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Abstract

We address the problem of maximizing an unknown submodular func-
tion that can only be accessed via noisy evaluations. Our work is mo-
tivated by the task of summarizing content, e.g., image collections, by
leveraging users’ feedback in form of clicks or ratings. We provide a
generic algorithm EXPGREEDY for maximizing an unknown submodu-
lar function under cardinality constraints. This algorithm makes use of a
novel exploration module – TOPX – that proposes good elements based
on adaptively sampling noisy function evaluations. TOPX is able to ac-
commodate different kinds of observation models such as value queries
and pairwise comparisons. We provide PAC-style guarantees on the
quality and sampling cost of the solution obtained by EXPGREEDY. We
demonstrate the effectiveness of our approach in an interactive, crowd-
sourced image collection summarization application.

Introduction

Many applications involve the selection of a subset of items, e.g., summarization of content on the
web or feature selection for machine learning problems. Typically, the task is to select a subset of
items of limited cardinality with the goal of maximizing their utility. This utility is often measured
via properties like diversity, information, relevance or coverage. Submodular set functions naturally
capture the fore-mentioned notions of utility. Intuitively, submodular functions are set functions that
satisfy a natural diminishing returns property. They have been widely used in diverse applications,
including content summarization and recommendations, sensor placement, viral marketing, and nu-
merous machine learning and computer vision tasks [1, 2].

Summarization of image collections. One of the motivating applications, which is the subject of
our experimental evaluation, is summarization of image collections. Given a collection of images,
say, from Venice on Flickr, we would like to select a small subset of these images that summarizes
the theme Cathedrals in Venice, cf., Figure 1. We cast this summarization task as the problem of
maximizing a submodular set function f under cardinality constraints.

Submodular maximization. Usually, it is assumed that f is known, i.e., f can be evaluated exactly
by querying an oracle. In this case, a greedy algorithm is typically used for maximization. The greedy
algorithm builds up a set of items by picking those of highest marginal utility in every iteration, given
the items selected that far. Despite its greedy nature, this algorithm provides the best constant factor
approximation to the optimal solution computable in polynomial time [3].

Maximization under noise. However, in many realistic applications, the function f is not known
and can only be evaluated up to (additive) noise. For instance, for the image summarization task,
(repeatedly) querying users’ feedback in form of clicks or ratings on the individual images or image-
sets can provide such noisy evaluations. There are other settings for which marginal gains are hard

∗An extended version of this paper is currently under review for AAAI.
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(a) Image collection to be summarized

EXPGREEDY : ”Venice” using pairwise comparisons via crowdsourcing

EXPGREEDY : ”Venice Carnival” using pairwise comparisons via crowdsourcing

EXPGREEDY : ”Venice Cathedrals” using pairwise comparisons via crowdsourcing

1 2 3 4 5 6

1 2 3 4 5 6

1 2 3 4 5 6

Inferred Borda score of selected item

Inferred Borda score of selected item

Inferred Borda score of selected item

0.833 0.806 0.816 0.772 0.786 0.80

0.848 0.888 0.877 0.852 0.884 0.819

0.850 0.864 0.890 0.862 0.880 0.812

(b) Results for three summarization tasks
Figure 1: (a) Image collection V to be summarized; (b) Summaries obtained using pairwise comparisons
via crowdsourcing for the themes (i) Venice, (ii) Venice Carnival, and (iii) Venice Cathedrals. Images are
numbered from 1 to 6 in the order of selection.

to compute exactly, e.g., computing marginal gains of nodes in viral marketing applications [4] or
conditional information gains in feature selection tasks [5]. In such cases, one can apply a naive
uniform sampling approach to estimate all marginal gains up to some error ε and apply the standard
greedy algorithm. While simple, this uniform sampling approach could have high sample complex-
ity, rendering it impractical for real-world applications. In this work, we propose to use adaptive
sampling strategies to reduce sample complexity while maintaining high quality of the solutions.

Our approach for adaptive sampling. The first key insight for efficient adaptive sampling is that
we need to estimate the marginal gains only up to the necessary confidence to decide for the best
item to select next. However, if the difference in the marginal gains of the best item and the second
best item is small, this approach also suffers from high sample complexity. To overcome this, we
exploit our second key insight that instead of focusing on selecting the single best item, it is sufficient
to select an item from a small subset of any size l ∈ {1, . . . , k} of high quality items, where k is
the cardinality constraint. Based on these insights, we propose a novel exploration module – TOPX
– that proposes good elements by adaptively sampling noisy function evaluations.

Our contributions. Our main contributions are:

• We provide a greedy algorithm EXPGREEDY for submodular maximization of a function via
noisy evaluations. The core part of this algorithm, the exploration module TOPX, is invoked at
every iteration and implements a novel adaptive sampling scheme.

• Our theoretical and experimental analysis provides insights of how to trade-off the quality of
subsets selected by EXPGREEDY against the number of evaluation queries performed by TOPX.

• We demonstrate the applicability of our algorithms in a real-world application of crowdsourcing
the summarization of image collections via eliciting crowd preferences, cf., Figure 1.

Problem Statement
Utility model. Let V = {1, 2, . . . , N} be a set of N items. We assume a utility function f over
subsets of V , i.e., a function f : 2V → R. Given a set of items S ⊆ V , the utility of this set is
f(S). Furthermore, we assume that f is non-negative, monotone and submodular. Monotone set
functions satisfy f(S) ≤ f(S′) for all S ⊆ S′ ⊆ V; and submodular functions satisfy the following
diminishing returns condition: for all sets S ⊆ S′ ⊆ V , and any item a ∈ V \ S′, it holds that
f(S ∪ {a}) − f(S) ≥ f(S′ ∪ {a}) − f(S′). These conditions are general, and are satisfied by
many realistic, complex utility functions [6, 7]. Concretely, in our image collection summarization
example, V is a collection of images, and f is a function that assigns every summary S ⊆ V a score,
preferring relevant and diverse summaries.

Observation model. In classical submodular optimization, f is assumed to be known, i.e., f can
be evaluated exactly by an oracle. In contrast, we only assume that noisy evaluations of f can be
obtained. For instance, in our summarization example, one way to evaluate f is to query users to
rate a summary, or to elicit user preferences via pairwise comparisons of different summaries. In the
following, we formally describe these two types of queries in more detail:

(1) Value queries. In this variant, we query the value for f(a|S) = f({a} ∪ S) − f(S) for some
S ⊆ V and a ∈ V . We model the noisy evaluation or response to this query by a random variable
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Xa|S with unknown sub-Gaussian distribution. We assume that Xa|S has mean f(a|S) and that
repeated queries for f(a|S) return samples drawn i.i.d from the unknown distribution.

(2) Preference queries. Let a, b ∈ V be two items. The preference query aims at determining whether
an item a is preferred over item b (i.e., item a has larger marginal utility than another item b). We
model the noisy response of this pairwise comparison by the random variable Xa>b|S that takes
values in {0, 1}. We assume that Xa>b|S follows some unknown distribution and satisfies the fol-
lowing two properties: (i) Xa>b|S has mean larger than 0.5 iff f(a|S) > f(b|S); (ii) the mapping
from utilities to probabilities is monotone in the sense, that if given some set S, and given that the
gaps in utilities satisfy f(a|S)−f(b|S) ≥ f(a′|S)−f(b′|S) for items a, b, a′, b′ ∈ V , then the mean
of Xa>b|S is greater or equal to the mean of Xa′>b′|S . For instance, the distribution induced by the
commonly used Bradley-Terry-Luce preference model [8, 9] satisfies these conditions. We again
make a stochastic assumption and require that repeated queries return samples drawn i.i.d from the
unknown distribution.

Value queries are natural, if f is approximated via stochastic simulations (e.g., as in [4]). On the
other hand, preference queries may be a more natural way to learn what is relevant / interesting to
users compared to asking them to assign numerical scores, which are difficult to calibrate.

Objective. Our goal is to select a set of the items S ⊆ V with |S| ≤ k that maximizes the utility
f(S). The optimal solution to this problem is given by

Sopt = argmax
S⊆V,|S|≤k

f(S). (1)

Note that obtaining optimal solutions to problem (1) is intractable [10]. However, a greedy opti-
mization scheme based on the marginal utilities of the items can provide a solution Sgreedy such
that f(Sgreedy) ≥ (1 − 1

e ) · f(S
opt), i.e., a solution that is within a constant factor of the optimal

solution can be efficiently determined.

In our setting, we can only evaluate the unknown utility function f via noisy queries and thus cannot
hope to achieve the same guarantees. The key idea is that in a stochastic setting, our algorithms
can make repeated queries and aggregate noisy evaluations to obtain sufficiently accurate estimates
of the marginal gains of items. We study our proposed algorithms in a PAC setting, i.e., we aim to
design algorithms that, given positive constants (ε, δ), determine a set that is ε-competitive relative
to a reference solution with probability of at least 1 − δ. One natural baseline is a constant factor
approximation to the optimal solution, i.e., we aim to determine a set S such that with probability
at least 1− δ, we have

f(S) ≥ (1− 1

e
) · f(Sopt)− ε. (2)

Our objective is to achieve the desired (ε, δ)-PAC guarantee while minimizing sample complexity
(i.e., the number of evaluation queries performed).

Submodular Maximization Under Noise

We now present our algorithm EXPGREEDY for maximizing submodular functions under noise.
Intuitively, it aims to mimic the greedy algorithms in noise-free settings, ensuring that it selects
a good element in each iteration. Since we cannot evaluate the marginal gains exactly, we must
experiment with different items, and use statistical inference to select items of high value. This
experimentation, the core part of our algorithm, is implemented via a novel exploration module –
TOPX (for a description of TOPX we refer the interested reader to the extended version of this
paper [11]).

The algorithm EXPGREEDY, presented in Algorithm 1, iteratively builds up a set S ⊆ V by invoking
TOPX(ε′, δ′, k′, S) at every iteration to select the next item. TOPX returns candidate items that
could potentially be included in S to maximize its utility. The simplest adaptive sampling strategy
that TOPX could implement is to estimate the marginal gains up to the necessary confidence to
decide for the next best item to select (top1 identification problem). However, if the difference in the
marginal gains of the best item and the second best item is small, this approach could suffer from
high sample complexity. Extending ideas from the randomized greedy algorithm [12], we show in
Theorem 1 that in every iteration, instead of focusing on top1, it is sufficient for EXPGREEDY to
select an item from a small subset items with high utility. This corresponds to the following two
conditions for TOPX:
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Algorithm 1: EXPGREEDY

1 Input: Ground set V; No. of items to pick k; ε, δ > 0;
2 Output: Set of items S ⊆ V : |S| ≤ k, such that S is ε-competitive with probability at least (1− δ);
3 Initialize: S = ∅

foreach j = 1, . . . , k do
4 A = TOPX(ε′, δ′, k′, S)
5 Sample s uniformly at random from A
6 S = S ∪ {s}
7 return S

1. TOPX returns a subset A 6= ∅ of size at most k′.
2. With probability at least 1− δ′, the items in A satisfy

1

|A|
∑
a∈A

f(a|S) ≥ max
B⊆V,|B|=|A|

[
1

|B|
∑
b∈B

f(b|S)

]
− ε′. (3)

At any iteration, satisfying these two conditions is equivalent to solving a topl identification problem
for l = |A| with PAC-parameters (ε′, δ′). TOPX essentially returns a set of size l containing items
of largest marginal utilities given S. Let us consider two special cases, (i) l = 1 and (ii) l = k for
all j ∈ {1, . . . , k} iterations. Then, in the noise free setting, EXPGREEDY for case (i) mimics the
classical greedy algorithm [3] and for case (ii) the randomized greedy algorithm [12], respectively.
As discussed in the extended version of this paper [11], the sample complexity of these two cases
can be very high. The key insight we use in EXPGREEDY is that if we could efficiently solve the
topl problem for any size l ∈ {1, . . . , k} (i.e., |A| is neither necessarily 1 or k), then the solution
to the submodular maximization problem is guaranteed to be of high quality. This is summarized in
the following theorem:
Theorem 1. Let ε > 0, δ ∈ (0, 1). Using ε′ = ε

k , δ
′ = δ

k and k′ = k for invoking TOPX, Algorithm 1
returns a set S that satisfies E[f(S)] ≥ (1− 1

e ) · f(S
opt)− ε with probability at least 1− δ. For the

case that k′ = 1, the guarantee is f(S) ≥ (1− 1
e ) · f(S

opt)− ε with probability at least 1− δ.
The proof is provided in the extended version of this paper [11].

Image Collection Summarization
We now present results on a crowdsourced image collection summarization application, performed
on Amazon’s Mechanical Turk platform. As our image set V , we retrieved 60 images from Flickr,
representing images in some way related to the city of Venice, via using Flickr API, shown in
Figure 1(a). A total of over 100 distinct workers participated per summarization task.

The workers were queried for pairwise preferences as follows. They were told that our goal is to
summarize images from Venice, motivated by the application of selecting a small set of pictures
to send to friends after returning from a trip to Venice. We ran three instances of the algorithm for
three distinct summarization tasks for the themes (i) Venice, (ii) Venice Carnival, and (iii) Venice
Cathedrals. The workers were told the particular theme for summarization. Additionally, a set of
images already selected and two proposal images a and b were shown. Then they were asked which
of the two images would improve the summary more if added to the already selected images.

The complete experimental results and further details are available in the extended version of this
paper [11]. For running EXPGREEDY, we used a budget of 25 per item per iteration and τ = 3.
Note that we did not make use of the function f constructed for the synthetic experiments at all,
i.e., the function we maximized was not known to us. The results of this experiment are shown in
Figure 1(b), demonstrating that our methodology works in real-world settings, produces high quality
summaries and captures the semantics of the task.

Conclusions
We considered the problem of cardinality constrained submodular function maximization under
noise, i.e., the function to be optimized can only be evaluated via noisy queries. We proposed algo-
rithms based on novel adaptive sampling strategies to achieve high quality solutions with low sample
complexity. Our theoretical analysis and experimental evaluation provide insights into the trade-offs
between solution quality and sample complexity. Furthermore, we demonstrated the practical appli-
cability of our approach on a crowdsourced image collection summarization application.
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