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Abstract

Given two random variables X and Y we study their correlation con-
ditionally to some event A and we call this parameter event conditional
correlation (ECC). ECC can be used either to describe conditional depen-
dence, or as a tool to produce local linear approximation of the overall
dependence. To this end we produce: i) a new estimator of ECC and
show through Monte-Carlo simulations that it converges faster in small
sample that any of its previous counterparts and ii) a new estimator of
the unconditional correlation based on a partial sample and show through
Monte-Carlo simulation that it behaves well in small sample. We also
provide under weak assumptions: proof of asymptotic normality, rate of
convergence and asymptotic variance for both estimators. Finally we un-
derline the interests of ECC: by stressing its central role in the local linear
approximation framework and by discussing both: non-parametric tools
describing spatial and dynamic correlation using ECC as well as the use-
fulness it has in understanding multivariate dependence.

1 Introduction
Correlation has been invented more than a century ago (Galton, 1888, Pearson,
1897, Yule, 1907), and is today maybe the most used measure of dependence in
all fields of statistis. This success is most likely explained by its two most salient
properties: correlation is mathematically very tractable (and hence very easy to
compute) and correlation is BLUE (Best Linear Unbiased Estimator (Angrist
and Pischke, 2009)). The BLUE acronym stand for two different results: i)
correlation, as a parameter, is sufficient to fully describe bivariate dependence
in the linear case, and ii) the Ordinary Least Square (OLS) estimator of corre-
lation is the best possible unbiased one. This makes of correlation the perfect
parameter to use in any linear model. Indeed, it answers simultaneously the
theoretic requirements of being the core parameter to describe the dependence,
∗e-mail: p.a.maugis@gmail.com
†MSE, 106 - 112 boulevard de L’Hopital 75647 Paris cedex 13
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the applied requirement of being efficiently estimable and the computational re-
quirement of being easy to calculate. Hence correlation is and remain the most
commonly found parameter in statistics.

However the estimation of conditional correlation remain an issue. Given
an event A and a sample of T realizations of two random variables X and
Y , to compute the linear correlation between X and Y , all the T realizations
are used to produce the estimate. On the other hand, previous approaches
to compute the corelation conditionally to some event A (which we refer to as
event conditional correlation, henceforth ECC) only use the subset of realization
where the event A is verified to produce the estimate. In practice this meant
that to estimate the ECC only P(A) ·T realizations are used instead of the usual
T : if for instance P(A) = 1/2 only half of the data is used. From this ensued a
loss in term of convergence speed, and this especially in small sample.
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Figure 1: Plot of ρXY |Z∈Qi
where the Qis ranges the deciles of Z. (X,Y, Z)

follows a trivariate Gaussian distribution of unit variance where: ρXY = 0.6,
ρXZ = 0.7, ρY Z = 0.8.

In the first par of this article we introduce a new estimator of ECC that uses
all the available T points to produce an estimate. We are able to use all the
available sample and not tonly the sub-sample verifying A because correlation
and ECC describe an effect that is homogeneous across the support of X and
Y . As one can see in Figure 1 ECC varies across the quantiles of Z, however
this apparent heterogeneity is driven by the shape of the conditional variance
of Z, and not by some inherent heterogeneity. By adjusting for the effect of the
conditional variance we can use all the available sample to estimate ECC.

Previous work, including Avouyi-Dovi et al. (2002), Baba et al. (2004),
Packham and Kalkbrener (2010) and Forbes and Rigobon (2002), propose al-
ternative ways of estimating ECC that uses all the available data, however all
such methods make strong assumptions on the nature of the condition A and
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on the joint distribution on the variables of interest. The new formula and es-
timator we prpose is valid under far weaker hypotheses. This new estimator is
asymptotically normal and of asymptotical rate of convergence

√
T . In a Monte

Carlo study we show that its convergence in small sample is by far faster than
the previously used sub-sample based estimator and that it converges almost as
fast as the perfect maximum likelihood.

In the second part of this article we present a corollary to the existence of the
estimator presented in the first part. Indeed, as we are able to produce an esti-
mate of ECC using all the sample available and not the sub-sample conditionally
to some event A, conversely if we posses an incomplete sample – conditional to
some event A – we can produce an estimate of the unconditional correlation.
We present such an estimator in the second part of this article and prove that
it is also asymptotically normal and converge at rate

√
T (where T is the size

of the available sample) under the same set of hypotheses. Furthermore, in a
Monte Carlo study we show that it behaves well in small sample.

In the third and final part of this article we introduce the local linear approx-
imation framework: this approach address the non-linear problem while keeping
correlation as a parameter, and by so doing keep the interesting properties asso-
ciated with it. As a consequence, and in the same fashion that the linear model
is based on correlation, linear approximation models revolve around ECC. We
then explore the possible applications of the linear approximation framework
made possible by our new estimator of ECC.

2 New Estimator
In this section we present the main result of this article: a more powerful esti-
mator of ECC. So as to make our main result as intuitive as possible we chose to
present them first in a simplified trivariate form. This also to allow for simpler
comparison with the existing literature. The general form of the new theorems
as well as detailed proofs can be found in the annex.

2.1 ECC Formula
Let X, Y and Z be three centered univariate random variables (henceforth r-
vs)with second moments (Z is possibly equal to X or Y ). Let A be an event
related to Z (Z-measurable) of non null probability of occurring. We use clas-
sical notations: ρ-s are the correlation of the two r-vs in index, and σ-s are the
standard deviation of the r-v in index.

Theorem 1 Under the hypothesisH: X/σX−ρXZ/σZZ and Y/σY−ρY Z/σZZ
are independent of Z conditionally to A. Then the correlation of X and Y con-
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ditionally to the event A, that we denote ρXY |A, is equal to:

ρXY + ρXZ · ρY Z ·
(
V ar

[
Z
σZ

∣∣A]− 1
)

[
1 + ρ2

XZ ·
(
V ar

[
Z
σZ

∣∣A]− 1
)] 1

2 ·
[
1 + ρ2

Y Z ·
(
V ar

[
Z
σZ

∣∣A]− 1
)] 1

2
(1)

Proof To be found in the Annex 6.1. In the Annex we prove Theorem 1
under weaker set of hypotheses and also allow for a slightly different set-up
offering more degrees of freedom. Most notably the final theorem allows for
multivariate Z. However this final result is more technical and less intuitive
than the one presented above. This theorem generalizes similar results found
in Avouyi-Dovi et al. (2002), Boyer et al. (1997) and Forbes and Rigobon
(2002) (where Z must be equal to either X or Y and (X,Y ) must follow a
bivariate Gaussian distribution), and in Packham and Kalkbrener (2010) (where
Z must be univariate and the distribution of (X,Y, Z) must belong to the normal
variance mixture family).

H should be understood as assuming that using local approximation is rel-
evant in this case. Indeed, if f1 is such that “X = f1(Z) + ε” and if f2 is
such that “Y = f2(Z) + ε′”, then H is equivalent to saying that f1 and f2 are
sufficiently smooth in the neighborhood A to be approximated by a line1. In
practice meeting this condition can be done in several ways:

• By using a map g to transform Z in g(Z), and use this new r-v in formula
(1) instead. This transforms H to: X/σX−ρXg(Z)/σg(Z)g(Z) and Y/σY −
ρY g(Z)/σg(Z)g(Z) are independent of g(Z).

• If an appropriate r-v Z is not directly available one can be constructed
through strategies similar to that of Instrumental Variables (IV) (Angrist
and Krueger, 2001, Imbens and Angrist, 1994).

• If H is falsified the formula presented in (1) is modified and contains terms
depending on both ρXZ|A and ρY Z|A. Hence, in extreme cases, one could
use other random variables Z ′ and Z ′′ to compute ρXZ|A and ρY Z|A using
(1) and then use these to compute ρXY |A.

2.2 ECC estimator
We now draw from Theorem 1 a new estimator of ECC. In the following we
denote with a hat estimators: for instance ρ̂XY is an estimator of ρXY .

Corollary 1 Under hypothesis H and the additional hypothesis that ρ̂XY ,
ρ̂XZ , ρ̂Y Z , σ̂Z and V̂ ar [Z|A] are asymptotically normal estimators that con-

1In section four we give in more details on the relation between ECC and linear approxi-
mation.
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verge at rate
√
T , we have that2:

ρ̂XY + ρ̂XZ · ρ̂Y Z ·
(
V̂ ar

[
Z
σ̂Z

∣∣A]− 1
)

[
1 + ρ̂2

XZ ·
(
V̂ ar

[
Z
σ̂Z

∣∣A]− 1
)] 1

2 ·
[
1 + ρ̂2

Y Z ·
(
V̂ ar

[
Z
σ̂Z

∣∣A]− 1
)] 1

2
(2)

is a centered asymptotically normal estimator converging at rate
√
T of the ECC

of X and Y conditionally to the event A.

Proof It is a direct application of Theorem 1 and of the “Delta Method”. A
complete and detailed proof is to be found in the Annex3.

2.3 Monte-Carlo Simulations
Here we present Monte-Carlo simulation to evaluate the small-sample efficiency
of our estimator of ECC as defined in Corollary 1 and compare it to benchmark
methods. We chose to use Mote-Carlo simulation as it is in this case simple to
implement and computationally efficient compared to evaluating small sample
statistics. We generate three random variables X, Y and Z according to a given
distribution and on each sample we estimate {ρXY |Z∈Qi

}i=1,...,10, where Q1 to
Q10 are the ten deciles of Z. We compare three different estimation schemes:

• OLS Sub-sample. The naive conditional correlation estimator over the
deciles of Z: we cut the sample into ten subsets according to the realiza-
tions of Z and, on each sub-samples, we compute the correlation using
OLS. We consider this estimator so as to see if our estimators performs
better than the naive estimator using only sub-samples.

• PML Functional. The PML (Perfect Maximum Likelihood) over the
trivariate distribution: we estimate the parameters of the trivariate dis-
tribution using ML under the true distribution family, then using the
resulting estimate we compute the implied ECC. We consider this estima-
tor so as to see how well our estimator compare to the best possible one,
as it realizes the Cramer-Rao lower bound.

• OLS Functional. Our estimator: using OLS we estimate the parameters
necessary to compute the ECC according to Corollary 1.

2To obtain an estimator of dV ar [Z|A] that converges at rate
√
T it is sufficient to fit a

parametric model on Z, and infer from the estimated distribution the conditional variance.
3In the annex we provide the asymptotic variance of this estimator. However, since it is

a function of ρ̂XY , ρ̂XZ , ρ̂Y Z , σ̂Z and dV ar [Z|A], it cannot be used to produce confidence
intervals. Furthermore, the “variance stabilizing transformation” (or inverse delta method)
cannot be used here (for reasons discussed in the Annex), hence to obtain confidence intervals
one should either use any resampling method or compute the maximum and the minimum of
(2) over the joint confidence region of (ρ̂XY , ρ̂XZ , ρ̂Y Z , σ̂Z , dV ar [Z|A]), that are respectively
the lower and upper bound of the confidence interval.

5



To compare them we compute for each estimate the L2 distance, or root mean
squared error (RMSE), between the estimate and the true RCC. We consider
samples of sizes: 100, 200, 300, 1000 and 10000, and for each sample sizes we
perform 1000 simulations. We will consider the Trivariate Gaussian distribution,
the trivariate Student-t distribution, and the Perturbed-χ2 distribution defined
by :χ2 × N (0,Σ). For each distribution we will consider two cases, one with
regular parameters, and on with extremes parameters. We use theses three
distribution and this two different cases so as to see how our estimator fares in
varied situations involving tail dependence and kurtosis. Most notably we are
interested in extremes cases so as to stress-test our estimator and in cases where
the variance is difficult to estimate as it is the weaker part of our approach. All
computations are done in R.

In all six cases (see Tables 1, 2 and 3 and Figures 2, 3 and 4), the OLS
Functional estimator produces vastly better results than the OLS Sub-sample
estimator. Proving that our estimator is far more efficient than the naive sub-
sample estimator. Moreover in all six cases the OLS Functional estimator is
almost as efficient as the PML Functional estimator. This proves that our esti-
mator is very efficient as it almost realizes the Cramer-Row bound. This is a very
powerful result as our estimator is valid on very weak hypotheses. Although,
in extreme cases, especially when the estimation of the variance becomes inef-
ficient (Student-t case 2 and Elliptical-χ2 Case 1) our estimators performs less
efficiently yet still much better that the naive OLS sub-sample approach.

Our conclusion is that the formulas presented in Corollary 1 provides a very
efficient estimator of the ECC in small sample: it performs in all cases better
than the sub-sample based estimator and is also in most cases almost as efficient
as the Perfect Maximum Likelihood (representing here the Cramer-Rao bound,
the estimator with smallest possible variance) and hence should be preferred to
its alternatives in all cases (as the perfect Maximum Likelihood is impossible to
realize in practice and offer the risk of mis-specification).

3 Implied Unconditional Correlation
One important remark is that ECC is the only parameter we can directly esti-
mate when using only a partial sample. Consider the following example: given
a partial dataset of X and Y where for all realizations the event A is verified
(we will call such a sample a A-sample for simplicity) if one directly uses the
OLS estimator of correlation on the whole A-sample one produces an estimate
of ρXY |A and not of ρXY . This particular ECC is a priori different from all
other ECCs and from he implied unconditional correlation ρXY .

However, to have a full understanding of the dependence between the covari-
ates we need to estimate other ECCs and the unconditional correlation ρXY . In
the following we present two separate yet connected corollaries of Theorem 1,
the second of which permits to estimate the implied unconditional correlation
ρXY and other ECCs with an incomplete dataset. This new estimator is also
asymptotically normal and converges at rate

√
T , where T is the size of the
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available sample. In the second part of this section we will discuss the applica-
tion and consequences of both corollaries and the role similar results played in
contemporaneous statistics debates. In the following let A and A′ be two events
such that A′ implies A.

3.1 Construction of The Estimator
With the same notations as in section 2: ρ-s are the correlation of the two r-vs
in index, and σ-s are the standard deviation of the r-v in index. For instance
σZ|A is the standard deviation of (Z|A).

Corollary 2 Under condition HA′ : X/σX|A − ρXZ|A/σZ|AZ and Y/σY |A −
ρY Z|A/σZ|AZ are independent of Z conditionally to A′. Then, ρXY |A′ is equal
to:

ρXY |A + ρXZ|A · ρY Z|A ·
(
V ar

[
Z

σZ|A

∣∣A′]− 1
)

[
1 + ρ2

XZ|A ·
(
V ar

[
Z

σZ|A

∣∣A′]− 1
)] 1

2 ·
[
1 + ρ2

Y Z|A ·
(
V ar

[
Z

σZ|A

∣∣A′]− 1
)] 1

2

(3)

Proof Same as Theorem 1. In the same fashion as Theorem 1 we prove Corol-
lary 2 under weaker hypothesis and a more general set-up in the Annex4.

Corollary 3 Under HA we have that:

ρXY |A = ρXY |A′ · (1 +QX · δ)
1
2 · (1 +QY · δ)

1
2 − (QX ·QY )

1
2 · δ (4)

where: 

QX = ρ2
XZ|A′ ·

(
1 + δ − ρ2

XZ|A′ · δ
)−1

QY = ρ2
Y Z|A′ ·

(
1 + δ − ρ2

Y Z|A′ · δ
)−1

δ = V ar
[
Z
σZ

]
− 1

Proof This formula is obtained by inversion of formula (3). In the same
fashion as Theorem 1 we prove Corollary 3 under weaker hypothesis and a more
general set-up, most notably we allow for multivariate Z.

In the same fashion as Corollary 1, a direct consequence of Corollary 3 is that
we now posses a centered asymptotically normal estimator of ρXY |A converging
at rate

√
T that we can use even when we posses only a A′-sample5.

4In the same fashion as Corollary 1, a direct consequence of Corollary 2 is that we now
posses a centered asymptotically normal estimator of ρXY |A′ converging at rate

√
T . Moreover

we can use this estimator even when we posses only a A-sample.
5Estimating σZ|A at rate

√
T with a A′-sample is not straightforward: either one assumes a
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3.2 Monte-Carlo Simulations
Here we present Monte-Carlo simulation to evaluate the small-sample efficiency
of our estimator of the unconditional correlation as defined in Corollary 3. To
this end we generate three random variables X, Y and Z according to a given
distribution and on each sub-sample under the conditions ranging “Z ∈ Qi” –
where the Qis are the deciles of Z – we estimate ρXY . We compare two different
estimation schemes:

• Truncated PML. The truncated PML over the trivariate distribution.
We consider this estimator so as to see how well our estimator compare
to the best possible one, as it realizes the Cramer-Rao lower bound.

• OLS Functional. Our estimator: using OLS we estimate the parameters
required to compute the formula in Corollay 3. To estimate the uncondi-
tional variance of Z we use a truncated PML approach.

We use the same procedure and scheme as for Corollary 1.
In all six cases the OLS Functional estimator is almost as efficient as the

Truncated PML estimator (see Tables 4, 5 and 6 and Figures 5, 6 and 7). This
proves that our estimator is very efficient as it almost realizes the Cramer-Row
bound. This is a very powerful result as our estimator is valid on very weak
hypotheses. Although, in extreme cases, especially when the estimation of the
variance becomes inefficient (Student-t case 2 and Perturbed-χ2 Case 1) our
estimator becomes less efficient.

3.3 Uses
We will not expound on all the possible uses of Corollaries 2 and 3 but instead
will synthesize all such discussions by analyzing two examples where an in-depth
understanding of correlations (ECC and other) and of the means to estimate
them is key.

Contagion
To prove the validity of the concept of financial contagion there exist
an extensive literature that intends to show that correlations are higher
during crisis than otherwise (Boyer et al., 1997). To prove this, authors
usually compare the correlation estimate made from data within the crisis
regime, to correlation estimate made from data outside the crisis regime
(Forbes and Rigobon, 2002). However, both estimate are ECC, the first
conditional to the event of being in a crisis regime, the other conditional
to the event of being outside of a crisis regime (Pelletier, 2006). In this
light, comparing them directly is not possible, as they are estimates of two
different parameters, and a more complex procedure should be considered.
This has been done by a new generation of papers on the subject, so that

value ex ante or one rather uses Maximum Likelihood approach with a truncated distribution
and infers from the estimate the corresponding value. This is the choice we made in the
Monte-Carlo simlation below.
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now the concept of financial contagion by contagion on correlations is
challenged (Corsetti et al., 2005, Pesaran and Pick, 2007).
This subtle issue that has been raised in this specific literature could be
made in many other. In the specific field above, they motivated their
discussion based on a result on bivariate Gaussian ECC estimate in a
low and high variance regimes. Theorem 1 proves that difference between
ECCs can occur for any bivariate distribution with two moments, this
under a vaster array of possible conditions. With Corollary 3 we provide
a more comprehensive approach to such issues: using our result one can
directly estimate the implied unconditional correlation in both regimes
and compare them. Using Corollary 3 is a strategy is a robust approach
able to handle this kind of subtle cases: such as comparing estimate in
two regimes, and generalizing a result from a specific regime to a more
general one.

DCC-GARCH
Dynamic Conditional Correlation - GARCH (DCC-GARCH) models use
DCC extensively (Engle, 2002, Engle and Kroner, 1995). The use of time
dependent correlation to model price time-series is motivated by empirical
analysis, economical theories and stylized facts such as daily or weekly
effects, bubbles, and so forth. However, Theorem 1 shows that in a simple
GARCH set-up the ECC is already non constant through time. Indeed, in
GARCH models, the volatility of each process can vary through time, this
imply that for instance the ECC conditional to the volatility being high
is greater to the ECC conditional to the volatility being low (Bollerslev,
1990). That, and other ECC can be shown to be time dependent. This
means that by the adaptability of its variance, GARCH processes show
adaptable correlations.
This generalizes to any model with time dependent parameters. If one
parameter is time dependent, or event dependent, then even if the un-
conditional correlation is constant in the model, the generated process
will have adaptable ECC. To justify the use of more complex models one
should motivate the fact that greater adaptability is required as discussed
in Billio et al. (2006), Zhang and Chan (2009).

Corollary 1 - 3 can be used to many purposes. For intance a joint conse-
quence of Corollary 2 and 3 is that we can produce counterfactuals: given any
two events A1 and A2 (possibly disjoints) and a A1-sample of X and Y , we
can construct an asymptotically normal estimator of ρXY |A2 converging at rate√
T . Hence Corollary 1, 2 and 3 provide complete toolbox to use conditional

and unconditional correlation: one can for instance estimate ECC conditionally
to any event even with a partial dataset. This is of course possible only because
we work with correlation. Indeed, correlation captures only the linear depen-
dence, and linear dependence homogeneity across the support of the covariates
makes all these results possible. Working with any other parameter might not
have yielded so interesting results. However, through the linear approximation
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framework that we will now introduce, these results are sufficient to enhance the
estimation of models capable of describing any non-linear type of dependence.

4 Local Linear Approximation
Corollary 1 to 3 appears at odds with the classical acceptation of correlation.
Indeed, a general intuition of correlation, and of all its derivatives, is that it
describes a constant effect across the support of the covariates. This constant
effect paradigm is inherent to the linear nature of correlation; consider for in-
stance a linear regression framework of the type “Y = α+X ·β+ε”: an increment
of 1 of X, be it in the tails or in the center of X’s support, is always associated
with a constant increment β of Y in terms of expectation.

However, as shown in Figure 1, ECC can vary across the support of the
covariates: in Figure 1 we show that when we consider a trivariate Gaussian
vector (X,Y, Z) with positive correlations, then the ECC ρXY |Z∈Qi

varies when
the Qis ranges the deciles of Z. It is for instance more than twice larger for
the extreme deciles than for the central ones. This variation translates to the
following assertion: an increase of 1 in X will have a different effect on Y in
expectation conditionally to “Z ∈ Q5” or to “Z ∈ Q10”.

This contrasts with the “constant effect” classical intuition of correlation.
The non-constant nature of our approach is hidden within the term “expecta-
tion” that we used in the linear regression example above; there is constant
effect in expectation: an increment of 1 of X is linked to an increment β of Y
in expectation in all cases, however there is not constant effect in conditional
expectation: an increment of 1 in X does not imply an increment β of Y in
conditional expectation. This conditional linear effect is measured by ECC and
is non-constant, as seen in Figure 1. This type of conditional regression can be
used to produce local linear approximation.

Local Linear Approximation. Local linear approximation answers the dual
aim of producing non-linear models while keeping correlation as a core param-
eter. This double purpose led to the idea of approximating the non-linear with
the linear, something very common in mathematics. Indeed, this is in prac-
tice similar to derivation, or from an other point of view, to Taylor series: if
“y = f(x)”, then in a neighborhood of some x0:

y ' f(x0) + f ′(x0) · (x− x0)

is a reasonable local linear approximation if f is sufficiently smooth.
This approximation method translates to statistical modeling by condition-

ing by a specific event rather than working in a neighborhood. If the non-linear
model is described by: “Y = f(X) + ε”, then the linear approximation condi-
tionally to being in a neighborhood A of some x0 in the support of X is:

(Y |X ∈ A) = α+ (X|X ∈ A) · β + ε′; (5)
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where X and Y r-vs and ε and ε′ are centered r-vs. We call such an approxima-
tion a local linear approximation, and as purposed above it is a linear approxi-
mation of the map f in the neighborhood A.

Global Linear Approximation. The previous approximation is local in the
sense that it is valid only in the neighborhood of some x0, but by using the
same method on multiple points xi-s of the support of x we can provide a global
approximation:

y '
∑
i

1{x∈Ai} [f(xi) + f ′(xi)(x− xi)] ;

where the Ai-s are neighborhoods of the xi-s forming a partition of the support
of x. This result also translates to statistical modeling:

Y = α+
∑
i

(X|X ∈ Ai) · βi + ε′;

where the Ai-s form a partition of the support of X. Finally the approximation
does not necessarily have to be done according to X but can also be done along
an other parameter, for instance a altogether different r-v: Z. Then, the most
general form of the linear approximation approach is the following:

Y = α+
∑
i

(X|Z ∈ Ai) · βi + ε′; (6)

where the Ai-s form a partition of the support of Z.

Examples. Although linear approximation is never presented directly in statis-
tics to our knowledge, in its final form (6) it can be seen as a common denomi-
nator of many usual models. We give three such examples.

Saturated regression models.
This type of models includes a separate parameter for all possible values
taken on by the explanatory variables (Angrist and Pischke, 2009). The
motivation behind it is that each value of the explanatory variable will
have different effects. If the support of X is {1, . . . , n} then the saturated
regression models is:

Y = α+
∑
i≤n

1{X=i}βi + ε.

Segmented regression models.
Such models allow for a separate parameter to be assigned to each set of
a partitions of the support of the explanatory variables (Lerman, 1980).
The motivation for such model is that different ranges of values of the
explanatory variable will have different effects. If {Ai}i≤n is a partition
of the support of X then the associated segmented regression model is:

Y = α+
∑
i≤n

(X|X ∈ Ai) · βi + ε.
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Markov switching models.
This family of models offer the possibility to assign a different correlation
parameter to different time periods or regimes (Kim, 1994). The motiva-
tion is to allow for the covariates to have different effects through time. If
the variable to be explained is Yt, the explanatory variable is Xt (a vector
that may or may not contain Yt−1, Yt−2, ...) and the regimes are defined
by the Markov chain Zt = {1, . . . , n}, then one possible Markov Switching
model, among many others, is:

Yt+1 = α+
∑
i≤n

(Xt|Zt = i) · βi + ε.

The motivation for such models is vastly different to that of linear approx-
imation. However, in fine and estimation-wise, it is a direct application of the
piecewise linear approximation as seen in (6) and all such models estimation
relies on estimates of the ECC.

4.1 Applications
One immediate application of Corollary 1 is to improve the estimation of For-
mula (6). This is central to the linear approximation approach since a better
estimation of Formula (6) directly translates to a better approximation of the
underlying non-linear model and also because sharp bound are required to select
within very large spaces how the the linearization should be made: in the satu-
rated regression model the selection of the partition {Ai}i≤n and in the Markov
switching framework the Markov chain Zt. In most fields the sample sizes avail-
able and the lack of power of the previous estimators made the linearization
approach too demanding in term of data to be used beyond models with four or
less cases. This constrain on the number of cases severely reduced the quality of
the approximation, especially in highly non-linear cases, making the linear ap-
proximation approach far less attractive than its theoretic foundation otherwise
suggested.

To illustrate the usefulness of Theorem 1, we will first briefly discuss a direct
application of Corollary 1: estimating the parameters of Formula (6), and then
proceed to construct tools, that are less intuitive but with a wider range of
application, that are aimed at modeling temporal and spacial dependence from
a general standpoint.

4.1.1 Linear Approximation Enhancement

The full description of all possible models made more attractive by Corollary
1-3 is not the subject of this article, however we will consider the segmented
regression as an example.

As mentioned above segmented regression consists of partitioning the sup-
port of the regressors (Feder, 1975, Lerman, 1980): in the case of the regression
of Y against X, the segmented regression framework can be written as:

Y = α+ (X|X ∈ A1)β1 + · · ·+ (X|X ∈ An)βn + ε ;
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where {Ai}i≤n form a partition of the support of X and ε is a centered r-v. The
consequence of Corollary 1 is twofold: it produces better estimates of β1, . . . , βn
and it enables the use of finer partitions {Ai}i≤n of the support of X.

From the point of view we presented in the Introduction – that Formula (6)
is a mean to approximate a function f that fully describes the true dependence
of the form Y = f(X) + ε – both enhancement clearly permits a better non-
parametric approximation of the said function f . Furthermore, if one considered
not only the segmented regression against X but also against X2, ..., Xk, which
is now possible due to the augmented power of the estimator of the β-s, then
this new set-up produces a non-parametric local polynomial approximation of
f . An approach reminiscent of “lowess” (Cleveland, 1979, Liu et al., 1975), yet
vastly different, as it is not kernel based. Such an approach could also be seen
as a local k-th order Taylor series approximation of f .

Besides this direct application, by improving the quality of the estimator of
ECC Corollary 1 puts ECC as a dependence measure on the same ground as
other types of conditional correlations. In the following we describe how ECC
can be used to the same end as spatial conditional correlation and dynamic
conditional correlation.

4.1.2 Dynamic and Spatial Dependence

The linear approximation framework does not describe the dependence between
X and Y solely using one parameter – as for instance correlation in the linear
framework – but instead by a vector of ECCs (the vector (β1, . . . βn) in (6)).
This dependence measure can be seen as a multivariate version of correlation,
although there exists many such ECC vectors to each pair X and Y : one for all
r-v Z and all partitions {Ai}i≤n of its support. There exist other dependence
measures that share ECC’s non-constant quality:

DCC: Dynamic conditional correlation. It is the correlation conditional to a
filtration. Given X and Y and a filtration Ft, the DCC is defined as:

E[(X − E[X|Ft])(Y − E[Y |Ft])|Ft].

It can be considered as either a stochastic process or a function of time. It
is used in DCC-GARCH models (Engle, 2002, Engle and Kroner, 1995),
BEKK models, and is the underlying concept behind dynamical copulas
as used in (Patton, 2006).

SCC: Spatial conditional correlation. It is the correlation conditional to an
other random variable (Yule and Kendall, 1965). It is related to DCC,
as conditioning by a random variable is equivalent to conditioning by a
σ-algebra. Given X, Y and Z, the SCC is defined as:

E[(X − E[X|Z])(Y − E[Y |Z])|Z].

It can be seen as either a random variable or a function of the realization
of Z. However, since it is constant for all realizations of Z in the case

13



of a trivariate gaussian vector – and is in this case equal to the partial
correlation – it is often considered as constant and estimated as such (Baba
et al., 2004).

A point by point estimation strategy cannot be used to estimate either DCC
or SCC since at all dates t there can only be one realization of X and Y , and for
all z in the support of Z, the event “Z = z” has a null probability of occurring.
Instead, heavily parametrized framework are used; this alternative approach has
the advantage of producing estimates that converges at the asymptotic rate of√
T , where T is the size of the available sample, and behaving well in small

sample as Maximum Likelihood procedure can be used. Since measurements of
both the spatial and dynamical dependence are needed within varied statistical
models, and no satisfactory concurrent existed until now, DCC and SCC are
commonly used (Baba et al., 2004, Engle, 2002, Patton, 2006).

A consequence of Corollary 1 is that ECC is now a possible non-parametric
alternative to such dependence measures. Consider the following ECC based
approximations of the spatial and temporal dependences:

ρXtYt|Ft
'
∑
i≤n

1{Zt∈Ai}ρXtYt|Zt∈Ai
, (7)

ρXY |Z '
∑
i≤n

1{Z∈Ai}ρXY |Z∈Ai
; (8)

where {Ai}i≤n is a partition of the support of either Z or Zt. Both (Zt)t and
{Ai}i≤n can either be selected according to a specific criterion or arbitrarily
chosen ex ante. Notice that both formulas result from set-ups of the kind de-
scribed in Formula (6), the first from the local linear approximation of Yt against
Xt along Zt with the partition {Ai}i≤n and the second from the local linear
approximation of Y against X along Z with the partition {Ai}i≤n.

Formula (7) and DCC:
Formula (7) provides a non-parametric, linear approximation based, mea-
sure of the DCC between X and Y . It is similar to approaches discussed
in Chib (1998), Chollete et al. (2009), Pelletier (2006) and share charac-
teristics with the Markov Switching approach. Formula (7) is very general
and can be used in any models where a dynamic measure of the depen-
dence is needed. This contains DCC-GARCH models (Engle, 2002, Engle
and Kroner, 1995) and dynamic conditional copulas (Patton, 2006) among
others.

Formula (8) and SCC:
Formula (8) on the other hand provides a non-parametric, linear approxi-
mation based, measure of the SCC between X and Y along Z. It is similar
to approaches discussed in Chen et al. (2009) and Chen and Fan (2006)
and can be used in any models where a measure of the spatial depen-
dence is needed. Moreover Formula (8) can be very useful to estimate
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vine copulas (Aas et al., 2009, Guégan and Maugis, 2010b) using con-
ditional copulas as defined in Patton (2006) in the fashion described in
Guégan and Maugis (2010a).

5 Conclusion
The main contribution of this article is to provided more efficient ways to use
available data to compute correlation. These result were obtained by using
the core result of the article: a new, more powerful, estimator of Event Condi-
tional Correlation. These results makes of ECC and of the linear approximation
framework a statistically, theoretically and computationally sound approach to
construct and estimate non-linear models. Its most salient advantages being its
estimation simplicity and its great adaptability. We for instance show that it
can produce powerful non-parametric counterparts to DCC or SCC – that can
be estimated at the same asymptotic rate – and that can be used directly as re-
placement in classical parametric or semi-parametric models (such as GARCH
and copulas). Moreover we introduced means to produce counterfactual cor-
relation parameters under weak assumptions allowing for applications such as:
stress-tests, forecasting, structural breaks, treatment effects...

The conveniently large concept of “event” permits to estimate ECC to many
ends, allowing for varied application. Theorem 1 provides a link between the
variance of the conditioning variable in the case of any event A. Hence, results
on the variance of the conditioning variables give immediate results on the ECC.
This opens many perspectives, especially to produce parsimonious parametric
models. Further work should study the set of distributions that can be contrived
through the means described in the annex to verifyH. Or for which distributions
is the bias induced by falsifying H still acceptable considering the gain in term
of rate of convergence.
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6 Annex

6.1 Theorem 1
Let X and Y be two centered univariate r-vs such that each posses second
moments. Let Z1 and Z2 be two centered r-vs, possibly multivariate or equal
to X or Y , such that each posses second moments. Let A be an event related
to Z1 and Z2 ((Z1, Z2)-measurable) and of non null probability of occurring.

We use standard notations: if U and V are two r-vs, ρUV is the correlations
between U and V , σU is the standard deviations of U , βUV is the linear re-
gression parameter between U

σU
and V

σV
, and the ΣU is the variance-covariance

matrix of U if U is a multivariate vector. To simplify notation we will write
all operators used conditionally to A with A as index: for instance we note the
expectation operator conditionally on A: EA.

We will use the following definitions repeatedly:

• δA(Z1, Z2) = covA(Σ−1/2
Z1

Z1,Σ
−1/2
Z2

Z2)− cov(Σ−1/2
Z1

Z1,Σ
−1/2
Z2

Z2).

• εX = X
σX
− βXZ1Σ

−1/2
Z1

Z1.

• εY = Y
σY
− βY Z2Σ

−1/2
Z2

Z2.

Theorem 1 We re-define condition H as:

H :


covA(εX , εY ) = cov (εX , εY ) ,
covA(εX , Z2) = 0,
covA(εY , Z1) = 0.

Then, under condition H we have that:

ρXY |A =
ρXY + βXZ1 · δA(Z1, Z2) · β>Y Z2[

1 + βXZ1 · δA(Z1, Z1) · β>XZ1

] 1
2
[
1 + βY Z2 · δA(Z2, Z2) · β>Y Z2

] 1
2

(9)

6.1.1 Proof

We will proceed in two steps: first we will compute the covariance of X and Y
knowing A and then proceed to compute the variance of X and Y knowing A.
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Covariance

covA

(
X
σX
, YσY

)
= EA

[(
X
σX
− EA

[
X
σX

])
·
(
Y
σY
− EA

[
Y
σY

])>]
= EA

[(
βXZ1 · Σ

−1/2
Z1

Z1 + εX − EA
[
βXZ1 · Σ

−1/2
Z1

Z1 + εX

])P
·
(
βY Z2 · Σ

−1/2
Z2

Z2 + εY − EA
[
βY Z2 · Σ

−1/2
Z2

Z2 + εY

])>]
= βXZ1 · EA

[(
Σ−1/2
Z1

Z1 − EA
[
Σ−1/2
Z1

Z1

])
·
(

Σ−1/2
Z2

Z2 − EA
[
Σ−1/2
Z2

Z2

])>]
· β>Y Z2

+ βXZ1 · EA
[(

Σ−1/2
Z1

Z1 − EA
[
Σ−1/2
Z1

Z1

])
·(εY − EA[εY ])>

]
+ βY Z2 · EA

[(
Σ−1/2
Z2

Z2 − EA
[
Σ−1/2
Z2

Z2

])
·(εX − EA[εX ])>

]
+ EA

[
(εX − EA[εX ])·(εY − EA[εY ])>

]
Using H, we can simplify the above formula to:

covA

(
X

σX
,
Y

σY

)
= βXZ1 · covA

(
Σ−1/2
Z1

Z1,Σ
−1/2
Z2

Z2

)
· β>Y Z2

+ cov(εX , εY ) (10)

Let use now compute cov(εX , εY ). To do so we use the fact that (10) is
verified for any event A. If P (A) = 1:

cov(X,Y ) = σX · σY ·
[
βXZ1 · cov

(
Σ−1/2
Z1

Z1,Σ
−1/2
Z2

Z2

)
· β>Y Z2

+ cov(εX , εY )
]
,

so that:

cov(εX , εY ) = ρXY − βXZ1 · cov
(

Σ−1/2
Z1

Z1,Σ
−1/2
Z2

Z2

)
· β>Y Z2

. (11)

Hence, merging the formulas (10) and (11) we obtain:

covA(X,Y ) = σX · σY ·
[
ρXY + βXZ1 · δA(Z1, Z2) · β>Y Z2

]
. (12)

Variance

V arA(X) = σ2
X · V arA

[
βXZ1Σ

−1/2
Z1

Z1 + εX

]
V arA(X) = σ2

X · βXZ1 · V arA
[
Σ−1/2
Z1

Z1

]
·β>XZ1

+ σ2
X · V ar (εX) . (13)

We make the simplification using H. Let us now compute the variance of εX .
To do so we use the fact that (13) is verified for any event A. If P (A) = 1 the
above formulas writes:

V ar(X) = σ2
X · βXZ1 · I · β>XZ1

+ σ2
X · V ar (εX) ,
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so that:
V ar (εX) = I − βXZ1 · β>XZ1

. (14)

By merging formulas (13) and (14):

V arA(X) = σ2
X ·
[
1 + βXZ1 ·

(
V arA

[
Σ−1/2
Z1

Z1

]
− I
)
· β>XZ1

]
,

V arA(Y ) = σ2
Y ·
[
1 + βY Z2 ·

(
V arA

[
Σ−1/2
Z2

Z2

]
− I
)
· β>Y Z2

]
. (15)

The result for Y is obtained similarly.

Sample Conditional Correlation Merging the formula for the covariance
(12) as well as those for the variance (15) we obtain formula (9).

6.2 Corollary 1
Let A and A′ be two events such that A contains A′. Let δAA′(Z1, Z2) be such
that:

δAA′(Z1, Z2) = covA′(Σ
−1/2
Z1

Z1,Σ
−1/2
Z2

Z2)− covA(Σ−1/2
Z1

Z1,Σ
−1/2
Z2

Z2).

We define condition H ′ as:

H ′ :


covA

(
εX|A, εY |A

)
= covA′

(
εX|A, εY |A

)
,

covA
(
εX|A, (Z|A)

)
= 0,

covA
(
εY |A, (Z|A)

)
= 0.

Then, under H ′, we have that ρXY |A′ is equal to:

ρXY |A + βXZ1|A · δAA′(Z1, Z2) · β>Y Z2|A[
1 + βXZ1|A · δAA′(Z1, Z1) · β>XZ1|A

] 1
2
[
1 + βY Z2|A · δAA′(Z2, Z2) · β>Y Z2|A

] 1
2

(16)

Proof The proof is the same as that of Theorem 1.

6.3 Corollary 2
Under H ′ and the additional assumption that that

(
ρXZi,j

)
i=1,2,j

are all greater
than zero (if it is not the case changing Zi,j to −Zi,j for either i = 1 or 2 permits
to comply with this assumption), we have that ρXY |A is equal to:

ρXY |A′ ·
(
1 +QX · δAA′(Z1, Z1) ·Q>X

) 1
2 ·
(
1 +QY · δAA′(Z2, Z2) ·Q>Y

) 1
2

−Q
1
2
X · δ

A
A′(Z1, Z2) ·Q

1
2
Y
> (17)
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where:
(QX)j = ρ2

XZ1,j |A′ ·
(

1 + δAA′(Z1,j , Z1,j)− ρ2
XZ1,j |A′ · δ

A
A′(Z1,j , Z1,j)

)−1

(QY )j = ρ2
Y Z2,j |A′ ·

(
1 + δAA′(Z2,j , Z2,j)− ρ2

Y Z2,j |A′ · δ
A
A′(Z2,j , Z2,j)

)−1

Proof This formula is obtained by inversion of formula (16).

6.4 Asymptotic Distribution
We prove here the asymptotic normality of our estimator. For simplicity we
prove it in the case of Theorem 1 where Z1 = Z2 = Z and Z is univariate, but
the result, and the proof, extends to the multivariate setting.

Notations

• We call θ1 the vector composed of the parameters required to compute
the ECC: θ1 = (ρXY , ρXZ , ρY Z , δA(Z,Z)). Let φ1 : R4 → R be the map
defined by:

φ1(a, b, c, d) =
a+ b · c · d

(1 + b2 · d)
1
2 · (1 + c2 · d)

1
2

φ1 is such that φ1(θ1) = ρXY |A.

• We call θ2 the vector composed of the parameters required to compute the
implied unconditional correlation: θ2 =

(
ρXY |A, ρXZ|A, ρY Z|A, δA(Z,Z)

)
.

Let φ2 : R4 → R be the map such that φ2(a, b, c, d) is equal to:

a ·

√(
1 +

b2 · d
1 + d− b2 · d

)
·
(

1 +
c2 · d

1 + d− c2 · d

)

−

√(
b2

1 + d− b2 · d

)
·
(

c2

1 + d− c2 · d

)
· d (18)

φ2 is such that φ2(θ2) = ρXY .

• We denote ∇φi the gradient of φi for i = 1 and 2:

∇φi = (
∂φi
∂a

,
∂φi
∂b

,
∂φi
∂c

,
∂φi
∂d

).

• We denote θ̂i an estimator of θi for i = 1 and 2. We also denote Σθi the
asymptotic covariance matrix of θi for i = 1 and 2.

Theorem 2 Under H and the additional hypothesis that the fourth moments
of (X,Y,Z) exist and that θ̂i is an asymptotically normal estimator of θi con-
verging at rate νi, we have that φi(θ̂i) is an asymptotically normal estimator of
φi(θi) converging at the same rate νi, and of asymptotic variance ∇φi ·Σθi

·∇φ>i .
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Proof Direct application of the Delta Method, see van der Vaart (1998) pp
30 (we use the same notations).

This Theorem proves that for any asymptotically efficient estimator θ̂i of
θi, using (9) and using (17) produces respectively an asymptotically efficient
estimator of the ECC and of the unconditional correlation.

Remark Both the asymptotic variances of φi(θ̂) for i = 1 and 2 – that we
will denote σφi(θi) – are functions of θi so that they cannot be used to produce
confidence intervals. In such cases the variance stabilizing transformation (or
inverse delta method) should be used to produce efficient testing procedures
(Fisher, 1915, Hotelling, 1953): it consists in finding a map ψ such that the
asymptotic variance of ψ(φi(θ̂i)) is constant. As proved in van der Vaart (1998):
ψ =

∫
σ−1
φi(θi)

dφi(θi). However this method it not practical here since σφi(θi) is
not a function of φi(θi) but of θi itself: in this case computing ψi would require to
evaluate a at least 5-dimensional integral of a continuous yet not smooth surface,
a process yielding approximate results at best. To obtain confidence intervals
one may either use any resampling method or compute the maximum and the
minimum of φi over the joint confidence region of θ̂i, that are respectively the
lower and upper bound of the confidence interval of ρXY |A or ρXY .
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Figure 2: Mean L2 distance of the estimates to the true value for all three
estimation procedures in the case of a trivariate gaussian with, on the left:
ρXY = 0.2, ρXZ = 0.4, ρY Z = 0.6 and σ2

Z = 1, and on the right: ρXY = 0.6,
ρXZ = 0.7 , ρY Z = 0.8 and σ2

Z = 100.

Gaussian Case 1: ρXY = 0.2, ρXZ = 0.4, ρY Z = 0.6 and σ2
Z = 1.

100 200 300 500 1000 10000

OLS Sub-sample Mean Distance 1.03 0.70 0.57 0.44 0.31 0.09
Variance 0.04 0.02 0.01 9e-3 4e-3 2e-4

OLS Functional Mean Distance 0.24 0.18 0.15 0.11 0.08 0.02
Variance 0.03 0.02 0.01 7e-3 3e-3 2e-4

PML Functional Mean Distance 0.24 0.18 0.14 0.11 0.08 0.02
Variance 0.03 0.02 0.01 7e-3 3e-3 3e-4

Gaussian Case 2: ρXY = 0.6, ρXZ = 0.7, ρY Z = 0.8 and σ2
Z = 100.

OLS Sub-sample Mean Distance 1.02 0.70 0.57 0.43 0.31 0.09
Variance 0.04 0.02 0.01 9e-3 5e-3 4e-4

OLS Functional Mean Distance 0.35 0.23 0.18 0.13 0.09 0.03
Variance 0.10 0.05 0.01 7e-3 3e-3 3e-4

PML Functional Mean Distance 0.32 0.21 0.16 0.12 0.08 0.03
Variance 0.09 0.05 0.01 7e-3 3e-3 3e-4

Table 1: Mean L2 distance and variance of the estimates to the true value for
all three estimation procedures in the case of a trivariate gaussian with in each
cases 1000 simulations.
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Figure 3: Mean L2 distance of the estimates to the true value for all three
estimation procedures in the case of a trivariate Student-t with, on the left:
ρXY = 0.4, ρXZ = 0.5, ρY Z = 0.6 and ν = 5, and on the right: ρXY = 0.2,
ρXZ = 0.3, ρY Z = 0.4 and ν = 30.

Student-t Case 1: ρXY = 0.4, ρXZ = 0.5, ρY Z = 0.6 and ν = 5.

100 200 300 500 1000 10000

OLS Sub-sample Mean Distance 1.10 0.84 0.70 0.56 0.42 0.16
Variance 0.05 0.03 0.02 0.01 0.01 1e-3

OLS Functional Mean Distance 0.44 0.31 0.27 0.21 0.15 0.05
Variance 0.12 0.06 0.04 0.02 9e-3 8e-4

PML Functional Mean Distance 0.29 0.20 0.16 0.13 0.09 0.03
Variance 0.04 0.02 0.01 7e-3 4e-3 4e-4

Student-t Case 2: ρXY = 0.2, ρXZ = 0.3, ρY Z = 0.4 and ν = 30.

OLS Sub-sample Mean Distance 1.00 0.72 0.59 0.45 0.32 0.10
Variance 0.04 0.03 0.02 0.01 5e-2 2e-4

OLS Functional Mean Distance 0.29 0.19 0.15 0.12 0.09 0.03
Variance 0.05 0.02 0.01 8e-3 3e-3 4e-4

PML Functional Mean Distance 0.26 0.18 0.15 0.12 0.08 0.02
Variance 0.04 0.02 0.01 7e-3 4e-3 4e-4

Table 2: Mean L2 distance and variance of the estimates to the true value for
all three estimation procedures in the case of a trivariate Student-t with in each
cases 1000 simulations.
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Figure 4: Mean L2 distance of the estimates to the true value for all three
estimation procedures in the case of a trivariate Perturbed-χ2 with, on the left:
ρXY = 0.2, ρXZ = 0.4, ρY Z = 0.6 and ν = 10, and on the right: ρXY = 0.2,
ρXZ = 0.3, ρY Z = 0.4 and ν = 1.

Perturbed-χ2 Case 1: ρXY = 0.2, ρXZ = 0.4, ρY Z = 0.6 and ν = 10.

100 200 300 500 1000 10000

OLS Sub-sample Mean Distance 1.10 0.76 0.62 0.48 0.34 0.11
Variance 0.04 0.02 0.02 0.01 2e-3 3e-4

OLS Functional Mean Distance 0.44 0.32 0.28 0.22 0.15 0.05
Variance 0.04 0.02 0.01 8e-3 4e-3 2e-4

PML Functional Mean Distance 0.29 0.20 0.16 0.13 0.09 0.03
Variance 0.03 0.02 0.01 4e-3 2e-3 2e-4

Perturbed-χ2 Case 2: ρXY = 0.2, ρXZ = 0.3, ρY Z = 0.4 and ν = 1.

OLS Sub-sample Mean Distance 1.06 0.72 0.58 0.44 0.31 0.10
Variance 0.04 0.03 0.02 0.01 1e-3 2e-4

OLS Functional Mean Distance 0.26 0.17 0.15 0.11 0.08 0.03
Variance 0.03 0.02 0.01 6e-3 3e-3 1e-4

PML Functional Mean Distance 0.17 0.12 0.10 0.08 0.06 0.02
Variance 0.03 0.02 0.01 3e-3 2e-3 1e-4

Table 3: Mean L2 distance and variance of the estimates to the true value for
all three estimation procedures in the case of a trivariate Perturbed-χ2 with in
each cases 1000 simulations.
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Figure 5: Mean L2 distance of the estimates to the true value for both estimation
procedures in the case of a trivariate gaussian with, on the left: ρXY = 0.2,
ρXZ = 0.4, ρY Z = 0.6 and σ2

Z = 1, and on the right: ρXY = 0.6, ρXZ = 0.7 ,
ρY Z = 0.8 and σ2

Z = 100.

Gaussian Case 1: ρXY = 0.2, ρXZ = 0.4, ρY Z = 0.6 and σ2
Z = 1.

100 200 300 500 1000 10000

OLS Functional Mean Distance 0.13 0.09 0.07 0.05 0.04 0.01
Variance 0.02 9e-3 6e-3 3e-3 1e-3 1e-4

Truncated PML
Mean Distance 0.11 0.08 0.06 0.04 0.03 9e-3
Variance 0.01 6e-3 4e-3 2e-3 1e-3 9e-5

Gaussian Case 2: ρXY = 0.6, ρXZ = 0.7, ρY Z = 0.8 and σ2
Z = 100.

OLS Functional Mean Distance 0.08 0.05 0.05 0.03 0.02 8e-3
Variance 7e-3 3e-3 2e-3 1e-3 7e-4 6e-5

Truncated PML
Mean Distance 0.06 0.04 0.03 0.02 0.01 5e-3
Variance 3e-3 2e-3 1e-3 7e-4 3e-4 2e-5

Table 4: Mean L2 distance and variance of the estimates to the true value for
both estimation procedures in the case of a trivariate gaussian with in each cases
1000 simulations.
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Figure 6: Mean L2 distance of the estimates to the true value for both estimation
procedures in the case of a trivariate Student-t with, on the left: ρXY = 0.4,
ρXZ = 0.5, ρY Z = 0.6 and ν = 5, and on the right: ρXY = 0.2, ρXZ = 0.3,
ρY Z = 0.4 and ν = 30.

Student-t Case 1: ρXY = 0.4, ρXZ = 0.5, ρY Z = 0.6 and ν = 5.

100 200 300 500 1000 10000

OLS Functional Mean Distance 0.14 0.10 0.08 0.07 0.05 0.04
Variance 0.01 9e-3 6e-3 4e-3 2e-3 2e-4

Truncated PML
Mean Distance 0.11 0.07 0.06 0.05 0.03 9e-3
Variance 0.01 5e-3 3e-3 2e-3 9e-4 9e-5

Student-t Case 2: ρXY = 0.2, ρXZ = 0.3, ρY Z = 0.4 and ν = 30.

OLS Functional Mean Distance 0.08 0.06 0.04 0.03 0.02 8e-3
Variance 7e-3 3e-3 2e-3 1e-3 6e-4 6e-5

Truncated PML
Mean Distance 0.06 0.04 0.03 0.03 0.02 6e-3
Variance 3e-3 2e-3 1e-3 6e-4 3e-4 3e-5

Table 5: Mean L2 distance and variance of the estimates to the true value for
both estimation procedures in the case of a trivariate Student-t with in each
cases 1000 simulations.
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Figure 7: Mean L2 distance of the estimates to the true value for all three
estimation procedures in the case of a trivariate Perturbed-χ2 with, on the left:
ρXY = 0.2, ρXZ = 0.4, ρY Z = 0.6 and ν = 10, and on the right: ρXY = 0.2,
ρXZ = 0.3, ρY Z = 0.4 and ν = 1.

Perturbed-χ2 Case 1: ρXY = 0.2, ρXZ = 0.4, ρY Z = 0.6 and ν = 10.

100 200 300 500 1000 10000

OLS Functional Mean Distance 0.16 0.12 0.10 0.08 0.06 0.04
Variance 0.02 0.01 0.01 6e-3 3e-3 3e-4

Truncated PML
Mean Distance 0.11 0.08 0.06 0.04 0.03 9e-3
Variance 0.01 6e-3 4e-3 2e-3 1e-3 9e-5

Perturbed-χ2 Case 2: ρXY = 0.2, ρXZ = 0.3, ρY Z = 0.4 and ν = 1.

OLS Functional Mean Distance 0.16 0.10 0.08 0.05 0.02 9e-3
Variance 0.03 0.02 0.01 6e-3 3e-3 1e-4

Truncated PML
Mean Distance 0.11 0.08 0.04 0.03 0.01 2e-3
Variance 0.03 0.02 0.01 3e-3 2e-3 1e-4

Table 6: Mean L2 distance and variance of the estimates to the true value for
all three estimation procedures in the case of a trivariate Perturbed-χ2 with in
each cases 1000 simulations.
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