categorized by the number of reflections that are considered.
Models which consider only a single reflection will usually
lead to the LMM, which has been extensively discussed in
the literature. By introducing secondary illumination as light
rays that undergo two reflections, the bilinear models can be
derived. Many flavors exist, with sometimes a very different
underlying reasoning, but in general, bilinear models can be
considered to be models that include a large number of virtual
secondary reflection endmembers. Bilinear models can often
yield much better spectral reconstructions than the LMM,
but might suffer from a variety of other problems, such as
too many free variables, over-fitting, collinearity of virtual
endmembers, erroneous matching of shadows, and model-
imposed restrictions that might not be physically realistic.
Several of the possible problems are discussed in section IV.
Both the linear and bilinear models have been considered in
piece-wise approaches as well, where the data set is partitioned
in different fractions that are modeled independently of each
other. The reasoning behind piece-wise approaches is that
usually not all endmembers are present in each pixel, and only
certain subsets of endmembers are encountered in mixtures.

Finally, several approaches consider an infinite number of
reflections. There is a whole class of models for intimate
mixtures that are based on the RTE. This equation describes
the propagation of radiation through a medium, and finding
even approximate solutions for intimate mixing scenarios can
require a large effort. The resulting models sometimes require
several approximations and assumptions to be tractable, but do
provide solutions where all reflections are taken into account.
Due to their complex nature, these models are hard to invert,
and using them to obtain abundances and mass fractions from
observations can be cumbersome. In this review, we mainly
focused on the Hapke model, since it is one of the earliest
models based on the RTE, and is invertible under certain
assumptions.

Layered approaches can be considered as physical models
that consider an infinite number of reflections as well. A well-
known analytical solution to a layered canopy model based on
the radiosity equation is provided in [35]. Other approaches
where layered models are employed are for instance the
isograin model [62], or the Skhuratov model [59], where the
idea is to model the scattering interactions at the boundary of
each particle as the propagation of a light ray at an interface
between two media of different optical constants. Multiple in-
teractions can be modeled as the reflections/refraction between
multiple layered interfaces.
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We must note that also physics-based kernels have been
used, where a kernel function is derived based on a physical
model (the Hapke model), and used in a kernelized version of
a linear processing chain. This technique can be considered a
physics-based machine learning method.

2) Simulation techniques: Several techniques from com-
puter graphics for simulation of virtual scenes have been
extended to generate simulated hyperspectral imagery as well.
Two main approaches can be identified: ray tracing, and
radiosity.

In ray tracing, a detailed model of the optical characteristics
of each material in the scene is required. At each reflection,
the BRDF is used to determine the angular probabilities or
intensities, and many complex optical effects can be included.
This results in highly accurate simulations, but at a high cost:
The virtual scene must be modeled in very high detail, and
the computational requirements are large. Furthermore, the
relations between reflectance and abundances obtained via ray
tracing cannot be easily inverted, and are hence difficult to use
in practical applications.

A second approach for simulation of virtual scenes is based
on the radiosity equation, derived from the rendering equation
by introduction of several simplifications. This leads to a
computationally more tractable technique, but many of the dif-
ficulties encountered in ray tracing still manifest themselves.
One advantage of the radiosity equation is that in some simple
scenarios, exact analytical solutions can be calculated (see e.g.
[35]).

B. Data driven approaches

A second large family of nonlinear unmixing approaches is
based on data driven machine learning techniques. Supervised
techniques require the presence of training data, ground truth,
or some other interaction with the data. Very popular tech-
niques for supervised learning are neural network approaches,
support vector machines, and kernel methods. All have been
used for nonlinear unmixing as well.

Several neural network architectures exist, but the most pop-
ular one is the MLP. MLPs can learn nonlinear relationships
in data sets, but require a representative set of training data,
which can be cumbersome to obtain in most unmixing appli-
cations. Nevertheless, many authors used MLPs for nonlinear
unmixing, often on simulated data sets, or in conjunction with
other techniques. While many other neural network architec-
tures have been used as well, one notable recent example is
the use of self-associative neural networks for finding a sparse
data representation, which can be interpreted as a nonlinear
unmixing result. This neural network architecture belongs
more to the unsupervised machine learning techniques, since
it only requires the data itself, and no additional information.

Kernel methods have been used extensively in the literature
to deal with nonlinearities in many applications. Algorithms
typically used for linear models can often be adapted to
deal with nonlinear models as well via the introduction of
kernels. Also in unmixing, this approach has been used by
several authors to create nonlinear versions of linear unmixing
techniques. Even kernel-SVMs have been demonstrated for

nonlinear unmixing. Kernel methods however depend strongly
on the choice of the kernel function.

Most unsupervised machine learning techniques applied in
hyperspectral unmixing are based on representing the nonlin-
ear manifold containing the data points in some way. Methods
based on NDR will find an optimal linear representation of
the data that conserves some global or local property, such as
geodesic distances or local linear relationships. Other methods
function on the data manifold directly, by representing the
data as a set of mutual distances along the manifold, and
employing distance-based unmixing techniques on these dis-
tances. Several other graph-based manifold techniques have
been presented as well, and shown to often yield good results.
The advantage of these techniques is that they are fully
unsupervised, and require no manual intervention.

Finally, extrapolation methods have been employed as well.
These techniques require the measurement of a large set of
ground truth spectra, along with their physical parameters, and
will extrapolate the desired unknown parameters of a target
spectrum from the known spectra in the database, through
extrapolation using a given metric.

XIV. CONCLUSIONS

The linear mixing model has been a very popular model
for hyperspectral mixing in the last decades, and a large effort
has been put into using this model for unmixing applications,
resulting in an overabundance of linear unmixing methods
and algorithms. However, as early as forty years ago, it has
been observed that strong nonlinear spectral mixing effects
are present in many situations, and that nonlinear unmixing
methods might yield much better results. While such nonlinear
unmixing techniques have received much less attention than
linear ones, a relatively large number of nonlinear unmix-
ing methods has been developed over the years. Also, the
number of papers dealing with nonlinear unmixing methods
has boomed recently, indicating an increasing interest in such
techniques.

In this paper, we have presented an overview of the majority
of nonlinear unmixing methods used in hyperspectral image
processing, and many recent developments in this field. Several
categories of unmixing techniques have been treated, including
bilinear models, intimate mixture models, neural network and
kernel methods, physical modeling and manifold techniques.
Several recent accomplishments that concern nonlinear unmix-
ing and do not belong to any of these categories are presented
as well, along with methods for detecting nonlinearity. Sev-
eral of the more popular nonlinear unmixing techniques are
explained in detail, along with simple examples, e.g., for the
Hapke and the bilinear mixing models.

While we do not believe this paper to give a complete
overview of all techniques ever developed, it should give the
reader that is interested in working with nonlinear unmix-
ing techniques a reasonably good introduction into the most
commonly used methods and approaches. Judging from the
increasing frequency of publications dealing with nonlinear
unmixing methods indicates that this will become an active
and vibrant field of research in the near future, where a vast
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number of ideas and techniques are still to be explored, and
where the borders of the state of the art of spectral unmixing
will be advanced further.
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[67] S. Douté and B. Schmitt, “A multilayer bidirectional reflectance model
for the analysis of planetary surface hyperspectral images at visible
and nearinfrared wavelengths,” J. Geophys. Res., vol. 103, pp. 31367–
31390, 1998.

[68] P. Kubelka, “New contributions to the optics of intensely light-
scattering materials. part I,” J. Opt. Soc. Am., vol. 38, no. 5, pp.
448–448, May 1948.

[69] J.F. Mustard and C.M. Pieters, “Abundance and distribution of
ultramafic microbreccia in Moses Rock Dike: Quantitative application
of mapping spectroscopy,” J. Geophys. Res.: Solid Earth, vol. 92, no.
B10, pp. 10376–10390, 1987.

[70] J.F. Mustard and C.M. Pieters, “Quantitative abundance estimates from
bidirectional reflectance measurements,” J. Geophys. Res.: Solid Earth,
vol. 92, no. B4, pp. E617–E626, 1987.

[71] J.F. Mustard and C.M. Pieters, “Photometric phase functions of
common geologic minerals and applications to quantitative analysis
of mineral mixture reflectance spectra,” J. Geophys. Res.: Solid Earth,
vol. 94, no. B10, pp. 13619–13634, 1989.

[72] H. Shipman and J.B. Adams, “Detectability of minerals on desert
alluvial fans using reflectance spectra,” J. Geophys. Res.: Solid Earth,
vol. 92, no. B10, pp. 10391–10402, 1987.

[73] J.F. Mustard, L. Li, and G. He, “Nonlinear spectral mixture modeling of
lunar multispectral data: Implications for lateral transport,” J. Geophys.
Res., vol. 103, pp. 19419–19425, 1998.

[74] D. Dhingra, J.F. Mustard, S. Wiseman, M. Parente, C.M. Pieters, and
P.J. Isaacson, “Non-linear spectral unmixing using Hapke modeling:
application to acquired M3 spectra of spinel bearing lithologies on the
moon,” Lunar Planet Sci. Conf., vol. 42, pp. 2431, 2011.

[75] J. Broadwater and A. Banerjee, “A comparison of kernel functions for
intimate mixture models,” Proc. IEEE whispers, pp. 1–4, 2009.

[76] B. Broadwater, R. Chellappa, A. Banerjee, and P. Burlina, “Kernel fully
constrained least squares abundance estimates,” Proc. IEEE IGARSS,
pp. 4041–4044, 2007.

[77] J. Broadwater and A. Banerjee, “A generalized kernel for areal and
intimate mixtures,” Proc. IEEE Whispers, pp. 1–4, 2010.

[78] J. Broadwater and A. Banerjee, “Mapping intimate mixtures using an
adaptive kernel-based technique,” Proc. IEEE Whispers, pp. 1–4, 2011.

[79] R. Close, P. Gader, A. Zare, J. Wilson, and D. Dranishnikov, “End-
member extraction using the physics-based multi-mixture pixel model,”
Proc. SPIE 8515, Imaging Spectrometry XVII, pp. 85150L–85150L–14,
2012.

[80] R. Close, P. Gader, J. Wilson, and A. Zare, “Using physics-based
macroscopic and microscopic mixture models for hyperspectral pixel
unmixing,” Proc. SPIE 8390, Algorithms and Technologies for Multi-
spectral, Hyperspectral, and Ultraspectral Imagery XVIII, p. 83901L,
2012.

[81] R. Close, P. Gader, J. Wilson, and A. Zare, “Hyperspectral unmixing
using macroscopic and microscopic mixture models,” IEEE J. Sel. Top.
Appl. Earth Obs. Remote Sens. (under review), 2012.

[82] R. Heylen and P. Gader, “Nonlinear spectral unmixing with a linear
mixture of intimate mixtures model,” IEEE Geosci. Remote Sens. Lett.,
To appear, 2013.

[83] D.S. Kimes and J.A. Kirchner, “Radiative transfer model for hetero-
geneous 3-D scenes,” Appl. Opt., vol. 21, no. 22, pp. 4119–4129, Nov
1982.

[84] R.B. Mynemi, G. Asrar, and F.G. Hall, “A three-dimensional radiative
transfer method for optical remote sensing of vegetated landsurfaces,”
Remote Sens. Environ., vol. 41, pp. 105–121, 1992.

[85] J.P. Gastellu-Etchegorry, V. Demarez, V. Pinel, and F. Zagolski, “Mod-
eling radiative transfer in heterogeneous 3-D vegetation canopies,”
Remote Sens. Environ., vol. 58, pp. 131–156, 1996.

[86] P.V. Villeneuve, S.A. Gerstl, and G.P. Asner, “Estimating nonlinear
mixing effects for arid vegetation scenes with MISR channels and
observation directions,” Proc. IEEE IGARSS, vol. 3, pp. 1234–1236,
1998.
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[168] R. Heylen, D. Burazerović, and P. Scheunders, “Nonlinear spectral
unmixing by geodesic simplex volume maximization,” IEEE J. Sel.
Top. Sig. Proc., vol. 5, no. 3, pp. 534–542, 2011.

[169] J.B. Tenenbaum, V. De Silva, and J.C. Langford, “A global geometric
framework for nonlinear dimensionality reduction,” Science, vol. 290,
no. 5500, pp. 2319–2323, 2004.

[170] M.E. Winter, “N-FINDR: An algorithm for fast autonomous spectral
end-member determination in hyperspectral data,” Proc. SPIE, vol.
3753, pp. 266–275, 1999.

[171] R. Heylen and P. Scheunders, “Calculation of geodesic distances
in non-linear mixing models: Application to the generalized bilinear
model,” IEEE Geosci. Remote Sens. Lett., vol. 9, no. 4, pp. 644–648,
2012.

[172] E.W. Dijkstra, “A note on two problems in connexion with graphs,”
Num. Math., vol. 1, pp. 269–271, 1959.

[173] R. Heylen and P. Scheunders, “Spectral unmixing using distance
geometry,” Proc. IEEE Whispers, pp. 1–4, 2011.

[174] R. Heylen and P. Scheunders, “Fully constrained least-squares spectral
unmixing by simplex projection,” IEEE Trans. Geosci. Remote Sens.:
Spec. iss. Remote Sensing, vol. 49, no. 11, pp. 4112–4122, 2011.

[175] S.T. Roweis and L.K. Saul, “Nonlinear Dimensionality Reduction by
Locally Linear Embedding,” Science, vol. 290, no. 5500, pp. 2323–
2326, 2000.

[176] Junhwa Chi and M.M. Crawford, “Landmark selection using homo-
geneity on nonlinear manifolds for unmixing hyperspectral data,” Proc.
IEEE IGARSS, pp. 1373–1376, 2012.

[177] Junhwa Chi and M.M. Crawford, “Selection of landmark points on
nonlinear manifolds for spectral unmixing using local homogeneity,”
IEEE Geosci. Remote Sens. Lett., vol. 10, no. 4, pp. 711–715, 2013.

[178] M. Parente, J.F. Mustard, S. Murchie, and F. Seelos, “Robust unmixing
of hyperspectral images: application to Mars,” Proc. IEEE IGARSS,
pp. 1291–1294, 2011.

[179] L. van der Maaten and G. Hinton, “Visualizing data using t-SNE,” J.
Mach. Learn. Res., pp. 2579–2605, 2008.

[180] N. Rohani and M. Parente, “Graph-based identification of boundary
points for unmixing and anomaly detection,” Proc. IEEE WHISPERS,
pp. 1–4, 2013.

[181] N. Rohani and M. Parente, “Combined anomaly and endmember
detection in hyperspectral images using graph-theoretic measures,”
submitted to IEEE Trans. Geosci. Remote Sens., 2014.

[182] Q. Du, “Virtual dimensionality estimation for hyperspectral imagery
with a fractal-based method,” Proc. IEEE Whispers, pp. 1–4, 2010.

[183] P. Grassberger and I. Procaccia, “Measuring the strangeness of strange
attractors,” Physica D: Nonlinear Phenomena, vol. 9, no. 1-2, pp.
189–208, 1983.

[184] R. Heylen and P. Scheunders, “Hyperspectral intrinsic dimensionality
estimation with nearest-neighbor distance ratios,” IEEE J. Sel. Top.
Applied Earth Observation and Remote Sensing, vol. 6, no. 2, pp. 570–
579, 2013.

[185] C. Huang and J.R.G. Townshend, “A stepwise regression tree for non-
linear approximation: applications to estimating subpixel land cover,”
Int. J. Remote Sens., vol. 24, pp. 75–90, 2003.

[186] A. Zare and P. D. Gader, “PCE: Piece-wise convex endmember
detection,” IEEE Trans. Geosci. Remote Sens., vol. 48, no. 6, pp.
2620–2632, 2010.

[187] A. Zare, P. Gader, and G. Casella, “Sampling piecewise convex
unmixing and endmember extraction,” IEEE Trans. Geosci. remote
sens., vol. 51, no. 3, March 2013.

[188] A. Zare, P. Gader, O. Bchir, and H. Frigui, “Piecewise convex multiple-
model endmember detection and spectral unmixing,” IEEE Trans.
Geosci. remote sens., vol. 51, no. 5, May 2013.

[189] M.-D. Iordache, J. M. Bioucas-Dias, and A. Plaza, “Sparse unmixing
of hyperspectral data,” IEEE Trans. Geosci. Remote Sens., vol. 49, no.
6-1, pp. 2014–2039, 2011.



26

[190] Z. Shia, X. Zhaia, D. Borjigenb, and Z. Jiang, “Sparse unmixing
analysis for hyperspectral imagery of space objects,” Proc. SPIE, vol.
8196, pp. 81960Y–1–81960Y–7.

[191] M.-D. Iordache, J. M. Bioucas-Dias, and A. Plaza, “Total variation
spatial regularization for sparse hyperspectral unmixing,” IEEE Trans.
Geosci. Remote Sens., vol. 50, no. 11, pp. 4484–4502, 2012.

[192] M.-D. Iordache, J. M. Bioucas-Dias, and A. Plaza, “Collaborative
sparse regression for hyperspectral unmixing,” IEEE Trans. Geosci.
Remote Sens., vol. 52, no. 1, pp. 341–354, 2014.

[193] J.-P. Combe, P. Launeau, V. Carrère, D. Despan, V. Méléder, L. Barillé,
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