
PGSS Discrete Math
Solutions to Problem Set #4

Note: � signifies the end of a problem, and � signifies the end of a proof.

1. Prove that for any k ∈ N, there are k consecutive composite numbers.
(Hint: (k + 1)! is divisible by 2, 3, . . . , k + 1.)

Proof: The hint points out that (k + 1)! is divisible by the integers 2, 3, . . . , k + 1, so
consider the integers

(k + 1)! + 2, (k + 1)! + 3, (k + 1)! + 4, . . . , (k + 1)! + (k + 1).

Clearly they are consecutive and there are k of them, so all we have left is to show that they
are composite. Take any one of them, (k + 1)! + a, where 2 ≤ a ≤ k + 1. By the range of a,
we have a | (k + 1)! (since a is one of the factors in the product (k + 1)! = 1 · 2 · · · (k + 1)),
and clearly a | a, so a | ((k + 1)! + a). Since 1 < a < (k + 1)! + a, (k + 1)! + a has a factor
(a, obviously) other than one and itself, and is therefore composite. �



2. Without applying Dirichlet, prove that there are infinitely many prime numbers of the
form 3k + 2, where k ∈ N.
(Hint: Think about modifying Euclid’s proof.)

Proof: This proof is very similar to Euclid’s proof of the infinity of the primes, and
very similar to the proof we did in class regarding primes of the form 4k + 3, but with an
additional subtlety. However, we begin them all the same way.

Suppose there are only finitely many, say, m, primes of the form 3k + 2 with k ∈ N,
and call them p1, p2, . . . , pm. Let

N = 3p1p2 · · · pm + 2.

What we need to show is that N has a prime factor of the form 3k +2 which isn’t one of the
primes pi, 1 ≤ i ≤ m. (Notice that we never claim that N is itself prime! We don’t know if
it is or not, but we do know that it has at least one prime factor!)

First, we need to know that N is odd. Why? Well, for example, 14 = 3(4) + 2 is of
the right form, but 14 = 2 · 7 and neither of its factors have the form we want (because
2 = 3(0) + 2 and 7 = 3(2) + 1, so 2 is too small as 0 isn’t a natural number, and 7 gives the
wrong remainder). In other words, if 2 is a factor of N , then there may be no prime factors
of the form 3k + 2, k ∈ N.

Since 3 and each of the pi are odd, so is 3(p1 · · · pm), and therefore N is odd (as the
sum of an odd number and an even number). If 3 or any of the pi were divisors of N , then
it would also be a divisor of N − 3(p1 · · · pm) = 2, which is ridiculous. So, N isn’t divisible
by any of 2, 3, p1, . . . , pm.

Since N is a product of primes, we can write N = q1q2 · · · qr, and each prime divisor
qj, 1 ≤ j ≤ r, is of the form 3k + 1 or 3k + 2. Now, if all of the qj had the form 3k + 1, so
qj = 3kj + 1 for some kj ∈ N, then we would have

N = q1q2 · · · qr = (3k1 + 1)(3k2 + 1) · · · (3kr + 1) = 3K + 1

where that last K comes from expanding that product out and grouping all the terms divis-
ible by 3. But this doesn’t happen, since we already know that N yields a remainder of 2
when divided by 3.

But this means that not all of N ’s prime factors can have the form 3k + 1, and hence
at least one prime factor, call it q, has the form 3k + 2, where k ∈ N. Furthermore, since we
already know that N isn’t divisible by any of the pi, this means q 6= pi for 1 ≤ i ≤ m, which
contradicts our assumption that the pi are all of the primes of this type. �



3. Let V = {1, . . . , n}, n ∈ N. How many graphs with vertex set V are there?

Solution: By the definition given in class, a graph is a set of vertices combined with a
set of edges, where the edges are unordered pairs of vertices. So for the graphs with vertex
set V , there are C(n, 2) possible edges (since we’re choosing 2 vertices from n, where order
doesn’t matter), and for each graph, we decide whether or not to include each edge indepen-
dently, meaning 2 choices per edge, and hence 2C(n,2) graphs.

Alternatively, we can view each edge set of a graph on V as a subset of the edges of
the complete graph, i.e the graph with all C(n, 2) edges. This set of edges has cardinality
C(n, 2), and we’ve seen in class that the number of subsets of a set with cardinality k is 2k,
so letting k = C(n, 2) gives 2C(n,2) again. �

4. Prove that a connected graph on n > 1 vertices and n− 1 edges has a vertex of degree 1.
(Hint: The Handshaking Lemma.)

Proof: Let G = (V, E) be a connected graph with n > 1 vertices and n−1 edges. Since
G is connected, there is a path between any two distinct vertices. Since n > 1, for every
v ∈ V there is a u ∈ V with u 6= v, and therefore a path between v and u. This immediately
implies that d(v) ≥ 1 (since a path between v and u requires an edge that has v as its end-
point). In other words, a connected graph with at least two vertices has no vertex of degree 0.

Now, suppose there are no vertices of degree 1, so that d(v) ≥ 2 for all v ∈ V . Then
the sum of all of the degrees must be at least 2n (since it’s the sum of n numbers all at least
2). But, by the Handshaking Lemma, the sum of all of the degrees is 2|E| = 2(n − 1), and
therefore 2(n− 1) ≥ 2n, a contradiction! Consequently, we must have at least one vertex of
degree 1. �



5∗. Let G = (V, E) be a graph, with V = {v1, . . . , vn} and E = {e1, . . . , em}. For e = uv ∈ E,
let f(e) := d(u) + d(v), the sum of the degrees of the endpoints. Prove that

m∑
j=1

f(ej) =
n∑

i=1

d(vi)
2.

Proof: We begin by noticing that since each f(ej) is the sum of the degrees of ej’s
endpoints, the larger sum

∑m
j=1 f(ej) is really just a sum of degrees. Stating that another

way,
m∑

j=1

f(ej) =
n∑

i=1

ci · d(vi),

where the ci are nonnegative integers corresponding to how many times d(vi) shows up in
the sum on the left. But d(vi) shows up exactly once for every edge containing it, so ci must
be the number of edges that have vi as an endpoint. But that means ci = d(vi) by definition!
So,

m∑
j=1

f(ej) =
n∑

i=1

d(vi) · d(vi) =
n∑

i=1

d(vi)
2. �



6∗. Prove that, if R(s− 1, t) and R(s, t− 1) are both even (with s, t > 2),

R(s, t) ≤ R(s− 1, t) + R(s, t− 1)− 1.

Solution: Yes, there was an incongruity between what was on the paper copy of the
homework assignment and what was on the electronic version that was posted on the course
website. That error on my part wasn’t brought to my attention until after you had turned
in your assignments, so to atone for that, I will go through proofs of both.

Claim 1: For any s, t > 2, R(s, t) ≤ R(s− 1, t) + R(s, t− 1).

Proof: The Ramsey number R(s, t) is the smallest value of N so that if we color the
edges of KN (the complete graph on N vertices, or the graph with N vertices and every pos-
sible edge) with two colors (we’ll use red and blue), then we will always find either a clique
of size s whose edges are all red or a clique of size t whose edges are all blue. We’ll call the
former case finding a red s-clique and the latter case finding a blue t-clique. (Remember,
a clique is a set of vertices where all of the possible edges between them are in the graph.)
Another way of looking at it is that R(s, t) is the smallest number of people you need at a
party to absolutely guarantee there are s mutual acquaintances or t mutual strangers.

Let N = R(s − 1, t) + R(s, t − 1), and color the edges of KN with the colors red and
blue. What we need to show is that no matter which edges have which color, we always
find a red s-clique or a blue t-clique: if that happens, then R(s, t) ≤ N since R(s, t) is the
smallest such value where that happens.

Now, let v be any vertex. Then, since d(v) = N − 1 = R(s − 1, t) + R(s, t − 1) − 1,
either v is contained in at least R(s− 1, t) red edges or v is contained in at least R(s, t− 1)
blue edges. (If not, then v is contained in at most [R(s− 1, t)− 1]+ [R(s, t− 1)− 1] = N − 2
edges of both colors, contradicting the fact that v is in N − 1 edges!)

Let’s consider the first case: v is contained in at least R(s− 1, t) red edges, and let X
be the set of the vertices on the other ends of those red edges (notice v is not in X). Clearly
this means |X| ≥ R(s− 1, t), and every edge between vertices in X has already been colored
red or blue.

By the definition of R(s − 1, t), X definitely contains a red (s − 1)-clique S or a blue
t-clique T . If X contains S, then adding v to S gives us a red s-clique in KN . Otherwise,
X contains T , and T is itself a blue t-clique in KN . So KN contains a red s-clique or a blue
t-clique if vertex v is in at least R(s− 1, t) red edges.

In the other case, v is in at least R(s, t − 1) blue edges, and letting Y be the vertices
on the other ends of those blue edges, we see that |Y | ≥ R(s, t− 1) and hence Y contains a
red s-clique S ′ or a blue (t− 1)-clique T ′. In the former case, S ′ is the red s-clique we want
in KN . In the latter case, we add v to T ′ to get a blue t-clique in KN , and so KN contains
a red s-clique or a blue t-clique.

Therefore, no matter how we color KN , we get a red s-clique or a blue t-clique, and
consequently R(s, t) ≤ N = R(s− 1, t) + R(s, t− 1). �



Claim 2: For s, t > 2, if R(s− 1, t) and R(s, t− 1) are both even,

R(s, t) ≤ R(s− 1, t) + R(s, t− 1)− 1.

Proof: For this problem, we’ll start it very similarly to how we started the previous
solution: let N = R(s − 1, t) + R(s, t − 1) − 1, color the edges of KN red or blue, and let v
be any vertex.

If v is in at least R(s − 1, t) red edges, then the same argument as above shows that
KN contains a red s-clique or a blue t-clique. Similarly, if v is in at least R(s, t − 1) blue
edges, then the same conclusion follows.

But what if neither happens for any vertex v? Let dr(v) and db(v) be the number
of red and blue edges containing v respectively, and suppose dr(v) ≤ R(s − 1, t) − 1 and
db(v) ≤ R(s, t− 1)− 1. Clearly d(v) = dr(v) + db(v), so

N − 1 = d(v) = dr(v) + db(v) ≤ (R(s− 1, t)− 1) + (R(s, t− 1)− 1) = N − 1

by our choice of N , so equality must hold in that inequality in the middle, which means
dr(v) = R(s− 1, t)− 1 and db(v) = R(s, t− 1)− 1 for every vertex v in the graph!

So let’s just look at the graph G formed by keeping all of vertices and all of the red
edges, but getting rid of the blue edges. G has N = R(s − 1, t) + R(s, t − 1) − 1 vertices,
each of degree R(s − 1, t) − 1. But R(s − 1, t) and R(s, t − 1) are even numbers, so N is
an odd number, and so is R(s, t − 1) − 1. But that means that the sum of the degrees of
the vertices in G is N(R(s−1, t)−1), an odd number, contradicting the Handshaking Lemma!

This means that we can’t have dr(v) = R(s−1, t)−1 and db(v) = R(s, t−1)−1 for every
vertex v in KN , so for some vertex u we must have dr(u) ≥ R(s−1, t) or db(u) ≥ R(s, t−1),
and then KN contains a red s-clique or a blue t-clique by the same argument as in Claim 1!
�

I would like to point out that we need our assumption that R(s− 1, t) and R(s, t− 1)
are both even for Claim 2 to work!

Here’s why: we saw that K5 can be drawn without a red or blue 3-clique (color the
pentagon red and the star blue). So R(3, 3) > 5. But, at the same time, we know R(2, 3) =
3 = R(3, 2) by looking at the definitions, and hence R(2, 3) + R(3, 2)− 1 = 5. So

R(3, 3) > R(3− 1, 3) + R(3, 3− 1)− 1.

This isn’t a contradiction to Claim 2, since R(2, 3) and R(3, 2) are both odd (and not both
even).


