
21-105 Pre-Calculus
Notes for Week # 4

Intersections of Curves and Simultaneous Solutions of Equations:

The real power of analytic geometry and the Cartesian Plane is that by graphing functions,
we can see how they interact with each other, and, in particular, where and how their graphs
intersect one another.

Why do we care about intersections of curves? Well, a point (x, y) where two (or more)
curves intersect means the equations for those curves are satisfied for those values of x and y, so
intersections of curves are simultaneous solutions of multiple equations! A famous example comes
from economics: the supply and demand curves.

Supply and Demand Curves.

We look at supply and demand of a given product as functions of the price $ of the product.
The demand is the amount of the product consumers (all of them) will buy at a given price, and
the supply is the amount of the product that companies will supply at that price. The graph of
the demand should decrease from left to right, as the lower the price is, the more of them people
will buy, and the higher the price is, the fewer will be bought. The graph of the supply, on the
other hand, should increase: the greater the price, the more a company is willing to produce, since
that leads to larger profits. Notice that our graph’s axes are price ($) and quantity (Q) instead of
x and y, respectively.

Now, for prices where the demand is greater than the supply (meaning people want more
items than are available, i.e. a shortage), suppliers will raise prices: that earns them more money,
and it reduces demand since fewer people want to pay more for a product. When supply is greater
than demand (meaning producers have made more of the product than consumers want, a surplus)
producers will lower prices so that more of the product sells. But there is typically one price for
which total supply equals total demand, the so-called “equilibrium” price. On our graph, we see
that it’s the point (p, q), where the two curves intersect. But, what that really means is that
q = D(p) = S(p), meaning that the point (p, q) provides a solution to D(p) = S(p). As was
said earlier, THIS is why the Cartesian plane and graphs are important: they provide a geometric
interpretation to solving various equations.



Since solving equations graphically is fairly difficult (even with powerful graphing software),
we’ll turn now to an algebraic method.

A Method for Solving Two Equations Simultaneously:

Suppose we have two equations in x and y, call them EQ1 and EQ2, and that we need to find
values of x and y where both equations are satisfied. One process that often works is the following:

Step 1. Solve EQ1 for y, in terms of x. (Meaning y only occurs once in your solution, by itself.)

Step 2. Substitute your solution for y into EQ2, so EQ2 has no y’s.

Step 3. Solve EQ2 for x.

Step 4. Substitute your value of x back into your equation for y from Step 1.

This is referred to as the method of forward substitution (or just substitution).

Note: The order you solve does not matter: you can solve for x first, and then for y, and you
can solve EQ2 first and then EQ1 if you prefer, but what matters is that you solve one equation
for one variable first, and then use that to solve the other equation for the other variable.

Example: Find the intersection point of the demand curve y = (−1/3)x + 2 and the supply
curve y = (1/2)x− 1.

Solution: We begin by graphing the curve, to give us an idea of what it might look like:

Graph of y = (−1/3)x + 2, y = (1/2)x− 1.

If we look (very) closely at the graph, it looks like our solution for x is somewhere between 3
and 4, and our solution for y might be somewhere around 1. However, this isn’t a precise enough
answer, so we attempt to solve it by substitution:



Let EQ1 be y = (−1/3)x + 2, and EQ2 be y = (1/2)x− 1, and we apply the 3-step process:

1. EQ1 is y = (−1/3)x + 2, which is already solved for y in terms of x!

2. Substituting y = (−1/3)x + 2 into EQ2, y = (1/2)x− 1, we get (−1/3)x + 2 = (1/2)x− 1,
which is a linear equation in x.

3 Solving for x, we get
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=
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4. Finally, substituting x = 18/5 into EQ1:

y =
(
−1

3

)(
18
5

)
+ 2 = −18

15
+ 2 =

12
15

=
4
5

= 0.8,

and so we see the intersection point is at (3.6, 0.8), which agrees with our earlier guesses about x’s
and y’s values. ¥

Example: The line y = x + 1 and the parabola y = x2 intersect in two points. Find those
points:

Solution: We’ll first solve for the appropriate points, and then see if the graph agrees with
our solution: Let EQ1 be y = x + 1 and EQ2 be y = x2.

1. Solving y = x + 1 for y, we’re already ready.

2. Substituting y = x+1 into EQ2, we get x+1 = x2, or x2−x−1 = 0, a quadratic equation.

3. The quadratic formula gives us

x =
−b±√b2 − 4ac

2a
=
−(−1)±

√
(−1)2 − 4(1)(−1)
2(1)

=
1±√5

2
.

(Haven’t we seen this before?)

3. Now we’ve got a slight problem: our solutions says plug in our value of x and get y, but
we have two values of x! This isn’t a problem at all: the different x-values correspond to different
points of intersection, so we have to solve for y for both of them:

When x = 1−√5
2 , we have

y = x + 1 =
1−√5

2
+ 1 =

3−√5
2

.



When x = 1+
√

5
2 , we have

y = x + 1 =
1 +

√
5

2
+ 1 =

3 +
√

5
2

.

Therefore, our two points of intersection are
(

1−√5
2

,
3−√5

2

)
and

(
1 +

√
5

2
,
3 +

√
5

2

)
.

If we plug them into a calculator, we get the points are close to (−0.618, 0.382) and (1.618, 2.618),
respectively. Graphing the equation, we confirm that visually:

Graph of y = x + 1 and y = x2. ¥

Trigonometry.

Trigonometry has played such an important role in calculus that any attempt to teach this
course without discussing it would be in vain. As the name suggests, it involves triangles, but since
I haven’t defined triangles yet, let’s remedy that:

Definition: A triangle is a 3-sided geometric object. Any three points in the Cartesian
Plane (that don’t all lie on the same line) form a triangle by constructing the segments of the lines
that pass through each of the three pairs of points.

To give you an idea of what I mean, consider the following three points: A(0, 3), B(0, 0),
C(4, 0). The triangle they form, which we’ll sometimes write as 4ABC, looks like:



Moreover, we notice that one of the sides lies on the y-axis (the side from A to B, or just
side AB), and one lies on the x-axis (the side BC). Because the x and y axes are perpendicular to
one another, we say that the angle formed inside the triangle, at point B, is a 90◦ or right angle.
(Don’t worry, we’ll give a better definition of angles once we’ve defined circles!)

Right triangles are very useful in trigonometry, but our interest first is with the Pythagorean
Theorem, which I’ll demonstrate soon, and how it allows us to define the distance between any two
points.

Referring back to our triangle 4ABC, as you’ve probably seen in the past, the sides of a
triangle can have lengths; what we’ll actually describe as the length of a side is the distance be-
tween its endpoints. Let’s try to find the distances between all possible pairs of our points A,B,
C.

1. The distance from A to B, d(A,B): If we look at the graph, we see that to go from A to
B, we only have to shift the point down by 4 since the x-coordinates are identical. Since we only
changed the y-coordinate, the distance should be exactly how far we went: d(A,B) = 4.

• The distance between two points with the same x-coordinate is the absolute value of the
difference in y-coordinates. (Remember, lengths are never negative!)

Example: d((1, 2), (1, 5)) = |5− 2| = 3. d((3, 5), (3, 5)) = |5− 5| = 0.

2. Now we’d like the distance from B to C: note that B and C have the same y-coordinates,
but that C is just B shifted to the right by 4 units: by the same reasoning, we conclude d(B, C) = 4.

• The distance between two points with the same y-coordinates is the absolute value of the
difference in x-coordinates.

Example: d((120, 15), (−7, 15)) = |− 7− 120| = |− 127| = 127. d((3, 5), (3, 5)) = |3− 3| = 0.

3. But what about the distance from A to C? A and C have different x-coordinates and
different y-coordinates, so neither of our definitions works. But what good are lengths if we can
only go up/down or left/right? (Answer: No good!)

To avoid this travesty, we use the most famous theorem about triangles, the Pythagorean
Theorem. But first, a definition:



Definition: We define the hypotenuse of a right triangle to be the side opposite the right
angle. In our example above, the hypotenuse was the side AC because the right angle was at Point
B.

Theorem: (The Pythagorean Theorem) Given a right triangle with sides of length a and b
and hypotenuse of length c,

the equation a2 + b2 = c2 holds.

Yeah, that’s it. Go Pythagorus.

Now, in our triangle 4ABC, we can take a to be the length of side AB, which was 3, and b
to be the length of the side BC, which was 4. So the distance from A to C is simply the length of
the hypotenuse of 4ABC, or c:

c2 = a2 + b2 = (3)2 + (4)2 = 9 + 16 = 25,

so c =
√

25 = 5 (because c ≥ 0 means c =
√

c2). So, d(A,C) = 5. ¥

So the idea here is to use the Pythagorean Theorem to define distance between any two points
in the plane:

Example: Find the distance between points P (−1,−3) and Q(1, 5).

Solution: First, we graph the points:

Since they have different x-coordinates and different y-coordinates, we can’t use either of our
definitions above, but suppose we also add in the point R(1,−3), which has the same y-coordinate
as P and x-coordinate as Q, and then look at the triangle 4PQR:



4PQR is a right triangle with hypotenuse PQ, so if we can find the lengths of PR and RQ,
we can use the Pythagorean Theorem to find the length of PQ:

Since P (−1,−3) and R(1,−3) have the same y-coordinate, d(P, R) = |(1)− (−1)| = |2| = 2.
Since R(1,−3) and Q(1, 5), they have the same x-coordinate, d(R,Q) = |5 − (−3)| = |8| = 8. So,
if c is the length of PQ, then c2 = (2)2 + (8)2, or c =

√
(2)2 + (8)2 =

√
4 + 64 =

√
68.

So, the distance from P to Q is
√

68. ¥

But let’s look at that again:

d(P, Q) =
√

68
=

√
(2)2 + (8)2

=
√
|(1)− (−1)|2 + |5− (−3)|2.

From this formula, we see that the coordinates of Q, (1, 5) occur (
√
|(1)− (−1)|2 + |5− (−3)|2)

and the coordinates of P , (−1,−3), also occur ((
√
|(1)− (-1)|2 + |5− (-3)|2)). This isn’t a coinci-

dence: in fact, we should expect this, since the triangle we created used a point R which was made
from the coordinates of P and Q.

What this does suggest to us is that there is a formula for the distance between two points
that doesn’t require us to create a triangle, which we’ll state as the complete definition:

Definition: (The Distance Formula) Suppose you have any two points in the plane, P (x1, y1)
and Q(x2, y2). Then the distance between P and Q (or distance from P to Q) is:

d(P, Q) =
√
|x2 − x1|2 + |y2 − y1|2.

Example: Let A(0, 3), B(0, 0), C(4, 0) be as in our first triangle. Calculate d(A,B), d(B,C),
and d(A, C):

Solution: We simply use the distance formula:

d(A,B) =
√
|(0)− (0)|2 + |(0)− (3)|2

=
√
|0|2 + | − 3|2

=
√

0 + 32 =
√

32 = 3,



d(B, C) =
√
|(4)− (0)|2 + |(0)− (0)|2

=
√
|4|2 + |0|2

=
√

42 + 0 =
√

42 = 4,

and

d(A,C) =
√
|(4)− (0)|2 + |(0)− (3)|2

=
√
|4|2 + | − 3|2

=
√

42 + 32 =
√

16 + 9 =
√

25 = 5,

which were the exact values we had calculated earlier. ¥

And the distance formula lets us define something we need very, very much.

Definition: A circle with radius r, r ≥ 0 and center (h, k) is the set of all points in the
Cartesian Plane that are exactly distance r from the point (h, k).

Example: Find the equation of the circle with center (1, 3) and radius 4.

Solution: We know, by definition that our circle is {(x, y) : d((x, y), (1, 3)) = 4}. For any
point (x, y) on the circle, we have

4 = d((x, y), (1, 3))
=

√
(1− x)2 + (3− y)2

=
√

(x− 1)2 + (y − 3)2.

Since square roots are usually terribly unpleasant to deal with, we square both sides, giving

(x− 1)2 + (y − 3)2 = 16.

So, a point (x, y) is on the circle if (x − 1)2 + (y − 3)2 = 16 holds. Should we choose to graph it,
we would see something like:

The graph of (x− 1)2 + (y − 3)2 = 16. ¥



Notice that there was nothing special about the numbers 1, 3, 4 in our example: this would
work for any center, and any radius, leading us to the standard equation for a circle with center
(h, k) and radius r:

(x− h)2 + (y − k)2 = r2.

Example: Find the equation of the circle centered at (2, 3) that passes through point (−1, 1).

Solution: Since the equation we use requires knowing both the center and the radius, and
we were told the center is (2, 3), we only need the radius r. We know the point (−1, 1) is on the
circle, and we know that all points on the circle are exactly distance r from the center, so

r = d((−1, 1), (2, 3)) =
√
|(−1)− 2|2 + |1− 3|2 =

√
| − 3|2 + |2|2 =

√
9 + 4 =

√
13,

so the radius is
√

13. Plugging these values into the standard equation for a circle gives us

(x− 2)2 + (y − 3)2 = (
√

13)2 = 13,

so (x− 2)2 + (y − 3)2 = 13 is our answer. ¥

Example: x2 − 2x + y2 − 8y − 32 = 0 is the equation for a circle (though not in standard
form). Determine the center and radius of that circle.

Solution: If we could figure out how to write this equation in standard form, then it would
look like (x−h)2 +(y− k)2 = r2, and we could read off the center and radius easily. Since (x−h)2

and (y − k)2 are perfect squares, that suggests we should complete the square for our x terms,
x2 − 2x, and our y terms, y2 − 8y, and then substitute them into our equation:

x2 − 2x = (x2 − 2x)
=

(
x2 + 2 (−1)x

)

=
(
x2 + 2 (−1)x + (−1)2 − (−1)2

)

=
(
x2 + 2 (−1)x + (−1)2

)− (−1)2

= (x + (−1))2 − (−1)2

= (x− 1)2 − 1,

and

y2 − 8y = (y2 − 8y)
=

(
y2 + 2 (−4) y

)

=
(
y2 + 2(−4)y + (−4)2 − (−4)2

)

=
(
y2 + 2(−4)y + (−4)2

)− (−4)2

= (y + (−4))2 − 16
= (y − 4)2 − 16,

so substituting them into the LHS of our equation gives

x2 − 2x + y2 − 8y − 32 =
(
(x− 1)2 − 1

)
+

(
(y − 4)2 − 16

)
− 32

= (x− 1)2 + (y − 4)2 − 49.



This gives us
(x− 1)2 + (y − 4)2 − 49 = 0,

or
(x− 1)2 + (y − 4)2 = 49.

Ding ding ding! This is our circle written in standard form: (x − h)2 + (y − k)2 = r2, so h = 1,
k = 4, and r2 = 49, so r =

√
49 = 7. So, the radius is 7 and the center is the point (1, 4). ¥

Two Important Facts About Circles:

1. The area of any circle with radius r is πr2, where π is Archimedes’ constant. (So,
π = 3.14159265358979323 . . .)

2. The circumference of a circle with radius r, which is really the length of the circle if you
could break it and bend it into a straight line, is 2πr.

Our second fact will turn out to be the more important for our uses, as it will allow us to
naturally define a measurement on angles. But, before we can measure something, we really ought
to define it:

Definition: For any three distinct points A, B, C, we define the angle ∠ABC as a measure
of the proportion of the circle centered at B and containing A that the edge AB must rotate
counter-clockwise on before touching the edge BC:

The angle ∠ABC is often denoted with a θ, the Greek letter theta.

Example: Let A = (1, 0), B = (0, 0), and C = (0, 1). Find ∠ABC and ∠CBA.

Solution: First, we look at at the graph of the points, and we mark ∠ABC with θ:



Rotating AB into BC, we see we simply need to go 1/4 of the way around, so ∠ABC is 1/4
of a circle. Since we know a circle has 360◦, we see that ∠ABC = (1/4)(360◦) = 90◦, which we
expected.

The angle ∠CBA, on the other hand, requires us to rotate BC counter-clockwise until we
hit AB, which is clearly 3/4 the way around. This gives us ∠CBA = (3/4)(360◦) = 270◦. ¥

Radian Measure

The use of degrees to measure angles goes back to ancient times, but there is no natural
relationship between circles or angles and the number 360, and no mathematical necessity for it to
have been chosen. 360 does, however, have one nice property: many small numbers divide into it
evenly, like 2, 3, 4, 5, 6, 8, 9, 10, 12 and 15.

What we’d like, however, is a way of measuring angles that has something more to do with
circles, and it turns out that calculus needs exactly that: the calculus you will study with trigono-
metric functions does NOT work with degree measure, and will require radian measure, which
requires (yet another) definition:

Definition: The unit circle is the circle centered at the origin with radius 1.

Every angle that represents between not rotating 0◦ and rotating completely (360◦) can be
represented on the unit circle as the angle ∠POR, where P is the point (1, 0), O is the origin, and
R is some point on the circle:

But we can also view that angle as being equivalent to travelling along the circle itself counter-
clockwise from P to R: since the angle represents what proportion around the circle we’ve gone,



that distance travelled is that same proportion of the circumference. But we chose the unit circle,
which has circumference 2π.

So, if the angle travelled is 90◦, then we’ve gone 1/4 around the circle, so the length on the
circle we’ve travelled is (1/4)(2π) = π/2 units. We’ll call this measure the radian measure of an
angle, and for a fixed angle θ, the equation

Measure in Degrees
360◦

= Proportion of a Circle =
Measure in Radians

2π

is true.

Here’s a (very) short list of common angles in both degree and radian measure:

Degree Measure Radian Measure
360◦ 2π

180◦ π

90◦ π/2
60◦ π/3
45◦ π/4
30◦ π/6

Also, we note here the very, very important fact that the sum of the interior angles of any
triangle is π radians, or 180◦. Why mention it here? Because we’re about to study the most
important trigonometric functions, and, well, they have something to do with triangles.

Sine and Cosine:

Let 4ABC be a right triangle with interior angle ∠CAB = θ:

(Since ∠BCA = π/2 and ∠ABC > 0, we must have 0 < θ < π/2, since the sum of interior
angles is π radians.)

We’ve marked the lengths of the edges in the diagram with variables HY P for the hypotenuse
(which is the distance from A to B), ADJ for the side adjacent to θ (but not the hypotenuse),
and OPP for the side opposite θ.

Definition: For a right triangle with interior angle θ and side lengths OPP , ADJ , and HY P
(marked appropriately), we define the sine of angle θ to be

sin(θ) =
OPP

HY P



and the cosine of angle θ to be

cos(θ) =
ADJ

HY P
.

This definition depends only on the angle θ, and gives the same values of sin(θ) and cos(θ)
regardless as to what right triangle you pick!

Example: Find sin(θ) and cos(θ), where θ is marked in the following right triangle:

Solution: The side opposite angle θ is BC and has length 5, so OPP = 5. The side adjacent
to angle θ is AC and has length 12, so ADJ = 12. Finally, the hypotenuse (AB) has length 13, so
HY P = 13. Plugging in, we get

sin(θ) =
OPP

HY P
=

5
13

and
cos(θ) =

ADJ

HY P
=

12
13

. ¥

Example: In the same triangle, find the sine and cosine of angle φ = ∠ABC. (φ is the Greek
letter phi (pronounced “fee”), and is a common letter for denoting angles.)

Solution: The hypotenuse of the triangle is still AB and hence still has length 13, so HY P =
13. The opposite side to φ is now side AC, which has length 12, so OPP = 12. The adjacent side
to φ is BC, so ADJ = 5. Plugging in the values, we get

sin(φ) =
OPP

HY P
=

12
13

and
cos(φ) =

ADJ

HY P
=

5
13

. ¥

Notation: We will sometimes write sin θ instead of sin(θ) and cos θ instead of cos(θ). We
only do that if there is no risk of confusion! We will NEVER do that for sums: sin a + b will
always mean sin(a) + b. Additionally, rather than writing (sin(θ))2 or (cos(θ))3, we’ll instead write
sin2(θ) and cos3(θ).

These two examples illustrate an important relationship between sine and cosine: first, note
that θ + φ + π/2 = π by adding the interior angles of the triangle, so φ = π/2− θ (after solving for
φ).



Second, note that for the exact same triangle, we just found that sin(θ) = 5/13 = cos(φ) =
cos(π/2− θ) and cos(θ) = 12/13 = sin(φ) = sin(π/2− θ). So, we’ve just discovered that:

sin θ = cos
(π

2
− θ

)

and
cos θ = sin

(π

2
− θ

)
,

and this is true for any angle θ.

Now, our definition of the sine and cosine is a good one, but we have a slight problem: the
domain for both is only (0, π/2), because we’re looking at interior angles of right triangles. What
we would like is a way of considering any real number to be an angle, and then defining the sine
and cosine of that angle. To do this, we look at the unit circle again, and again, our angle θ.

By what we’ve already stated, there is a unique point R = (α, β) on the circle so that θ is the
angle that (1, 0) rotates (counter-clockwise) until it hits R. We consider the right triangle formed
by R, the origin, and the point (α, 0) on the x-axis:

Notice that this is a right triangle with interior angle θ, and we also have HY P = 1, OPP = β
and ADJ = α, so sin θ = β

1 = β and cos θ = α
1 = α. Or, in other words, α = cos θ, and β = sin θ.

Let’s look at that diagram again:

And this works for every value of θ that we’ve defined for the exact same reason! This gives
us a different and better definition of sine and cosine:



Definition: Let θ be any number:

• If θ ≥ 0, then consider the point R we get by rotating (1, 0) around the unit circle counter-
clockwise θ radians. We define sin(θ) to be the y-coordinate of R and cos(θ) to be the x-coordinate
of R.

• If θ < 0, then we rotate (1, 0) clockwise to some point R, and define sin(θ) to be the
y-coordinate and cos(θ) to be the x-coordinate of R.

Why is this definition better? After all, it’s really just us restating the triangle definition
using points on the circle. Well, not quite: for the triangle, we had to have 0 < θ < π/2, because θ
was an interior angle of a right-triangle. Now we have defined sine and cosine for all angles, even
those that are bigger than 2π or negative! We’ve gone from a definition on the interval (0, π/2) to
a definition on all real numbers just by looking at a circle!

Example: Find the sin and cos of the following angles:
a) π/2 b) 12π c) −π/2 d) −3π.

Solution: One method that works well is to divide each of these angles by 2π to determine
how many revolutions to make, and use that to find the appropriate point on our unit circle:

a.
π/2
2π

=
1/2
2

=
1
4
,

so we rotate (1, 0) counter-clockwise 1/4 the way, which leaves us at (0, 1). By our definition of
sine and cosine, therefore sin(π/2) = 1 and cos(π/2) = 0.

b.
12π
2π

= 6,

which means we make 6 complete revolutions and then stop. But then we end up where we started:
at (1, 0), so sin(12π) = 0 and cos(12π) = 1.

c. −π/2
2π

= −1
4
,



so we go 1/4 of the way around the circle, but clockwise, because the angle was negative. So we
end up at (0,−1), and sin(−π/2) = −1 and cos(−π/2) = 0.

d. −3π

2π
= −3

2
,

so we go 3/2 the way around the circle, but clockwise because the angle is negative: this ends us
up at (−1, 0), so sin(−3π) = 0 and cos(−3π) = −1. ¥

There are two triangles who come up so often in applications that’s worth mentioning them.
Even though they’re usually referred to by their angles in degrees, what we’re interested in are
their angles in radians and the values of sine and cosine they give us:

Two Special Triangles: The 45-45-90 triangle and the 30-60-90 triangle.

The 45-45-90 triangle is constructed by simply connecting a diagonal of a square, which
breaks it into two right triangles with side lengths 1,1,

√
2 by the Pythagorean Theorem, and the

interior angles are 45◦ because the hypotenuse splits the right-angle in the square in half:

.

Since 45◦ = π/4 radians, we can now determine the sine and cosine of π/4 using this triangle:

sin
(π

4

)
=

1√
2
, and cos

(π

4

)
=

1√
2
.

An example of a 30-60-90 triangle has side length 1, hypotenuse length 2, and (by the
Pythagorean Theorem) side length

√
3:

.

Notice that the 30◦ angle is opposite the short side and the 60◦ angle is opposite the long
side; this can often help when labelling such triangles for problems.

Since 30◦ = π/6 and 60◦ = π/3, we now can compute sine and cosine for each:

sin
(π

6

)
=

1
2

and cos
(π

6

)
=
√

3
2

,



sin
(π

3

)
=
√

3
2

and cos
(π

3

)
=

1
2
. ¥

Now we can summarize the sine and cosine of many of the important values we’ve come across
already (in one form or another):

Angle Sine Cosine
0 0 1

π/6 1/2
√

3/2
π/4 1/

√
2 1/

√
2

π/3
√

3/2 1/2
π/2 1 0
π 0 −1

3π/2 −1 0

Since sine and cosine show up so very much in calculus, we’ll go through some of the most
important properties:

Important Properties of Sine and Cosine:

• THE Identity That Matters!

There are few identities that are more quoted in trigonometry classes or in calculus classes
than this one, so without any more delays,

sin2 θ + cos2 θ = 1.

Here we get our first glance of notation that I haven’t used yet: sink θ and cosk θ, where
k ∈ N, i.e. a positive integer, mean (sin θ)k and (cos θ)k, respectively. We write it like sink θ to
avoid having to place parentheses in, and to avoid confusing it with sin θk = sin(θk).

This identity comes from our definition of sine and cosine: for all θ, (cos θ, sin θ) is a point
on the unit circle, so its distance from the origin is 1:

√
(cos θ − 0)2 + (sin θ − 0)2 = 1,

and squaring both sides gives us the formula.

You must memorize this identity; it is extremely important!

• Periodicity: Because of how we defined sine and cosine, we see that every time we go 2π
radians along the unit circle (i.e., one complete revolution), in either direction, we get back to the
point we started at.

This means that if we pick a point on the unit circle corresponding to angle θ, and then rotate
k revolutions, then we get back to the same point on the circle, but our new angle is θ + k · 2π.
Because we’re back at the same point, we have the same values of sine and cosine, so

sin(θ + 2πk) = sin θ and cos(θ + 2πk) = cos θ.

This is equally true if k is a negative integer, since the only difference is now our revolutions will
be clockwise.



Definition: Let f be a function. We say f is periodic if we can find a number α > 0 with
the property that f(x) = f(x + α) holds every value of x. If α is the smallest number that makes
f(x) = f(x + α) true, we say α is the period of f .

What this means is that the values of f(x) “repeat” as we go along the graph. From what
I’ve said, since sin(θ) = sin(θ + 2π) for all values of θ (here θ is our variable, not x), and cos(θ) =
cos(θ + 2π), that means that sin and cos are both periodic.

.
Graph of y = sin θ.

.
Graph of y = cos θ.

Note that in our graphs, rather than labelling the x-axis with x, we labelled it with θ, so it’s
really a graph on the θ-y plane. Sometimes we’ll do this, but we would get the exact same graphs
on the x-y plane if we graphed y = sin(x) and y = cos(x).

As θ goes from 0 to 2π, we see that the values of sin go from 0 to 1 (at π/2) to 0 (at π) to
−1 (at 3π/2) and back to 0; cos goes from 1 to 0 (at π/2) to −1 (at π) to 0 (at 3π/2) and back
to 1. For each, the pattern repeats in both directions! What this also suggests is that sine and
cosine don’t repeat unless we make a complete revolution, or, equivalently, sin(θ) = sin(θ + α) and
cos(θ) = cos(θ + α) have α = 2π as the smallest positive value that makes those equations true:
therefore the period of sine (and cosine) is 2π.

(One advantage to studying periodic functions is that once you know what happens to them
on an interval that’s the length of their period, in our case the interval [0, 2π], you know what
happens to them everywhere! )

• Sine and Cosine are Translates:

From our graphs above, it looks like the graph of y = cos(θ) is the graph of y = sin(θ) after
shifting it to the left by π/2 units. This is true, which brings us to another important property.
Since shifting to the left or right by π/2 means adding or subtracting π/2 from the function input,



Fact: For all θ,
cos θ = sin

(
θ +

π

2

)
,

and so
sin θ = cos

(
θ − π

2

)
.

We can also use this fact to find values of sine and cosine using our previous results:

Example: Compute cos(−π/3).

Solution: Since cos(θ) = sin(θ + π/2), we get

cos
(
−π

3

)
= sin

(
−π

3
+

π

2

)
= sin

(
−2π

6
+

3π

6

)
= sin

(π

6

)
=

1
2

by what we’ve already seen. ¥

• Sine is Odd and Cosine is Even:

Definition: We say a function f on the reals is even if f(−x) = f(x), and f is odd if
f(−x) = −f(x).

Example: Let n ∈ N. Then f(x) = xn is an even function if n is even, and an odd
function if n is odd: (−x)n = (−1)nxn, and (−1)n = 1 if n is even, −1 if n is odd. So,
f(−x) = (−x)n = xn = f(x) if n is even and f(−x) = (−x)n = −xn = −f(x) if n is odd.
In fact, this is where the choice of name comes from, so it should be easy to remember. ¥

Turning back to our trig functions, sine is an odd function, since when we rotate counter-
clockwise on the unit circle, we go from positive y to negative y and back, but when we rotate
clockwise we go from negative y to positive y and back. Cosine is an even function because whether
we go clockwise or counterclockwise, the change in the x-coordinates is the same. You can see this
clearly in the graphs of both, so for all θ,

sin(−θ) = − sin(θ)

and
cos(−θ) = cos(θ).


