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ABSTRACT
We address the problem of a Transporter trying to safely
cross an area in which it can be attacked by an adversarial
Attacker. The problem, motivated by the prevalent pat-
terns of maritime piracy incident in and around the Gulf of
Aden, is formalized as a two-player zero-sum normal game
on a graph. However, because finding a Nash equilibrium for
this game is intractable even for small graphs sizes, we em-
ploy two complexity reducing techniques to enable finding
solutions for games of practical size. The first technique em-
ploys an alternative representation of transporter’s traversal
paths in terms of edge-traversal probabilities on the game
area graph. The second technique introduces a compact and
approximate representation of attacker’s trajectories using
strategy templates. A technique based on stochastic simu-
lation of the strategies is then introduced for calculating the
payoff matrix of the newly reformulated transporter-attacker
game. Finally, linear programming is used to find a Nash
equilibrium of the game. The evaluation on the maritime
piracy test case indicates that the proposed approach is able
to increase the area for which the game can be solved by an
order of several magnitudes while keeping the solution error
reasonably low.

Categories and Subject Descriptors
I.2.11 [Artificial Intelligence]: Distributed Artificial In-
telligence—Multiagent systems

General Terms
Algorithms, Economics, Security, Performance

Keywords
game theory, crossing game, approximation, strategy tem-
plates, maritime piracy

1. INTRODUCTION
A common problem concerning logistics in unsafe regions

is how to plan optimal transport routes through an area in
which the passing transport can be attacked by an adver-
sary. Often the adversarial area cannot be avoided and the
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transports cannot be individually protected, in particular
when they traverse the area repeatedly in great numbers.
In such cases, the only economically-viable possibility for
the transporter is to choose its route in such a way that the
probability of a successful attack is minimized.

Assuming the attacker also tries to choose an optimum
ambush route, the situation can be viewed as a zero-sum
game between two players – the transporter must choose a
route from origin to destination; the attacker must choose
a route starting and ending in its base. If – following their
chosen routes – the attacker and the transporter happen to
be at the same position, the attacker wins. If the transporter
avoids encountering the attacker throughout its whole route,
then the transporter wins.

Intuitively, the transporter should randomize its choice of
route to make it maximally difficult for the attacker to come
across and attack the transporter in its passing. Calculating
the optimum randomization, which in fact corresponds to a
mixed Nash equilibrium of the game, is a difficult problem
however, due to the complexity of the game.

The main contribution of the presented work is a for-
malization of the above area crossing problem as an area
crossing game and the computation of resulting randomized
crossing strategies, optimum for small games and approx-
imate for larger ones. For the latter, several complexity
reducing techniques are employed.

A similar problem has been addressed within the frame-
work of ambush games [15, 4]; main difference is that in
ambush games the attacker does not move during the game
and its set of strategies is limited to selecting one or multi-
ple ambush locations, making the game significantly easier
to solve. We remove this assumption and allow the attacker
to move freely through the target area.

The structure of the paper is as follows. In Section 2,
starting from a motivating real-world example of maritime
piracy around Somalia, the crossing game is formally intro-
duced. Noting the inherent intractability of the full cross-
ing game, an approach utilizing several complexity reduc-
ing techniques is described in 3, enabling the solution to
scale up to games of practical size. The approach is evalu-
ated in Section 4 where the reduction in computational time
is measured, both for the accuracy-preserving and approxi-
mate solutions. Section 5 discusses related work and finally
Section 6 closes with a summary and outline of further work.

2. CROSSING GAME
This section introduces the Crossing game.



2.1 Motivating Example
We briefly discuss a real-world scenario that motivated

the approach presented in the paper.
The recent events in the Gulf of Aden (described in [12,

8]) are an exemplar instance of the proposed game. Trans-
port ships (the Transporter player) that sail across the gulf
are frequently attacked by Somalian pirates (the Attacker
player) which strive to steal part of the cargo or hijack the
ship.

Several descriptions of pirates behavior can be found in
[12, 8] and the following conclusions can be drawn:

• The pirates have several harbors along the Somalian
coast from which all the attacks are conducted. They
are capable of crossing the Gulf of Aden and reach the
transport corridor but they cannot spend unlimited
time at sea and have to return frequently back to the
harbor for refueling.

• Pirates’ strategies cover a wide spectrum from purely
opportunistic to fully coordinated. One of the more
sophisticated strategies includes a mother ship as a
support for smaller skiffs that can be deployed to ex-
plore the area or attack nearby transport vessels.

• If a transport vessel sails close to a harbor or it stays
at one place for some time, it can be registered from
coastal areas and attacked.

• Most sophisticated Coordinated (Informed) strategies
use several information sources to locate the position of
a transport vessel and attack it at the most convenient
time and place.

Except for the last point, the crossing game model aims to
capture, at a certain level of abstraction, the above proper-
ties.

2.2 Problem Assumptions
Let us now state explicitly the key assumptions made in

our model:

• Both players have complete information about the en-
vironment but cannot observe the location of the other
player.

• The route of both players is planned before the game
begins. One player cannot observe the strategy se-
lection of the other. When the game begins, players
cannot react to the opponent’s move or change their
strategies for any other reasons.

• Both players are rational

• If both players meet at one place, the attack is always
successful, because both the speed and the manoeu-
vrability of the Attacker is superior1.

• The payoff of the successful attack does not depend on
previous strategies and it does not change over time2.

1This renders the description of the problem by differential
games (e.g. homicidal chauffeur problem described in [10])
useless.
2The formalization by more complex games, such as Markov
games is therefore not required

2.3 Game on a Graph
The environment is represented as an area of a rectan-

gular shape with origin and destination. The Transporter
crosses the area from the origin to the destination through a
pre-planned path. In the area there is a base from which the
Attacker traverses the area trying to encounter the Trans-
porter.

The area of the game is discretized and represented by a
mixed graph (see Figure 1) with loops G = [V,E], where
V is a set of vertices and E is a set of edges. The graph
vertices are assumed to be located on a homogeneous grid
covering the game area; we call the width wG and length
lG of the game graph the width and length of such a grid
(see Figure 1), respectively. The vertices are labelled with
indexes denoting their position in G (vertex vij denotes a
vertex in i-th row and j-th column, where 0 ≤ i < wG and
0 ≤ j < lG). There exists the origin vertex vo, the destina-
tion vertex vd and the base vertex vb with a partial ordering
on V , such that vo < vij ≤ vb ≤ vkl < vd (vo and vd lie
outside of the rectangle). The vertices are connected with
edges as depicted in Figure 1.

Figure 1: Game graph.

The shape and properties of the graph are given by the
domain of application. E.g. in the piracy domain, the sea is
homogeneous and the area around the transit corridor can be
approximated by a rectangle. Nevertheless, the algorithms
and results presented can be applied to arbitrary graphs.

The Transporter moves on the graph from vo to vd using
only the directed edges. The Attacker A traverses G using
a closed walk cw starting in vb. We limit the length of cw
to the length equal to or less than 2 · wG. This constraint
reflects the limited resources available to the Attacker with-
out returning to the base. The resources allow the Attacker
to cross the graph but it restricts the movement to a limited
set of closed walks.

2.4 Game Definition
Under the assumptions stated, the decision situation faced

by the transporter and the attacker can be formalized as a
two player zero-sum game in a normal form.

The game is played as follows: Transporter chooses to tra-
verse the graph using a path p. Attacker chooses to traverse



the graph using a closed walk cw. The set of intersecting
vertices between p and cw, Iv(p, cw) = {v|v ∈ p ∧ v ∈ cw},
is a set of those vertices where Transporter and Attacker
can meet. If Iv(p, cw) is not empty, there is a probability
of the Attacker attacking the Transporter. The set ST of
Transporter’s strategies consists of all possible paths p from
vo to vd. The set SA of Attacker’s strategies consists of all
possible closed walks cw of maximum length 2 · wG. The
payoff u(p, cw) for a strategy profile (p, cw) is defined as

u(p, cw) =
|Iv(p, cw|
l(cw)

(1)

where l(cw) is the length of the closed walk and |Iv(p, cw| is
the number of vertices common to p and cw.

The above definition of the payoff captures the fact that
the payoff obtained by the transporter should be considered
in relation to the resources expended for mounting the at-
tack which can be viewed as proportional to the length of the
walk performed. As we defined above, the payoff however
is difficult to explain from the Transporter’s perspective be-
cause there is no reason why its payoff should depend on the
length of attacker’s walk. We therefore define the payoffs as

u(p, cw) =
X

vij∈Iv(p,cw)

1

dist (vij , vb)
(2)

where dist(vij , v
b) is the distance of vertex vij from the at-

tacker’s base vertex vb (we set dist(vb, vb) = ε > 0). This
definition of payoff – in addition to reflecting resource ex-
penditure on the attacker’s side – models the fact that the
attack is more likely to succeed if it is performed close to
the attacker’s base because the chance that the attack can
be intercepted and the transporter rescued is lower.

Note that in any case the above definition of trade-offs
constitues a compromise between the accuracy of capturing
the motivations of the players and staying within the frame-
work of zero-sum games. The motivations could be modelled
with higher flexibility and amount of detail if the zero-sum
assumption were lifted. Unfortunately, general-sum games
are significantly more difficult to solve and their application
would render the already computationally complex problem
even more difficult.

Given the above definition, it is obvious that the Attacker
wants to maximize the payoff while the Transporter wants
to minimize it. The crossing game can then be described by
the following payoff matrix:

0BBB@
SA1 SA2 SAm

ST1 u(ST1, SA1) u(ST1, SA2) · · · u(ST1, SAm)
ST2 u(ST2, SA1) u(ST2, SA2) · · · u(ST2, SAm)

...
...

. . .
...

STn u(STn, SA1) u(STn, SA2) · · · u(STn, SAm)

1CCCA
(3)

where STi ∈ ST is one of all possible paths of the Trans-
porter and SAj ∈ SA is one of all possible walks of the
Attacker.

Determination of an optimum randomized route selection
strategy for the Transporter (and the Attacker too) requires
finding a Nash equilibrium of the above defined crossing
game, and is the subject of much of the rest of the paper.

2.5 Game Size

As it can be seen, the size of ST as well as of SA grows
exponentially with the size of the graph. Consequently, find-
ing Nash equilibria becomes infeasible even for small sizes
of the graph and it is necessary to reduce the size of the
matrix or express the strategies in equal but more compact
representations.

The game matrix can be reduced by excluding weakly
dominated strategies. For example with the previous defini-
tions of the payoff (equations 1, 2), the reversed close walks
have the same payoff as the original ones. This fact reduces
the size of SA to half. However, for more complex payoffs
(e.g. where the direction matters) the number of weakly
dominated strategies becomes smaller and a complete enu-
meration of all the paths for the Transporter and all the
closed walks for the Attacker is required in order to discover
weakly dominated strategies. The computation time of this
enumeration process grows exponentially so if the search for
Nash equilibria is to be feasible for larger game graphs, it
is necessary that the player’s strategies are expressed in a
more compact and possibly approximate form.

3. GAME COMPLEXITY REDUCTION
We now describe the approach developed to reduce the

size of the crossing game and decrease the complexity of
determining its Nash equilibria. The techniques are based
on employing alternative representations of the strategy sets
of both players and lead to a significantly reduced number
of strategy combinations compared to the full matrix (3).

Before we define alternative representations of players’
strategy sets, we extract player-specific subgraphs from the
game graph G. We define the directed acyclic transporter
graph as GT = [VT , ET ], where VT = V and ET ⊂ E is a set
of all directed edges without loops from E. We define the
attacker graph as GA = [VA, EA], where VA = V \ {vo, vd}
and EA ⊂ E is a set of all undirected edges and all loops
from E (see Figure 2 for a graphical representation).

3.1 Compact Form of Transporter’s Strategies
In Section 2.4 we have defined the set of strategies ST of

the Transporter as the set of all possible paths from origin
vo to destination vd in the game graph G, using only the
directed edges. A mixed strategy for the Transporter then
corresponds to a probability distribution over all possible
paths.

We now propose an alternative representation of Trans-
porter’s mixed strategies. Instead of choosing a distribution
over the set of paths, the Transporter chooses a network flow
over the directed transporter graph.

P =
˘
pe(vij ,vkl)|e(vij , vkl) ∈ ET

¯
(4)

is a network flow from origin vo to destination vd if

pe(vij ,vkl) ≥ 0, ∀e(vij , vkl) ∈ ET (5)X
i|vi0∈VT

pe(vo,vi0) = 1 (6)

X
i|vi(lG−1)∈VT

pe(vi(lG−1),v
d) = 1 (7)

X
i|vi(k−1)∈VT

pe(vi(k−1),vjk) =
X

i|vi(k+1)∈VT

pe(vjk,vi(k+1))
(8)



(a) Transport game graph.

(b) Attacker game graph.

Figure 2: Decomposition of the game graph.

i.e. the total flow from the origin vertex vo is equal to 1,
total flow to the destination vertex vd is equal to 1 and the
flow to a given vertex is equal to the flow from given vertex
(vjk).

The two representations are equivalent and each Trans-
porter’s strategy can be expressed both in the original path-
based and the new flow-based representation. Transforma-
tion to the network flow-based strategy space brings signifi-
cant reduction of the size of the game matrix.

Having redefined the strategy space of the Transporter, we
now specify how the payoffs are calculated. For a strategy
profile consisting of a network flow P for the Transporter
and a closed walk cw for the Attacker, the payoff can be
expressed as

u(P, cw) =
X
e∈ET

p(e)u(e, cw) (9)

where

u(e(vij , vkl), cw) = {
1

dist(vkl,v
b)

if vkl ∈ cw
0 otherwise

(10)

is a partial payoff accumulated when the Transporter en-
counters the Attacker at node vkl. Let’s denote this game
definition as the edge-based approach, EB, for later reference.

3.2 Approximate Form of Attacker’s Strate-
gies

Unfortunately, the edge-based representation of player’s
strategies is not applicable for the Attacker. The Attacker
tends to use movement patterns that cannot be expressed as
network flows. We therefore propose an alternative repre-
sentation based on strategy templates. Each template ϕi is

a computable function which given the values of its param-
eters produces a closed walk cw as its output (also termed
templates’ expression). In agreement with the constraints
on the crossing game, we require that the length of the walk
is limited by a maximum length. The calculation of the
payoff for the game utilizing edge-based representation for
Transporter’s strategies and template-based representation
of Attacker’s strategies is the same as for the edge-based
representation alone (see Section 3.1):

u(e(vij , vkl), cw) = {
1

dist(vkl,v
b)

if vkl ∈ cw
0 otherwise

(11)

where e(vij , vkl) is the edge-based representation of Trans-
porter’s chosen strategy and cw is the close walk expressing
a selected instantiation of a selected strategy template.

3.2.1 Strategy Template Sampling
With the introduction of parameterized strategy templates,

it is possible to sample as large or as small set of strategies
from each strategy template as needed and thereby create
as large or as small game matrix as needed. This strategy
sampling provides a trade-off between the computing time
and the accuracy of the solution. The relation between the
two is examined in Section 4.3.

The size of the matrix (resp. the number of columns)
directly corresponds to the absolute number of Attacker
strategies. The number the Attacker strategies can now be
computed as

|SA| =
X
ϕi∈φ

nϕi (12)

where nϕi is the number of strategies generated from the
strategy template ϕi by varying template’s input parameters
and φ is a set of all templates.

The following algorithm depicts the creation of a subset
of strategies of the Attacker and the creation of the game
matrix:

Algorithm 1 Strategy sampling algorithm

A⇐ Matrix(|ST |,|SA|)
for ϕi in φ do

for j = 1 to nϕi do
s⇐ createInstance(ϕi)
u⇐ computePayoff(s)
updateGameMatrix(A,u,s)

end for
end for

Because template parameter sampling can have a random-
ized nature, it is possible that we sample one of the strategies
more than once. However, it does not matter because the
payoff for both these instances is the same, so the first strat-
egy instance weakly dominates the other (or vice versa).

Let this approach be denoted as a template-based approach
(TB) for later references.

3.3 Finding Nash Equilibrium using Linear
Programming

As described e.g. in [16], a Nash equilibrium of a two-
player zero-sum game in normal form can be found by solv-
ing a linear programming problem constructed from the game



matrix. Due to the linear nature of the network flow con-
straints (equations 5 to 8), this technique can be extended
also to situations where the strategies of one of the players
are expressed in the edge-based representation3.

If both players pursue their optimal strategies in a zero-
sum game, the expected outcome of the game is

V∗ = min
ST

max
SA

V = max
SA

min
ST

V (13)

and value of the game is given by

V = p ·A · q (14)

where p is a vector of probabilities for each strategy from
ST , q is a vector of probabilities for each strategy from SA
and A is the payoff matrix. As described in Section 3.1, p
needs to satisfy network flow constraints (5 to 8).

The linear problem can be now formulated by minimizing
the value of the game V subject to the following constraints:

minimize V (15)

subject to

V ≥
mX
i=1

pi · ai1

... (16)

V ≥
mX
i=1

pi · ain

and network flow constraints (equations 5 to 8), where aij
is the element of the i-th row and j-th column of the game
matrix A. To clarify this notation, the i-th row of A repre-
sents payoffs for an edge e(vij , vkl) and the j-th column of A
represents payoffs for a closed walk cw. So the element aij
is equal to u(e(vij , vkl), cw) (see equation 11).

The solution of this linear program can be found using
a wide range of linear programming algorithms, such as the
Simplex method, the Interior point method etc4. The values
of the primal solution p∗ of the linear programming problem
are the edge-transition probabilities for the transporter. The
network flow constraints ensure that the support of p∗ forms
a set of valid paths from vo to vd.

The values of the dual solution give us the probabilities of
the strategies q∗ used by the attackers, however, they are not
necessary for successful crossing of the graph. The expected
value of the game V∗ is the same for the primal and dual
solution due to the minimax theorem.

4. EVALUATION
This section evaluates and compares the different approaches

to finding optimum or near-optimum strategies for the area
crossing game. First, we compare computational require-
ments of individual approaches and then we analyze the
trade-off between the computational requirements and the
accuracy of the solution.

3The technique is no longer applicable if strategy spaces
of both players use the edge-based representation because
it is not possible to add the network flow constraints for
both players in the formulation of the linear programming
problem.
4We have used the GLPK (http://www.gnu.org/software/
glpk/) linear programming toolkit in our implementation

4.1 Experiment Setting
All evaluation was performed on a desktop PC at 2.83 GHz5,

4GB RAM. Implementation was done in Java and GLPK
4.39 with Java binding was used as a linear programming
solver.

Three techniques for determining the route selection strat-
egy for the transporter were used:

1. Full crossing game with the original representation (see
Section 2.4); we denote this technique as FULL.

2. Crossing game utilizing compact edge-based represen-
tation for Transporter’s strategies (see Section 3.1); we
denote this technique EB.

3. Crossing game utilizing compact edge-based represen-
tation for Transporter’s strategies and template-based
representation of Attacker’s strategies (see Section 3.2);
we denote this technique EB+TB

Note that although in principle possible, we have not eval-
uated the effect of the template-based TB representation
alone.

For the EB+TB variant, we have created the set of tem-
plates describing the strategies outlined in Section 2.1 and,
in addition, including a strategy template representing sim-
ple closed-walk strategies. This set can be easily enriched by
additional ones as needed. The solution was integrated with
the AgentC maritime piracy simulation testbed (Figure 3).

The area in which the evaluation was performed had a
fixed length lG = 11 (lG = 4 in the case of the FULL
method) and variable width (wG = 3, 5, 8, 10); the attacker’s
base was located at the middle vertex on the border of the
game graph, i.e. v05.

Figure 3: Screenshot of the maritime piracy simulation
testbed. The rectangle represents the observed area, which
is traversed by transport vessels (dark blue). A closed walk
performed by a pirate vessel can be observed (from a red
vessel to the transport corridor and back).

5Implementation is single-thread and the number of cores
thus does not matter.

http://www.gnu.org/software/glpk/
http://www.gnu.org/software/glpk/


Table 1: Comparison of computational requirements

Graph width
Matrix size Game creation [s] LP solution [s]

FULL EB EB+TB FULL EB EB+TB FULL EB EB+TB
3 306721 7296 10620 0.91 0.06 0.11 2.1 0.02 0.08
5 46754250 1555960 156960 57.23 2.37 2.23 299.06 2.84 2.32
8 – 17748380 220800 – 21.4 4.94 – 50.2 5.844
10 – 52481700 308880 – 68.51 9.657 – 353.76 10.30

4.2 Computational Requirements
We have measured computational resources required in

the test case by each of the approaches. The computational
time is divided into two phases. The first phase (denoted as
game creation phase) consists of game structure creation, i.e.
construction of graphs, game objects construction, computa-
tion of all paths necessary for game matrix creation and the
creation of the game matrix itself (i.e. also the instantiation
of the strategy templates). The second phase corresponds
to the running time of the linear programming solver (de-
noted as LP solution phase). In addition, for each technique
and size of the area, we provide the number of pure strategy
profiles referred to as the game matrix size. The results are
given in Table 1.

When computing the approximate solution with EB+TB
technique, the number of strategy instances of the Attacker
was set as to reach 90% of the exact game value.

When using the FULL technique, the size of the game
matrix as well as the computation time grows exponentially
faster compared to the remaining two approaches, as it is
exponential not only with respect to the width of the game
graph wG but as well to its length lG; this is because the enu-
meration of all possible paths of the Transporter is needed.
For larger game graph, this limitation renders the FULL
technique inapplicable.

The following observations can be made regarding the
comparison of the EB and the EB+TB technique. The
size of the matrix differs because of an incomplete list of
attacker’s strategies used by the EB+TB technique. In
the case of EB, the game creation time is longer, however
when comparing matrices of similar size created by EB and
EB+TB, the EB technique is able to create the game matrix
faster. Moreover, when employing strategy templates with
EB+TB technique, the memory needed is lower compared
to the memory required when all closed walks are generated
by the EB technique6. The memory consumption ultimately
limits the applicability of the EB technique on large graphs.
With the EB+TB technique, the memory needed remains
low.

4.3 Solution Accuracy
We now analyze the other key performance aspect of the

proposed techniques – the accuracy of the solution provided.
Note that since the FULL and EB use no approximation,
the solution found is optimum inthea sense that it corre-
sponds to a Nash equilibrium of the crossing game and is
therefore the best possible randomized route selection strat-
egy for the Transporter. The approximation introduced by
template sampling in the EB+TB method can result in the
sub-optimality of the route selection strategy found by the

6We used a variant of the Bellman-Ford algorithm, that
stores k shortest paths at once. These shortest paths are
used for closed walks generation.

method, in particular if the number of instantiations of each
Attacker’s strategy template is low.

We quantify the error of approximation as the difference
between the exact value V∗ of the full non-approximated
game and the value V of the approximated game. Note
that because of the zero-sum property of the crossing game,
the game value difference also puts limit on the maximum
difference between the average payoff of the Transporter’s
route selection strategy obtained by solving the approxi-
mated game (i.e. using the EB+TB technique) and the best
possible strategy that could be obtained by solving the full
game (using the FULL or EB technique).

The relation between the number of instantiations of At-
tacker’s templates and the game value V of the resulting
game is depicted in Figure 4. The values of the full, in-
approximate games are also depicted as dashed horizontal
lines for comparison. The dotted horizontal lines denote
90% of these in-approximate game values.

Note that initially the game value of the approximated
game grows quickly with the increasing number of Attacker’s
template instantiations. For smaller graphs (e.g. wG < 5)
the game value asymptotically reaches the exact game value
V∗ for a relatively small number of template instantiations.
For larger graphs, reaching the exact game value would re-
quire more template samples than presented in this graph.
However, even for bigger game graphs, the number of tem-
plate samples required to reach 90% of the exact game value
V∗ remains low, indicating that for the area crossing game
and the templates used, even low number of template sam-
ples is able to produce efficient strategies for the Attacker
and therefore also produce efficient route selection strategies
for the Transporter.

4.4 Example Routing Strategies
Figure 5a shows a result of the EB technique compared

to the result of the EB+TB technique depicted in Figure 5b.
The directed edges represent possible transitions of the Trans-
porter and the dark vertices depict the base and its sur-
roundings where the levels of gray denote the payoff for the
given vertex. The distance payoff (equation 2) was used for
payoff matrix computation, lG = 11 and wG = 4, the pirate
base was moved to v03 to demonstrate asymmetric paths.
The width of each edge represents the probability of the
Transporter traversing the given edge.

An apparent feature of both results is one distinct path
with much greater probability than the probability of other
paths. If the EB+TB technique is used, greater amount of
randomization in the area close to the base can be observed.
This is due to different length distribution of closed walks
within the set of all closed walks (considered by the EB
technique) and the set of closed walks generated by template
instantiations (considered by the EB+TB technique). In the
latter, the frequency of longer closed-walks is higher, leading



(a) Optimal paths with EB approach.

(b) Optimal paths with TB approach.

Figure 5: Grahs with the optimal paths for the Transporter.
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Figure 4: Relation between the number of strategy samples
and the accuracy of the game expressed as a ratio between
the exact game value and game value of the approximated
game; the exact game values (solid horizontal lines) also
displayed for reference.

to higher randomization around the base.

4.5 Discussion
The above results confirm the benefits of the complexity

reducing techniques employed. The application of the edge-
based representation alone allows to significantly increase
the size of areas for which the Nash equilibrium could be
solved. Whereas the maximum solvable area for the FULL
technique was 5-by-4, it was 10-by-11 for the EB technique.
However, since the complexity of the EB is linear with re-
spect to the length of the area, even larger games could
be solved. When suboptimality due to approximation is
allowed, the EB+TB technique can further reduce the com-
putation time (tenfolds) while keeping the suboptimality in-
troduced very low (within 10% of the optimum).Ultimately,
the memory consumption of the linear programming solver
limits the usage of both the EB and EB+TB techniques.

Note that the approximation of the game matrix using a
smaller one generated by a strategy sampling is motivated
by the need of at least an approximate solution of the game
on large graphs. The game abstraction from the continuous
space and the regularization by a graph does not take into
account some aspects of the real-world behavior. The world
can be modelled as a relatively small graph allowing exact
solution or as a large graph allowing only an approximate
solution. The distance between the vertices in the game
graph, however, should correspond to manoeuvrability of
the players. For the maritime domain e.g. if we assume that
an average large ship has turn radius of 10 km we should be
able compute the game on a graph of size 200-by-60 if we
want to cover the area of 2000 km-by-600 km.

5. RELATED WORK
The set of two-player zero-sum games where the first player,

usually denoted as the Pursuer tries to capture or detect the
other player, the Evader, is large and disparate. This section
sums up the most important subsets that are most related
to our game definition.

The roots of pursuit-evasion games (PEG) can be tracked
back to 1965, when they were described by Isaac [10]. He
defined, among others, the two classical problems: Princess-
Monster (PM) game and Homicidal chauffeur. Although
these games are played in continuous spaces (defined as a
differential game) in an extensive form, we can find relation
to our problem in the randomized nature of the PM game
solution.

The definition of the discrete PEG on a graph was first in-
troduced in 1976 by Parsons [13], from which a wide variety
of games were derived. For example, a classical Hunter-
Rabbit games [1] with visibility constraints as with various
number of Hunters were thoroughly studied.

Pursuit-evasion games are modelled as an extensive form
game [11] or as a repeated game [11]. It is shown, that
differential games are a generalization of the extensive form
games.

In [3], PEG is described as a dynamic game played on a
Markov chain. In this approach, the problem is mapped to
a graph search problem and an optimal probabilistic search
strategy is found.

The PEG are described from both the view of the Pursuer
or Evader. In our case, we are looking for the optimal path
of the Evader. Moreover, in our game definition, the Evader



has an additional goal – to traverse an area from the origin
to destination.

This behavior of the Evader on a rectangular area is de-
fined in Ambush games (both for continuous and discrete
version on a lattice), described by Ruckle in [15]. In con-
trast with the Ambush games, where the Attacker places
ambush sites at chosen graph vertices (i.e. he moves with-
out constraints through the whole area), we constrain the
Attacker to the movements on the graph as well. Addition-
ally, the Attacker has to start in one of the vertices in the
graph and then return to it.

An interesting problem from similar domain is described
by Infiltration games [2],[7]. Here, the Evader tries to slip
through a narrow area and the Guard (Guard is similar to
Pursuer in PEG domain) tries to capture or detect him. The
game assumes an infinite speed of Guard or the Guard places
defensive or detection devices to detect or catch the Evader.
The problem is defined on an arbitrary graph, on a lattice or
on other topological structures. Compared to our approach,
the movements and tactics of the Guard are different from
ours.

The large set of games from the Pursuer point of view can
be described as a Search game [6]. These games are defined
as two player zero-sum game on a search place, where the
Pursuer usually moves from an origin through the space.
The Evader can be both mobile or immobile. For mobile
evader the problem becomes Princess-Monster game defined
above.

We have been inspired by an application of the game the-
ory for Los Angeles airport security [14] where the Bayesian
Stackelberg game was used for the problem description. How-
ever, we do not assume that the Attacker can observe the
strategy of the Transporter, therefore we do not model our
game as a Stackelberg game [5]. In addition, the Bayesian
game model described in [9] assumes several player types.
However the strategies of the Transporter and the Attacker
are disjoint and we are not interested in strategy template
recognition, the optimal strategy of the Transporter does
not depend on the strategy template used.

6. CONCLUSION
The paper addresses the problem of a transporter crossing

an area in which it can be attacked by a mobile adversary.
The problem is common in logistic operations taking place
in unstable regions, such as the modern-day maritime piracy
around Somalia, which had motivated our work. The prob-
lem was formalized as a zero-sum normal game of two players
on a graph; an optimum randomized route selection strat-
egy for the transporter was then sought as a mixed-strategy
Nash equilibrium of this game. Because of the game’s com-
plexity, two techniques for reducing its complexity were in-
troduced based on an alternative representation of the strat-
egy spaces of both players. Methods for calculating the pay-
offs for the reformulated game and finding its mixed-strategy
Nash equilibrium were then presented. The evaluation, car-
ried out on a test problem from the maritime piracy domain,
focused on assessing the reduction in computational require-
ments brought about by the complexity-reducing techniques
on one side and on quantifying the error introduced due to
the approximation on the other.

The results show that games on areas several magnitudes
larger can be solved thanks to the network-flow reformu-
lation of transporter’s strategy space alone; further 10-fold

decrease in computation time can be achieved by introduc-
ing template-based representation of attacker’s strategies if
10% suboptimality of transporter’s routing strategy is per-
mitted.

Apart from more in-depth evaluation on a wider range of
test games, there are a number of ways in which the ap-
proach could be made more realistic. This includes playing
the game on arbitrary graphs with edges representing a real
distance between the vertices and incorporating temporal
aspects of the game. The game could be modelled with an
asymetric payoff which will transform the game to a general-
sum game.
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