
1-1 Using a Problem Solving Plan

Conjecture: An educated guess. 

Inductive Reasoning: When you make a conjecture (educated guess) based on a pattern of examples 
or past events.

Problem Solving Strategies:
Paper and pencil/Guess and check
Estimation
Make a smaller example
Mental Math
Calculator
Inductive Reasoning
Deductive Reasoning



1-2 Numbers and Expressions

Numerical Expressions: Contain numbers and operations (+, –, •, ÷) but no equal sign. 
For example: 5 + 6 – 3

Evaluate: Solve.

Order of Operations: P E MD AS
Step 1: Solve any math inside the parentheses (PEMDAS still applies inside parentheses)

Step 2: Solve any exponents.

Step 3: Go from left to right and solve any Multiplication and/or Division whichever appears first.

Step 4: When all multiplication and division are gone, go from left to right and solve any addition 
and/or subtraction whichever comes first. 

Examples of the order of operations:
  M & D     A & S                           MD & AS                          E & MD & AS
18 ÷ 3 • 2 8 – 6 + 4 – 3 18 ÷ 3 + 8 • 2 – 6             5 + 23 ÷ 4 • 3 – 2
    6 • 2    2 + 4 – 3     6 + 8 • 2 – 6  5 + 8 ÷ 4 • 3 – 2
      12       6 – 3      6 + 16 – 6     5 + 2 • 3 – 2

          3          22 – 6                                   5 + 6 – 2
16           11 – 2

   9

P & E & MD & AS

3 • 5( 33 ÷ 9 • 4 – 10) + 5
3 • 5( 27 ÷ 9 • 4 – 10) + 5
3 • 5( 3 • 4 – 10) + 5
3 • 5( 12 – 10) + 5
6 + 3 • 5(2) + 5
6 + 15(2) + 5
6 + 30 + 5
36 + 5
41



1-3 Variables and Expressions

Variable: A placeholder for any value. A “missing” number.

Algebraic Expressions: Contains numbers and operations (+, –, •, ÷) like an ordinary expression but 
also contains variables.

Example:
Evaluate x + y – 9   if x = 4 and y = 7              Hint: If x = 15, replace x with 15. 

x + y – 9 3x + 2y 
4 + 7 – 9 3(4) + 2(7)
11 – 9 12 + 2(7)
2 12 + 14

    26



1-4 Properties

Properties: Statements that are true for any numbers.

Counterexample: An example that shows a conjecture (educated guess) is not true.

Simplify: To do all of the math in an expression until you can no longer do anything more. 
Example: 

(k + 2) + 7    Use the associative property of addition to re-group the terms in the expression.
(7 + 2) + k    Combine 7 and 2.
(9) + k          There is no more math left that can be done, so the expression is simplified. 

Deductive Reasoning: Using facts, properties, or rules to reach valid conclusions. 

Commutative Property of Addition: The order in which numbers are added does not change the sum 
if there is only addition in the expression/equation..
Numerical Example:  2 + 3 = 3 + 2
Algebraic Example: a + b = b + a

Commutative Property of Multiplication: The order in which numbers are multiplied does not 
change the product if there is only multiplication in the expression/equation.
Numerical Example:  2 • 3 = 3 • 2
Algebraic Example: a • b = b • a

Associative Property of Addition: The way in which numbers are grouped does not change the sum if 
there is only addition in the expression/equation.
Numerical Example: (8 + 2) + 3 = (3 + 2) + 8
Algebraic Example: (a + b) + c = (c + b) + a

Associative Property of Multiplication:  The way in which numbers are grouped does not change the 
product if there is only multiplication in the expression/equation.
Numerical Example: (8 • 2) • 3 = (8 • 3) • 2
Algebraic Example: (a • b) • 3 = (a • c) • b



Additive Identity: When 0 is added to any number, the sum is the number. 
Numerical Example: 3 + 0 = 3
Algebraic Example: a + 0 = a

Multiplicative Identity: When 1 is multiplied by any number, the product is the number. 
Numerical Example: 3 • 1 = 3
Algebraic Example: a • 1 = a

Multiplicative Property of Zero: When any number is multiplied by 0, the product is 0. 
Numerical Example: 3 • 0 = 0
Algebraic Example: a • 0 = 0



1-5 Variables and Equations

Equation: A mathematical sentence that contains an = sign. Like an expression, but with an = sign. 

Open Sentence: An equation with a variable.

Find the solution of 12 – m = 8.  is it 2, 4, or 7. 
Plug each number in for m to find which one makes the statement true. 

12 – 7 = 5       Not correct.
12 – 2 = 10 Not correct.
12 – 4 = 8 Correct



1-6 Ordered Pars and Relations

Y-axis: The vertical (up and down) number line on a coordinate system.

X-axis: The horizontal (left and right) number line on a coordinate system. 

Origin: The point where the x and y axis intersect. 

Coordinate System: Also known as a coordinate plane. It is a place to locate points. 

Ordered Pair: A pair of numbers used to locate points. One number travels on the x-axis while the 
other travels on the y-axis)
Example:   (5, 3)

X-Coordinate: The first number in an ordered pair. This coordinate moves left and right along the x-
axis. Negative numbers move left. Positive numbers move right. 

Y-Coordinate: The second number in an ordered pair. This coordinate moves left and right along the 
y-axis. Negative numbers move down, positive numbers move up. 

Relation: A set (group) of ordered pairs. 
Examples:
List of ordered pair: {(2,1) (5, 3) and (3, 6)}

Ordered Pair listed in a table
x y
2 1
5 3
3 6

Domain: The set (group) of x-coordinates in a relation.
Example: The domain of the relation in the table above is 2, 5, 3

Range: The set (group of y-coordinates in a relation. 
Example: The range of the relation in the table above is 1, 3, 6



1-7 Scatter Plots

Scatter Plot: A graph that shows the relationship between two sets of data. In a scatter plot, the two 
sets of data are graphed as ordered pair. The more spread out the points are, the weaker the relationship. 

Positive Relationship: As the x values increase, the y values also increase. Making a line that goes up 
and to the right. 

Negative Relationship: As the x value increases, the y value decreases. Making a line that goes down 
and to the right.



2-1 Integers and Absolute Value

Negative Numbers: Numbers less than 0

Integers: The group of whole numbers and the group of whole negative numbers. 
{...-3, -2, -1, 0, 1, 2, 3...}

Inequality: A comparison of numbers using greater than or less than signs. {< , > , ≤ , ≥ }
5 > 3   means that 5 is greater than 3
a ≥ 4 means that a is greater than OR EQUAL to 4. 

Absolute Value: A numbers distance from 0. Two numbers that have the same absolute value are 
called opposites. When you add them together, they equal 0. 

 |-5 | The two lines around the -5 are the symbol for absolute value. 
So, | -5 | = 5    because -5 is 5 units away from 0 on a number line. 

The absolute value of positive 5 is also 5,   | 5 | = 5.
So negative 5 and positive 5 are opposites. 
5 + (-5) = 0



2-2 Adding Integers

Opposites: Two numbers with the same absolute value and different signs. When you add them 
together the sum is 0. 
Example: 3 and -3
Algebraic Example: x + (-x) = 0

Additive Inverse: An integer and its opposite can also be called additive inverses. 

Adding Integers with the   Same Signs  :  
When adding 2 integers that are either both negative or both positive just add their absolute values and 
keep the sign. 

Example:

5 + 7 = 12       Two Positive

-5 + (-7) = -12         Two negatives

8 + 3 = 11        Two Positives

-8 + (-3) = -11         Two negatives

Adding Integers with the   Different Signs  :  

When adding integers with different signs, subtract their absolute values (smaller from larger) and their 
sum will be positive if the positive numbers absolute value is larger, or negative if the negative 
numbers absolute value is larger. 

Example:

5 + (-4) =
5 – 4 = 1
So, 5 + (-4) = 1   
The answer is positive because they absolute value of 5 is bigger than the absolute value of -4. 
Ask the teacher if you need a number line to help you understand.

3 + (-8) =
8 – 3 = 5
So, 3 + (-8) = -5   
The answer is negative because they absolute value of -8 is bigger than the absolute value of 3.



2-3 Subtracting Integers

Subtracting Integers:
To subtract integers you need to “add the opposite”, or “keep, change, flip.”
Then just follow the rules for adding integers.

Example:

5   –     (-4)    =
   add   the opposite of -4 to 5

5   +    4 = 9

   add         the opposite of -4

5 – (-4) = 
5 + 4 = 9

-8   –    3     =
add the opposite of 3 to 5

-8  +   -3 = -11

   add         the opposite of 3

So, -8 – 3 = 
-8 + (-3) = -11



2-4 and 2-5 Multiplying and Dividing Integers

Multiplying and Dividing Integers:

Multiplying and dividing integers both follow the same very simple rules.

If you multiplying or divide two numbers with the same sign, the answer is positive.

If you multiply or divide two numbers with different signs, the answer is negative.

Example:

5 • 3 = 15 18 ÷ 6 = 3

-3 • (-4) = 12 -12 ÷ (-4) = 3

5 • (-6) = -30 36 ÷ (-6) = -6

-2 • 4 = -8 -54 ÷ (6) = 9

Simplifying and Evaluating Algebraic Expressions:

When multiplying with variables just multiply the numbers together then multiply the variables 
together. 

Multiplying Variables:

x • y = xy
a • b = ab
x • y • z = xyz

Multiplying Monomials:

-2x(3y) = (-2)(x)(3)(y) Remember: -2x = -2 • x      and      3y = 3 • y

= (-2 • 3) (x • y)         Commutative Property of Multiplication

= -6xy



Dividing Monomials:

25xy
5x  =  

25⋅x⋅y 
5⋅x  =  

25⋅x⋅y 
5⋅x  = 

5⋅1⋅y 
1⋅1  = 

5y
1

When dividing variables you can only divide the same “letters” together (such as x and x) because we 
don't know what the value of the variable is. What we do know is that any number divided by itself 
equals 1. 
So, x ÷ x = 1. 



2-6 The Coordinate System

Quadrants: The x-axis and y-axis of a coordinate plane divide it into quadrants (4 sections). Quadrant 
I, II, III, and IV. Each quadrants points have different a characteristics.

The Quadrants look like this:

II I

III IV

Quadrant I: Both x and y coordinates are always positive.

Quadrant II: The x coordinate will always be negative and the y coordinate will always be positive. 

Quadrant III: Both x and y coordinates will always be negative. 

Quadrant IV: The x coordinate will always be positive and the y coordinate will always be negative. 

Ordered Pair: Contains an x and y coordinate to locate a point on a graph. The first number is always 
the x-coordinate and the second number is always the y-coordinate.
Example:  (3, 4)  ,  (x, y)

Graphing an Algebraic Relationship
To graph an algebraic relationship (equation), you input numbers for x, and figure out y. Where x and y 
are your x-coordinates and y-coordinates.

Example: Make a table as shown below. When I input 2 for x, y had to be 3 for the statement to be true 
which makes ordered pair (2, 3). When I input 4 for x, y had to be 1 which makes ordered pair (4, 1). 

        x + y = 5
  x   y

2 3
4 1
5 0



Chapter 3-1 The Distributive Property

Equivalent Expressions: Two expressions that have the same value.

Distributive Property: A way to sneak around the order of operations. The distributive property 
multiplies a number by a sum. You multiply the number on the outside of the parentheses by both 
numbers being added inside the parentheses. 
Example:
5(3 + 2)
5(3) + 5(2)
15 + 10
25

Distributive property is especially useful when variables are involved 
Example:
5(x + 2)

The order of operations says you have to do x + 2 before you can continue. However, the distributive 
property allows you to get around that by:
5(x + 2)
5(x) + 5(2)
5x + 10

or you are trying to multiply bigger numbers in your head.
Instead of doing 23 • 14 in your head all at once, use the distributive property to split one of the number 
in two pieces:

13 • 12
12(10 + 3)
12(10) + 12(3)   Split the 13 into 10 and 3, then multiply both numbers by 12 and add their products. 
120 + 36
156



Chapter 3-2 Simplifying Algebraic Expressions

Term: When operation symbols ( +, – , • , ÷ ) separate parts of the expression those are terms. So any 
number, variable or combination of the both are considered terms. 

Coefficient: The numerical part of a term that contains a variable. The number next to a letter. 
Examples:  3x,   54x,   115x,   or   3.2x  etc

Like Terms: Terms that contain the same variables. 
Examples:
5x and 6x are like terms.

3xy and 8xy are like terms.

4x2 and 8x2 are like terms.

3xb2c  and  7xb2c are like terms.

Constant: Any term that does not contain a variable.

Simplest Form: An algebraic expression is in simplest form when there are no like terms and no 
parentheses. An algebraic expression is in simplest form when there is no more math that can be done 
to the expression. 
Example:
9x + 6    Simplest form. No like terms (9x and 6 are not like terms). No parentheses. No math can be 
done. 

Simplifying the Expression: Doing all of the math possible in an expression is an example of 
simplifying the expression. 

4x + 3 • 2 + 5x     Not in simplest form. There are like terms and there is math that can be done. 

4x + 6 + 5x    Use the commutative property to reorder the problem by placing like terms next to each 
other.

4x + 5x + 6

9x + 6    Simplest form. No like terms (9x and 6 are not like terms). No parentheses. No math can be 
done. 





3-5 Two Step Equations

Two Step Equation: An equation that has two operations and takes two steps to solve. 
Steps to solve a two step equation:

1) Combine like terms if possible.
2) Undo any Addition or Subtraction (using inverse operations)
3) Undo any Multiplication or Division (using inverse operations)

Solving a Two Step Equation:

5x – 2 = 13

Two Step Equation Explanation:
Your goal is to get x alone on its side of the equal 

sign. To do that we must undo subtract 2, and undo 
times 5. There are no like terms to combine.

5x – 2 + 2 = 13 + 2
Undo the subtract 2 first by using its inverse 

operation of add 2. Because both sides are equal (the 
same) you need to do this to both sides so they stay 

equal. (Addition Property of Equality)

      5x = 15 Your subtract 2 has been removed!

          

        
5x
5 = 

15
5

Undo the times 5 last by using its inverse operation 
of divide 5. Because both sides are equal (the same) 
you need to do this to both sides so they stay equal.

      x = 3 Your answer is that x is (equals) 3. 

On the next page is an example of a two-step equation that 
requires you to combine like terms and it has a negative 
coefficient. 

Remember: When a variable is by itself, it has a 
coefficient of 1.



Solving a Two Step Equation w/ a Negative 
Coefficient and Combining Like Terms:

m – 5m + 3 = 47

Two Step Equation Explanation:
First step: combine like terms if possible. 

1m and 5m have the same variable  so they can and 
must be combined first. Don't forget to “add the 

opposite.” 

-4m + 3 = 47 Like terms have been combined. So the +3 needs to 
be undone first using its inverse operation (– 3).

      -4m + 3 – 3 = 47 – 3 I used the inverse operation (–3) on both sides of the 
equal sign to keep my equation equal. (Subtraction 

Property of Equality)

          

        -4m = 44
Lastly, I need to get rid of the times -4.

     −4m
−4 = 44

−4

Undo the times -4 last by using its inverse operation 
of divide -4. Because both sides are equal (the same) 
you need to do this to both sides so they stay equal. 

m = -11 Your answer of m equals negative eleven. 



3-6 Writing Two-Step Equations

Quotient: The answer to a division problem.

Product:The answer to a multiplication problem.

Sum:The answer to an addition problem.

Difference:The answer to a subtraction problem.

Verbal Indicators:

More Than: Add

Increased By: Add

Sum: Add

Less than: Subtraction

Decreased By: Subtraction

Difference: Subtraction

Quotient of: Division

Times: Multiplication

Example of Writing a Two-Step Equation:

If 5 is decreased by 3 times a number, the result is -4.

5 – 3n = -4



3-7 Sequences and Equations

Sequence: An ordered list of numbers

Arithmetic Sequence: A sequence in which the difference between any two consecutive (back to back) 
terms is the same.

Example: 
     +3     +3      +3      +3           Common Difference: The difference between 2 consecutive numbers.
{5,      8,      11,      14,       17...} the difference between any two consecutive numbers is 3. 

Term: Each number in the sequence is considered a term.

Geometric Sequence: Numbers that follow a pattern of multiplying a fixed number from one term to 
the next.

Example:
{1, 2, 4, 8, 16, 32...} To get from one term to the next you multiply the current term by 2 in order to 
obtain the next term. 

Describing an Arithmetic Sequence:

Describe the Sequence 4, 8, 12, 16 using words and symbols.

                                                     +1    +1  +1
Term Number (n) 1 2 3 4

Term (t) 4 8 12 16
      +4    +4  +4

The difference of the term number is 1.
The terms have a common difference of 4.



Find a term in an Arithmetic Sequence:

Find the 15th term.

            +1    +1  +1
Term Number (n) 1 2 3 4

Term (t) 7 10 13 16
      +3    +3  +3

To come up with the equation to predict the terms we look at the common difference of +3

● By adding 3 over and over is like the multiples of 3.
So the first part of our equation will represent the multiples of 3.

3n = Three times a number (multiples of 3).

● Our pattern is{7, 10, 13, 16}. This is like the pattern of the multiples of 3   {3, 6, 9, 12}

The only difference is where we started. So we need to make up that difference in the equation we 
are making. The 1st multiple of 3 is 3. So our pattern started 4 numbers ahead of that. 
So we get:

3n + 4 

3n represents the multiples of 3 (the adding of 3 over and over).
n represents the term number
+4 represents the difference in the starting point. We started 4 ahead of the first multiple of 3.

● So if you wanted to know what the 10th term in the pattern is, plug in 10 for n.

3(10) + 4 = 
30 + 4 =
34

Another Example:

            +1    +1  +1
Term Number (n) 1 2 3 4

Term (t) 5 9 13 17
      +4     +4  +4

So the equation would be: 4n + 1



3-8 Using Formulas

Formula: An equation that shows a relationship among certain quantities. A formula usually contains 
two or more variables. 

Perimeter: The distance around a geometric figure.

Area: The measure of the surface enclosed by a figure. In other words, how much space there is inside 
a 2d shape. 

Examples of Formulas:  

Area of a square or rectangle:  l • w      (length • width)

Perimeter of a square or rectangle:  2l + 2w     (2 • length + 2 • width)

Using the Area Formula:

Find the area of a square with a width of 4 and a length of 6

A = l • w
A = 6 • 4
A = 24



4-1 Powers and Exponents

Factors: Two or more numbers that are multiplied to get an answer/product are called factors. 
Example:
4 • 3    Four and three are factors because they are being multiplied together. 

Base: The number that is multiplied in a power. 
Example:
3 is the base in 34

34 = 3 • 3 • 3 • 3    the base of 3 is the number being multiplied.

Exponent: Tells how many times the base is used as a factor. 
Example:
4 is the exponent in 34

34 = 3 • 3 • 3 • 3    The base of 3 is being multiplied 4 times because of the exponent 4. 

Power: The number that can be expressed using an exponent is called a power.
Example:
34   The entire term is considered a power. 

Examples of Exponents:

Write each expression using exponents. 
Hint: The factors are your base, and the number of times they are multiplied is your exponent. 

1) 3 • 3 • 3 • 3                           2)  5 • 5                            3)  (-9)(-9)(-9)
           34                                                                52                                                              -93

Evaluate the following powers.

1) 24 2) 43

To solve, multiply 2 four times. To solve, multiply 4 three times.
So,   24 = 2 • 2 • 2 • 2 = 16 So, 43 = 4 • 4 • 4 = 64



4-2 Prime Factorization

Prime Number: A whole number that has exactly two factors, 1 and itself. In other words only 1 and 
itself divide evenly into it. 

Composite Number: A whole number that has more than two factors. In other words, more than two 
numbers divide evenly into it. 

Side note: Neither 0 or 1 are prime or composite. 

Prime Factorization: When a composite number is express as the product of prime factors. 
Note: All numbers can expressed as a product of 2 or more prime numbers. Prime factorization is 
showing a number in this form. 

Example:  
 56

      8      •        7

                        4    •    2

                 2     •     2

So, 56 = 2 • 2 • 2 • 7                 Prime Factorization. 56 written as a product of prime numbers. 

Factor Tree: One method that can be used to find the prime factorization of a number. An example of 
one is shown above. Some numbers have multiple trees that look different but all end up getting you 
the same answer. 

Monomial:  A monomial is a number (16), a variable (x or y) or a product of numbers and/or 
variables (3b or 16a).
Examples: The following are all examples of monomials-

A number: 16 

A variable x or y

A product of numbers and/or variables:  3b or 16a



Factor: To factor something means to write it as a product of its factors.
Examples:

Factoring a monomial: Factor the numeral as a product of primes and factor the variables by having 
no exponent greater than 1. Something is negative, you can factor that out using negative one. Look at 
the examples below where this will be further explained:

8ab2  = 2 • 2 • 2 • a • b2                The numeral 8 was factored into its product of primes (2 • 2 • 2)

          = 2 • 2 • 2 • a • b • b        The variable b2 was factored to have only exponents of 1 (b • b).

-30x3y = -1 • 2 • 3 • 5 • x3 • y               The numeral -30 was factored into its product of 
   primes (-1 • 2 • 3 • 5).

            = -1 • 2 • 3 • 5 • x • x • x • y      The variable x3 was factored to have only exponents 
of 1 (x • x • x).                                 

When a variable is by itself such as x, or y. They have exponents of 1. Anything to the first power is 
itself. 



4-3 Greatest Common Factor

Greatest Common Factor (GCF): The greatest (largest) number that is a factor of two or more 
numbers. In other words, the largest number that divides into two or more numbers. 

Finding the GCF:

Find the GCF of 12 and 20
Method 1: List the factors

Factors of 12: 1, 2, 3, 4, 6, 12
               4 is the largest factor  they have in common, so it is the GCF 

Factors of 20: 1, 2, 4, 5, 10, 20

Method 2: Use Prime Factorization

12 = 2 • 2 • 3

20 = 2 • 2 • 5

The common Prime Factors are 2 and 2. The GCF is the product of these. So 2 • 2 = 4.     Your GCF is 
4. 

Finding the GCF of Monomials:

Find the GCF of 16xy2 and 30xy

Completely factor each expression.

16xy2: 2 • 2 • 2 • 2 • x • y • y

30xy: 2 • 3 • 5 • x • y

The GCF of 16xy2 and 30xy is 2 • x • y  or  2xy.  



Factoring Expressions:

Factor 2x + 6

First find the GCF of 2x and 6

2x: 2 • x

6: 2 • 3

So the GCF is 2. Now write each term as a product of of the GCF and its remaining factors.

2(x + 3)          

 x and 3 were the uncommon factors. 2 is the GCF which will be multiplied by bother numbers in the 
parentheses using the Distributive Property.



4-4 Simplifying Algebraic Fractions

Simplest Form: A fraction is in simplest form when the GCF of the numerator and the denominator is 
1. In other words, when the top and bottom numbers cannot be divided by the same number. 
Examples:
5
7

7
13

13
21

1
4

Write 
9

12  in simplest form:

METHOD 1:

Factor 9 and 12
9: 3 • 3
12: 2 • 2 • 3

Their GCF is 3. This is the largest number that divides into both 9 and 12. So divide them both by 3. 

9
12   =   

9÷3 
12÷3  = 

3
4

METHOD 2:

9
12  = 

3⋅3 
2⋅2⋅3  = 

3
4

By factoring both the numerator and denominator and then removing their common factors the 
fraction will be reduced. 

This will work because by removing their common factors you leave them with only a common 
factor of 1 which is the definition of a simplified fraction. Removing common factors and multiplying 
what is left yields you the same result as dividing the GCF out of both numbers. 



Why Reducing Works:

Dividing both numerator and denominator of a fraction by the same answer gets you an equivalent 
fraction because it is the same as dividing by 1. When you divide fractions, you just divide straight 
across. So when I divided both top and bottom by 3 in the previous example I really did this:

9
12  ÷ 

3
3   = 

3
4

            

           
3
3  is equal to 1. So you are really dividing 

9
12  by 1. 

Algebraic Fraction: A fractions with variable(s) in the numerator and/or denominator.

Simplify the algebraic fraction, if it s already in simplest form, write simplified. 
I will be using method two from above to simplify these algebraic fractions.

21x2 y 
35xy 

= 3⋅7⋅x⋅x⋅y 
5⋅7⋅x⋅y 

= 
3x
5

Factored the numerator and denominator
and removed the common factors (GCF). 



4-5 Multiplying and Dividing Monomials

35              exponent

                                         Base

Multiplying Monomials: When you multiply powers with the same base, you just add the exponents.

Examples:

53 • 54 = 57

x4 • x5 = x9

Why does this work?

What does 53 and 54 mean?

53 = 5 • 5 • 5            Multiply three 5's together
54 =  5 • 5 • 5 • 5 Multiply four 5's together

So    53 • 54 

Dividing Monomials: When you multiply powers with the same base, you just subtract the exponents.

Examples:

57 ÷ 54 = 53

x5 ÷ x2 = x3



Why does this work?

What does 55 and 52 mean?

55 = 5 • 5 • 5 • 5 • 5          Multiply five 5's together
52 =  5 • 5                      Multiply two 5's together

So    55 ÷ 52  = 
5⋅5⋅5⋅5⋅5 

5⋅5  = 
5⋅5⋅5⋅5⋅5 

5⋅5    =  
5⋅5⋅5⋅1⋅1 

1⋅1   = 
15
1  or  53



4-6 Negative Exponents

The problem How I get the answer Answer Explanation

33 3 • 3 • 3 27
To get 32 you divide the 
answer (27) by the base 

(3) 

32 3 • 3 9
To get 31 you divide the 
answer (9) by the base 

(3) 

31 3 3
To get 30 you divide the 
answer (3) by the base 

(3) 

30 1
To get 3-1 you divide the 
answer (1) by the base 

(3) 

3-1 1
31

1
3

Notice the denominator 
in the answer for 3-1 is 3 
just like the answer to 

31.

3-2 1
32

1
9

Notice the denominator 
in the answer for 3-2 is 9 
just like the answer to 

32.

So    a-n = 1
an

Write the expression using a positive exponent:

6-2 = 
1
62



Write 
1
9  as an expression using negative exponents:

1
9 = 

1
3⋅3  Write the prime factorization of 9 which is 3 • 3. 

         = 
1
32

         =  3-2

Look at the next page for a different look at this stuff. 



Another way to look at it:

34  = 81
        
                  ÷ 3 Every time you go down an exponent, you divide by the base (in this case 

           it would be 3)
33  = 27

                    ÷ 3

32  = 9

       ÷ 3

31  = 3

     
     ÷ 3

30  = 1

           ÷ 3

3-1  = 
1
3 If you notice the denominator in the answer of 3-1 is the same as the answer to 

31.

÷ 3

3-2 =  
1
9 If you notice the base of 3-2 is the same as the answer to 32.

  ÷ 3

3-3 =  
1

27 If you notice the base of 3-3 is the same as the answer to 33.



4-7 Scientific Notation

Express each number in standard form:

3.78 x 106               Move the decimal 6 spaces to the right because of the positive exponent.

3,780,000      

5.1 x 10-5 Move the decimal left 5 spaces because of the negative exponent. 

.000051

Express each number in scientific notation. Remember that scientific notation is written with a 
factor that must be greater than or equal to 1 and less than 10. 

60,000,000 Move the decimal place back 7 places

6.00 x 107 The exponent represents how many places I moved the decimal. 

Express each number in scientific notation. Remember that scientific notation is written with a 
factor that must be greater than or equal to 1 and less than 10. 

.0049 Move the decimal forward 3 spaces.

4.9 x 10-3 The exponent represents how many places I moved the decimal. 



5-1 Writing Fractions as Decimals

Write a Fraction as a Decimal:

Write 
3
8 as a decimal:

Method 1: Use Paper and Pencil Method 2: Using a Calculator

0.375           3        8                = .375
         8 3.000
          –2 4
               60
             –56

     40

Writing a Mixed Number as a Terminating Decimal:

Write 3
1
2  as a decimal:

3
1
2  =  3 + 

1
2     

1
2  = .5

= 3 + .5

= 3.5

Writing a Decimal as a Fraction:

Write .34 as a fraction:

The last number in .34 is in the hundredth place.

So   .34 = 
34
100

Enter÷



5-2 Rational Numbers

Rational Numbers: Any number that can be written in fraction form 
a
b . This includes whole 

numbers, integers, terminating decimals, repeating decimals, and natural numbers.

Irrational Numbers: Any non-repeating decimal that never ends. 

Whole Numbers: { 0, 1, 2, 3, 4, 5 ... }

Natural Numbers: { 1, 2, 3, 4, 5...}

Integers: {... -2, -1, 0, 1, 2 ...}

Writing Mixed Numbers as Fractions:

Write 3
2
3 as a fraction:

3  
2
3   =  

11
3

1) Multiply 3 • 3
2) Add your answer of 9 from step 1 to the numerator 2. Keep the denominator of your improper 
fraction the same 3.

Why does this work?

The important thing to remember about fractions is that the denominator represents the whole, and the 
numerator represents the parts. So for example, if I had 72 cents out of a dollar. The dollar (100 cents) 
represents the whole so that 100 would be my denominator. And the 72 represents the parts so that 
would be my numerator. 

Now, if you had over a dollar you would have a mixed number. Lets say we had $2.50.

SCROLL DOWN FOR MORE



As a mixed number that would be  2
50
100 .   

The 2 represents how many whole dollars I have. 
The fraction represents how many cents I have or in other words pieces of a dollar. 

If I want to turn that mixed number into an improper fraction, I need to know how many total cents I 
have because my fraction is in terms of cents. So in other words I need to turn my 2 whole dollars into 
cents and add that total to my 50 cents. 

The 100 in the denominator represents how many cents make 1 whole dollar. 

So if I have 2 whole dollars that means I have 100 • 2 cents which is 200 cents total. This is the Step 1 
from above.

Now that I know my 2 whole dollars is 200 cents, I can add that to the 50 cents I have in from the 
fraction for a total of 250 cents. This is step 2 from above. 

So we end up with an improper fraction of 
250
100 . The 250 represents how many cents  I have and 

the 100 represents the amount of cents that make 1 whole dollar. 



7-1 Functions

Vocabulary:

Relation: 
A set of ordered pair. 
A group of ordered pair.

Example: 
 

You may also see relations ordered pair in what is called a t-chart:

Domain (Input):
The domain of a relation is the set of all x-coordinates (inputs) from each ordered pair.
Note: Input and Domain are the same thing.
The Domain of the above relation would be {1, 4, 3, 7}

Range (Output):
The range of a relation is the set of all y-coordinates (outputs) from each ordered pair.
Note: Output and Range are the same thing.
The Range of the above relation would be {2, 8, 6, 1}

Function:
A special relation that serves a function (does something). These relations are either creating a line, a 
curve, or a wave. In this chapter we will be working with linear functions (these create lines). In these 
special relations an equation exists because lines, curves and waves have predictable patterns. This 
means there is a relationship between the x and y coordinates that are in each ordered pair. For 
example, y may always be 4 times as big as x. 

Another definition of a function is a special relation in which each member of the domain is paired with 
exactly one member of the range. In other words, no x-coordinate should be paired up with two 
different y-coordinates. 

EXAMPLE:
             FUNCTION       NOT A FUNCTION

X Y
1 2
4 8
3 6
7 14

X Y
1 2
1 5
3 6
7 1

X Y
1 2
4 8
3 6
7 1



How do I know if a relation is a function? 
To know if a relation is a function you need to look at the x-coordinates (domain). If you have a 
repeated x-coordinate paired with 2 different y-coordinates you do not have a function. Why? If you 
look at an equation it would be impossible to plug the same number in twice and get two different 
answers. An example is shown below:

In the equation 2x + 1 = y
2(2) + 1 = 5
2(3) + 1 = 7
2(4) + 1 = 9
2(5) + 1 = 11

I should never plug in 2 and get an answer other than 5. It would not make sense. 
I should never plug in 3 and get an answer other than 7. It would not make sense. etc. 
 

Other Ways to tell if a relation is a function: 

4) Check to see if each x-value is paired up with exactly one y-value. The easiest way to do that is 
to see if any of the x-coordinates repeat. If they do, check to see if the repeats have the same y-
coordinate. If they don't, you do not have a function. 

5) Vertical Line Test: Graph all of the points of the relation. Slide your pencil in a vertical (up and 
down) position, across the graph. If at any time your pencil is touching more than one point, it 
is not a function. In other words, it you can draw a straight, vertical line at any place on your 
graph and intersect more than one point, it is not a function. 



Chapter 7-2 Representing Linear Functions

Linear Equations:

            To be a linear equation the following must be true.
1) There must be two different variables in the equation.
2) The variables must be in separate terms (they cannot be in the same term such as 7xy)
3) Neither variable can contain an exponent other than 1. (You cannot have 7x2 for example).

Examples of linear equations: Examples that are NOT Linear Equations:

2x + 3 = y     5xy + 7 = 9

4x – 4 = y     3x + 2y2 = 10

-5 + 4x = y     3x – 4x = 17

-3x + 4y = 17

14 – 2y = 7x

Solutions to Linear Equations/Function:
Linear equations make lines.
Lines go on forever in both directions. 
So there are an infinite amount of points on a line. 
The “solutions” (for x and y) to a linear equation make those points. 
So there are an infinite amount of solutions to a linear equation/function. 

To solve a linear equation, you input a number for x, and solve for y. Hence the reason why we 
consider x the input and y the output. We use the variables x and y because the x term represents the 
x-coordinate of your point and the y term represents the y-coordinate of your ordered pair. 

Please scroll further down for an example of finding solutions using a t-chart 
and graphing them. 



An example of finding solutions for a a linear equation using a t-chart.
In the following linear equation I plugged in x values of -3, -2, -1, and 0. I simply chose these numbers 
because they are small and easy to compute. The answers I got for their y values are listed in the chart 
below. IF YOU WANT TO GRAPH A LINEAR EQUATION, GRAPH THE SOLUTIONS YOU 
OBTAIN BELOW. EACH ROW IS AN ORDERED PAIR.
     
   3x + 10 = y

An example of finding a solution:
Plugging in -3 for x

    3x + 10 = y
3(-3) + 10 = y
     -9 + 10 = y
               1 = y

So the relation (set of ordered pair) I obtained would be (-2, 4), (-1, 7), (0, 10), (1, 13).

Keep scrolling down for more information

x y
–3 1
–2 4
–1 7
0 10



Solve a linear equation for y:    8x + 2y   =   20  

If y is not by itself in your linear equation, then you must “solve for y” before you can start getting 
solutions for x and y. We do this because it saves us time in the long run. 

If you don't solve for y first, then every number you plug in for x, you will have to solve for y. 
For example:

Solving for y first
  

        8x + 2y = 20
 

8x – 8x + 2y = 20 – 8x        Subtract 8x from both sides
           
                2y = 20 + (-8x)    Used KFC (Keep Flip Change)

                              

           
2y
2  = 

20
2

−8x

2      Divided both sides by 2

      y = 10 + -4x Now we have an equation with y alone as our output. So you can plug any 
number in for x now and easily get your answer for y with some simple 
computation.

At this point if you want to find a solution/point on your line you just plug in any number for x like so:

 y = 10 + -4x

 y = 10 + -4(2) Plug in 2 for x

 y = 10 + -8 Result of multiplying -4(2). Now add 10 + -8

 y = 2 Your result for y.

Keep Scrolling down to see what happens when you try to plug in for x first 
instead of solving for y. 



Plugging In For x First:

         8x + 2y = 20

      8(2) + 2y = 20 Plug in 2 for x

         16 + 2y = 20 Solve 8(2)

 16 – 16 + 2y = 20 – 16 Begin solving for y by subtracting 16 from both sides.

      2y = 4 Result of subtracting 16 from both sides

2y
2 = 

4
2 Getting rid of the 2 by dividing 2 by both sides

        y = 2 Result of dividing both sides by 2. Also your answer for y. If you want to 
plug in another number for x to get another coordinate pair/solution/point 
on your line you will have to go through this whole process again. In the 
example above this one you get a simplified equation that requires less 
work to find more solutions. 

          



7-3 Rate of Change

Rate of change, Slope,
Rise over Run (y over x). These
concepts are referring to the same thing. A 
relationship between your x and y values. In other
words a relationship between two quantities (x and y
represent those quantities/things).

Example: for every 1 small pizza sold
I make 3 dollars profit.  

The two quantities are the pizzas sold (x) 
and the dollars profit (y).

The relationship is that every time the 
number of pizzas sold goes up by 1, 
the amount of profit made goes up by 
3. This relationship is constant. It never 
changes. So this is called a constant rate
of change which results in a line being 
formed because lines move in a constant
direction and never change.

A graph of this relationship/function is to the right with a visual showing you not only the line created 

by the relationship, but the rate of change/slope as well. The red and green lines

represent the rate of change/slope. The red line in particular represents the horizontal (left to right) 

change also known as the change in x, while the green line represents the vertical (up and down) 

change also known as the change in y.  while the black line represents the line that is created by this 

relationship/function. 

Scroll Down for More on Slope and Rate of Change.

+ 1

+ 1

+ 3

+ 3



Constant Rate of Change:

As mentioned on the previous page, the rate of change for a linear equation/function is called the 

constant rate of change because the rate of change is always the same. In the graph on the previous 

page the rate of change/slope is always 
3
1 .  

As you go from point to point you always go up 3 right 1 to get to the next point. This never changes. 

However, nonlinear equations/functions do not have a constant rate of change, and do not form 

straight lines when graphed as a result. Some examples of  nonlinear equations are pictured below. We 

won't be working with nonlinear equations until chapter 13. 

Rate of change/slope is always represented with the y-value (vertical change) on top and the x-value 

(horizontal change) on bottom   
y
x . 

One way many people remember this is the phrase RISE over RUN. Rise implying movement up and 

down  like the y-value, and run implying movement left and right like the x-value. 



7-4 Direct Variation:

Direct Variation/Proportional Linear Functions:

y = kx    The direct variation formula

What does it mean? Well, when you have a direct variation, it implies a proportional relationship 
between the x and y coordinates (your two quantities). It is telling you that y is always k times as 
big/small as x. 

It also tells you that every proportional linear function goes through the point (0,0). How do you know 
this? It doesn't matter what k is, if you plug 0 in for x, you will always get 0 for y as well. 

Example:

y = 8(0) I plugged in 0 for x and 8 for k
y = 0 I got 0 for y

y = 12(0) I plugged in 0 for x and 12 for k
y = 0 I got 0 for y

In a direct variation k is considered the “constant”. The thing that always stays the same. y and x can 
change, but the proportional difference between the two will always be the same. 

For example:
If I say that y is always 2 times as big as x. Then 2 will represent k, my constant. No matter what 
number I plug in for x, my y value will always be twice as big and my k will always be 2.

y = 2(x)

y = 2(4) I plugged in 4 for x
y = 8 I got 8 for y

y = 2(5) I plugged in 5 for x
y = 10 I got 10 for y

y = 2(6) I plugged in 6 for x
y = 12 I got 12 for y. 



Direct Variations Connection to Slope:

Lets take a look at slope:   
y
x

Now lets take a look at direct variation:   y = kx

What do they both have in common? Y and X.

Now, if you take a closer look at the direct variation equation, it looks like a 1 step equation, with 
variables instead of numbers. So we are going to take that equation and solve for k (try to get k alone). 

y = kx

      
y
x = 

kx
x To get rid of times x we do the opposite and divide both sides by x.

      
y
x =  k What we end up discovering is that k = slope. If you recall 

y
x  is slope. 

So we now know the connection between slope and direct variation. Slope is the constant k. 

Direct Variation and Slope Intercept Form:

Direct variation is also very similar to something we will be studying the latter parts of chapter 7 called 
slope intercept form. 

Slope intercept form is represented by the equation y = mx + b. 

In this equation, m = slope    
just as  k = slope in direct variation. 
So, m = k

So, slope intercept form is the direct variation equation with a + b added onto the end of it. We will 
discuss what all of that means when we get to the later sections. 

For now, I would just like to point out that in order to have a direct variation with slope intercept form 
(y = mx + b) the b would have to equal 0. 

So a rule you can derive from this information is that if b is 0 then your equation is a proportional 
linear equation because you are left with a direct variation. If b is 0 then your equation looks like this:
y = mx  

If you recall m and k are equal. So when b = 0  you have a proportional linear equation/direct variation. 



7-5 Slope:
Zero and Undefined Slopes:

Slope is always represented as a fraction:   
y
x     and fractions are division problems. Y over x means y 

divided by x. 

Even when you have a slope of 2, it is still a fraction because any whole number can be written as a 
fraction by putting it over 1 (in other words dividing it by 1):

2
1

So, if slope is a fraction/division problem that means when 0 is involved you wither have a 0 slope or 
an undefined slope. Just like when you divide with 0 you either have an answer of 0 or an undefined 
answer. But how do you know which one it is? I'll explain. 

When you read a fraction as a division problem you say it is the top number divided by the bottom 
number. In other words, how many times does the bottom number go into the top number. 

Well, if 0 is on bottom (
5
0 ) it is considered an undefined slope or undefined answer. Why? Because 

you are asking how many times 0 goes into a number. It doesn't matter how many times you add 0, you 
will never move beyond 0. So technically 0 goes into every number an infinite number of times 
which doesn't make sense. Hence the answer of undefined. 

This kind of slope creates a vertical line because it implies that as the line moves there is no change in 
the x-coordinate. Remember slope is y over x. So the change in the x-coordinate is represented by 0. If 
the x-coordinate is not changing then that means the line is not moving left or right, just up and down. 
It would look like this:



If 0 is on top (
0
5 ), the answer is 0. You are asking how many times a number goes into 0. Every 

number goes into 0, 0 times. Any number times 0 is 0. 

The thing about multiplying it it tells you how many times something goes into another number. 
If you do 2 • 4 = 8      it tells you that 2 goes into 8,  4 times.
If you do 8 • 5 = 40 it tells you that 8 goes into 40, 5 tiems. 
If you do 10 • ½ = 5 it tells you that 10 goes into 5, ½ a time. In other words half of ten is 5.
If you do any number • 0 = 0 it tells you that any number goes into 0, 0 times. 

This kind of slope creates a horizontal line because it implies that as the line moves there is no change 
in the y-coordinate. Remember slope is y over x. So the change in the y-coordinate is represented by 0. 
If the y-coordinate is not changing then that means the line is not moving up or down, just left and 
right. It would look like this:



Positive and Negative Slopes/Rates of Change:

Positive Slope/Rate of Change Negative Slope/Rate of Change

Positive and negative slopes are one of the simpler concepts in this section. If the line going 
from left to right (like reading a book) is moving in an upward angle then it is positive. If it is moving 
in a downward angle then it is a negative slope/rate of change. 



Finding Slope: Using a Graph

Pick two points on a line. Count how far you need to travel on the y axis (up or down), and put 
that over how far you need to travel on the x-axis (left or right) to get from 1 point to the other. 

The light blue line represents our line.
We have 3 points A, B, and C.

Given any two of those points we can find slope.
For every line there are 2 different ways to write
the slope.

As you can see, there are two different triangles to
represent the two different slopes.

The green lines represent the change in the y value.
The red lines represent the change in the x value. 

Slope is the change in y over the change in x

So you could have a slope of 
3
1  going

from point A to point B.
 

Or you get a slope of 
−3
−1  going from

point A to Point C. Meaning you moved
down 3 spaces and left 1 space. Not necessarily
in that order.

+ 3

+ 1

- 1

- 3



Finding Slope: Using Two Points of a Line (ordered pair)

 This is the formula to find the slope of a line when all you have are two points ordered  
 pair from that line. 

It is important to recognize the subscript (small numbers). All these tell you is that x1 and y1 are from 
the same ordered pair and x2 and y2 are from the same ordered pair. 

How to use this formula:

If I am told I have ordered pairs and that they  they are on the same line. Also 
known as Point A and Point B.  

I can find the slope of my line by inputting this information into my formula above like so: 

1) I have to choose which ordered pair will be my “1s” and which will be my “2s”. It does not  
matter either way, all that matters is that you choose.

So I will choose Point A (3,2) as my “1s” and Point B (5, 9) as my “2's”.

2) I plug these coordinates into the formula above it should look like this:

2 –9
3 –5  = −7

−2  which is my slope

Why Does This Work?
Lets start by  remembering what slope is. It is the change in y over the change in x.

So if you look at the formula  
y1–y 2

x1 –x2

You will notice the y-values are on top, and the x-values are on bottom just like in slope. 
So one could assume that by subtracting these y values we will end up finding the change in
the y's and by subtracting the x-values we will find the change in x as we move from point A 
to point B. 

If you scroll down there is a detailed explanation with pictures showing that this does in fact work!

y1 –y 2

x1 –x2



So does it really work? Lets explore it and find out. 

We shall say Point B is our 1's and Point A is our 2's
Remember: 
Y-coordinates move up and down on the graph
X-coordinates move left and right on the graph.

So, if the y-coordinate from point B is 4, and the y-coordinate
from point A is 1 then when we subtract them, it should tell us 
how much vertical (up and down) space we have between the
two points.

4 – 1 = 3

So according to the subtraction we did there should be three 
vertical spaces between point A and point B. 
You can see that space highlighted in green in the graph to the 
right. 

When we subtract our x's 2 and 1, it should tell us how much 
horizontal distance is between our two points. 

2 – 1 = 1

And according to that subtraction there should be 1 horizontal
space between Point A and Point B which is shown to the right 
by the green arrow on the graph. 

 

So after all that we found that to go from point A to point B we should 
have to travel along the Y-axis up positive 3 spaces and along the x-axis 
right positive 1 space. Which does in fact get us to our destination as you 
can see in the graph to the left. 

y1 –y 2

x1 –x2

 Remember, point B is our 1's and Point A is our 2's.

   So the change in y over the change in x (slope) 
4 –1
2 –1  = 

3
1

Up 3

Over 1



7-6 Slope Intercept Form:
Slope Intercept Form:

y = mx + b     This is the slope intercept form equation.

y = y-coordinate for a given point on the line Both x and y belong to the same ordered pair.

x = x-coordinate for a given point on the line Both x and y belong to the same ordered pair.

m = slope The change in y over the change in x

b = y-intercept (This is where the line crosses the y-axis on 
the graph. )

So in the following equation: y = 3x + 2

3
1 is the slopeand the line intersects the y-axis at 2. 

Writing an Equation in Slope-Intercept Form:
As stated above, slope-intercept form is y = mx + b
Slope intercept form is for linear equations. Linear equations can look many ways so it is important to 
know how to write a linear equation in slope intercept form when it is not already in that form. To do so 
you must solve your linear equation for y. 

For example, your linear equation may look like this:
5x + 3y – 4 = 12

As stated above to write a linear equation in slope intercept form, we need to solve for y which would 
look like this: 

 6x + 3y – 4 = 11

       6x + 3y – 4 + 4 = 11 + 4 I am adding 4 to both sides to get rid of the – 4

       5x + 3y = 15 The result of adding 4.

           6x + 3y – 5x = 15 –6x I am subtracting 5x from both sides to get rid of 5x.

               3y = 15 – 6x

    3y = 15 + (-6x) I used KFC on the subtraction.

             
3y
3 = 

15
3

−6x

3 I divided both sides by 3 to get rid of the times 3 next to y. 

      y = 5 + -2x Your equation is now in slope intercept form. 



Graphing an Equation In Slope Intercept Form:

With an equation in slope intercept form you can graph it without anymore information. All you need 
to graph a linear equation is its slope and the y-intercept which slope intercept form gives you. 

Example:

y = 
−1
2

X + 4

Step 1: First you need to graph the y-intercept which in this case is 4.
Note: If it was – 4 instead of plus we would have moved down 4 spaces instead of up. 

Step 2: Next you use the slope to find a second point. In this case the slope is 
−1
2 . So we will move 

down 1 space and right 2 spaces because slope is the change in Y over the change in X. It would look 
like this:

                           Step 1                          Step 2

Step 3: Connect your points



7-7 Writing Linear Equations:

Write Equations When Given the Slope and Y-intercept:

If the Slope = 5 and the Y-intercept = 8

Then plug the slope and Y-intercept into slope intercept form: y = mx + b

Remember that m is slope and b is the Y-intercept
So,  y = 5x + 8

You don't need numbers for x and y because they represent the x and y they have an infinite amount of 
solutions. X and Y represent x and y coordinates of all of the points on your line. 

Write An Equation From  A Graph:

Finding the y-intercept:
You can see that the line intersects the y-axis at (0,4)
which is Point A. So your Y-intercept is 4. 

Find the slope:
Since you have two points you can find the slope

using the point slope equation  
y1–y 2

x1 –x2
  

OR
you can simply look at the graph and count the change

in y and x. As you may be able to see, to get from point

A to point B you have to go DOWN 1, and RIGHT 2.

So you have a slope of 
−1
2

.

So you have an equation with slope −1
2  and a Y-intercept of 4.

Your equation would be:  y = −1
2 x + 4



Write An Equation Given Two Points:

Write an equation for the line that passes through (-2, 5) and (2,1)

Step 1:
Find the slope:

m = 
y1 –y 2

x1 –x2
      so        

5– 1
−2– 2  =  

4
−4  =  -1

So our slope is -1.

Step 2:
Find the Y-Intercept: Use the slope, and one of the two coordinate points given to you in the beginning 
to solve for b like so: 

5 = -1(-2) + b I used coordinate point  for x an y and -1 for the slope. 

5 = 2 + b I multiplied -1(-2)

5 – 2 = 2 – 2 + b I subtracted 2 from both sides to get b alone.

3 = b So our Y-intercept is 3.

Step 3:
Plug slope and Y-intercept into slope intercept form: y = mx + b

y = -1x + 3

Write An Equation From A Table: 

This is just like getting an equation from two points. The only difference is that your points are in a 
table. Pick two of those points and follow the same process you did above in Write An Equation 
Given Two Points. 



8-1 Solving Equations with Variables on Both Sides

This is an extension of 1-step equations, 2-step equations and multi-step equations. The difference is 
that this time the variable will be on both the left and the right side of the equal sign. Our goal is still 
the same. We want to get the variable alone on ONE side of the equal sign. Which side that is does not 
matter. 

Before we start an example I would like to point out that while 2x implies a multiplication problem 
between 2 and x we can also treat 2x like a singular number because we know that when we multiply 2 
times x it gets us a singular number for an answer. This fact will come into play when solving an 
equation for x that has x on both sides of the equation. Two examples have been done out below to 
illustrate this:

Example 1:

3x + 4 = 5x My equation. As you can see x is on both sides.

     3x – 3x + 4 = 5x – 3x I want to remove x from 1 side. So I subtracted 3x from both 
sides of the equation. 

         
          4 = 2x The result of subtracting 3x.

    
4
2 =

2x
2 I need to get rid of the 2 being multiplied from the right side so I

divided both sides of the equation by 2.
     

     
2 = x My answer is x = 2

Example 2:

 3x + 4 = 5x – 8

       3x + 4 + 8 = 5x – 8 + 8 Getting my constants on 1 side by adding 8 to both sides. 

3x + 12 = 5x Result of +8 to both sides.

    3x – 3x + 12 = 5x – 3x Getting my variable to 1 side by subtracting 3x to both sides. 

         12 = 2x Result of – 3x to both sides.

12
2  = 

2x
2 Getting rid of times 2 to get my variable along by dividing 2.

         6 = x Result is that x = 6



8-2 Solving Equations with Grouping Symbols

Equations with Parentheses:

      6(a – 4) = 10(a – 2)

       6a – 24 = 10(a – 2)

       6a – 24 = 10a – 20

6a –24 + 24 = 10a – 20 + 24

               6a = 10a + 4

     6a – 10a = 10a – 10a + 4

  -4a = 4

      
−4a
−4  = 

4
−4

      a = -1

Equations with No Solutions: In other words, equations that aren't true or valid. 

3x + 2 = 3x + 4

If the two sides of your equation have the same variable (In this case 3x) but different constants (in this 
case 2 and 4) then there is no solution. Why?

If for example you plug in 5 for x. You get 3(5) on both sides which is 15.

   3x + 2 = 3x + 4  
3(5) + 2 = 3(5) + 4
   15 + 2 = 15 + 4
          17 = 19

As you can see you end up with two equations on each side of the equal sign that get you 
different answers. 

This happens because if both your variables are the same (3x) on both sides of the equal sign 
they will both get you the same answer (in this case it was 15). That answer will then be added or 
subtracted by different numbers which will get you two different answers. 

Another example:
3x + 2 = 3x + 4
3(8) + 2 = 3(8) + 4
24 + 2 = 24 + 4    ------------->  26 = 28



Equations with All Numbers as their Solution: You have identical equations on both sides. 

If you end up with identical equations on both sides, no matter what number you plug in for x, you will 
always get the same answer on both sides.

However, before you know if you have the same equation on both sides, you need to simplify the sides 
first. An example has been done out below:

2(2x – 1) + 6 = 4x + 4 Distributive

4x – 2 + 6 = 4x + 4 Combine like terms after KFC on the subtraction.

4x + 4 = 4x + 4 As you can see the same exact equation is on both sides. So no matter
what number you plug in for x you will get the same answer on both 
sides. 



9-1 Squares and Square Roots

Perfect Squares: Numbers that are squares of an integer. Another way to explain it would be numbers 
whose square roots are integers (positive and negative whole numbers).
Numbers like 16 (4 • 4), 25 (5 • 5), 36 (6 • 6), 49 (7 • 7) etc. 

Square Root: The square root of a number is one of its two equal factors. 
Example: 
The square root of 25 is 5 because 5 • 5 = 25.
The square root of 49 is 7 because 7 • 7 = 49.
The square root of 81 is 9 because 9 • 9 = 81.

Finding a Square Root:

√36 (the square root of 36)
Since 62 = 36, the square root of 36 is 6.     
√36 = 6

√81 (the square root of 81)
Since 92 = 81, the square root of 81 is 9.     
√81 = 9

Using a Calculator:
A calculator is the most common way to find the square root of a number since there is no easy method 
to find one mentally other than guess and check. 

1) Hit the square root button first. This typically looks like this  √.
2) After that button has been pressed type in the number you want to find the square root of. 
3) Finally, press the equal button. 

Estimating a Square Root:

To estimate a square root, find the two perfect squares it falls between.

Example:
Finding the square root of 38.
The first perfect square less than 38 is 36.
The first perfect square greater than 38 is 49.

So the √38 is between the √36 and the √49.
In other other words the √38 is between 6 and 7. 

Below is a list of squares and perfect squares.



Squares 1-20

12 = 1

22 = 4

32 = 9

42 = 16

52 = 25

62 = 36

72 = 49

82 = 64

92 = 81

102 = 100

112 = 121

122 = 144

132 = 169

142 = 196

152 = 225

162 = 256

172 = 289

182 = 324

192 = 361

202 = 400



9-2 The Real Number System

Real Numbers: The set of rational and 
irrational numbers.

Rational Numbers: Any number that can be 

written as a fraction (
a
b ). This includes 

repeating and terminating decimals. 

Integers: The set of positive and negative 
whole numbers. {...-2, -1, 0, 1, 2...}

Whole Numbers: Any number with no 
negative sign, or fractional/decimal parts 
including 0. The numbers {0, 1, 2, 3, 4...}

        Natural Numbers: Any number with no 
        negative sign, or fractional/decimal parts 

The way this chart functions is that each                          NOT including 0. The numbers {1, 2, 3...}
circle contains a group of numbers. For example
the orange circle is the group of numbers known          Irrational Numbers: Decimal numbers that 
as integers. Inside the integers circle you will          cannot be written as fractions (decimals 
notice two other circles. The whole numbers and          that don't repeat and go on forever like pi).
the natural numbers. This is because every whole 
and natural number is contained within the integers.
In other words, all whole and natural numbers are 
also integers. 

Classifying Real Numbers:
As explained in the chart above, numbers don't necessarily belong to just one group. Many belong to 
multiple groups. You can tell what groups a number is in based on the chart above. For example:

What group(s) does -3  belong to? 
This number is an integer, a rational number and a real number. 
This number is a negative whole number making it an integer.
It can be written as a fraction so it is rational.
It is rational so it is also real. 

The key is to find the smallest circle the number is part of. In this case, the integers. This number will 
also be part of any of the bigger circles it is contained in.

What group(s) does  
10
4 belong to? 

This number belongs to the rational numbers, and the real numbers.
It can be written as a fraction so it is rational.
It is part of the rational group so it is real. 



What group(s) does  
-28
−7  belong to? 

This number belongs to the natural numbers group because -28 ÷ (-7) = 4. This is a natural number. 
If it is a natural number it is also a whole number. 
If it is whole it also belongs to the integers. 
If it is an integer it belongs to the rational numbers. 
If it is rational, it is also a real number. 

What group(s) does  .43 belong to? 
This is a terminating decimal. So it can be written as a fraction. So it is a rational number.
Since it is in the rational group, it is also a real number.

Solving Equations by Finding Square Roots:

When solving for x the goal is to get x by itself. You want to get rid of EVERYTHING else on that side 
of the equation. This includes numbers, other variables, negatives exponents and square root symbols. 
Whenever you want to cancel something or remove something from one side of the equal sign you “do 
the opposite.” 

To get rid of ADD 5 you SUBTRACT 5 from both sides.
To get rid of TIMES 5 you DIVIDE 5 from both sides. 

Using the same logic, to get rid of 52 (5 squared) you find the square root from both sides. 
Squaring and square rooting are opposites.

52 = 25    and    √25 = 5

So if you have x2 = 64 you solve by square rooting both sides like so:

x2 = 64
          √x2 = √64

 x = 8

So if you have 2x2 = 170 you solve by getting rid of the 2, THEN square rooting both sides like so:

    2x2 = 162

          2x2

2
 = 

162
2

      x2  = 81
 
      √x2 = √81

        x = 9



9-3 Triangles

Line Segment: 
A piece of a line. Remember a true line goes on forever in both directions. So a line segment is a line 
with a beginning and end. 

Triangle: 
Any three line segments connected at all ends. 

Vertex: 
Any point where two or more lines meet (corners).

Congruent: 
Any two shapes/things that are the same shape and size (look exactly alike). 
Congruent is like having identical twins. 
Two different people, but physical everything about them is the same. 

3 Angles of a Triangle: 
Add up to 180˚

Naming Triangles: 
Triangles are normally named by their vertices. Each of its vertices is given a letter. A typical name of a 
triangle would look like this:

           

  ∆ABC  (Order of the letters does not matter)

Naming an Angle:
 ∠ is the symbol for angle. 

When you label an angle it is similar to labeling a triangle. You use the 3 vertices still however with 
angels the order matter. The vertex of the angle needs to be in the middle. So if you look at the angle 
with 72˚ below, we would label that as BAC.  The A has to be in the middle because it represents the∠  
vertex of the angle we are talking about. The B and C can be switched around. The angle name is kind 
of like directions for drawing the angle. It is telling you to move from vertex B, to A, and then to C.  

72˚



Finding Angle Measures of a Triangle:

Find the value of x in ∆ABC using some algebra!

Math is all about taking what you know to find out what you don't know. So lets look at what we know 
about our triangle! 

1) We have an angle of 58˚
2) We have an angle of 55˚
3) We have an angle of x˚
4) All three angles add up to 180˚

Not lets put that information to good use! If all three angles add up to 180˚ we can make an equation:

    58˚ + 55˚ + x˚ = 180˚ This kind of equation should look familiar. Lets solve.

             113˚ + x = 180˚ I added 58˚ and 55˚

 113˚ – 113˚ + x˚ = 180˚ – 113˚ I subtracted the 113˚ from both sides to get x alone.

                         x = 67˚ Angle x = 67˚

55˚

x

58˚



Using Ratios to Find Angle Measures of a Triangle:

A ratio implies a relationship between two things. 
So a 1:4 ratio of apples to oranges implies that for every 1 apple you have, you have 4 oranges. 

So another way to say this is that you have 4 times as many oranges as you do apples. 

We can use ratios to find angle measures of triangles because we know that total all 3 angles add up to 
180˚. 

For example, if I say that 1 , 2 , and 3 have a 1:4:7 ratio.∠ ∠ ∠
That would be the same as saying that 2 is four times the size of 1 ∠ ∠
And I am saying that 3 is seven times the size of 1∠ ∠         
Notice that I related every angle to 1. This allows us to make an equation.∠

∠1 is going to be x.

Since 2 is four times the size of 1 then ∠ ∠ 2 is going to be 4x.∠                                                     

Since 3 is seven times the size of 1 then ∠ ∠ 3 is going to be 7x. ∠   

Since all 3 angles have to add up to 180˚ my equation looks like this:

x + 4x + 7x = 180˚ Lets combine the like terms on the left side then solve. 

 12x = 180˚ The result of combining my like terms.

       
12x
12 = 

180 ˚
12 I need to divide both sides by 12 to get x alone. 

     x = 15˚ x is 15˚

Since x is 1 that means ∠ 1 = 15˚∠

Since 2 is four times the size of 1 that means ∠ ∠ 2 = 60˚∠

Since 3 is seven times the size of 1 that means ∠ ∠ 3 = 105˚∠



Classifying Angles:

Acute: Less than 90˚ Right: Exactly 90˚       Obtuse: Greater than 90˚

Straight Angle: Exactly 180˚. In other words, a straight line. 

Types of Triangles (Classifying Triangles)

              Sides:                Angles:

Equilateral Triangle: Three equal sides. Acute Triangle: Three angles less than 90˚    
Isosceles Triangle: Two equal sides. Right Triangle: One 90˚ angle  
Scalene Triangle: No equal sides. Obtuse Triangle: One angle above 90˚



9-4 Pythagorean Theorem

Right Triangle: A triangle with exactly 1 right angle.

Legs: The two sides of the triangle that form the right angle. The sum of the two legs is always larger 
than the hypotenuse. 

Hypotenuse: The side opposite of the right angle. Typically a diagonal line. Hypotenuse is ALWAYS 
THE LARGEST SIDE of the 3. 

Example of a Right Triangle with Parts Labeled:

Pythagorean Theorem: A relationship between the lengths of the legs and the hypotenuse for any 
right triangle. This relationship can be expressed as an equation that looks like the following:

a2 + b2 = c2

Where a and b are the legs of the right triangle.
And c is the hypotenuse of the right triangle.

Finding the Hypotenuse of a Right Triangle:

If you have the length of both legs of your right triangle you can figure out the length of the hypotenuse 
using the pythagorean theorem as shown below:

Lets assume our legs are 5 inches and 12 inches long. We need to plug that information into the 
pythagorean theorem. It doesn't matter which length you plug in for a or b. So:

122 + 52 = c2 Solve the squares.

144 + 25 = c2 Result of solving the squares. 

169 = c2 I added 144 and 25.



Finding the Length of a Missing Leg of a Right Triangle:

To find a missing leg you need to know the length of the hypotenuse and the other leg.
For example, if leg A is 5 inches and the hypotenuse is 13 inches we plug this information into the 
pythagorean theorem like so:

52 + b2 = 132 Solve the squares.

25 + b2 = 169 Result of solving the squares.

25 – 25 + b2 = 169 – 25 Subtracting 25 from both sides to get b alone.

b2 = 144 Result of subtracting 25 from both sides.

√b2 = √144 Square rooting both sides to get b alone. (Squaring and square 
rooting are opposites that cancel each other out)

b = 12 Our missing side length is 12 inches.

Identifying a Right Triangle by it's Side Lengths:

If you are not sure whether or not you have a right triangle you can just plug its side lengths into the 
pythagorean theorem to check. If it is a right triangle, the sides you plugged into the equation should 
form a true equation. 

Example of a triangle that is NOT a right triangle:

If I have a triangle of side lengths 6 in, 7in, and 12in.
12 must be plugged in for c because the largest length is always the hypotenuse.

62 + 72 = 122 Solve the squares.

36 + 49 = 144 Add 36 and 49

85 ≠ 144 85 does not equal 144 so this is a false equation which means these side 
lengths do not represent a right triangle.

Example of a triangle that IS a right triangle:
If I have a triangle of side lengths 5 in, 12in, and 13in.
13 must be plugged in for c because the largest length is always the hypotenuse.

52 + 122 = 132 Solve the squares.

25 + 144 = 169 Add 25 and 144

169 = 169 169 does equal 169 so this is a true equation which means these side 
lengths do represent a right triangle.



9-5 The Distance Formula

The distance formula is actually another way of writing the pythagorean theorem. The purpose of 
changing the “look” of pythagorean theorem is to make is usable on a coordinate plane. 

Pythagorean Theorem can be used to find the length of the hypotenuse of a triangle.
The distance formula is used to find the length of a line on a coordinate plane. We do this by making 
that line the hypotenuse of a right triangle and solving. Ill explain in more detail below:

How to use Pythagorean Theorem: 
a2 + b2 = c2      also could be written as    leg2 + leg2 = hypotenuse2

If you have the length of both legs lets say 3 inches and 4 inches, then to find the hypotenuse plug those 
lengths into the pythagorean theorem likes:

32 + 42 = c2

To find the hypotenuse follow the steps listed below:
Step 1: Square both of the legs
Step 2: Add both of the legs
Step 3: Find the square root of the number you get from step 2. 

32 + 42 = c2 Step 1  Square the two legs.

9 + 16 = c2 Step 2 Add the results from Step 1.

25 = c2 Step 3 Now find the square root of both sides

√25 = √c2 The symbols next to the terms are square root symbols.

5 = c Answer. The hypotenuse is 5 inches.



How to use Distance Formula: 

√(x1 – x2)2 + (y1 – y2)2 Remember that √ means to find the square root of.     

If you look at the picture below, Line F has two endpoints represented by the ordered pairs (1, 4) and 
(5, 1). I am going to show you how to use the distance formula to find the distance between these two 
points/ordered pair. 

Each of the two points has an x-coordinate and a y-coordinate. We will need to plug these into the 
distance formula. But first we need to decide which ordered pair will be the “1s” and which will be the 
“2s”. It doesn't matter which is which so I am going to make ordered pair (1, 4) my 1s and ordered pair 
(5,1) my 2s. 

So lets plug our points in:

√(11 – 52)2 + (41 – 12)2 Step 1 is to subtract in the parentheses

√(-4)2 + (3)2 Step 2 we square the answers we got

√16 + 9 Step 3 add the answers from step 2

√25 Step 4 Find the square root of the answer from step 3.

5 Answer. The distance between our points is 5 inches.



How are Pythagorean Theorem and Distance Formula the same?     

Remember that Pythagorean Theorem can find you the length of the hypotenuse of a right triangle if 
you have the length of the two legs. What you are really doing is finding the distance between two end 
points. Lets take a look at the picture again from above:

  Line F represents the distance we   
 want to find. 

 The red line represents the vertical  
 (up and down) distance between the 
 two end points of Line F. 

  The green line represents the   
 horizontal(left and right) distance   
 between the two end points of
  Line F.

  By finding the vertical and    
 horizontal distances between the    
 two endpoints, we have created a  
 right triangle with Line F as our 

  hypotenuse.

All we need to do now is use pythagorean theorem to find the hypotenuse (Line F) and we will have the 
distance between our two points.

How does the Distance Formula make the right triangle above?

When using the distance formula our first step is to subtract the x-coordinates and the y-coordinates.
When you subtract the x-coordinates it finds you the horizontal (left and right) distance between your 
two points represented by the green line above. 

All the x-coordinates tell you is where on the x-axis your point sits. So point (1,4) sits on the x-axis at 1 
and point (5, 1) sits on the x-axis at 5. By subtracting the two x-coordinates we end up with the distance 
between those two points which is 4. This also creates one of the legs of our right triangle above (the 
green line). 

The same concept is used when subtracting your y-coordinates. The only difference is that y-
coordinates tell you where your points sit on the y-axis. So when you subtract, you end up getting the 
vertical distance between the two points instead of the horizontal. This is represents above by the red 
line. 

After step 1 you have a right triangle and the length of its two legs. So steps 2-4 are just the 
Pythagorean Theorem so you can find the length of the hypotenuse which is Line F. 
A diagram of this is shown below:



In the diagram the left is pythagorean theorem and the right is distance formula. Notice how steps 1-3 
of pythagorean theorem and steps 2-4 of distance formula are the same. Once you have found the 
length of the legs in step 1 of the distance formula, you use pythagorean theorem. 



9-6 Similar Figures and Indirect Measurement

Corresponding Sides: 
The same side on two shapes. For example, if you have two squares, their left sides are corresponding. 
Their top sides are corresponding etc. 

Similar Figures: If two figures are similar then:
1) Their corresponding angles are the same measurement.
2) Their corresponding sides are proportional in length. In other words, all of the pair of 

corresponding sides will share the same relationship. This may be that Figure A's sides are all 2 
times as big as Figure B's sides. The picture below illustrates this. 

The angles are the same in both triangles.

The corresponding sides of Triangle B are twice as big as their corresponding sides on Triangle A. So 
there is a 2:1 ratio of triangle B to triangle A. 

You can see the corresponding sides above are color coded. The left sides are blue, the right sides are 
red, and the bottom sides are green.

Indirect Measurement: 
Using the concept of similar figures to measure distances. 

Triangle B



Finding Measures of Similar Figures:

Step 1:
Identify your corresponding side pairs. 
REMEMBER: The X represents our missing side. Our goal is to figure out what that is. 

Corresponding pairs:
3 and 6 (left sides)
5 and 10 (right sides)
2 and x (bottom sides)

Step 2:
Set your corresponding side pairs up in proportion/fraction form. You must make a choice to 
always put triangle A on top OR always put triangle B on top. It does not matter which, only that you 
do it consistently like so:

3
6  = 

5
10  = 

2
x        I chose to put the side lengths from triangle A on top. 

STEP 3 ON THE NEXT PAGE!



Step 3:
Cross multiply the fraction with the variable (missing side) with one of the other two terms. 
To make life easier you could reduce one of the other two fractions (in this case they would reduce to 
½) and multiply by that. You can do this because the reduced fraction is equal to the original. Ill do an 
example of both.

Without reducing the second fraction:

2 • 6 = 12

3 • x = 3x

With reducing of the second fraction:

  

1 • x = x

2 • 2 = 4

By cross multiplying I get two equal answers that I can set equal to each other and solve for the 
missing side (x)

Step 4:
Set your answers from cross multiplying equal to each other and solve for the variable (your missing 
side).

Without reducing the second fraction:

  3x  =  12

3x
3  = 

12
3 Get rid of the times 3 by dividing 3 on both sides. 

     x  =  4 Your missing side is 4.

With reducing of the second fraction:

x = 4 Your missing side is 4. 



Questions you may have had during steps 1-4:

Questions from Step 2:
Why are the fractions equal?

The important concept to understand here is that the three fractions you make will be equal if you have 
similar triangles because there is a proportional relationship between the corresponding sides.

 If, for example Triangle B's sides are always twice as big as Triangle A's sides, then you should always 
have a fraction of ½ if A is on top because Triangle A's sides will always be half of Triangle B's. 

You can see this illustrated in our fractions above. The 3 is half of 6. The 5 is half of 10. So the 2 
should be half of x. All of these fractions reduce to ½. 

Question from steps 3 and 4:
Why can we set the answers from cross multiplication equal to each other? How do I know they are 
equal?

When we were cross multiplying, we were doing it with equivalent fractions. That means both of the 
fractions reduced to the same fraction. They both had the same exact value. In this case it was ½ . 

If you take copies of the same fraction and cross multiply you get the equivalent answers. For example:

We have 1 • 2    and   1 • 2
Both of which will give us equivalent answers. 
This is true for any two fractions that are the same. 

The key thing to remember here is that while 
3
6  and 

5
10 LOOK different they are the same. They both 

reduce to and have a value of ½. They are not different fractions, they are just different ways to write 
the same fraction. So cross multiplication will still get us equivalent answers. In this case I would get 
30 and 30. 

In steps 3 and for I cross multiplied 
2
x  and 

3
6 . As stated in the question above, these are in fact 

equivalent fractions because they represent correspond sides of two similar triangles. So when I cross 
multiply these their answers should be equal even with the variable. 



10-1 Line and Angle Relationships

Parallel lines:
Two line that never intersect. 

Transversal: 
A line that intersects two parallel lines. It looks like this:

Parallel lines AB and Line CD are being intersected by the transversal. 

Congruent: 
Congruent implies two things that are the same shape and size. It is like identical twins. Two different 
people that look exactly the same. Or two squares that look exactly the same. 

The difference between congruent and equal is that congruent talks about two different things that look 
the same. 

Equal talks about different ways to show, or say the SAME THING (not things). For example: 
Mr. Kangas and Justin Kangas are equal. They are both talking about the same person. They are one in 
the same. 

Angles on a Transversal:

Interior Angles:
The angles inside the parallel lines. 
∠3, 2, 8 and 5 are interior angles.∠ ∠ ∠

Exterior Angles:
The angles outside the parallel lines. 
∠4, 1, 7, and 6 are exterior angles. ∠ ∠ ∠



Angle Relationships: 
The following angle relationships exist when you have a transversal. The special thing about these 
relationships is that the two angles in each relationship are congruent (the same size). 

Alternate Interior: Alternate exterior angles are congruent (the same size).
Two interior angles (inside the parallel lines) that are diagonal from each other. 

In the picture below, 3 and ∠ 5 are alternate interior angles. This means that 3 and 5 are∠ ∠ ∠  
congruent (the same size). 

∠8 and 2 are also alternate interior angles.∠

Alternate Exterior: Alternate exterior angles are congruent (the same size).
Two exterior angles (outside the parallel lines)  that are diagonal from each other. 

In the picture below, 1 and 7 are alternate exterior angles. This means that 1 and 7 are∠ ∠ ∠ ∠  
congruent (the same size). 

∠6 and 4 are also alternate exterior angles.∠

Vertical Angles:



Corresponding Angles:

Remember, corresponding means the same place on two different things. So if you look at the picture 
above, you have two x's formed with four angles each. One is formed by 1-4 and the other is formed∠  
by 5-8. ∠

So,  2 and 6 are considered corresponding angles because if you look at the two x's they are both∠ ∠  
the bottom right angle. If I picked one of the x's and put it on top of the other 2 and 6 would be on∠ ∠  
top of each other. 

Corresponding angles are congruent (the same size).

Next Page for More Angle Relationships



The following angle relationships do not need a transversal and do not form two congruent 
angles. What they do will be described below:
                       
             Supplementary Angles:   Complementary Angles:

                
Two angles that add up to 180˚     Two angles that add up to 90˚

                   Perpendicular Lines:

Perpendicular Lines are formed when two lines intersect to form four right 
angles. They create a perfect plus sign. 



Find Measures of Angles:

Using the angle relationships described above, we can determine the measurement of different angles.

 If for example, I told you that 4 is 105˚ then you know that 2 is also 105˚ because 4 and∠ ∠ ∠  
2 are vertical angles which makes them the same size (congruent).∠

 If I told you 4 was 105˚ you could also say that 3 is 75˚ because 3 and 4 are∠ ∠ ∠ ∠  
supplementary. Supplementary angles add up to 180˚. 

 If I told you that 4 was 105˚ you could also say that 8 is 105˚ because 4 and 8 are∠ ∠ ∠ ∠  
corresponding angles. Corresponding angles are congruent (the same size).

 If I told you 4 was 105˚ you could also say that 6 is 105˚ because 4 and 6 are alternate∠ ∠ ∠ ∠  
exterior angles. Alternate exterior angles are congruent (the same size). 



10-2 Congruent Triangles

Corresponding: The same part/piece of two different figures. 

Congruent: Two figures/things that are the same shape and size. The symbol for congruent looks like 
this: 

Congruent Triangles: 
Figures that have the same size and shape are congruent. So congruent triangles are two triangles that 
are the same shape and size. The parts of the congruent triangles that “match” are corresponding parts. 
For example, in the triangles below the two left sides are corresponding. The two bottom sides are 
corresponding. Corresponding parts should be congruent. 

Remember, to find corresponding parts you should be looking at both of the triangle in the same 
position. If they are not both in the same position, you may need to rotate or flip them to figure out 
what the corresponding parts are. 

Naming Congruent/Corresponding Parts:

If I look at these two triangles above they are corresponding. The two sides with the single slash tell us 
those two sides are the same length. The same is true for the double and triple slashes. The two angles 
with the single green curves tell us those two angles are the same size. The same is true for the double 
and triple curves. 

If I wanted to write that the bottom left angles of each triangle are congruent I would write:
∠ABC  ≅ DEF    Remember, when writing the name of an angle, the middle letter represents the∠  
vertex of the angle. 



10-3 Quadrilaterals

Quadrilateral: Is a closed 4-sided figures. 
When a polygon (shape) is closed it means there are no openings. 

Classifying Quadrilaterals:

The following chart details a list of quadrilaterals and what makes they need to exist. 
For example, for a square to be a square it needs 4 right angles, 2 pair of parallel sides, and 4 
congruent sides.



Finding Angle Measures of a Quadrilateral:

Quadrilateral's 4 Angles:
A quadrilaterals four angles always add up to 360˚. 
Just like a triangle's three angles always add up to 180˚.

So, if you have a missing angle, we should be able to use a simple equation to figure out what it is. 

Example:

We know if we add up our 4 angles they should equal 360˚ so we 
can make an equation to solve for the missing angle.

50˚ + 65˚ + 130˚ + x˚ = 360˚ Add the like terms on the left side

                   245˚ + x˚ = 360˚ Result of adding like terms

        245˚ – 245˚ + x˚ = 360˚ – 245˚ Subtract 245˚ from both sides to get x alone

       x˚ = 115˚ The missing angle is 115˚



10-5 Polygons

Polygon:
Three or more line segments placed end to end to form a simple closed figure.

Examples of Polygons:

Examples of figures that are not polygons and the reason why:



Vertex/Vertices:
The point where two or more lines meet. The corners of a polygon. An example is pictured below. You 
can see the four vertices on the quadrilateral. 

Diagonal: 
A line segment inside a polygon that connects to two nonadjacent vertices. Nonadjacent vertices are 
vertices that are not next to each other. An example of a hexagon that has all the possible diagonals 
being drawn from one vertex can be found below:

Interior Angle:
An angle inside a polygon.

Regular Polygon:
A polygon that is equilateral and equiangular. In other words, a polygon that has all equal sides, and all 
equal angles. For example, a regular four-sided polygon (quadrilateral) with be a square because all of 
its sides are equal and all of its angles are equal. That means the other quadrilaterals such as the 
trapezoid or rhombus are irregular polygons. 

Classifying Polygons:
Polygons can be classified by the number of sides they have. A table below shows you a list of 
polygons with 5-10 sides. A decagon is the largest polygon we will be working with.

Name of Polygon Pentagon Hexagon Heptagon Octagon Nonagon Decagon
Number of Sides 5 6 7 8 9 10



Sum of the Measures of Interior Angles: 
How to find the sum of the interior angles

Looking at the chart above, we can see several important things:

 When you draw diagonals inside polygons from one of the vertices it creates triangles inside the 
polygons. You cannot draw a diagonal in a triangle because all of the vertices are adjacent (next 
to each other. 

 As we increase the number of sides by 1 we also increase the number of triangles created inside 
the polygon by 1. 

 If you take the number of sides and subtract 2 you get the number of triangles inside the 
polygon. 

Why is all of this stuff about triangles important? We can use the knowledge of how many triangles are 
inside the polygon to find the sum of the interior angles. 

If you look closely, each of the angles of each triangle is part of each angle of the polygon it is inside. 

Red: The red angle of the square has two of the six angles from the triangles   
inside. 
Magenta: The magenta angle of the square has one of the six angles from the  
triangles inside. 
Green: The green angle of the square has two of the six angles from the 
triangles inside. 
Blue: The blue angle of the square has two of the six angles from the triangles inside.

So, if you want to know the sum of the interior angles of a polygon multiply 180˚ (the sum of the 
angles in a triangle) by the number of triangles that appear inside the polygon. The number of triangles 
can be found by subtracting the number of sides by 2 as we discussed above in the chart. 

For example: 
A square has two triangles inside. So the four angles have a sum of 180˚ • 2 which is 360˚.



Measure of One Angle in a Regular Polygon:

To find the measure of one angle inside a REGULAR polygon just follow the steps from the previous 
page to find the sum of all the angles inside the polygon. Once you have that sum divide it by the 
number angles inside the polygon. 

Why does this work? Because regular polygons have all equal angles. So if you know the sum of the 
angles, then you just need to divide it by the number of angles.

For example: A square, as we discussed above, has 360 total degrees inside it. Divide that by the 4 
angles and you find that one angle is equal to 90˚. 



10-6 Area: Rectangles, Parallelograms, Triangles, and Trapezoids

Base:
The base of a 2-d shape is the bottom line of a figure. The side it would stand on.
The base of a 3-d shape is the surface the figure would stand on. 

Apex:
The point furthest from the base. Usually called the top point. 

Altitude:
The height of a polygon is called the altitude. More specifically, it is a line segment perpendicular to 
the base that has end points on the base and the side opposite of the base. 



The Formulas:
A = area
P = perimeter
b = base
h = height
a + b = base 1 + base 2 This is for a figure what has 2 bases of different sizes (Trapezoid)

Area Formulas

Rectangle/Square A = bh
Parallelograms A = bh

Triangles ½bh
Trapezoids ½ h (a + b)

To find area of this figures, just plug in the lengths for the bases and heights. Then solve. 

Why These Formulas Work (5 pages):

Area formulas aren't just made up mumbo jumbo. Each piece to the formula has a meaning, and there is 
a reason they work! All formulas can be traced back to the area formula of a square which is A= bh

SQUARE/RECTANGLE: 
Think of it as columns and rows. If I have a 3x4 rectangle then I have 3 rows and 4 columns as pictured 
below: 

The area formula for a square/rectangle is A = bh
b = 4   and h = 3

The base represents the 4 squares in the bottom row.
The height represents the 3 squares in the last column. The height also tells us that our rectangle has 3 
rows. 

When multiplying base • height you are actually adding the 4 squares in 3 times because there are 3 
rows with 4 squares in them. 

I said adding because multiplication is repeated addition. When you multiply 4 • 3 it means add 4 three 
times. So, 4 + 4 + 4 = 12. 



TRIANGLES:
The formula for area of a triangle is A = ½bh.
Area = ½ • base • height

If you recall, the area formula for a square, rectangle and parallelogram is:
A = bh

The only difference between the area formula for a triangle and the formula for a square/rectangle is ½ 

When we multiply bh by ½ it cuts bh in half. 
Multiplying anything by ½ cuts it in half (divides it by 2). 

So, the area formula for a triangle A = ½bh is literally saying that the area of a triangle is equal to ½ 
the area of a square or rectangle or parallelogram. 

A visual illustrating this concept is shown below:

Here we have a triangle. If a triangles area is half the area of a square or rectangle then that means 
two of the same triangle must create a whole square or rectangle. 



The last thing to take note of with the triangles is the base and height:

You will notice the base and height of the triangles are the same base and height of the square, 
rectangle, or parallelogram that they are part of. 

So, when you multiply the base of a triangle by its height, you actually find the area of the square, 
parallelogram or rectangle that it is part of. 

This is why the ½ is being multiplied by bh in the triangle area formula. To cut the area of the square, 
rectangle or parallelogram in half. 

A = ½bh

PARALLELOGRAM:

The parallelogram's area formula is: 
A = bh

You may notice that this is the SAME formula as the area of a square or rectangle. That 
is because a parallelogram is simply a square or rectangle that has been tilted. 

The base and height of a parallelogram are the SAME as the base and height of the 
square/rectangle that the parallelogram was before it was tilted. I will show this below 
with a visual:



Here is a parallelogram:

You can see the height and base of the parallelogram labeled.
So, how do we know it is actually a square/rectangle?

    

Lets start by cutting a triangle off one of the end's.

Here are the two pieces after the cut.
To connect them we are going to slide the triangle 
to the other side.

The top figure is the square/rectangle that was 
created when we slid the triangle to the other side. 

The bottom figure shows the original 
parallelogram. 

As you might be able to see just by looking at the 
two figures, their bases and heights are the same. 

That is why they have the same formula. The base 
times height of a parallelogram gets you the area 
of both the parallelogram and the rectangle/square 

it can be. 



TRAPEZOIDS:

Trapezoids area formula actually reads as the area of two triangles. This is because every 
trapezoid can be split into two triangles. The information you need to find a trapezoids 
area are it's two bases lengths, and its height. 

The formula is A = ½ (a + b) h

If you recall the triangle is A = ½bh 

Both formulas share the ½ and the h. The difference is that the trapezoid contains 2 
bases of 2 different triangles. These are represented by (a + b). The two triangles share 
the same height, which is why you don't see two different heights. 

By having (a + b ) in parentheses it forces you to use distributive property (multiply the 
numbers on the outside by BOTH numbers inside) with the two bases, the height and ½.

 A = ½ (a + b) h

 So, we start by multiplying ½ by both numbers inside and get:
A = (½a + ½b)h
Remember, when a number/fraction are next to a letter it means multiply.

 Then, we multiply the h by both numbers inside and get:
A = ½ah + ½bh

 Hint:
½ah = area of Triangle 1 with a base of a
½bh = area of Triangle 2 with a base of b

So, to summarize. The formula for a trapezoid actually has you adding the areas of two 
different triangles that have the same height. Their two areas combined make the area of 
the entire trapezoid. 

Below you will find some illustrations with explanations that SHOW you the trapezoid 
can be split into two triangles that:

 Have the same height as the trapezoid
 One will have base a of the trapezoidfor it's base
 The other will have base b of the trapezoid for it's base



This is a picture of a trapezoid. 
A and B represent the two bases of my trapezoid. Soon 
you will also see that they represent the bases of two 
triangles as well.

The dotted line represents the height. As you will soon 
see, the height of the trapezoid is also the height of the two 
triangles that make up the trapezoid as well. 

You might have noticed the little box at the bottom of the dotted line. 
That box means base B and the dotted line create a right angle where the two lines intersected. 

This is important because height is the perpendicular distance from the base to the highest point on the 
shape. So to be considered the height, the dotted line must be perpendicular to the base. 

Here is the same trapezoid. Only this time I have drawn a blue 
diagonal from one of the vertices to the opposite vertex. 

You can do this to every trapezoid.

If you look closely the bottom left triangle's base is the same as base b of the trapezoid. 

The upper right triangle's base is same as base a of the trapezoid. This triangle is actually flipped upside 
down. We know this because the base is supposed to be on bottom. 

Both of these triangles share the height of the trapezoid.
In the picture above you can clearly see that Triangle B has the same height as the trapezoid. Below 
you will find a picture showing that both triangles have the same height.

Look at the two triangles below that came from our trapezoid they do in fact have the same height. 

I had to flip Triangle A as you may have noticed. This is because height it is the perpendicular distance 
from the base to the highest point of the shape. So I needed the base to be on bottom. 



10-7 Circles: Area and Circumference

Radius:
The distance from the center of the circle to the edge of the circle. 

Diameter: 
The distance across the circle THROUGH the center of the circle. 
The diameter must go through the center of the circle. 
Diameter is twice the size of radius. 

Pi(π): 
Pi is abbreviated as 3.14
This number represents how many times it would take the diameter of the circle to form the 
circumference. 

In other words, a circles circumference is 3.14 times the size of the diameter. 

The formula for this would be     π =
c
d where c is the circumference and d is the diameter. 

Area of a Circle:

The formula for area of a circle is  πr2

In other words, π times radius squared. 

r2 means radius times radius. 

So all you need to find the area of the circe is the length of the radius. 

Circumference of a Circle:

Circumference of a circle can be found by multiplying π and diameter.

The formula is simply: πd   

Or since diameter is twice the length of radius we can write it like this as well: 2πr

So all you need to figure out circumference is the diameter or the radius of a circle!



W  hy These Formulas Work:  

Area of a Circle:

The picture above illustrates why a circles area formula is πr2.  

With any circle you can cut it into equal pieces. 
The top figure has been cut into 8 equal pieces. 

Each of these pieces looks kind of like a triangle. The pointed ends of all 8 pieces 
represents the center of the circle. If you noticed, they all meet at the center of the circle 
in the picture above. 

 

The rounded ends represent the outside of our circle (circumference). 
So, any line I draw from the pointed end, to the rounded end is a radius of my circle.

Also, since there are 8 pieces, that means the rounded end of each piece is equal to 1
8 of 

the circle's circumference. 



So if we take all that information from above, we can now piece it together to 
show you WHY the area formula is πr2.

Lets take a look at the bottom piece of the picture from the previous 
page:

   

In the picture above you can see that the 8 equal pieces have been pieced together to turn 
our circle into a parallelogram. A parallelogram's area formula is A = bh. 

If we get the area of that parallelogram, then we also will have obtained the area of our 
circle because the pieces that make up the parallelogram also make up our circle. 

The base of this parallelogram can represented by πr. 
In other words, half the circumference. 

 The base is made up of 4 of my 8 rounded ends. HALF of the circle.
 The rounded ends represent the circumference of my circle. 
 The circumference formula is 2πr. 
 So HALF of 2πr would be 1πr.

The height of my parallelogram above is represented by the radius of my circle. So the 
height is r. 

We know this because the distance from the pointed end to the rounded end (represented 
by the green line above) represents the radius of our circle. 

So if our base is πr and our height is r then the area of my parallelogram would be:

A = πrr
r • r gets you r2

So we could also say that A = πr2



Circumference of a Circle:

This formula is very difficult to SHOW why it works in a word document. You would be 
better off watching the video that should be up on the website soon. However, I will take 
a minute to explain the formula to the best of my ability. 

The formula is:

πd  (Pi times Diameter)

To understand this formula it is important to understand how Pi was discovered. 

Pi is one of the numbers everyone walks away from math remembering: 3.14

But where did it come from? What is special about it. 
What Pi actually represents is circumference divided by diameter. 

The 3.14 represents how many times the diameter of the circle goes into the total 
circumference.

So if my diameter were a piece of string, I would have to have 3.14 piece of diameter to 
make my circle.

So if it take 3.14 diameters to “make the circumference.” Then that also means it takes 
3.14 times diameter to get you the circumference of your circle. Hence the formula: 

πd (Pi times Diameter)



Finding Area of Shapes:

Rectangle/Square Formula:    A = bh (bh means b times h) 

A = Area 
b = base
h = height

To find the area, plug the length of the base and the height into the formula above and 
solve. As you can see in the picture to the right, 4 is the base and 6 is the height.

A = bh
A = 4(6) I plugged in the base and height. 
A = 24 The area is 24 ft2

Parallelogram: A = bh (bh means b times h)

A = Area
b = base
h = height

To find the area, plug the length of the base and the height into the formula above 
and solve. As you can see in the picture to the right, 4 is the base and 6 is the height.

A = bh
A = 4(6) I plugged in the base and height. 
A = 24 The area is 24 ft2



Triangles: A = ½bh (½bh means ½ times b times h)

A = Area
 b = base
 h = height

To find the area, plug the length of the base and the height into the area formula 
above and solve. As you can see in the picture to the right, 4 is the base and 6 is the 
height.

A = ½bh
A = ½(4)(6) I plugged in the base and height. 
A = 12 The area is 24 ft2

Trapezoids:     A = ½h(a + b)

A = Area
 a = base 1
 b = base 2
 h = height

To find the area, plug the length of the base and the height into the area formula 
above and solve. As you can see in the picture to the right, 3 is base 1, 4 is base  2 
and 6 is the height.

A = ½h(a + b)
A = ½(6)(3 + 4) I plugged in the base and height. 
A = ½(6)(7) I added what was in parentheses
A = 3(7) I multiplied ½ and 6
A = 21 I multiplied 2 and 7. The area is 21 ft2



Circles:    πr2 (πr2 means π times radius squared)

r = radius
π = 3.14

To find the area of a circle, plug the radius into the area formula. Remember to do r2 

before you multiply by pi because exponents come before multiplication in the order of 
operations (chapter 1-2). 

A = πr2

A = π(42) I plugged the radius in for r
A = π(16) I solve 42 which means 4 • 4.
A = 50.24 I multiplied π and 16. Remember, π = 3.14. The area is 

50.24 ft2

Circumference of Circles: C = πd or C = 2πr

d = diameter
r = radius
π = 3.14

To find circumference of a circle plug diameter into the formula on the left, or plug 
radius into the formula on the right. 

If the diameter was 4 ft: If the radius was 2 ft:

C  =  π(4)        Plugged 4 in for r           C = 2π(2) Plugged 2 in for r
C  =  12.56 ft2       Multiplied π and 4 C = 6.28(2) Multiplied 2 and π

C = 12.56 ft2 Multiplied 6.28 and 2



10-8 Area of Composite Figures

Composite Figures: Composite figures are figures that are made up of several shapes 
but cannot be classified as a specific shape itself. For example: 

These three composite figures are not specific shapes as you can see. 
However, they can be broken up into 2 or more specific shapes.
This allows us to find the area of these figures using the the specific shapes area 
formulas.

For example, in the first figure on the left we would use the parallelogram and rectangle 
formulas to find the area of the different pieces. Then we would add the two areas 
together to obtain the total area of the composite figure. 

An example of finding the area of a 
composite figure is on the next page!



Finding the Area of Composite Figures:

The composite figure below is a house. There is no area formula for a house as it is not a 
shape. It is a composite figure (made up of several shapes). But we can split it into 
pieces and find the area of those pieces!

As you might be able to tell the house can be split into a triangle and a rectangle. So to 
find the area we will have to find the area of the triangle and rectangle that make up the 
house.

Area of a triangle:
A = ½bh

Area of a rectangle:
A = bh

So, if we plug in the dimensions for the triangle and rectangle of our house and solve we 
will have the area of the house:

Triangle: Rectangle:
A = ½(15)(4) A = (15)(12)
A = ½(60) A = 180 ft2

A = 30 ft2

The area of the triangle was 30. The area of the rectangle was 180. So the total area 
of the house was 210 ft2.

Why do we label area in feet SQUARED, or inches SQUARED:

When we find area of 2d figures we are trying to see how many 1x1 squares could fit 
inside them. So if you have an area of 3 ft2 it means you can fit exactly three 1x1 squares 
inside the figure. You may have to cut the squares and piece them in, but they will fit. 



11-1 Three-Dimensional Figures

Plane: 
A plane is two-dimensional flat surface that extends in all directions (up, down, left and 
right). 

It is like a piece of paper that goes on forever in all directions. 

Example:

     To the left you see a blue plane and a green plane 
      intersecting.

Solid:
3-dimensional figures formed by intersecting planes. 
A cube is formed by 6 intersecting planes for example. Each side of a cube is a plane. 

Polyhedron:
A solid with flat surfaces that are polygons. So for example, the faces (sides) will look 
like squares, rectangles, triangles, etc. 
Examples:
Cubes, prisms, pyramids, cylinders etc. 



Edge:
Where two planes intersect. Or where two faces (sides) meet in a polyhedron. 

The blue plane and the green plane are intersecting. Their 
intersection creates a line. You can see that line represented in black 
in the picture to the left.

In the picture below you can see two edges represented in red. Two vertices 
represented in yellow. And one face represented in light blue. 

Vertex: On a 3d solid, a vertex is the point 
where three or more planes intersect. 

These typically look like “corners”. 

In the picture to the left, our vertices are 
represented by the yellow dots.

Face:
A flat surface of a polyhedron. The “sides” of your polyhedron. An example of a face is 
shown in the picture above. It is shaded in light blue. 

Base: 
The bottom face of a polyhedron. 
The face whose shape is the basis for classifying a prism or pyramid.

For example:
The base's of a triangular prism would be the two triangular faces.
The base of a rectangular pyramid would be the triangular face.



Prism:
A prism is a polyhedron with two parallel (opposite), congruent (same size), faces called 
bases. 

As you can, in a prism there are two bases. 

In the picture above, one of the bases has been colored. The 2nd bases is on the opposite 
side of the figure. These bases are always polygons (2d shapes). 

The sides between your two bases, no matter what kind of prism you have, are always 
rectangles. 

Pyramid:

A pyramid is a polyhedron with one base that can be any polygon. The other faces are 
triangles. The name of the pyramid is dictated by its base as seen below:



Cylinder:
A solid with congruent parallel bases that are circles connected with a curved side. A 
cylinder is not a polyhedron because all of its surfaces are not flat as stated in the 
definition of a polyhedron. 

Cone:
A cone is a solid with one circular base and a vertex, connected by a curved side. 

Vertex



11-2 Volume of Prisms and Cylinders

Volume:
The amount of space inside of something. 
The important thing to remember about volume is that we are trying to see how many 
1x1x1 cubes fit inside. That is why we label volume measurements as cubed (to the third 
power). For example, the volume is 42 ft3.

Volume of a prism:

B = area of the base (what this is changes depending on the shape of the base)
H = height of the prism
 h = height of the base
V = volume
  l = length
 w = width

Volume formula for a any prism:

V = BH

Examples of specific prism formulas:

    Rectangular Prism      Triangular Prism

                 

Area of the rectangular base Area of the triangular base
times the height of the prism. times the height of the prism. 

lw
Base Area

• H
Height

1/2bh
Base Area

• H
Height



Volume of a Cylinder:

Any cylinder's  volume formula is also V = BH

The base of all cylinders is a circle. So the more specific formula would be:

Area of the circular base times the cylinder's height.

Why Volume of a Prism Works:

When reading on, it is important to understand that volume is measured in cubic 
measurements. This means when we obtain volume we are figuring out how many 
1x1x1 (this can be in ft, in, mm etc) cubes we can fit inside something. 

The best prism to start with is the rectangular prism:

Lets take a look at the area formula:   lw
Base Area

• H
Height

The way to think of this is that the height represents the layers in the prism. 

Length • Width gets you the total cubes in 1 layer which is 10
The height tells us that there are 2 layers of cubes.
Multiplying 10 by the height will tell us the total volume (cubes in the prism) is 20. 

πr2
Base Area

• H
Height



Why Volume of a Cylinder Works:

Volume of a cylinder works just like a prism. 

By finding the area the base you obtain the total number of cubes that fit into 1 layer of 
the cylinder. 

The height still represents how many layers.

So by multiplying the area of the base by the height, you end up finding how many 
cubes fit into the entire cylinder (all of it's layers). 

πr2
Base Area

• H
Height



11-3 Volume of Pyramids, Spheres and Cones

Remember:

B = area of the base (what this is changes depending on the shape of the base)
H = height of the prism
 h = height of the base
V = volume
  l = length
 w = width

Volume Formula of a Pyramid:

•

Volume Formula of of a pyramid is similar to area of a triangle.

I say this because a triangles area formula (½bh) tells us that the triangle's area is equal 
to half a rectangle/square's area. 

The volume formula of a pyramid tells us that the pyramids volume is equal to one third 
the area of a prism. If you scroll down, I will explain why/how this works. 

Volume Formula of a Cone:

•

Volume Formula of of a cone is similar to area of a triangle.

I say this because a triangles area formula (½bh) tells us that the triangle's area is equal 
to half a rectangle/square's area. 

The volume formula of a pyramid tells us that the pyramids volume is equal to one third 
the area of a prism. If you scroll down, I will explain why/how this works. 

1
3

Bh
Areaof Prism

πr2 H
Areaof Cylinder

1
3



Why the Volume of a Pyramid Works:

•

If we look at the Volume Formula for a pyramid it literally tells us that the volume is 
equal to one third of the volume of a prism with the same base and height as our 
pyramid. 

If you look at the picture below, you can see that my pyramid actually fits inside a prism 
(the blue lines). 

The base of the pyramid and the prism are the same.
The height of the pyramid and prism are the same.

So by doing area of the base times the height, we find the volume of the prism that the 
pyramid fits inside. 

This is very similar to the area of a triangle. You first find the area of the square the 
triangle fits into, then cut it in half to get the area of the triangle. 

In this case we are finding the volume of the prism our pyramid fits into, then cutting 
into a third which is the volume of the pyramid. 

I wish I could show you that the pyramid is actually one third of that prism with a 
picture but I am simply not that skilled of an artist. Hopefully I will get a video up to 
illustrate this fact. The picture above is the best I can do for now. 

Bh
Areaof Prism

1
3



Why the Volume of a Cone Works:

If we look at the Volume Formula for a cone it literally tells us that the volume of our 
cone is equal to one third of the volume of a cylinder with the same base and height as 
our cone. 

If you look at the picture below, you can see that my cone actually fits inside a cylinder. 

The base of the cone and the cylinder are the same.
The height of the cone and cylinder are the same.

So by doing area of the base times the height, we find the volume of the cylinder that the 
cone fits inside. 

This is very similar to the area of a triangle. You first find the area of the square the 
triangle fits into, then cut it in half to get the area of the triangle. 

In this case we are finding the volume of the cylinder our cone fits into, then cutting it 
into a third which is the volume of our cone. 

I wish I could show you that the pyramid is actually one third of that prism with a 
picture but I am simply not that skilled of an artist. Hopefully I will get a video up to 
illustrate this fact. The picture above is the best I can do for now. 



11-4 Surface Area of Prisms and Cylinders

Face:
A flat surface of a polyhedron. The “sides” of your polyhedron. An example of a face is 
shown in the picture above. It is shaded in light blue. 

Base: 
The bottom face of a polyhedron. 
The face whose shape is the basis for classifying a prism or pyramid.

Lateral Faces:
The face(s) that are not bases of the figure. 

Lateral Area:
The total area of all the lateral faces.

Surface Area:
The total area of all faces (sides) of a polyhedron/solid (3-D shape).

Example:
To find the surface area of a cube you would need to find the area of all 6 faces/sides 
first. Then add up the 6 areas you get. So in the end, you get the total area for all of the 
surfaces of the cube. Hence the name, surface area. 

Scroll down for specific formulas:



Surface Area Formula of a Prism:
B = area of the base (what this is changes depending on the shape of the base)
H = height of the prism
P = Perimeter of Base
S = Surface Area

Surface area of a prism is the total area of the two bases and the lateral area (the 
middle surfaces).

S = PH + 2B

S  = PH
Lateral Area

 + 2B
Areaof Two Bases

In Words:
Surface Area of a Prism is equal to the Perimeter of the Base times the Height of the 
Prism plus the Area of Both Bases. 

How does PH get the lateral area of a prism?

To illustrate this concept I will use a rectangular prism:

● The base of our prism is a rectangle with a length of 6 cm and width of 3 cm.

● Opposite sides in a rectangle are equal, so to the four sides would be:
6cm, 6cm, 3cm, and 3cm.

● The Lateral Area of a prism is the area of the four surfaces “in the middle.” 
There are 4 surfaces that make up the lateral area of THIS prism. 

So, you have two options to find the lateral area. The long way and the short way (PH). 



The long way:
Add the areas of the four face that make up the lateral area. 
To do that, you need to find their area's first. 
All four faces have a height of 4 and a base of 6 or 3. So:

Which gets you:

24
Lateral Face 1

 + 24
Lateral Face 2

 + 12
Lateral Face 3

 + 12
Lateral Face 4

 = 72
Lateral Area

So your lateral area is 72.

The Short Way (PH) Is On The Next Page



The short way: PH

We multiply base • height to get the area of one of our lateral faces.
So, we multiply each lateral face's base by 4 to get their areas because they all have a 
height of 4. 

Blue Lines: Height of both the lateral faces 
and the prism.

Magenta Lines: Bases of 6 for a lateral face.

Red Lines: Bases of 3 for a lateral face. 

Since all of the bases of our lateral faces are multiplied by the same number (4) to get 
their areas, we can take a shortcut to finding the lateral area.   

1) Add up the four lateral faces bases (6, 6, 3, and 3). 
This gets you the total perimeter of the base of your prism.

2) Multiply the answer from step one by 4 (height of lateral faces) and you will 
have the lateral area of the prism.

So:
The short way works like this: 

1)
6633

Lateral Face ' s Bases
 = 

18
Perimeter

    This answer is the P in PH.

2)
18

Perimeter of Base
 • 

4
height

 = 
72

Lateral Area
  

Why this works is explained on the next page.



Why this works:

It is important to understand that multiplication is repeated addition. 
For example, 6 • 4 is like saying I will add 4 six times. 

4 + 4 + 4 + 4 + 4 + 4 = 24 

So when you have :

It is like saying you will add four 6 times
Then 6 more times
Then 3 more times
And then 3 more times
For a total of adding four 18 times. 

Another way to think of it is adding four 6 + 6 + 3 + 3 times. 
So you add four a total of 18 times to get 72.

Or you could just multiply 4 by 18  and get the same answer because 18 • 4 means 
adding four 18 times. 

This is PH. P times H. 

Surface Area of a Cylinder on Next Page:



Surface Area Formula of a Cylinder:

H = Height of the prism
r = Radius
π = 3.14
S = Surface Area

S = 2πr2 + 2πrH

S  = 2πr 2
Areaof Bases

 + 2πr
Circumference of Base

• 
H

Height

Words:
Surface Area of a cylinder is equal to 2 times the area of a circle (base) plus the 
circumference of the circle (base) times the height of the prism. 

To find surface area of a cylinder you need the area of 

1) The two bases (circles).

2) The lateral area which is actually a rectangle if you     
“unwrap” it. 

                                 (I will be making a video to show this soon on my website.)

The first part of the formula:

Represents the area of the 2 congruent circular bases. 
πr2 is the area of 1 circle with radius r. 
Multiplying  πr2 by 2 gets you the area of 2 circles with radius r. 

The second part of the formula:
The lateral area “unwraps” into a rectangle.

• Area of that rectangle would be its base • height.
The 2πr is the base of that rectangle.
The H is the height of that rectangle.

So 2πr • H is the area of the rectangle/lateral 
area of the cylinder. 

2πr 2
Areaof Bases

2πr
Circumference of Base

H
Height



11-5 Surface Area of Pyramids and Cones

Slant Height:
The height of a slanted object would have if it were “upright”. 

For example, the triangles on a pyramid are slanted. The slant height would be the 
height of that triangle if it were standing up. Another way to think of it would be the 
distance it would take to walk up the triangle. 

Surface Area of a Pyramid:

B = area of the base (what this is 
changes depending on the shape of 
the base)
L = Lateral Area
P = Perimeter of the Base
S = Surface Area

Formula:

S = B + ½PL

S = B
Pyramid Base

+ 
L

Lateral Area

When finding surface area of a pyramid, there are two parts. 

1) The area of the base which can be many different shapes.
If you have a triangular pyramid you find the area of the triangular base (½bh).
If you have a rectangular pyramid find the area of the rectangular base (bh).

2) The lateral area. Basically all of the surfaces aside from the base. These are 
always triangles. The number of lateral faces in the lateral area depends on how 
many sides the base has. 



First part of the formula:

To find the area of the base, it depends on the shape of the base. Different 
shapes have different area formulas.

Second part of the formula:

To find the lateral area find the area of each triangle. 
Remember, the area of a triangle is ½bh. 
In this case, replace the h with slant height of your triangle.

B
Pyramid Base

L
Lateral Area



Surface Area of a Cone:

B = area of the base (what this is changes depending on the shape of the base)
S = Slant Height
r = radius
π = 3.14
SA = Surface Area

     SA = πrS + πr2

SA  = πrS
Lateral Area

 + πr2
Areaof Base

When finding surface area of a pyramid there are two parts:

1) The area of the base (which is always a circle).

2) The Lateral Area (the curved part of the cone).

Breaking down the formula: 
WARNING this next part can be really confusing. I struggled to put it into 
words. If you need any help, contact me through email, or the forum on my 
website. 

The base of a cone is always a circle. So the area of the base 
can be found by doing πr2

The lateral area is where things get a little confusing. The 
next page will describe in detail why πrS gets you that area. 

πr2
Areaof Base

πrS
Lateral Area



How does πrS get us the lateral area of a cone? 
To start we need to “unwrap” the cone.

● The top part is the lateral area unwrapped.

● The curved part of the top is the circumference of the base. 

● When you wrap the top part into a cone, the curved part creates the 
small circle for the base of the cone. 

● The straight lines of the top part become the slant height of the cone. 

● The bottom part (small circle) is the base of the cone. 

Proceed to the next page when ready
to continue the explanation.



● The lateral area of a cone is actually a piece of a big circle. This can 
be seen below on the right. 

● The straight lines of the lateral area are the radius of that big circle 
AND the slant height of our cone. So it is represents by S. 

● The base of our cone (left picture) is a small circle with a radius 
represented by r.

To figure out what portion/part of the big circle's circumference the “curved 
part” is we need to look at the following information:

● The circumference formula for a circle is: 2πr

● Circumference of the big circle would be: 2πS 
 S is the radius of the big circle.  

● Circumference of the small circle (curved part of lateral area) would 
be 2πr where r is the radius of the small circle. 



Since the small circle's circumference (“curved part”) is PART of the big 
circle's circumference you can obtain the proportion by putting that piece 
over the whole (big circle's circumference).

The PART of the big circle's circumference. 
The whole big circle's circumference. 

A simpler way to write this would be 
r
S  

I eliminated the 2π from the top and bottom of the fraction. 
I can do this because they cancel out. 

For an explanation of why they cancel out use the forum on my website or  
email me. 

2πr
2πS

2πr
2πS



So, 
r
S

 represents the proportion or fractional part of the big circle's circumference 

that the “curved part” of my lateral area takes up. 

For example, when I say fractional part, I mean that 
r
S

tells us that the curved part of 

the lateral area might take up 1
4  of the big circle's circumference. Or whatever the 

fraction may be. 

So, looking at the picture below, you will notice that 1
4 of area is shaded in. 

The shaded in region also contains 1
4 of the circumference. 

Lets say that the shaded region is our “lateral area 
of our cone”

If the circumference of the lateral area is 1
4  of 

the whole circle. 

Then the area of the lateral area is also 1
4 of the 

whole circle as well. 

So, to find the area of the lateral area, you would multiply the area of the big 
circle by 1

4 .

In case you weren't aware, multiplying something by 1
4 gets you what one-

fourth of that number would be.
For example, 1

4 • 8 = 2



So now, lets take that same process we did above and replace the 1
4 with 

r
S  

Since 
r
S is the amount (fractional part) of the big circles circumference that 

our lateral area's curved part takes up, we need to multiply that by the area of 
the big circle. 

We do this because 
r
S also represents the fractional part of the big circles 

area that our lateral area takes up. 

So:

πS2

1
• 

r
S = 

πS 2 r
S

= 
πS • S r

S = 
πS • S r

S = πrS
Lateral Area

 

The lateral area of the cone! FINALLY!
πS2 (area formula of the big circle where S is it's radius). 



A shorter way to explain all of this if you can understand some 
complicated math is: 

We can work out the surface area of the lateral surface by realizing that if you were to cut 

it and unroll it, you would end up with part of a disk. The radius of the disk would be s 

(the slant height), so that if it were whole its circumference would be 2πs, and its area 

would be πs². The proportion of the circumference we have is equal to the circumference 

of the base of the cone over that of this new disk: 2πr/2πs = r/s. So, we must have the 

same proportion of the area: πs² * r/s = πrs



How to use the Volume Formulas:

B = Area of base(s)
r =  Radius
h = Height of base
H = Height of 3d solid
L = Slant Height
V = Volume
π = 3.14

Prism:

V = Bh The formula changes, depending on what the base is. B is 
replaced with the area formula for the base.

Below we have a triangular prism. 
So it's base is a triangle. 
That means we need to replace B with the area formula of a triangle like so:

V = 
1
2

bh H      

½bh = Area Formula of Triangle
  H = Height of Prism

The triangular prism to the left has 2 
triangular bases so we will use the 
formula above to find it's volume.

V = ½(7)(3)(11)

V = ½ (21)(11)

V = ½(231)

V = 115.5 m3



Cylinder:

B = Area of base(s)
r =  Radius
h = Height of base
H = Height of 3d solid
L = Slant Height
V = Volume
π = 3.14

V = BH or    V = πr2 H

We can replace B with πr2 because the base of a cylinder is ALWAYS a circle 
and πr2 is the area formula for a circle. 

In our cylinder to the right we have a height 
of 6 and a radius of 4. So we just plug that 
information into the volume formula.

V = π(42)(6)
V = π(16)(6)
V = π(96)
V = 3.14(96)
V = 301.44 cm3



Pyramid:

V =
1
3

BH

As with the Prism, the B changes depending on what the shape of the base is. 
Replace B with that shape's area formula.

Finding volume functions the same way as Prisms and Cylinders. Plug the right 
numbers into the formula and solve. 

Cone:

V =
1
3

BH OR V =
1
3
πr2 H

As with the Cylinders, the base of the cone is ALWAYS a circle. So you can just replace 
B with πr2.

Finding volume functions the same way as Prisms and Cylinders. Plug the right 
numbers into the formula and solve. In this case you need radius

r = radius 

h = height of figure



Finding Surface Area of:
Prisms, Cylinders, Pyramids and Cones

B = Area of base(s)
r =  Radius
h = Height of base
H = Height of 3d solid
L = Lateral Area
S = Surface Area
π = 3.14

Prisms:

2B + L

Area of the 2 bases, plus the lateral area (middle surfaces).

The lateral surfaces are always rectangles.
B changes depending on the shape. Different shapes have different area formulas.
Prisms always have 2 congruent bases so we multiply B by 2. 

So, to find the surface area we need to find the area of all the surfaces:
       

S = ½(7)(3) • 2 + 5(11) + 5(11) + 5(11)     ½(7)(3) • 2 
S = ½(21)(2) + 55 + 55 + 55                      ½(b)(h) • 2 = Area of the two triangle bases
S = ½(42) + 55 + 55 + 55         
S = 21 + 55 + 55 + 55                  5(11) = Area of a rectangular face. There are 3 total.
S = 186       L(W) = Length • Width

   



Cylinder:

S = 2πr2 + 2πrh

2πr2 = Area of the two circular bases.

2πrh = The lateral area (mid section)

So to find surface area just plug in the right number into the equation and solve. 
Plug the number for height in for h.
Plug the number for radius in for r.
Plug 3.14 in for π

S = 2πr2 + 2πrh
S = 2(3.14)(42) + 2(3.14)(4)(6)
S = 2(3.14)(16) + 2(3.14)(4)(6)
S = 6.28(16) + 2(3.14)(4)(6)
S = 100.48 + 2(3.14)(4)(6)
S = 100.48 + 6.28(4)(6)
S = 100.48 + 25.12(6)
S = 100.48 + 150.72
S = 251.2

Pyramid:

B + L 

B = Area of Base
L = Lateral Area. (Area of the triangles)

Same Process applies for pyramids as for prisms. Just find the area of each surface using 
their formulas. The differences are:

The lateral faces are made of triangles instead of rectangles. 
There is only one base instead of two.



Cone:

πr2 + πrs

πr2 = Area of the circular base

πrs = Lateral area

Same Process applies for cones as for cylinders. 
Just plug in the correct numbers into the formula and solve. 

So you would:
Plug the radius in for r.
Plug the slant height in for S
Plug 3.14 in for π
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