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Briefly about PhD study topic   

 
”Investigation of limit cycles in dynamical systems” 

 

1. HISTORY OF THE PROBLEM. Considering the history of the problem, it is necessary to 

say first about a distinguished German mathematician David Hilbert, who stated the famous 

problem of estimating the number of limit cycles in 2-dimensional polynomial 

systems 

dx
= - y+f(x,y),

dt
α    

dy
= x+g(x,y), 0.

dt
α α >     

 

Great Russian mathematician, Academician Kolmogorov, 

examined the cycles in quadratic systems. In [1] V.I. 

Arnold writes that Andrey Kolmogorov had distributed a 



few hundreds of quadratic systems among the students of Mechanics and Mathematics Faculty of 

Moscow State University. Each student had to find the number of limit cycles of his/her system. 

The result of this experiment was absolutely unexpected: not a single system had a limit cycle! It 

means that the probability of existence of limit cycles in system is apparently small and analytical 

methods of the search are demanded. 

 

In the history of investigation of quadratic dynamical systems, the following scientists have to be 

mentioned: 

-N. Bautin - Three small limit cycles for quadratic system are found [2]; 

- I. Petrovskii & E. Landis - It is stated that quadratic systems have no more than 3 cycles [3]; 

- S. Shi - A counter-example:  the quadratic system with 4 cycles [4] is found; 

-Yu. Ilyashenko - It is proved that the number of limit cycles of quadratic (and any polynomial) 

system is finite [5]. 

 

2. METHODS FOR THE SOLUTION OF PROBLEM. Limit cycles can be divided into two 

groups: large limit cycles (which can be obtained with the help of computer modeling) and small 

cycles (which can be obtained in purely analytical way). In the classical works of Poincare [6] 

and Lyapunov [7] there was developed the method of 

Lyapunov quantities (also called the Poincare-Lyapunov 

constants or focus values), which determine a behavior of 

system in the neighborhood of the boundary of stability 

domain. The method can also be used [2] for the search of 

small limit cycles.  

 

Let the point (0, h) (h is small enough) be the initial data of a 

solution of the system (see above) and let T(h) be the time at 

which the trajectory (x, y) meets first the upper semiaxis y. It 

is proved that y(T(h)) can be represented as series in h. So the 

sign of 
3 5

0 1 2
y(T(h))-h = L h+L h +L h +...  

is defined by the sign of the first nonzero coefficient
k

L ,that coincides with the k-th Lyapunov 

quantity.  

 

In this figure the technique of constructing small cycles is 

illustrated. If we have a system with 0L =0  and 
1L >0,  then by 

small disturbances of coefficients of system we can obtain 

0L <0 , 1
L >0 , and 0 1| L |<<| L |. It means the winding of trajectory 

with very small initial data h1 and the unwinding of trajectory 

with h2 ( 1 2h <<h ). Therefore, among them there must be unstable 

cycle. This is a guide to how to construct small limit cycles. 

 

For investigation of large limit cycles (which can be obtained by computer modeling) the 

following methods can be used: 

-Asymptotic integration method (see [8]); 

-Separatrix method (see [9]). 

These methods are analytical. They include the transformation of quadratic system to a special 

form of Lienard system and make it possible to obtain for the system coefficients the simple 



conditions of existence of large limit cycles. These two methods together with the method of 

Lyapunov quantities are actively used in my work. 

 

3. USING THE COMPUTER.  

1.) For investigation of small limit cycles the 

Lyapunov quantities are usually obtained. They can 

be computed as the symbolic expressions in the 

terms of coefficients of system. Note that the 

expressions for the first and second Lyapunov 

quantities were obtained in 40-50s of the 20th 

century by N. Bautin [2] and N. Serebryakova [10], 

respectively. The expressions for Lyapunov 

quantities of higher degrees are lengthy and cannot 

be obtained without help of powerful computer.  

 

For the computation of Lyapunov quantities, the 

algorithms for computation software packages 

(MatLab in my case) are created. The study of 

symbolic computation of Lyapunov quantities is a 

difficult and important problem [2, 10]. In the figure 

is shown the expression for the fifth Lyapunov 

quantity for Lienard system. 

 
2.) Kolmogorov's experiment permits one to suggest that for system the probability to have a 

limit cycle is, evidently, small. 

But, in fact, even for systems 

with cycles, visualization of 

large limit cycles is a difficult 

problem because we need to find 

proper initial data, options of 

system, and time. The use of 

computation software packages 

makes the visualization more 

simple but creating effective 

algorithms for visualization is 

still of importance. The three 

large limit cycles obtained by me 

for quadratic dynamical system 

are shown in the figure. 

 

4. APPLICATIONS. The study of limit cycles and Lyapunov quantities is of importance for the 

theory and for the practice. The methods of Lyapunov quantities can be used in engineering 

mechanics for the solution of important problem on the behavior of dynamical system with 

parameter close to the boundary of stability domain [2], for example, in studying the excitation of 

oscillations in electronic machinery [11, 12]. Quadratic dynamical systems describe different real 

biological systems [13, 14] such as the Lotka-Volterra predator-prey model. They also describe 

many chemical reactions [15, 16]. Investigation of limit cycles for the discrete dynamical 



systems is important for consideration the mathematical model of the Phase-Locked Loop (PLL) 

(see e.g. [17-19]). 

 

5. STATISTICS. The investigation of limit cycles has hundred years history. Thousands 

scientific works (books and papers), devoted to this 

problem, are published every year. Here we give a 

statistical graph of the number of publications, 

devoted to Hilbert's 16th problem and limit cycles 

for the last five years, what illustrates the popularity 

of this 

area of 

scientif

ic 

explora

tion.  

 

The problem is still far from being resolved even for 

the simple cases. This can be shown by statistical 

graph of 

the number of publications, devoted to limit cycles in 

quadratic systems, for the last five years.  

 

As was remarked, the investigation of limit cycles is 

of importance not only in mathematics but in biology, 

physics, chemistry, engineering (and so on). In the 

statistical graph is shown the huge number of 

publications on limit cycles (in different areas of 

science) for the last five years, it is obvious that this 

number increases permanently. 

There statistical data are from the site www.sciencedirect.com. 

 

6. MY WORK: THE OBTAINED RESULTS. My work is connected with investigation of 

limit cycles since 2008. The results obtained are the following: 

- Methods were developed and algorithms were created for efficient computation of Lyapunov 

quantities, what allowed to obtain a general form of the 4th  Lyapunov quantity  
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(the whole expression can be found on the site 

https://sites.google.com/site/okuznetsovamath/home/4lyapqu.pdf) and a general form of the 5th 

Lyapunov quantity for Lienard equation; 

- New simple analytical conditions of existence of large limit cycles were obtained. They 

describe the domain, extending the well-known domain of Shi; 

- Complete survey, devoted to limit cycles in quadratic systems, was prepared; 

- Investigation of coexistence of small and large limit cycles for cubic systems was fulfilled; 

- New configuration of large limit cycles was found and the conditions of its existence were 

described analytically. 
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Finally, it should be remarked that I continue the work of my colleagues: N.V. Kuznetsov [20] 

and E.V. Kudryashova [19], who defended their PhD dissertations in the University of Jyväskylä 

in 2008 and 2009, respectively. 
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