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Abstract: For a path of self-adjoint Breuer-Fredholm operators, the spectral flow measures the
net amount of spectrum which moves from negative to non-negative. In fact, the spectral flow
can be thought of as a function from the homotopy groupoid of self-adjoint Breuer-Fredholm
operators into the real numbers. In the case of Fredholm operators, Lesch showed that adding a
normalization condition is sufficient to determine whether such a function calculates spectral
flow. In this paper, we give a (necessarily more complicated) normalization condition in the case
of a type II factor, both when the paths consist of appropriate bounded operators, and when the
paths are contained in the space of self-adjoint unbounded Breuer-Fredholm operators equipped
with the gap topology.

1. Introduction

The main results of this paper are Theorem 1 and Theorem 3.1, which give a characterization of spectral flow in a type
II factor. Denote by N a type II factor (or, generally, a semifinite factor), and by τ a semifinite trace on N . There are



two settings in which we consider spectral flow: the set of self-adjoint Breuer-Fredholm operators in N (equipped with
the norm topology), and the set of self-adjoint unbounded Breuer-Fredholm operators affiliated with N (equipped with
the gap topology). Spectral flow can be defined in each of these two cases, and is a homomorphism from the homotopy
groupoid to R (if N is type II), or to Z (if N is type I). In [Les05], Lesch showed (among other things) that on the
non-trivial component of Fredholm (bounded or unbounded) operators, the spectral flow map is unique up to rescaling;
in other words, any homomorphism on the homotopy groupoid which calculates the spectral flow on a carefully selected
path must in fact be equal to the spectral flow (see Theorem 5.9 of [Les05]). We give a similar result in the type II
setting, except that the set of paths on which we have to check equality to spectral flow is significantly larger.

Although we do not discuss integral formulas for spectral flow here (see, for example, [CP04] or [Wah07]), a
characterization of spectral flow could make it easier to prove that a given integral formula calculates spectral flow. The
results presented here are part of my PhD thesis (see [Geo13], Chapter 2), completed at the University of Victoria under
the supervision of John Phillips.

We start out by introducing some background material and notation (results about Breuer-Fredholm operators,
definition of spectral flow); in Section 2 we discuss the characterization of spectral flow in the bounded operators setting,
and in Section 3 we tackle the unbounded operators case. Note that the unbounded operators proof makes use of the
result for bounded operators.

1.1. Breuer-Fredholm operators

Fredholm theory was extended to the case of von Neumann algebras by Manfred Breuer ([Bre68] and [Bre69]). See
Appendix B of [PR94] for a modification of this theory which defines the Breuer-Fredholm operators in terms of the
trace τ on the von Neumann algebra N ; the two theories agree when N is a factor. We include below the definition
and some of the significant results about Breuer-Fredholm operators. Denote by [S ] the projection onto the closure of
the subspace S ⊂H .

Definition 1.1 Say that T ∈ N is a Breuer-Fredholm operator if the projection onto ker T has finite trace, and there
exists a projection E ∈ N such that τ(1− E)<∞ and ran E ⊆ ran T . In this case, define the τ-index to be

ind T = τ([ker T])−τ([ker T ∗]). •

The theory describing the properties of Breuer-Fredholm operators is very similar to that of Fredholm operators in
B(H ). Namely, the role of the compact operators is played in this context by the τ-compacts KN (the norm-closed
ideal generated by the finite trace projections), and the usual results like Atkinson’s theorem (stated below) and the
properties of the index carry over.

Theorem 1.2 ([PR94], Theorem B1) Suppose that N is a von Neumann algebra with faithful, normal, semifinite trace τ,
and KN denotes the τ-compact operators. If π is the projection onto the quotient N /KN , then the Breuer-Fredholm
operators are exactly those whose image under π is invertible.

We use this idea to prove the following lemma. The types of operators mentioned in this lemma play a major role in
Section 2.

Lemma 1.3 Let T be a bounded operator and P a finite-trace projection. Suppose that, with respect to the decompostion

PH ⊕ P⊥H , T can be written as

�

A B
C D

�

with D invertible. Then T is Breuer-Fredholm.

PROOF Note that, with respect to the decomposition PH ⊕ P⊥H , we have
�

1 −BD−1

0 D−1

�

·
�

A B
C D

�

=

�

A− BD−1C 0
D−1C 1

�

,
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and
�

A B
C D

�

·
�

1 0
−D−1C D−1

�

=

�

A− BD−1C BD−1

0 1

�

.

Since A− BD−1C ∈ PN P and τ(P)<∞, it follows that the two matrices on the right are equal to the identity mod the
τ-compact operators. Therefore, T is invertible mod the compacts, which means that it is Breuer-Fredholm.

As a lot of the operators we are going to be working with are self-adjoint, let us say a few words about self-adjoint
Breuer-Fredholm operators. The essentially positive self-adjoint operators are those which are mapped to a positive
operator by the canonical map from N onto the generalized Calkin algebra N /KN ; similarly, we define the essentially
negative operators. From the point of view of spectral flow, the essentially positive and essentially negative operators are
not that interesting (see Remark 1.16). If N is a finite factor, all self-adjoint operators are essentially positive (and also
essentially negative, as the two sets of operators coincide). If N is a I∞ or I I∞ factor, the Breuer-Fredholm self-adjoint
operators split into three components: essentially positive operators, essentially negative operators, and those that are
neither. The first two components are contractible (this was originally proven in [AS69], though a simple proof is also
presented in Proposition 1 of [Phi96]).

A generalization of Breuer-Fredholm operators is obtained by considering operators in a skew corner of N . We will
encounter such operators in the definition of spectral flow. In [Phi97], Phillips develops the idea of Breuer-Fredholm
operators from PH to QH (for P, Q projections in a factor N ). Moreover, he notes that if P1 and P2 are infinite
projections such that ‖π(P1)−π(P2)‖< 1, then P1P2 is Breuer-Fredholm, and ind(P1P2) for P1P2 : P2H → P1H exists
(Lemma 1.1 of [Phi97]). Finally, [CPRS06] drops the requirement that P and Q be either infinite or equivalent, and
presents a general theory of (P-Q)-Fredholm operators for P,Q projections in a von Neumann algebra. This allows
Lemma 1.1 of [Phi97] to be proven in this more general setting. We summarize the needed definitions and results about
(P-Q)-Fredholm operators; we shall mostly use this to find ind(PQ) in the context of calculating spectral flow.

Definition 1.4 Fix P and Q projections in N . Say that T ∈ PN Q is (P-Q)-Fredholm if

1. τ([ker T ∩QH ])<∞,

2. τ([ker T ∗ ∩ PH ])<∞, and

3. there exists a projection P1 < P such that P1H ⊂ ran T and τ(P − P1)<∞. •

If T ∈ PN Q is (P-Q)-Fredholm, define

ind(P-Q)(T ) = τ([ker T ∩QH ])−τ([ker T ∗ ∩ PH ]).

A summary of the various results for Breuer-Fredholm operators in a skew corner, with appropriate references, can
be found in [BCP+06]. See Lemma 3.4 of [CPRS06] for a characterization of (P-Q)-Fredholm via the existence of a
parametrix (as we do not need this here, we do not go into details). As already mentioned, this kind of index will be
needed when defining the spectral flow. Instead of using the ’(P-Q)’ prefix, we might sometimes simply talk about an
operator T in PN Q as being Breuer-Fredholm from QH to PH (or just Breuer-Fredholm, if the domain and range
under consideration are clear).

A final note should be made about unbounded operators, which we also wish to consider. A discussion of unbounded
Fredholm operators can be found in [Kat66], Section IV.5 (in the larger context of operators on Banach spaces). The
generalization for (P-Q)-Fredholm is presented in [CPRS06], from where we single out the following theorem, which
captures the idea that one way of dealing with unbounded operators is to apply a transform to them that gives us back a
bounded operator.

Theorem 1.5 ([CPRS06], Proposition 3.10) If T is a closed, densely-defined operator affiliated with PN Q, T is (P-Q)-
Fredholm if and only if T (1+ |T |2)−

1
2 is (P-Q)-Fredholm in PN Q. Moreover,

ind(P-Q)(T ) = ind(P-Q)(T (1+ |T |2)
− 1

2 ).
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1.2. Spectral flow definitions

Spectral flow is a homotopy invariant defined for paths of self-adjoint Breuer-Fredholm operators. Suppose that we are
dealing with operators whose spectrum consists of discrete eigenvalues. Informally, the spectral flow counts the net
number of eigenvalues which change sign from negative to positive as we move along the path. One way of tracking this
movement is to examine the change in the projection onto the positive eigenspace of the operators. This approach can
then be generalized to cases in which the spectrum of the operators involved is not discrete.

1.2.1 Spectral flow for Bounded Operators

There are multiple interpretations of spectral flow; the one presented below is due to Phillips, see [Phi97]. Write π for
the canonical map from N onto the generalized Calkin algebra, N /KN . Denote by χ the characteristic function of the
interval [0,∞). Given a path of self-adjoint Breuer-Fredholm operators {Ft}, χ(Ft) is not continuous, but π(χ(Ft)) is.
This simple observation is a stepping stone to the following definition of spectral flow.

Definition 1.6 Suppose {Ft} is a continuous path of self-adjoint Breuer-Fredholm operators. Let Pt = χ(Ft). Choose
finitely many points 0 = r0 < r1 < . . .< rn = 1 such that for u, v in each subinterval [ri , ri+1] we have ‖π(Pu)−π(Pv)‖<
1. Define the spectral flow of the path to be

sf({Ft}) :=
∑

ind(Pri
Pri+1
),

where ind(Pri
Pri+1
) is the index of Pri

Pri+1
as a Breuer-Fredholm operator in Pri

N Pri+1
. •

It has been shown that this definition is independent of the partition Pri
(see Lemma 1.3 and Definition 2.2 of [Phi97]).

In the type I case, the spectrum around 0 consists of a discrete collection of eigenvalues; the dimension function for
projections takes values in the non-negative integers, so the spectral flow is an integer. In the type I I case we can also
have continuous spectrum; the dimension function for projections takes values in the non-negative reals, so the spectral
flow is itself a real number.

Remark 1.7 Note that if the algebra N is finite, all projections have finite trace. This means that π(P) = 0 for all
projections P, and the condition that the projections π(Pri

) should be close is trivially satisfied by any {r1, . . . , rn} ⊆
[0,1]. In particular, it should be clear that the spectral flow depends only on the endpoints of the path. That is,
sf({Ft}) = ind(χ(F0)χ(F1)). On the other hand, if N is not finite, it is not necessarily the case that the spectral flow of
the path depends only on the endpoints; in [Phi96], Phillips shows how to construct a loop in the set of self-adjoint
Fredholm operators inB(H ) (forH an infinite Hilbert space) with spectral flow 1. •

Remark 1.8 It is pertinent at this point to discuss some of the difficulties which arise when generalizing the spectral
flow concept from type I factors to type II factors. The reason for this is two-fold: the type I case is easier to illustrate
and understand, and the issues become a stumbling block when we try to use the same approach for certain paths of
unbounded operators. The definition given above works for both type I and type II factors (and for general semifinite
von Neumann algebras, of course), but is different than Phillips’ original definition for type I factors, which we briefly
explain below (see [Phi96] for further details).

If we have a path of self-adjoint Fredholm operators {Ft} ⊂B(H ), then the spectrum of each operator is discrete
near 0. Fix some operator Fr on our path; then there exists an ε > 0 such that ±ε 6∈ σ(Fr) and Fr restricted to χ[−ε,ε](Fr)
is a finite rank projection. Moreover, there exists a neighbourhood [r − s, r + s] of r such that, for all k ∈ [r − s, r + s],
±ε 6∈ σ(Fk), the projection Pk = χ[−ε,+ε](Fk) is also finite rank, and k 7→ Pk is continuous (this is the Lemma of [Phi96],
p.462). The difference in dimension between the projection onto the positive spectrum of Fr+sPr+s (as an operator on
Pr+sH ) and Fr−sPr−s (as an operator on Pr−sH ) can be used to calculate the spectral flow along the segment of the
path from Fr−s to Fr+s.
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When moving to, say, a I I∞ factor, we are faced with the problem that the spectrum of the operators under
consideration need no longer be discrete near 0. There is no handy gap at ±ε, no window [−ε,ε] on which we can
focus to observe the spectrum pass by. We get around this problem by noticing that for bounded operators there is, in
some sense, a gap in the spectrum at infinity. So calculating spectral flow becomes a question of measuring the change
in the projection onto the positive part of the spectrum, which leads to Definition 1.6. •

Remark 1.9 We will find that endpoints of the form 2P−1 where P is a projection play a special role in our presentation
(see the proof of Theorem 2.7, as well as Remark 1.17). To that end, a remark is in order about paths whose endpoints
have this special type. If F0 = 2P−1 and F1 = 2Q−1 for two projections P and Q, it should be clear that χ[0,∞)(F0) = P
and χ[0,∞)(F1) = Q. Consider the special case when π(Ft) is constant; so sf({Ft}) = ind(PQ) for PQ viewed as an
operator from QH to PH (note that in this case the spectral flow only depends on the end points of the path). If our
algebra has finite trace then any path from F0 to F1 qualifies; if it doesn’t, then under the additional assumption that
P −Q ∈KN , the straight line path from F0 to F1 has this property.

Suppose that our algebra has finite trace; then, as already remarked above, the spectral flow only depends on the
endpoints of the path, and sf({Ft}) = ind(PQ) as an operator from QH to PH . We will show that ind(PQ) = τ(Q− P).
Note that this is a particular instance of Theorem 3.1 of [CP04], but as the proof (shown below) is short and rather
illuminating, we include it for completeness.

Consider ran P ∩ kerQ and ranQ ∩ ker P. It is easy to check that these are mutually orthogonal closed subspaces of
H which are invariant under P and Q. Let H1 = [(ran P ∩ kerQ)⊕ (ranQ ∩ ker P)]⊥. Then H1 is also invariant under P
and Q, so with respect to the decomposition (ran P ∩ kerQ)⊕ (ranQ ∩ ker P)⊕ H1 ofH we have the following block
matrix decompositions:

ran P ∩ kerQ ⊕ ranQ ∩ ker P ⊕ H1

P 1 ⊕ 0 ⊕ P̃
Q 0 ⊕ 1 ⊕ Q̃

F0 := 2P − 1 1 ⊕ −1 ⊕ 2P̃ − 1
F1 := 2Q− 1 −1 ⊕ 1 ⊕ 2Q̃− 1,

where P̃ and Q̃ are appropriate operators inB(H1). Due to the invariance of H1 and H⊥1 , P̃ and Q̃ are also projections;
moreover, it is easy to check that ker P̃ ∩ ran Q̃ = ker Q̃ ∩ ran P̃ = 0, so it follows that P̃ and Q̃ are unitarily equivalent in
B(H1) (see Proposition 3.2 of [CP04] or Proposition 2.1 of [RS89]). Hence τ(P̃) = τ(Q̃). Clearly, τ(P) = τ([ran P ∩
kerQ])+τ(P̃) and τ(Q) = τ([ranQ∩ker P])+τ(Q̃). Since sf({Ft}) = ind(PQ) = τ([ranQ∩ker P])−τ([ran P∩kerQ]),
we get sf({Ft}) = τ(Q− P). •

1.2.2 Spectral flow for Unbounded Operators

The unbounded operators under consideration will always have dense domain, ensuring that we can define the adjoint.
Since we will only be concerned with self-adjoint operators, we will also have that all our operators are closed.

In the case of unbounded operators, a decision has to be made about how to deal with continuity. We will consider
the set of all unbounded self-adjoint Breuer-Fredholm operators equipped with the gap topology. On this set, the Riesz
transform D 7→ D(1+ D2)−

1
2 and the Cayley transform D 7→ (D− i)(D+ i)−1 will help us reduce certain facets of the

problem to the bounded case.

Recall first the definition of the gap topology on the set of all unbounded operators.

Definition 1.10 The gap distance between two closed unbounded operators D1 and D2 onH is defined to be ‖PD1
−

PD2
‖, where PDi

is the projection from H ×H onto the graph of Di. The topology generated by the gap distance is
called the gap topology. •
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It is known that, if D is a self-adjoint unbounded operator, the matrix of PD relative to the decomposition H ⊕H is
�

(1+ D2)−1 D(1+ D2)−1

D(1+ D2)−1 D2(1+ D2)−1

�

(see, for example, [CP98] Appendix A for one proof of this well-known fact).

Other metrics equivalent to the gap topology on the set of closed unbounded operators are described in Section 3
of [CL63]. As we do not use these other metrics, we mention instead Theorem 1.1 of [BBLP05], which says that the
gap metric, on the set of closed self-adjoint operators, is uniformly equivalent to the metric given by γ(T1, T2) = ‖(T1+
i)−1 − (T2 + i)−1‖; occasionally, this is the easier definition to use to show that a path is gap continuous. As part of
the Addendum to [CL63] (Theorem 1), it is also shown that the topology induced by the gap metric on the space of
bounded operators agrees with the topology induced by the norm. It should be noted, however, that the equivalence is
not uniform; the set of bounded self-adjoint operators is dense, with respect to the gap metric, in the set of unbounded
self-adjoint operators onH (see, for example, Proposition 1.6 of [BBLP05]).

On the set of densely-defined self-adjoint operators onH , the identity map is continuous from the Riesz topology
into the gap topology, but not the other way around. A proof of this fact, and slightly more context, can be found in
[Les05]. Namely, even on bounded perturbations of a fixed self-adjoint operator the two topologies do not agree. In
fact, the norm topology is strictly finer than the Riesz topology, which in turn is strictly finer than the gap topology
(Proposition 2.4(1) of [Les05]). There is a well-known example due to Fuglede of a sequence which converges in gap
topology but not in Riesz topology. As this example can be easily found in many other places, such as [Les05] (equations
(2.31) to (2.33)) or [BBLP05] (Example 2.14), we do not include it here.

One way of dealing with the gap topology is to use the Cayley transform, which changes the context of the problem
from unbounded self-adjoint operators to a subset of the unitary operators (with the norm topology). The Cayley
transform is given by T 7→ (T − i)(T + i)−1, and its inverse by V 7→ i(1+ V )(1− V )−1. For a discussion of the Cayley
transform and its properties, see [RSN55] (Chapter VIII, Section 121).

The Cayley transform allows us to look at spectral flow in a different light; applying the Cayley transform to a gap-
continuous path of unbounded self-adjoint operators results in a (continuous) path in a subset of the unitary operators
(namely, those operators which do not have 1 as an eigenvalue). In this new picture, the spectrum is constrained to the
unit circle, and we talk about ’spectral flow across -1’. We will use this approach in Section 3.

The gap topology presents us with some challenges when it comes to calculating spectral flow; the approach
described in Section 1.2.1 fails to take into account that, in some sense, the gap topology allows movement of the
spectrum through infinity. This is where the problems discussed in Remark 1.8 return to haunt us, as in the general
case there is no spectral projection we can use that would be guaranteed to change due to spectral flow only. If N is of
type I , then the original approach to spectral flow (explained in Remark 1.8) still works, as we can use the gaps in the
spectrum close to 0 to zoom in on eigenvalues which are truly switching sign, and ignore what is happening at infinity.
This was implemented in [BBLP05]. However, if N is of type I I , then we’re stuck, as there is no guaranteed gap in the
spectrum. The projection onto the positive part of the spectrum can change due to flow through infinity, not just flow
through 0 (the proof of Theorem 1.10 of [BBLP05] suggests how one can get flow of the spectrum through infinity).

Wahl’s definition of spectral flow for gap-continuous paths of unbounded operators: A way of getting around this
problem is due to Wahl [Wah08b]; she applies a series of transformations to the original path, in order to obtain a path
of unitaries on which a winding number can be calculated. As part of the process, she introduces a topology weaker
than the gap topology and defines the spectral flow in this new context. The details of this topology can be found in
[Wah08a] and [Wah08b]; however, we will just concentrate on the gap topology.

Assume given a path {Dt} of self-adjoint Breuer-Fredholm operators, continuous in the gap topology and with
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invertible endpoints. Using the properties of the operators and upper semicontinuity of the spectrum, it is possible to find
a positive integer n such that σ(D0),σ(D1) do not intersect [− 1

n
, 1

n
], and such that for any t ∈ [0, 1], if Pt = χ[− 1

n , 1
n ]
(Dt),

then Dt

�

�

PtH
is τ-compact.

Next, find a continuous function Ξ on R such that Ξ is odd and non-decreasing, and lim
x→∞
Ξ(x) = 1, Ξ−1(0) = {0}

and the support of Ξ2− 1 is contained in the interval (− 1
n
, 1

n
) (where n is the integer found in the previous paragraph);

Wahl calls such a function a normalizing function for {Dt}. The restrictions on Ξ mean that it might look something like

1
n

1

Figure 1: A normalizing function Ξ for a gap continuous path Dt (the choice of n depends on the spectrum of the
operators).

It is important to note at this point that Ξ(Dt) is not continuous in the norm topology. However, {eπi(Ξ(Dt )+1)} is a loop
of unitaries (i.e. norm continuous path with equal endpoints) which is of the form 1+ Kt with Kt ∈KN ; so, one can
calculate its winding number. The properties of the winding number are covered in Section 3 of [Wah08b], but here is
the definition. If Ut is a path of unitaries of the form 1+ Kt such that t 7→ Kt is a differentiable map into L 1, one can
define its winding number

w(Ut) =
1

2πi

∫ 1

0

τ

�

(1+ Kt)
−1 ·

d

d t
(Kt)

�

d t.

Since C1(T,L 1) is dense in C1(T,KN ), the winding number can be extended to all unitaries of the form 1+ Kt with
Kt ∈KN (see Proposition 3.2 of [Wah08b]).

Definition 1.11 Let {Dt} be a gap-continuous path of self-adjoint Breuer-Fredholm operators with D0, D1 invertible. The
spectral flow of {Dt} is defined by

sf({Dt}) = w(eπi(Ξ(Dt )+1)),

where w is the winding number and Ξ is a choice of normalizing function as described above. •

The properties of winding number, and the fact that the spectral flow definition above agrees with the Phillips definition
in the case when both can be calculated, can be found in [Wah08b]. In order to extend the definition to paths with
non-invertible endpoints, Wahl uses the technique explained in the following remark (Remark 1.12).

Remark 1.12 Suppose {Dt} is a path for which D0 is not invertible, but D1 is. Since D0 is Breuer-Fredholm, there is a
τ-compact spectral projection P around 0 such that D0+ εP is invertible for some ε > 0. Denote by ρ the straight-line
path from D0+εP to D0. Concatenate ρ with our original path {Dt}; we now have a path with both endpoints invertible,
so we can calculate its spectral flow. Since the spectral flow from D0 to D0+ εP is most likely not 0, we have to adjust
our result. All the operators along ρ are bounded perturbations of D0. Apply the Riesz transform to ρ; that is, let
Ft = ρ(t)(1+ρ(t)2)

− 1
2 for t ∈ [0,1]. Then {Ft} is a (norm-continuous) path of bounded self-adjoint operators (for a

proof of this fact, see for example [CP98], Theorem A.8). Moreover, due to Theorem 1.5, we know that if the Dt ’s are
Breuer-Fredholm, so are the operators {Ft}. We then have sf(ρ) = sf({Ft}), a definition due to Phillips of spectral flow
for bounded perturbations of a fixed unbounded operator. We can thus adjust our answer and write

sf({Dt}) = sf(ρ ∗ {Dt})− sf(ρ),

7



where on the right hand side sf(ρ ∗ {Dt}) is calculated using the Wahl definition, and sf(ρ) is calculated using the
Phillips definition. A similar extension and adjustment can be performed if D1 is not invertible. •

1.2.3 Properties of spectral flow

The purpose of this section is to outline some of the basic properties of spectral flow.

Lemma 1.13 Regardless of which definition we adopt, spectral flow satisfies the following two properties:

(a) Spectral flow is additive under concatenation. That is, if ρ and ξ are two paths such that ρ(1) = ξ(0) then
sf(ρ ∗ ξ) = sf(ρ) + sf(ξ).

(b) Spectral flow is invariant under homotopy. That is, if ρ and ξ are homotopic with endpoints fixed then sf(ρ) =
sf(ξ).

In the case of Phillips’ definition (Definition 1.6), the first property is obvious since the definition relies on splitting up
the path into subpaths and adding up the spectral flows along the subpaths; so, for two concatenated paths, we can
choose the point of concatenation to be one of the division points. The second property is the content of Proposition 2.5
of [Phi97]. In the case of Wahl’s definition, the homotopy property follows from the properties of the winding number
(see Proposition 3.2 of [Wah08b]; the properties of spectral flow are discussed in Section 4 of [Wah08b]). In Section 2,
we will see that these two properties, along with a normalization condition, are sufficient to ensure that a function on a
certain set of paths actually calculates the spectral flow.

The following is a consequence of the above basic properties, though it can also be easily checked from the definition.

Corollary 1.14 If {Dt} is a (continuous) path of invertible operators (either bounded or unbounded) then sf({Dt}) = 0.

Remark 1.15 As mentioned in Remark 1.9, paths whose endpoints are self-adjoint unitaries play a special role. One way
such paths arise in this paper is by joining each endpoint D of a path to 2χ[0,∞)(D)− 1 via a straight line, so let us
consider this construction. It is easy to see that if D is Breuer-Fredholm, the operators on such a line would also be
Breuer-Fredholm. Intuitively, the positive part of the operator is joined to 1, and the negative part is joined to -1; we
would expect no spectral flow along this path.

Consider first the case of bounded operators, to which the spectral flow definition in Definition 1.6 applies. Since
the positive operators form a convex set, it should be clear that by going from D to 2χ[0,∞)(D)− 1 via a straight line
the projection onto the non-negative part of the spectrum remains unchanged. To state things slightly more generally,
if {Dt} is a path for which χ[0,∞)(Dt) is constant, then the spectral flow of {Dt} is 0: Let Pt = χ[0,∞)(Dt) =: P. Then
π(Pt) = π(P) is constant for all t, so the spectral flow is equal to ind(P0P1) = ind(P) as an operator from PH to PH .
As P is the identity on PH , ind(P) = 0, so the spectral flow is 0. So we can extend a path by joining its endpoint D to
2χ[0,∞)(D)− 1 via a straight line, without changing the spectral flow.

We would not be able to use the same construction for unbounded operators with the gap topology. If {Dt} is the
straight line path from a self-adjoint unbounded Breuer-Fredholm operator D to 2χ[0,∞)(D)− 1, we will see that t 7→ Dt
is not in general continuous at 1 in the gap topology (altough it is continuous at every t < 1). Fix t ∈ [0, 1] and consider
any s in a neighbourhood of t. Denote by U the operator 2P − 1, recall that we had Dt = (1− t)D+ tU (the straight
line path from D to U), and note that, since D and U commute, so do the Dt ’s. We can thus write for any s, t ∈ [0,1]

(1+ D2
t )
−1− (1+ D2

s )
−1

= (1+ D2
t )
−1[(1+ D2

s )− (1+ D2
t )](1+ D2

s )
−1

= (1+ D2
t )
−1(Ds − Dt)(Dt + Ds)(1+ D2

s )
−1

= (1+ D2
t )
−1[(t − s)D0+ (s− t)U](Dt + Ds)(1+ D2

s )
−1

= (s− t)U Dt(1+ D2
t )
−1(1+ D2

s )
−1+ (s− t)(1+ D2

t )
−1U Ds(1+ D2

s )
−1

+(t − s)Dt(1+ D2
t )
−1D0(1+ D2

s )
−1+ (t − s)D0(1+ D2

t )
−1Ds(1+ D2

s )
−1.
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For s 6= 1, we can write D0 =
1

1−s
Ds −

s
1−s

U . It follows that

D0(1+ D2
s )
−1 =

1

1− s
Ds(1+ D2

s )
−1−

s

1− s
U(1+ D2

s )
−1,

and

D0Ds(1+ D2
s )
−1 =

1

1− s
D2

s (1+ D2
s )
−1−

s

1− s
U Ds(1+ D2

s )
−1,

whence ‖D0(1+D2
s )
−1‖ and ‖D0Ds(1+D2

s )
−1‖ are both bounded above by 1

1−s
+ s

1−s
. Now the functions 1

1−s
and s

1−s
are

both undefined at 1 but continuous on [0,1), so they are uniformly bounded on any closed subinterval of [0,1] which
does not contain 1. This is sufficient to show that {Dt} is continuous at any t < 1, since s− t can be made arbitrarily
small, and the operators which appear in the four terms can be uniformly bounded in norm. On the other hand, if t = 1
we have Dt = D1 = U; substituting in the previous expression and simplifying by using U2 = 1 we get, for any s ∈ [0, 1],
that

(1+ D2
t )
−1− (1+ D2

s )
−1 =

1

2
− (1+ D2

s )
−1 = 1− (1+ D2

s )
−1−

1

2
= D2

s (1+ D2
s )
−1−

1

2
Applying the reverse triangle inequality to the right-hand side, we get that its norm is greater than or equal to
| ‖D2

s (1+ D2
s )
−1‖− 1

2
|. If the spectrum of D is unbounded, then ‖D2

s (1+D2
s )
−1‖ = 1 for s 6= 1, so in particular we cannot

have D2
1(1+ D2

1)
−1− D2

s (1+ D2
s )
−1→ 0 as s→ 1. •

We wrap up this section with two remarks about the path spaces with which we are going to be dealing.

Remark 1.16 The sets of essentially positive and essentially negative operators are referred to as the ’trivial components’
ofBF sa; on these sets, spectral flow only depends on the endpoints. The reason is that the trivial components ofBF sa
are contractible: any two paths with the same endpoints can be concatenated to form a loop, any loop is homotopic to a
point, and the spectral flow of a constant path is zero. •

Remark 1.17 Suppose S is a set of self-adjoint Breuer-Fredholm operators. Denote by Ω(S ) the set of paths in S , and
by Ω(S ,S ×) the subset of paths whose endpoints consist of invertible operators. We are interested in discussing the
connection between calculating spectral flow on each of these sets of paths. That is, does having a spectral flow formula
for one set automatically give us a spectral flow formula for the other?

Since Ω(S ,S ×) ⊆ Ω(S ), a function on Ω(S ) which calculates spectral flow can be restricted to a function on
Ω(S ,S ×); it is the other direction that is more interesting to investigate. There are two possible avenues one can
pursue for a path ρ ∈ Ω(S ):

1. Try to construct a new path with invertible endpoints in such a way that the spectral flow does not change. For
example, consider the function

sign(x) =

(

1 if x ≥ 0

−1 otherwise.

Suppose the straight line from sign(ρ(0)) to ρ(0) is a path entirely contained in S , and similarly for ρ(1). Then
we can extend ρ by concatenating these straight line paths to obtain a new path in Ω(S ,S ×) for which we can
calculate spectral flow. Moreover, we know that the spectral flow from ρ(0) to sign(ρ(0)) should be zero, as the
projection onto the positive spectrum does not change. Thus sf(ρ) is equal to the spectral flow of the new path.
As discussed in Remark 1.15, we can use this approach for S =BF sa, but not for S = CBF sa with the gap
topology. We note that this idea is used by Phillips in the construction of integral formulas for spectral flow; see
e.g. [Phi97] (and many others).

2. Construct a new path with invertible endpoints in such a way that one can calculate by how much the spectral
flow has changed and adjust the answer. For example, use the fact that ρ(0) is Breuer-Fredholm to find a spectral

9



projection P around zero with τ(P) < ∞. If there exists some ε > 0 such that ρ(0) + εP is invertible and
ρ(0) + t · P lies in S for all 0≤ t ≤ ε, and if we can perform a similar construction for ρ(1), we can once again
extend the original path by concatenating these straight line paths onto it in such a way as to obtain a new path ρ̃
with invertible endpoints. However, we no longer have that sf(ρ) = sf(ρ̃), so we have to adjust the answer in
order to calculate sf(ρ). This is the approach described in Remark 1.12, where the existence of a spectral flow
formula for bounded perturbations of a fixed unbounded operator is used to adjust Wahl’s formula for spectral
flow in the gap topology setting. •

Since our proof relies on paths having invertible endpoints, we will state the theorems from this point of view. However,
the above remark should make it clear that the statements could be modified to apply to general paths.

2. Characterization of Spectral Flow: Bounded Operators

Recall that N denotes a semifinite factor (M if the factor is known to be finite), and τ the trace on the factor. Use
π for the quotient map from N into the generalized Calkin algebra N /KN , and BF sa for the set of self-adjoint
Breuer-Fredholm operators in N . In addition, letBF×sa be the invertible operators inBF sa. The topology onBF sa is
the usual norm topology.

Denote by Ω(BF sa,BF×sa) the set of paths in BF sa with endpoints in BF×sa (that is, continuous functions
ρ : [0,1] → BF sa for which ρ(0),ρ(1) ∈ BF×sa). It is possible to calculate the spectral flow of such paths using
Definition 1.6; we are interested in investigating a set of conditions on a real-valued function defined on paths in
Ω(BF sa,BF×sa) which are sufficient to ensure that the function calculates the spectral flow. This was done in the case
when N =B(H ) by Lesch (see [Les05]); the proof below follows the same main steps, but the details are by necessity
different. Recall (Lemma 1.13) that spectral flow is invariant under homotopy with endpoints fixed and is additive
under concatenation; these will be two of the required conditions for our function (suitably modified to apply to paths
with invertible endpoints), the picture being completed by a normalization requirement. In Section 3 the setting will be
modified in order to allow us to consider paths of unbounded operators.

In the following, two paths ρ and ξ will be called homotopic if there exists a continuous function H : [0,1]×
[0,1]→BF sa such that

1. H(0, t) = ρ(t) and H(1, t) = ξ(t) for all t ∈ [0, 1]

2. H(s, 0), H(s, 1) ∈BF×sa for all s ∈ [0, 1]

Note that, unlike the standard definition of homotopy, we do not require the endpoints to stay fixed, simply that they
remain in the set of invertible operators. H(s, t) will sometimes be written as the collection of functions Hs(t).

Any interval [a, b] (with a < b) can be mapped onto [0,1] by the linear function which maps a to 0 and b to 1.

This mapping is a homeomorphism; given a continuous function ρ : [a, b]→BF sa, the composition [0, 1]→ [a, b]
ρ
→

BF sa is a path as defined earlier. If we talk about paths [a, b]→BF sa, it should be assumed that this composition is
to be performed first, in order for all our paths to be standardized.

Remark 2.1 Note that one could consider spectral flow as a function on Ω(BF sa) instead; however, some changes
need to be made to the setup in this case. In particular, homotopy would have to be restricted to homotopy with fixed
endpoints. If H : [0, 1]× [0, 1]→BF sa is a homotopy which does not fix the endpoints, then ρ ∼ H(0, t)∗ξ ∗−H(1, t)
with endpoints fixed, and the properties of spectral flow (Lemma 1.13) tell us that sf(ρ) = sf(H0) + sf(ξ) + sf(H1). So if
there is any spectral flow along H0 or H1, we might very well get that sf(ρ) 6= sf(ξ). Recall however that spectral flow
along a path of invertible operators is 0 (Corollary 1.14), so we can choose to consider homotopies which allow the
endpoints to move, as long as we set the additional condition that they remain in the set of invertible operators. Due to
the nature of the following proof, it is easier to follow this latter course. In particular, we will want to apply a homotopy
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to some of our paths which block diagonalizes the operators (with respect to a fixed decomposition ofH ) – while it is
possible to ensure that the endpoints stay invertible, it is not at all obvious how to change the construction so that the
endpoints are already block diagonal, allowing them to remain unchanged by the homotopy. Refer to Remark 1.17 for a
discussion on how spectral flow for paths with invertible endpoints is related to general spectral flow. •

The main result of this section is a characterization of spectral flow in this particular setting, stated below.

Theorem (see Theorem 2.7 and Theorem 2.13) Let N be a type II factor, and denote by Ω(BF sa,BF×sa) the paths of
self-adjoint Breuer-Fredholm operators in N which have invertible endpoints. Say that a map µ : Ω(BF sa,BF×sa)→ R
has:

♣ the concatenation property if, for ρ,ξ ∈ Ω(BF sa,BF×sa) with ρ(1) = ξ(0),

µ(ρ ∗ ξ) = µ(ρ) +µ(ξ).

♥ the homotopy property if, for ρ and ξ homotopic paths in Ω(BF sa,BF×sa),

µ(ρ) = µ(ξ).

♠ the normalization property if there exists a finite trace non-zero projection P0 ∈ N such that for any projection
Q ≤ P0, the following condition holds:

whenever R≤ 1−Q is a projection,

µ({tQ+ (2R− 1+Q)}t∈[−1,1]) = τ(Q).

If µ satisfies all three properties listed above then µ= sf.

The characterization of spectral flow given above applies to both I I1 and I I∞ factors; however, the proofs are different
(see Section 2.2 and Section 2.3 for the proofs). In fact, we will see that the I I∞ factor case reduces to the I I1 case.
One can state the same theorem for type I factors (and the proof would be similar), but in that case the normalization
property stated above is needlessly complicated; we discuss the differences in Section 2.1.

Remark 2.2 An immediate consequence of a map µ having the properties listed in Theorem 1 is that it evaluates to zero
on paths of invertible operators. Suppose that ρ is a path consisting entirely of invertible operators; then the following
argument, identical to the one used in [Les05], shows that µ(ρ) = 0. First note that ρ is homotopic with endpoints in
the invertibles to the constant path ξ(t) = ρ(0). The homotopy property of µ gives us that µ(ρ) = µ(ξ). However, since
ξ is constant, ξ∼ ξ ∗ ξ; hence µ(ξ) = 2µ(ξ), which means µ(ξ) = 0. Therefore, µ(ρ) = 0. •

Before we dive into the proof of Theorem 1, let us spend some time to discuss the undoubtedly strange-looking
’normalization property’.

2.1. Normalization Property

Recall that the normalization property had the following form:

♠ There exists a finite trace non-zero projection P0 ∈ N such that for any projection Q ≤ P0, the following condition
holds:

whenever R≤ 1−Q is a projection,

µ({tQ+ (2R− 1+Q)}t∈[−1,1]) = τ(Q).
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In this section we will discuss how this condition is different in the type I case, as well as possible reformulations; but
first, let us examine the condition as stated a bit closer.

Note that, by design, Q and R are mutually orthogonal projections. With respect to the decomposition QH ⊕ RH ⊕
(1− (Q+ R))H , the matrix

tQ+ (2R− 1+Q) = tQ+ R+ [−(1− (Q+ R))]

which appears in the normalization property looks like






t 0 0
0 1 0
0 0 −1






.

As t goes from −1 to 1 it is only the (finite-trace) QH corner which changes.

Recall that a self-adjoint bounded operator T can be connected to 2χ[0,∞}(T)− 1 by a straight line path, and the
spectral flow is zero along this path (see Remark 1.15). This kind of construction will appear in the proof, and perhaps
suggests both why on Q⊥H the matrices have the form they do, and why we are content to only look at these kind of
matrices instead of considering all invertible operators on the Q⊥H corner.

Remark 2.3 Some cosmetic simplifications can be applied to the normalization property stated above if additional
information is known about the factor N . If N is in fact a finite factor, then the finite trace requirement is redundant,
as all projections have finite trace. In particular, if desired, one could choose P0 = 1.

The normalization requirement can also be simplified if N is type I . In such a case, we could instead choose P0 to be
minimal, which means that the condition Q ≤ P0 is satisfied only by Q = 0 and Q = P0. When Q = 0 the normalization
condition holds trivially (see Remark 2.2 for a proof that µ evaluated on a constant path will be 0), so the normalization
condition given above reduces to the Lesch normalization condition. The normalization condition used by Lesch in
[Les05] is in fact:

There is a rank one orthogonal projection P ∈B(H )sa such that, for all operators A∈B(H )sa,

µ({tP + (I − P)A(I − P)})t∈
�

− 1
2

, 1
2

� = 1.

Note, however, that there is a slight mistake in the statement of the above normalization condition, as (I − P)A(I − P)
might not be invertible, which contradicts the requirement that the endpoints of the path should be invertible. This
could be fixed by changing the requirement to ’all A∈B(H )sa for which (1− P)A(1− P) is invertible’, but the proof
only uses those A which on P⊥H look like 1⊕−1 for some decomposition of P⊥H . If stated only for these kind of
operators, the condition becomes,

There is a rank one projection P ∈B(H )sa such that, for any projection R< P⊥,

µ({tP + (2R− 1+ P)}t∈
�

− 1
2

, 1
2

�) = 1.

This is what the normalization property on page 11 simplifies to as well if we choose P0 to be minimal. •

The first consequence of the normalization property is that the projection P0 used in the statement of the normalization
property is not in fact special; once we have the normalization property holding with P0, we can extend it to any
finite-trace projection P, as shown in the lemma below.

Lemma 2.4 Suppose the normalization property (see page 11) holds. Then, for any finite trace projection P ∈ N and
any projection R≤ 1− P we have

µ({tP + (2R− 1+ P)}t∈[−1,1]) = τ(P)

(i.e. we do not need the fact that P ≤ P0).
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PROOF Say that the normalization property holds for a projection P if the conclusion of the theorem holds for P. To start
with, we know that the normalization property holds for all projections P which are less than or equal to a fixed finite
trace projection P0, and we want to show that it holds more generally.

Consider the following cases:

(i) P is a projection with τ(P)≤ τ(P0) (where P0 is the specific projection appearing in the normalization property, see
page 11). Suppose that S ≤ 1− P is a projection; we want to calculate µ({Bt}) for the path Bt = tP + (2S− 1+ P).

Since P is a finite projection, there exists a unitary U and a Q ≤ P0 such that U PU∗ = Q. Note that, since S ≤ 1− P,
R := USU∗ ≤ 1−Q. The group of unitaries is connected, so there exists a path Ut such that U0 = 1 and U1 = U .
Let Hs(t) = UsBt U

∗
s . This defines a homotopy from {Bt} to {tQ+ (2R− 1+Q)}. The latter is a path for which the

normalization property holds by assumption; that is, µ evaluates to τ(Q) on it. It follows, by the homotopy property of
µ, that µ({Bt}) = τ(P) (which is equal to τ(Q)), as desired.

(ii) Suppose P and S are mutually orthogonal finite projections, and that the normalization property holds for each of P
and S. We would like to show that it holds for P + S; that is, if R≤ 1− (P + S) is a fixed projection, and ρ(t) is the path
{t(P + S) + (2R− 1+ (P + S))}t∈[−1,1] then

µ(ρ) = τ(P) +τ(S).

Let ρ1(t) = tP + ((2R− 1) + P) and ρ2(t) = tS + (2(R+ P)− (1− S)). That is, with respect to the decomposition
PH ⊕ SH ⊕ RH ⊕ (P + S+ R)⊥H we have

ρ(t) = t ⊕ t ⊕ 1 ⊕ −1
ρ1(t) = t ⊕ −1 ⊕ 1 ⊕ −1
ρ2(t) = 1 ⊕ t ⊕ 1 ⊕ −1.

Note that, since R ≤ 1− (P + S) ≤ 1− P and the normalization property holds for P, we know that µ(ρ1) = τ(P).
Similarly, since (R+ P)≤ 1− S, we have µ(ρ2) = τ(S). By the concatenation property, µ(ρ1 ∗ρ2) = τ(P) +τ(S). To
finish, we claim that ρ ∼ ρ1 ∗ρ2 via

Hs(t) =

(

(1− s)ρ(t) + sρ1(2t + 1) if t ∈ [−1,0]
(1− s)ρ(t) + sρ2(2t − 1) if t ∈ [0,1]

That is, once again with respect to the decomposition PH ⊕ SH ⊕ RH ⊕ (P + S+ R)⊥H ,

Hs(t) =

¨

[(1− s)t + s(2t + 1)] ⊕ [(1− s)t + (−s)] ⊕ 1⊕−1 if t ∈ [−1, 0]
[(1− s)t + s(1)] ⊕ [(1− s)t + s(2t − 1)] ⊕ 1⊕−1 if t ∈ [0, 1].

Since P and S have finite trace, Hs(t) is Breuer-Fredholm; moreover, it should be clear that Hs(t) is continuous in s and
t (in particular, note that for t close to 0, 2t + 1 is close to 1 and 2t − 1 is close to -1).

(iii) Finally, suppose P ∈ N is a projection with τ(P0)< τ(P)<∞. Then we can write P as a sum of mutually orthogonal
projections P1 + . . .+ Pn + R, where τ(Pi) = τ(P0) for all 1 ≤ i ≤ n and τ(R) < τ(P0). Repeated applications of the
previous two cases can be used to show that the normalization property holds for P.

Remark 2.5 The above proof should indicate why the statement of the normalization property is more complicated for a
general semifinite factor than it was in the type I case. Suppose we require the normalization property to hold for a
projection P0 with finite trace k, instead of for all projections Q ≤ P0. Using the proof technique above, we can show
that the normalization property holds for all projections whose traces are rational multiples of k, but it is not possible to
extend the result for projections whose traces are the remaining real numbers in [0, 1] (for a I I1 factor) or [0,∞] (for a
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I I∞ factor). However, we have already discussed that, if N is type I , a projection of trace 1 can be used to generate all
possible traces (whether {0, . . . , n} or {0,1, . . . ,∞}).

On the other hand, we could replace the normalization property by a simpler one by adding a continuity condition
instead. That is, suppose the normalization condition holds for some finite trace projection P0 (instead of for all
projections P ≤ P0); if we add the requirement that µ({t ⊕−1⊕ 1}t∈[−1,1])> 0 for all possible decompositions ofH
in which the first block has finite trace, this would be sufficient to ensure that µ calculates spectral flow on the paths
which we currently consider in the normalization property. However, it is not evident that this simplification of the
normalization property at the cost of adding a new thing to check would make the theorem easier to use. •

A final note should be made about why we restrict ourselves to factors instead of considering general von Neumann
algebras. To start with, note that the above proof makes repeated use of the Comparison Theorem for projections, and
the fact that two finite projections whose traces are equal are unitarily equivalent. Neither of these holds in a general
von Neumann algebra. In fact, the result does not work in general: the normalization condition, as stated, is not strong
enough. As a simple example, considerN =B(H )⊕B(H ), and the function µ({At⊕Bt}) = sf(At) defined on suitable
paths. It is not hard to see that µ satisfies the homotopy, concatenation and normalization conditions stated above, but
does not in general calculate spectral flow of a path in N . One could replace in the normalization condition the phrase
“there exists a finite projection P0” by “for every projection J in the centre of the algebra Z(N ), there exists a finite trace
projection P0 ≤ J”. Then, if µ satisfies this stronger normalization condition, and J is a central projection ofN for which
JN J is a factor, it is not hard to see that for any appropriate path {JAt J} the function µ̃({JAt J}) = µ({JAt J + J⊥})
must be equal to the spectral flow defined on appropriate paths in JN J . However, this would only be helpful if the
von Neumann algebra is a countable direct sum of factors; it is unclear how to reasonably generalize the normalization
condition to von Neumann algebras which are not factors.

2.2. Characterization of spectral flow in a I I1 factor

In this case, all projections are finite, so all operators are Breuer-Fredholm. As explained below, this implies that any two
paths with the same endpoints are homotopic, which simpliefies the work.

Remark 2.6 Suppose ρ(t) and ξ(t) are two paths in Ω(BF sa,BF×sa) with the same endpoints. Let Hs(t) = sρ(t) +
(1− s)ξ(t). Then Hs(t) is self-adjoint and Breuer-Fredholm for each t. Moreover, the endpoints remain unchanged;
hence, Hs is a homotopy between ρ and ξ. Note that this would not necessarily be true ifM was a I I∞ factor (say),
since the set of Breuer-Fredholm operators is not convex (for example, the straight line path from -1 to 1 passes through
0, which is not Breuer-Fredholm if 1 is not a finite projection). •

Theorem 2.7 Suppose M is a I I1 factor, and µ : Ω(BF sa,BF×sa) → R satisfies the concatenation and homotopy
properties stated earlier. In addition, suppose µ satisfies the following normalization property:

♠ There exists a (necessarily finite trace) projection P0 ∈ M such that for any projection Q ≤ P0, the following
condition holds:

whenever R≤ 1−Q is a projection,

µ({tQ+ (2R− 1+Q)}t∈[−1,1]) = τ(Q) (1)

Then µ= sf.

PROOF Suppose that {Bt} is a path in Ω(BF sa,BF×sa); we want to show that µ({Bt}) = sf({Bt}). We will prove first
that this holds for a chosen subset of all possible paths, and then show that the general case reduces to this subset:

(i) Suppose first that B0 = 2P − 1 and B1 = 2Q − 1 for some projections P and Q. Then sf({Bt}) = τ(Q − P) (see
Remark 1.9). We need to check that µ({Bt}) is equal to the spectral flow.
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(a) Suppose P ≤ Q. Since M is a type I I1 factor, {Bt} is homotopic to the straight line path from B0 to B1 (see
Remark 2.6). Using Lemma 2.4 we can dispense with P0 and instead use the normalization condition for the
projection Q− P and with R = P. It follows that µ evaluated on the straight line path is equal to the trace of Q− P;
that is, µ({Bt}) = sf({Bt}).

(b) Now suppose P and Q are any two projections. SinceM is a factor, either P ≺Q or P �Q; assume without loss of
generality that P ≺Q. Hence, there exists a unitary U such that U PU∗ =Q0 ≤Q. Let Ut be a path connecting 1 to
U (so U0 = 1 and U1 = U). Let Hs(t) = UsBt U

∗
s . Then H0 is our original path, and H1 is a path between 2Q0− 1

and 2Q− 1. Using the previous case, µ(H1) = τ(Q−Q0). From the homotopy property, and since τ(Q0) = τ(P), it
follows that µ(H0) = τ(Q− P); so, once again, µ({Bt}) = sf({Bt}).

(ii) For any operator T , denote by T̃ the symmetry 2χ[0,∞)(T )−1. Note that, if T is invertible, the straight line path from
T to T̃ consists of invertible operators; by Remark 2.2, µ evaluates to 0 on this path. Extend the path Bt by connecting
B̃0 to B0, and B1 to B̃1 by straight lines; call the resulting path {Ct}. The value of µ along this new path is the same as
µ({Bt}), and by case (i) we know that µ is equal to the spectral flow along the new path.

2.3. Characterization of spectral flow in a I I∞ factor

If we had a path

�

At 0
0 T

�

where T is fixed and invertible, and the corner on which At acts is finite trace, then we’d

be, to all intents and purposes, back in the I I1 case. Our goal is to show that any path can be manipulated via homotopy
and concatenation into paths of this special type. Start with a path ρ ∈ Ω(BF sa,BF×sa). The proof will follow the
following steps:

1. find paths ρ1, . . .ρn such that ρ ∼ ρ1 ∗ρ2 ∗ . . . ∗ρn and additionally, for each ρi, there is a finite projection Pi
such that:

• Pi commutes with the endpoints of ρi , and

• (1− Pi)ρi(t)(1− Pi) is invertible for all t (as an operator on (1− Pi)H ).

Note that, by the concatenation property, µ(ρ) =
∑

µ(ρi).

2. for any path ρi as created after the first step, there is a homotopic path ρ̃i such that all the operators along the
path ρ̃i commute with Pi . Moreover, (1− Pi)ρ̃i(t)(1− Pi) is still invertible (as an operator on (1− Pi)H ).

3. for any path as created after the second step, there is a homotopy to a path in which the lower right hand corner is
fixed.

For paths of the kind obtained after step 3, we can apply the result from the I I1 case to show that our function calculates
spectral flow.

We will first state the necessary lemmas, which implement the steps outlined above; the main result, which brings
them all together, is stated at the end.

Implementation of Step 1

We will want to cut up our path into smaller pathlings. However, we cannot guarantee that the operators at the
subdivision points are invertible. The following lemma will allow us to manufacture paths with invertible endpoints;
moreover, we can ensure that the difference between the invertible endpoint path and the original pathling is in some
sense small.
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Lemma 2.8 Assume given a path ρ ∈ Ω(BF sa,BF×sa), a fixed c ∈ [0,1] and an ε > 0. Then there exists a path ξ ⊂
BF sa such that ξ(0) = ρ(c), ξ(1) is invertible, and ‖ξ(t)−ρ(c)‖ ≤ ε for all t ∈ [0, 1]. Moreover, with ρ1 = ρ

�

�

[0,c] ∗ ξ
and ρ2 = (−ξ) ∗ ρ

�

�

[c,1] we have ρ1,ρ2 ∈ Ω(BF sa,BF×sa) and ρ ∼ ρ1 ∗ρ2.

ρ(0)
ρ(c)

ρ
(1
)

ρ1

ρ2ξ(1)

Figure 2: Given the path ρ, construct ξ such that with ρ1 and ρ2 as indicated above we have ρ ∼ ρ1 ∗ρ2.

PROOF Choose a δ < ε/2 such that P = χ[−δ,δ](ρ(c)) has finite trace (such a δ exists since ρ(c) is Breuer-Fredholm).
Let A= ρ(c) + εP. Then A is invertible and ‖A−ρ(c)‖ = ε‖P‖ ≤ ε. Let ξ(t) be the straight line path from ρ(c) to A;
that is, ξ(t) = (1− t)ρ(c) + tA= ρ(c) + tεP. Clearly, ξ(t) is self-adjoint for all t; moreover, since P is a finite trace
projection, if we apply the map π into the generalized Calkin algebra to ξ(t) we get π(ξ(t)) = π(ρ(c)); so ξ(t) is also
Breuer-Fredholm for all t.

Denote by ρ1 the path obtained by following ρ from ρ(0) to ρ(c) and ξ from ρ(c) to A; parametrically, we could
write

ρ1(t) =

(

ρ(2tc) for t ∈ [0, 1
2
]

ξ(2t − 1) for t ∈ [1
2
, 1]

.

Denote by ρ2 the path obtained by following ξ (in reverse) from A to ρ(c), and ρ from ρ(c) to ρ(1); parametrically, we
could write

ρ2(t) =

(

ξ(1− 2t) for t ∈ [0, 1
2
]

ρ((2− 2t)c+ (2t − 1)) for t ∈ [1
2
, 1]

.

Note that ρ1,ρ2 ∈ Ω(BF sa,BF×sa). We claim that ρ ∼ ρ1 ∗ρ2. To this end, note that ρ is homotopic to the path

ρ̃(t) =







ρ(4tc) for t ∈ [0, 1
4
]

ρ(c) for t ∈ [1
4
, 3

4
]

ρ(4(1− t)c+ (4t − 3)) for t ∈ [3
4
, 1]

obtained by traversing ρ at different speeds (namely, between [0, 1
4
] it covers ρ from 0 to c; between [1

4
, 3

4
] it is the

constant ρ(c), and between [3
4
, 1] it covers ρ from c to 1). On the other hand,

(ρ1 ∗ρ2)(t) =

(

ρ1(2t) if t ∈ [0, 1
2
]

ρ2(2t − 1) if t ∈ [1
2
, 1]
=















ρ(4tc) if t ∈ [0, 1
4
]

ξ(4t − 1) if t ∈ [1
4
, 1

2
]

ξ(3− 4t) if t ∈ [1
2
, 3

4
]

ρ((4− 4t)c+ (4t − 3)) if t ∈ [3
4
, 1].

Finally, the definition of ξ makes it quite obvious that ρ̃ ∼ ρ1 ∗ρ2 via

Hs(t) =







ρ̃(t) for t ∈ [0, 1
4
]∪ [3

4
, 1]

ρ(c) + s(4t − 1)εP for t ∈ [1
4
, 1

2
]

ρ(c) + s(−4t + 3)εP for t ∈ [1
2
, 3

4
].

By transitivity of homotopy, ρ ∼ ρ1 ∗ρ2, concluding the proof.
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Lemma 2.9 Assume given a path ρ ∈ Ω(BF sa,BF×sa). Then there exist paths ρ1, . . . ,ρn and finite projections P1, . . . , Pn
such that ρ ∼ ρ1 ∗ρ2 ∗ . . . ∗ρn and, for each fixed i, we have that (1− Pi)ρi(t)(1− Pi) is invertible as an operator on
(1− Pi)H for all t along the path ρi .

PROOF At every fixed t ∈ [0,1], π(ρ(t)) is invertible; that is, 0 6∈ σ(π(ρ(t))). Hence there exists δt > 0 such that
[−δt ,δt] 6∈ σ(π(ρ(t))). Let Pt = χ[−δt ,δt](ρ(t)). Then Pt is a finite projection; moreover, (1− Pt)ρ(t)(1− Pt) is
invertible as an operator on (1− Pt)H .

Invertible operators in a von Neumann algebra form an open set in the norm topology. Hence, there exists an
open ball Vt around ρ(t) such that for every S ∈ Vt we have (1− Pt)S(1− Pt) is invertible (again, as an operator on
(1− Pt)H ).

The neighbourhoods Vt cover {ρ(t)}t∈[0,1], so, by compactness, there is a finite subcover. This means that we can
choose 0 = s0 < s1 < s2 < . . .< sn = 1 points in [0, 1] such that ρ([si , si+1])⊂ Vsi

; so, in particular, (1−Psi
)(ρ(t))(1−Psi

)
is invertible for all t ∈ [si , si+1] (where the Psi

are the finite projections established above).

It is certainly true that ρ is obtained from the concatenation of ρ
�

�

[s0,s1]
, . . ., ρ

�

�

[sn−1,sn]
. However, there is no reason

that the ρ(si)’s should be invertible, and we would like our paths to have invertible endpoints (as required by the
definition of Ω(BF sa,BF×sa), where we would like our paths to reside). To this effect, we employ Lemma 2.8 to fix the
problem.

We don’t have to worry about s0 = 0 and sn = 1, as our path ρ had invertible endpoints by assumption; but at all
other division points si, we might have to take some sort of action. Let us first consider the division point at s1. Using
Lemma 2.8, we would like to connect f (s1) via a path ξ to an invertible operator, in such a way that ξ is contained
in Vs0

∩ Vs1
. This will ensure that the decomposition of the operators along ξ with respect to either P0 or P1 has the

desired form. We know that (1− Ps0
)ρ(s1)(1− Ps0

) and (1− Ps1
)ρ(s1)(1− Ps1

) are both invertible, by construction;
moreover, there exists an ε > 0 such that, if M is any operator for which the distance from M to ρ(si) is less than ε,
then (1− Ps0

)M(1− Ps0
) and (1− Ps1

)M(1− Ps1
) are both invertible. Apply Lemma 2.8 with this ε to find paths ρ1 and

ρ2 with invertible endpoints and such that ρ ∼ ρ1 ∗ρ2. By induction, apply the lemma to the remaining division points
of the original path to complete the proof.

For each of the paths ρi in the above lemma, there exists a finite projection P such that (1− P)ρi(t)(1− P) is invertible
for all t. We want to modify ρi such that each operator along the path commutes with P. To this end, we will first
modify the endpoints, using the next two lemmas, and then the rest of the path.

Lemma 2.10 Suppose T is a bounded operator which, with respect to some decomposition PH ⊕ (1− P)H looks like
�

A B
C D

�

. Suppose T is invertible, and D is also invertible as an operator on the corner (1− P)H . Then A− BD−1C is

invertible and the inverse of T is, with respect to the same decomposition PH ⊕ (1− P)H ,
�

R −RBD−1

−D−1CR D−1(1+ CRBD−1)

�

,

where R= (A− BD−1C)−1.

Moreover, for any t ∈ [0,1], the operator

�

A− (2t − t2)BD−1C (1− t)B
(1− t)C D

�

is also invertible, with inverse

�

R −(1− t)RBD−1

−(1− t)D−1CR D−1(1+ (1− t)2CRBD−1)

�

.
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PROOF The fact that T is invertible means that there exists an S =

�

R1 R2
R3 R4

�

such that ST = TS = 1. Multiplication

of the appropriate block submatrices for TS = 1 gives us
(

AR1+ BR3 = 1

CR1+ DR3 = 0

Since D is invertible we must have R3 = −D−1CR1; this formula, substituted in the first equation, gives us (A−
BD−1C)R1 = 1. From ST = 1 get R1(A−BD−1C) = 1, which tells us that A−BD−1C is invertible on PH , and its inverse
is exactly R1.

Let R = (A− BD−1C)−1 (that is, dispense with the index in R1, for ease of notation). If we multiply T on the right by

the matrix

�

R −RBD−1

−D−1CR D−1(1+ CRBD−1)

�

we get the identity matrix, as the following calculations show:

AR− BD−1CR = (A− BD−1C)R
= (A− BD−1C)(A− BD−1C)−1 = 1

−ARBD−1+ BD−1(1+ CRBD−1) =−ARBD−1+ BD−1+ BD−1CRBD−1

= BD−1+ (−A+ BD−1C)RBD−1

= BD−1+ (−1)[(A− BD−1C)R]BD−1

= BD−1− BD−1 = 0

CR− DD−1CR = 0

−CRBD−1+ DD−1(1+ CRBD−1) = 1.

Since we know that T is invertible, the right inverse must be the inverse.

Similarly, the fact that

�

A− (2t − t2)BD−1C (1− t)B
(1− t)C D

�

is invertible for t ∈ [0,1], with the purported inverse

having the expression given, is verified by multiplying the two matrices, and noticing that we get the identity.

Lemma 2.11 Suppose ρ is a path in Ω(BF sa,BF×sa) and P is a projection operator such that (1− P)ρ(t)(1− P) is
invertible for all t ∈ [0, 1]. Then there exists a path ξ homotopic to ρ such that (1− P)ξ(t)(1− P) is invertible for all
t ∈ [0,1] still holds, and in addition P commutes with the endpoints.

PROOF We are going to extend the path by connecting ρ(0), through invertible elements, to an operator which
satisfies the requirements. Suppose that, with respect to the decomposition PH ⊕ (1 − P)H , ρ(0) looks like
�

A C
C∗ D

�

, where A and D are self-adjoint and D is invertible. Connect this matrix to

�

A− C D−1C∗ 0
0 D

�

via

the path ρ0(t) =

�

A− (2t − t2)C D−1C∗ (1− t)C
(1− t)C∗ D

�

for t ∈ [0, 1]. Note that, certainly, ρ0(t) is self-adjoint for each

t ∈ [0,1]. By Lemma 2.10, the path ρ0 consists of invertibles operators, whence µ(ρ0) = 0 (see Remark 2.2) and
ρ0 ∈ Ω(BF sa,BF×sa). Moreover, since the projection onto the 1− P corner is D all along the path, (1− P)ρ0(t)(1− P)
is invertible for all t.

Similarly, define a path ρ1(t) which connects ρ(1) to an operator which commutes with P. Let ξ= (−ρ0) ∗ρ ∗ρ1.
Then ξ has the desired properties.
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Implementation of step 2

Lemma 2.12 Suppose ρ is a path for which there exists a finite projection P which commutes with the endpoints and
such that (1− P)ρ(t)(1− P) is invertible for all t. Then ρ is homotopic to a path ξ such that ξ(t) commutes with P for
all t and (1− P)ξ(t)(1− P) is invertible for all t.

PROOF Suppose ρ(t) =

�

At Ct
C∗t Dt

�

. By hypothesis, C0 = C1 = 0 and Dt is invertible for all t. Let H(s, t) =
�

At (1− s)Ct
(1− s)C∗t Dt

�

; this defines a homotopy between the original path and

ξ(t) =

¨�

At 0
0 Dt

�«

t∈[0,1]

.

The fact that C0 = C1 = 0 means that the Hs(0) and Hs(1) remain constant (and hence invertible) for all s, so Hs is
indeed a homotopy of paths in Ω(BF sa,BF×sa). Finally, note that ξ(t) satisfies the requirements of the theorem.

Implementation of step 3

Suppose we have a path which looks like

¨�

At 0
0 Dt

�«

with respect to some decomposition PH ⊕ (1− P)H with

τ(P) finite and Dt invertible for all t. By the end of this step, we want to end up with a path where the bottom right
corner is constant; to this end, consider the function [0,1]× [0,1]→N

H(s, t) =

�

At 0
0 Dst

�

.

We claim that this defines a homotopy of the original path to a path in which only the upper left corner changes,
while the lower right hand corner remains fixed at D0. We need to show that this is indeed a homotopy of paths in
Ω(BF sa,BF×sa).

First note that the endpoints of Hs are invertible for each s ∈ [0,1]. Since the endpoints of the original path are
invertible, we know that A0, A1 are invertible; moreover, by assumption Dt is invertible for all t. The endpoint of Hs at

t = 0 is

�

A0 0
0 D0

�

, which is invertible. The endpoint of Hs at t = 1 is

�

A1 0
0 Ds

�

, which is invertible since both A1

and Ds are invertible.

Moreover, H(s, t) is Breuer-Fredholm for each s, t, since ker H(s, t) = ker At , and At : PH → PH , with τ(P)<∞.

Finally, we have to show H(s, t) is continuous. Assume given ε > 0; we want to find a δ > 0 such that, if |s1− s2|< δ
and |t1− t2|< δ then ‖H(s1, t1)−H(s2, ts)‖< ε, or, in other words,











�

At1
0

0 Ds1·t1

�

−
�

At2
0

0 Ds2·t2

�











< ε.

Our choice of δ is going to be dictated by existing continuity conditions:

1. The path

¨�

At 0
0 Dt

�«

is (uniformly) continuous. This means that we can find a δ1 > 0 such that if |t1− t2|< δ1

then both ‖At1
− At2

‖< ε and ‖Dt1
− Dt2

‖< ε.
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2. The function (s, t) 7→ st (from [0,1]× [0,1]→ [0,1]) is likewise (uniformly) continuous; hence, we can find a
δ2 > 0 such that if both |s1− s2|< δ2 and |t1− t2|< δ2 then |s1 t1− s2 t2|< δ1.

Let δ = min{δ1,δ2} (and note δ > 0). Suppose that |s1 − s2| < δ and |t1 − t2| < δ. Then, since δ ≤ δ2, it follows
from item 2 above that |s1 t1− s2 t2|< δ1, which in turn means (from item 1) that ‖Ds1 t1

− Ds2 t2
‖< ε. However, since

|t1− t2|< δ ≤ δ1, we also have (from item 1) ‖At1
− At2

‖< ε; and so










�

At1
0

0 Ds1 t1

�

−
�

At2
0

0 Ds2 t2

�











< ε,

completing the proof that H(s, t) is continuous.

Therefore, H(s, t) is a continuous function from [0, 1]× [0, 1] toBF sa, so it is a homotopy from the original path
¨�

At 0
0 Dt

�«

to the path

¨�

At 0
0 D0

�«

.

Let Q = χ[0,∞)(D0); we would like to change the lower right hand corner of operators in our current path from D0 to
2Q− 1. To this end, denote by Qs the straight line path from D0 to 2Q− 1; that is, Qs = sD0 + (1− s)(2Q− 1). Since D0
is invertible, Qs is also invertible for all s. Let

G(s, t) =

�

At 0
0 Qs

�

.

This defines a homotopy from

¨�

At 0
0 D0

�«

to

¨�

At 0
0 2Q− 1

�«

.

Main Theorem

Theorem 2.13 SupposeN is a I I∞ factor and µ : Ω(BF sa,BF×sa)→ R satisfies the earlier homotopy and concatenation
properties, and in addition the normalization property:

♠ There exists a finite projection P0 such that for any projection Q0 ≤ P0 and any projection R≤ 1−Q0

µ({tQ0+ (2R− 1+Q0)}t∈[−1,1]) = τ(Q0).

Then µ= sf.

PROOF Apply the various lemmas in steps 1 to 3 to ensure that we only have to prove µ calculates spectral flow along

paths which can be written as

¨�

At 0
0 2S− 1

�«

with respect to some decomposition PH ⊕ (1− P)H with τ(P) finite

and S a projection.

Define ν : Ω(PN Psa, PN P×sa)→ R by

ν(ρ(t)) = µ

 

¨�

ρ(t) 0
0 2S− 1

�«

t∈[0,1]

!

.

PN P is a I I1 factor. Concatenation and homotopy hold for ν since they hold for µ, so we just have to check the
normalization property. We will show that the normalization property holds for the finite projection P. Suppose Q ≤ P
and R≤ P −Q are both projections inB(PH ). By definition,

ν(tQ+ (2R− 1+Q)) = µ

�¨�

tQ+ (2R− 1+Q) 0
0 2S− 1

�«�

.
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By Lemma 2.4, the normalization property holds with P0 replaced by any finite trace projection; in particular, it holds for
P. Since Q ≤ P and R⊕ S ≤ 1−Q,

µ

 

¨�

tQ+ (2R− 1+Q) 0
0 2S− 1

�«

t∈[−1,1]

!

= τ(Q).

Therefore, the normalization property holds for ν , which means that ν calculates spectral flow on PN P. It follows from

the definition of ν that µ

��

At 0
0 2S− 1

��

= sf({At}) = sf

��

At 0
0 2S− 1

��

, concluding the proof.

As already mentioned in Section 1.1, the self-adjoint Breuer-Fredholm operators in a type I I∞ factor split into three
components, two of which are contractible. As such, the interesting calculations of spectral flow only involve the
component consisting of self-adjoint Breuer-Fredholm operators which are neither essentially positive nor essentially
negative; denote this component byBF sa,∗. In this case, the normalization condition can be slightly simplified, so we
state the uniqueness theorem for this component as a corollary:

Corollary 2.14 Suppose N is a I I∞ factor and µ : Ω(BF sa,∗, (BF sa,∗)×) → R satisfies the earlier homotopy and
concatenation properties, and in addition this new normalization property:

♦ There exists a finite projection P0 such that for any projection Q0 ≤ P0 there exists an infinite and co-infinite
projection R≤ 1−Q0 for which

µ({tQ0+ (2R− 1+Q0)}t∈[−1,1]) = τ(Q0).

Then µ= sf.

PROOF The normalization condition implies that for any finite projection Q and any infinite and co-infinite projection
R≤ 1−Q we have

µ({tQ+ (2R− 1)}) = τ(Q).

This follows from first using unitary equivalence of infinite and co-infinite projections to replace the ’there exists’ in the
condition by ’for any’, and then going from Q0 ≤ P0 to any Q just as in the proof of Lemma 2.4 (the only change needed
is to mention R≤ 1−Q is infinite and coinfinite at every step, and URU∗ is infinite and co-infinite if R is).

Define µ̃ : Ω(BF sa,BF×sa)→ R as follows: Given ρ ∈ Ω(BF sa,BF×sa), ρ must be contained in one of the three
connected components. Define

µ̃(ρ) =

(

sf(ρ) if ρ ⊂BF sa,+ or ρ ⊂BF sa,−

µ(ρ) otherwise .

Then µ̃ satisfies the homotopy and concatenation property because each of sf and µ do, and we only have to check
that the normalization property for Ω(BF sa,BF×sa) holds. Suppose Q is any finite projection and R ≤ 1−Q is any
projection. We want to show that

µ̃({tQ+ (2R− 1+Q)}t∈[−1,1]) = τ(Q)

If R is infinite and co-infinite, then

µ̃({tQ+ (2R− 1+Q)}t∈[−1,1]) = µ({tQ+ (2R− 1+Q)}t∈[−1,1]) = τ(Q)

by the remark at the beginning of the proof regarding the stronger normalization property.
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If R is finite (and co-infinite), then Q+R is a finite projection; as, on QH ⊕RH ⊕ (Q+R)⊥H the path {tQ+ (2R−
1+Q)} looks like t ⊕ 1⊕−1, it should be clear that the path lies in the essentially negative component of BF sa.
Similarly, if R is infinite but co-finite, the path {tQ+ (2R− 1+Q)} lies in the essentially positive component ofBF sa.
In either case,

µ̃({tQ+ (2R− 1+Q)}t∈[−1,1]) = sf({tQ+ (2R− 1+Q)}t∈[−1,1]) = τ(Q).

Hence µ̃ satisfies the normalization property, and hence calculates spectral flow on Ω(BF sa,BF×sa). Therefore, we can
conclude that µ, which is a restriction of µ̃, calculates spectral flow on Ω(BF sa,∗, (BF sa,∗)×).

3. Characterization of Spectral Flow: Unbounded Operators

Now, suppose we have a map from [0,1] into the self-adjoint unbounded operators which is continuous with respect
to the gap topology. In order to avoid some of the problems inherent in working with unbounded operators (such as
issues having to do with the domain not being all ofH ), we use the Cayley transform to translate the question into one
about bounded operators. As already discussed in Section 1.2.2, applying the Cayley transform to a gap continuous path
results in a norm-continuous path of unitary operators. The image of the Cayley transform is in fact all unitary operators
which do not have 1 as an eigenvalue (see [BBLP05], Theorem 1.1b). The function λ 7→ λ−i

λ+i
maps the real axis onto

the complex unit circle as shown in the diagram below (which suggests how the spectrum changes under the Cayley
transform):

-1

0

1
real axis

imaginary axis

1-1

-i

i

Figure 3: The Cayley transform κ : λ 7→ (λ− i)(λ+ i)−1.

Hence, the spectral flow of the original path can be thought of, in this new picture, as spectral flow across -1 from the
upper half of the circle to the lower half of the circle.

Theorem 3.1 Denote byUκ the unitary operators which are in the image of the Cayley transform κ applied to (necessarily
self-adjoint) unbounded Breuer-Fredholm operators, and by Uκ+1 those unitaries in Uκ which do not have -1 in their
spectrum (these correspond to the invertible operators in our usual self-adjoint picture). The paths Ω(Uκ,Uκ+1) will
thus have the condition that the endpoints should be in Uκ+1 (note that it is not a problem for any of the operators
to have 1 in the spectrum, subject to the earlier caveat that 1 should not be an eigenvalue). Suppose that there is a
function µ : Ω(Uκ,Uκ+1)→ R which satisfies the following:

♣ concatenation property: for ρ,ξ ∈ Ω(Uκ,Uκ+1) with ρ(1) = ξ(0),

µ(ρ ∗ ξ) = µ(ρ) +µ(ξ).

♥ homotopy property: for ρ and ξ homotopic paths in Ω(Uκ,Uκ+1),

µ(ρ) = µ(ξ).
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♥ normalization property: there exists a finite trace non-zero projection P0 ∈ N such that for any projection
Q ≤ P0, the following condition holds:

whenever R≤ 1−Q is a projection,

µ

 

¨�

t2− 1

t2+ 1
−

2t

t2+ 1
· i
�

⊕ i⊕−i

«

t∈[−1,1]

!

= τ(Q). (2)

(where the operator is written with respect to the decomposition
QH ⊕ RH ⊕ (1− (Q+ R))).

Then µ= sf◦κ−1.

Using a slight variation on Lemma 2.4, we can obtain that the above normalization condition holds for any finite-trace
projection Q, not just Q ≤ P0. The only change in the proof are the entries in the matrices involved: the corner which is
changing goes from i to −i using the path t2−1

t2+1
− 2t

t2+1
· i, instead of linearly from −1 to 1, and the fixed parts stay at

(2R− 1)i instead of 2R− 1. As the proof follows almost identically, we do not show it again.

For paths of (self-adjoint Breuer-Fredholm) unbounded operators continuous in the gap topology, the only definition
we have for spectral flow is the one due to Wahl (see Section 1.2.2). We know that it satisfies the concatenation
and homotopy properties (see Lemma 1.13), so we only have to check the normalization condition. Suppose that
{ρ(t)}t∈[−1,1] is a path for which each ρ(t) has a matrix decomposition as described in the normalization condition.
In order to use Wahl’s definition, we apply the inverse Cayley transform κ−1 to obtain a path of self-adjoint operators
which looks like

{t ⊕−1⊕ 1}

with respect to the same decomposition. If Ξ is a normalization function for {ρ(t)} (as described in Section 1.2.2), then

the unitaries Ut := eπi(Ξ(ρ(t))+1) look like

�

−eπiΞ(t) 0
0 1

�

with respect to the decomposition QH ⊕Q⊥H (both -1 and

1 get mapped to 1 under this transformation). Calculate the winding number of the path Ut (note that the limits of
integration are -1 and 1 since our path is indexed on the interval [−1,1] instead of the more usual [0,1]):

1
2πi

∫ 1

−1
τ
�

(Ut)−1 d
d t
(Ut − 1)

�

d t

= 1
2πi

∫ 1

−1
τ

��

−e−πiΞ(t) 0
0 1

�

·
�

−eπiΞ(t) ·πiΞ′(t) 0
0 0

��

d t

= 1
2πi
·
∫ 1

−1
τ

��

πiΞ′(t) 0
0 0

��

d t

= 1
2πi
·πiτ(Q)

∫ 1

−1
Ξ′(t) d t

= 1
2
·τ(Q) · Ξ(t)|1−1

= τ(Q).

To get the last line, recall that any normalization function Ξ evaluates to 1 at 1 and -1 at -1, by design. Since the spectral
flow of the path is the winding number just calculated, we conclude that sf({ρ(t)}) is equal to τ(Q), as desired.

So certainly Wahl’s definition of spectral flow satisfies the conditions imposed above. Suppose µ is another function
which satisfies the homotopy, concatenation and normalization conditions; we want to show that µ= sf.

We will denote by [α→ β] the arc of the unit circle from angle α to angle β in the counterclockwise direction
(regardless of whether α or β is larger).
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αβ

Figure 4: The arc highlighted above will be denoted [α→ β].

The idea of the proof is to split up our path, and apply a homotopy to each piece in order to introduce holes in the
spectrum at ±i. Note that ±i are arbitrarily chosen; any two other points could be used, as long as one is in the upper
half circle and one in the lower half circle. Once we have such holes in the spectrum, we can reduce our problem to the
bounded case, as demonstrated by the proof of the following lemma.

Lemma 3.2 Suppose that ρ ∈ Ω(Uκ,Uκ+1) is such that {−i, i} 6∈ σ(ρ(t)) for any t ∈ [0,1]. Then µ(ρ) = sf(ρ).

PROOF The fact that there are gaps in the spectrum allows us to follow the proof used by Lesch in the type I case (see
[Les05]), a proof that was inspired by Proposition 2.10 of [BBLP05]. Let Pt = χ[π

2
→ 3π

2
](ρ(t)). The path of projections

{Pt} is continuous; this follows from the holomorphic functional calculus, which for a suitable curve Γ chosen to go
around the ’left side’ of the circle (using the holes at i and −i), tells us that

χ[π
2
→ 3π

2
](ρ(t)) =

1

2πi

∫

Γ
(λ−ρ(t))−1dλ.

Since {Pt} is continuous, there exists a path of unitaries Ut such that Pt = Ut P0U∗t (see [Bla98], Propositions 4.3.3 and
4.6.5).

Let P = P0. Define the homotopy
H(s, t) = Ustρ(t)(Ust)

∗.

This allows us to get a homotopy to a path which, with respect to the decomposition PH ⊕P⊥H , looks like

�

At 0
0 Bt

�

,

where At and Bt have to be unitary. Because of the way the original decomposition was chosen, σ(Bt)⊆ [
3π
2
→ π

2
], so

in particular −1 6∈ σ(Bt). On the other hand, At is in the image of the Cayley transform (to start with, 1 cannot be an
eigenvalue of At , since σ(At)⊆ [

π
2
→ 3π

2
], and, further, 1+H(1, t) is Breuer-Fredholm implies that so is 1+ At). We

will use these facts momentarily.

As in the bounded case, we can replace Bt by B0 via the homotopy

G(s, t) =

�

At 0
0 B(1−s)t

�

.

Finally, since B0 is unitary and −1 6∈ σ(B0), we can replace B0 by i ⊕−i for some appropriate decomposition of H
(namely, let Q = χ[0→π](B), write B0 according to its decomposition with respect to QH ⊕Q⊥H , and squeeze the upper
arc to i and the lower arc to −i).
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Define ν : Ω(PN Psa, PN P×sa) by
ν({ρ(t)}) = µ({κ(ρ(t))⊕ i⊕ (−i)})

where κ is the Cayley transform. Note that, if 0 6∈ σ(ρ(t)) for some t, then −1 6∈ σ(κ(ρ(t))); so the resulting path is in
the domain of definition of µ. Since µ has the concatenation and homotopy properties, so does ν . Moreover, if Q ≤ P is
any finite trace projection and R≤ P −Q, then with respect to the decomposition P =Q+ R+ (P − (Q+ R)) we have

ν({t ⊕ 1⊕−1}) = µ
���

t − i

t + i
⊕ i⊕−i

�

⊕ i⊕−i
��

;

the right hand side is equal to τ(Q) by the normalization property of µ.

Therefore ν satisfies the normalization property as well, so it must be the spectral flow on PN P. Apply the same
process to ν̃({ρ(t)}) = sf({κ(ρ(t))⊕ i ⊕ (−i)}). By the uniqueness of spectral flow on PN P, we can conclude that
ν̃ = ν . Since At ∈ κ(PN P), it follows that µ({At ⊕ i⊕−i}) = sf({At ⊕ i⊕−i}).

Since {At ⊕ i⊕−i} is homotopic to our original path ρ(t), we conclude that µ({ρ(t)}) = sf({ρ(t)}).

Therefore, in order to conclude that the spectral flow function is unique (subject to the outlined constraints), it is
sufficient to show that we can homotope any path ρ to a concatenation of paths of the type covered in the lemma. The
homotopy we use will be reminiscent of the one used in the case of bounded operators (though it is not exactly the
same, not even once we switch to the Cayley picture).

Lemma 3.3 Suppose that U is an unitary operator which, with respect to some decomposition ofH , can be written as
�

X V
W Y

�

in such a way that −1 6∈ σ(Y ). Then, for any fixed t ∈ [0, 1], the matrix

Z =





X − tV (tY + 1)−1W
p

1− t2 · V (tY + 1)−1
p

1− t2 · (tY + 1)−1W (Y + t)(tY + 1)−1





is also unitary. Moreover,

(a) Suppose λ is either 1 or -1 and that λ 6∈ σ(U); so U −λ is invertible, say with inverse

�

A B
C D

�

. Then Z −λ is

also invertible (except in the case when λ and t are both 1), with inverse




A
p

1+λtp
1−λt

B
p

1+λtp
1−λt

C t
1−λt

+ 1+λt
1−λt

D



 ;

that is, λ 6∈ σ(Z). Note that when t = 1 we get Z =

�

X − V (Y + 1)−1W 0
0 1

�

; this should make it clear why the

result fails when both λ= 1 and t = 1.

(b) Suppose t 6= 1 and 1 is an eigenvalue of Z . If

�

x
y

�

is an eigenvector of Z corresponding to 1, then

� p
1+ t · xp
1− t · y

�

is an eigenvector of U corresponding to 1, so 1 is an eigenvalue of U .

Note in particular that this implies that, if 1 is not an eigenvalue of U , then 1 cannot be an eigenvalue of Z except
in the case when t = 1.

(c) 1+ Z is Breuer-Fredholm.

25



PROOF The requirement that −1 6∈ σ(Y ) is needed in order for the expressions used to define the entries of Z to make
sense. If t = 0 then tY + 1= 1 is invertible; on the other hand, if t 6= 0, then tY + 1= t(Y + 1

t
) is invertible if and only

if −1
t
6∈ σ(Y ) for t ∈ (0, 1], or, equivalently, σ(Y )∩ (−∞,−1] =∅. Indeed, since Y is a cut-down of a unitary operator,

σ(Y )⊆ D. The only point which is in both (−∞,−1] and D is −1, which is not in σ(Y ) by hypothesis.

We need to check that Z is unitary. Since U is unitary, we have UU∗ = 1; we use this to verify that when we multiply
Z by Z∗ we get the identity operator. In order to not clutter up the presentation with tedious and not particularly
illuminating calculations, we relegate this verification to the appendices (see Lemma A.1). By symmetry, we can use the
fact that U∗U = 1 to show that also Z∗Z = 1. This concludes the proof that Z is unitary.

Let us now check that Z has the properties claimed in the statement of the lemma.

(a) We want to show that −1 6∈ σ(U) implies −1 6∈ σ(Z), and that 1 6∈ σ(U) and t 6= 1 implies 1 6∈ σ(Z). The proof is

(once again) purely algebraic. From the fact that

�

A B
C D

�

is the inverse of U −λ we derive certain equalities, which

we then use to show that when we multiply Z −λ by the purported inverse we indeed get the identity. Once again, we
relegate details to the appendix, so as to avoid a long and unenlightening calculation (see Lemma A.2). As we are able
to exhibit an explicit inverse of Z −λ, we can conclude that λ 6∈ σ(Z).

(b) Suppose that




X − tV (tY + 1)−1W − 1
p

1− t2V (tY + 1)−1
p

1− t2(tY + 1)−1W (Y + t)(tY + 1)−1− 1





�

x
y

�

=

�

0
0

�

Multiplying the second row by the vector we get
p

1− t2(tY + 1)−1W x + ((Y + t)(tY + 1)−1− 1)y = 0.

The left side of this equality simplifies to
p

1− t2(tY + 1)−1W x + ((Y + t)− (tY + 1))(tY + 1)−1 y =

(tY + 1)−1[
p

1− t2W x + (1− t)(Y − 1)y] =
(tY + 1)−1p1− t[W (

p
1+ t x) + (Y − 1)(

p
1− t y)].

We know this expression evaluates to 0; moreover, (tY + 1)−1 is invertible, and
p

1− t 6= 0 (since t 6= 1). Hence, we

must have that W (
p

1+ t · x) + (Y − 1)(
p

1− t · y) = 0 (that is,
�

W Y − 1
�

·
� p

1+ t · xp
1− t · y

�

= 0). We can also

rearrange this equation to get W x =−
Æ

1−t
1+t
(Y − 1)y , which we will use later.

Multiplying the first row by the vector we get

(X − 1− tV (tY + 1)−1W )x +
p

1− t2V (tY + 1)−1 y = 0.

Again, we simplify the left hand side of the equation

(X − 1)x − tV (tY + 1)−1W x +
p

1− t2V (tY + 1)−1 y =

(X − 1)x + V (tY + 1)−1[−tW x +
p

1− t2 y].
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Using the fact that W x =−
Æ

1−t
1+t
(Y − 1)y , we can simplify this further

(X − 1)x + V (tY + 1)−1[ t(
p

1−t)p
1+t
(Y − 1)y +

p

1− t2 y] =

(X − 1)x + V (tY + 1)−1 ·
p

1−tp
1+t
(tY )y + V (tY + 1)−1 ·

p
1− t · (

p
1+ t − tp

1+t
) · y =

(X − 1)x +
p

1−tp
1+t
· V (1− (tY + 1)−1)y +

p
1−tp
1+t

V (tY + 1)−1 y =

(X − 1)x +
p

1−tp
1+t
· V y −

p
1−tp
1+t
· V (tY + 1)−1 y +

p
1−tp
1+t

V (tY + 1)−1 y =

(X − 1)x +
p

1−tp
1+t
· V y.

We know that this expression is 0. Multiply by
p

1+ t and rearrange to get

(X − 1)(
p

1+ t · x) + V (
p

1− t · y) = 0

Therefore, from the above calculations, we can conclude that
�

X − 1 V
W Y − 1

�� p
1+ t · xp
1− t · y

�

=

�

0
0

�

As t 6= 1, both
p

1+ t and
p

1− t are non-zero. Therefore, since

�

x
y

�

is not the zero vector, neither is

� p
1+ t · xp
1− t · y

�

.

Hence, the latter is an eigenvector of

�

X V
W Y

�

corresponding to eigenvalue 1.

(c) Note that (Y + t)(tY + 1)−1 + 1 = (Y + t + (tY + 1))(tY + 1)−1 = (t + 1)(Y + 1)(tY + 1)−1. Since t ∈ [0,1]
and −1 6∈ σ(Y ), this expression is invertible. By Lemma 1.3, Z + 1 is Breuer-Fredholm (recall P has finite trace by
hypothesis).

We use this kind of transformation to create gaps at i and −i along the path. What we want is to split up the path in

portions, so that on each portion we can write the operators as

�

X V
W Y

�

, with σ(X ) contained in the left side of the

unit circle, away from ±i. Since we want to apply the homotopy suggested by Lemma 3.3, we also need to ensure that
−1 6∈ σ(Y ), and in the operators obtained after the homotopy, σ(X − V (Y + 1)−1W ) is also kept away from ±i.

In the following, the arc [11π
8
→ 5π

8
] is going to make an appearance. For quick reference, we show this arc below:

Figure 5: The arc [11π
8
→ 5π

8
].
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The spectrum of X is going to be constrained away from the highlighted area. The endpoints of the arc are chosen
somewhat arbitrarily; the only requirement was that the arc should not contain -1, but should have ±i in its interior.
The following theorems will be used to argue about spectra of operators which are close to each other:

Theorem 3.4 ([Kat66], Section IV.4, Theorem 1.16 and Remark 1.17) Suppose T is a closed operators for which T−1 ex-
ists and is bounded, and A is a bounded operator such that ‖A‖ · ‖T−1‖< 1. Then T + A has a bounded inverse, with

‖(T + A)−1‖ ≤ ‖T−1‖
1−‖A‖·‖T−1‖ . Moreover,

‖(T + A)−1− T−1‖ ≤
‖T−1‖2

1−‖A‖ · ‖T−1‖
· ‖A‖.

Note that if we want to simplify the right hand side of the above inequalities a little bit, we can choose ‖A‖< 1
2
·‖T−1‖−1;

then 1
1−‖A‖·‖T−1‖ < 2, so we get ‖(T + A)−1‖< 2‖T−1‖ and ‖(T + A)−1− T−1‖< 2‖T−1‖2 · ‖A‖.

Theorem 3.5 ([Kat66], p. 208, Theorem 3.1 and Remark 3.2) Suppose T is a closed linear operator, A is a bounded linear
operator and Γ is a compact subset of the resolvent set of T . Then, if ‖A‖<minz∈Γ ‖(T − z)−1‖−1, Γ is contained in the
resolvent set of T + A.

We can now establish the result below.

Lemma 3.6 Given a path ρ we can find ρ1, . . ., ρn such that ρ ∼ ρ1 ∗ . . .ρn and, for each ρi there exists a finite
trace projection Pi such that, with respect to the decomposition PiH ⊕ P⊥i H , each ρi(t) can be written as a matrix
�

X V
W Y

�

satisfying

• σ(X )∩ [11π
8
→ 5π

8
] =∅,

• −1 6∈ σ(Y ), and

• σ(X − V (Y + 1)−1W )∩ [11π
8
→ 5π

8
] =∅.

PROOF Since ρ(t) + 1 is Breuer-Fredholm, there exists a 0 < θ < π
4

such that P := χ[π−θ→π+θ](ρ(t)) has finite

trace. Then, with respect to the decomposition PH ⊕ P⊥H , ρ(t) looks like U0 =

�

X0 0
0 Y0

�

; moreover, σ(X0) ⊆

[π− θ → π+ θ] ⊆ [3π
4
→ 5π

4
] and σ(Y0) ⊆ [π+ θ → π− θ]. In particular, σ(X0) ∩ [

11π
8
→ 5π

8
] = ∅ and −1 6∈

σ(Y0). Any other unitary U can be written as

�

X V
W Y

�

with respect to the same decomposition; we want to find a

neighbourhood of U0 in which U satisfies the conditions stated in the theorem.

Let δ1 =minz∈[ 11π
8
→ 5π

8
] ‖(X0− z)−1‖−1, δ2 = ‖(Y0+ 1)−1‖−1. The following restrictions on U would help us achieve

our requirements:

• Suppose ‖X − X0‖< δ1. Then, by Theorem 3.5, σ(X )∩ [11π
8
→ 5π

8
] =∅.

• If ‖Y − Y0‖< δ2, by the same theorem, −1 6∈ σ(Y ).

• Suppose ‖V‖,‖W‖<
q

δ1·δ2

4
, ‖X − X0‖<

δ1

2
and ‖Y − Y0‖<

δ2

2
. Then ‖Y − Y0‖ · ‖(Y0+ 1)−1‖ ≤ δ2

2
· 1
δ2
= 1

2
< 1,

so by Theorem 3.4 we have that

‖(Y + 1)−1‖= ‖(Y0+ 1+ (Y − Y0))
−1‖ ≤

‖(Y0+ 1)−1‖
1− 1

2

=
2

δ2
.

28



In turn, this estimate allows us to say that ‖V (Y + 1)−1W‖ ≤ δ1·δ2

4
· 2
δ2
= δ1

2
, which means that

‖(X − V (Y + 1)−1W )− X0‖ ≤ ‖X − X0‖+ ‖V (Y + 1)−1W‖<
δ1

2
+
δ1

2
= δ1.

Hence, applying Theorem 3.5 once again, we get that σ(X − V (Y + 1)−1W )∩ [11π
8
→ 5π

8
] =∅ as well.

Combining all these requirements, if we let δ = min{δ1

2
, δ2

2
} > 0, which implies in turn that δ <

q

δ1·δ2

4
, we can get

an open ball around U0 (of radius δ) such that, if U is in this open ball and U =

�

X V
W Y

�

with respect to the

decomposition PH ⊕ P⊥H , then X , V , W and Y satisfy the three conditions laid out in the theorem.

Since at each ρ(t) we can place an open ball as described above, by compactness of {ρ(t)} there is a finite subcover.
The proof continues as in the bounded case: we have to make sure that -1 is not in the spectrum of the division points,
which we can do by taking a small projection around -1 and rotating it up, in such a way that we don’t go out of the
open cover.

For each of the paths obtained by applying Lemma 3.6, we can apply the homotopy in Lemma 3.3 to introduce gaps in
the spectrum at ±i. We do this below.

Lemma 3.7 Suppose ρ is a path in Ω(Uκ,Uκ+1) for which there exists a finite trace projection P with respect to which

ρ(t) can be written as

�

X t Vt
Wt Yt

�

such that

• σ(X t)∩ [
11π

8
→ 5π

8
] =∅

• −1 6∈ σ(Yt), and

• σ(X t − Vt(Yt + 1)−1Wt)∩ [
11π

8
→ 5π

8
] =∅.

Then ρ is homotopic to a path ξ such that σ(ξ(t))∩ {i,−i}=∅.

PROOF Define the function F : [0, 1]× [0, 1]→U by

F(s, t) =





X t − sVt(sYt + 1)−1Wt

p

1− s2 · Vt(sYt + 1)−1
p

1− s2 · (sYt + 1)−1Wt (Yt + s)(sYt + 1)−1 .





Then F(s, t) is continuous. The problem with this function is that (unless P = 1), it is not a homotopy of paths in
Ω(Uκ,Uκ+1), since F1(t) has 1 as an eigenvalue (with eigenspace P⊥H ) for all t.

However, we do know that 1 is not an eigenvalue of F(s, t) for any t ∈ [0,1] as long as s < 1 (by Lemma 3.3).
So all we need to do is find a place to stop before we get to s = 1. We know that σ(F1(t)) ⊂ [

5π
8
→ 11π

8
]∪ {1}; so in

particular σ(F1(t)) does not contain either i or −i. For each t, there exists a γt > 0 such that if T is a unitary matrix
with ‖T − F1(t)‖ < δt , then σ(T) ∩ {i,−i} = ∅. By compactness, finitely many of the open balls B(F1(t);γt) cover
{F1(t)}.

We want to find an r, 0≤ r < 1, such that Fr(t) is contained in the union of these finitely many open balls. Denote
the open balls by B(F1(t i);γt i

) with t0 < t1 < . . . < tn. The path {F1(t)} is a compact set contained in the open set
∪B(F1(t i);γt i

), so there exists an ε-neighbourhood of {F1(t)} which is also contained in the set. By uniform continuity
of the map F , there is a δ such that if |s1−1|< δ then |Fs1

(t)− F1(t)|< ε for all t. Fix r < 1 such that |r−1|< δ. Then
Fr is contained in the aforementioned ε-neighbourhood of F1, which in turn is a subset of ∪B(F1(t i);γt i

).

By design, the unitaries in B(F1(t i);γt i
) do not contain ±i in their spectrum. It follows that σ(Fr(t))∩ {−i, i}=∅.

Then F |[0,r]×[0,1] is a homotopy of paths in Ω(Uκ,Uκ+1) (as follows mainly from Lemma 3.3):
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• F(s, t) is unitary; in addition, if s < 1, 1 is not an eigenvalue of F(s, t) since it is not an eigenvalue of F(0, t) (part
(b) of aforementioned lemma)

• F(s, 0) and F(s, 1) do not have -1 in the spectrum for any s ∈ [0, r], as F(0, 0) and F(0, 1) are known to not have
-1 in the spectrum (part (a) of aforementioned lemma)

Therefore ξ(t) = Fr(t) satisfies the requirements.

As a result of Lemma 3.7, we conclude that we can build up any path in Ω(Uκ,Uκ+1) via homotopy and concatenation
from paths (also in Ω(Uκ,Uκ+1)) of unitary operators which do not have either i or −i in the spectrum. Combining this
with Lemma 3.2, which tells us that µ calculates the spectral flow for such paths, finishes the proof of Theorem 3.1.

We conclude with an observation that follows from the method of proof. Consider the homotopy Fs from the proof of
Lemma 3.7. While it is true that F1 is not in the image of the Cayley transform, we could define spectral flow for paths
of unitary operators which have a gap in the spectrum at ±i similarly to the definition in the type I gap continuous case
(see Remark 1.8 for an overview of this type of definition for spectral flow). Using the Wahl definition of spectral flow, it
would follow that F0 is homotopic to Fr (where the r is the one found in the proof of the theorem), so sf{F0}= sf{Fr};
then, using the spectral flow theory for operators with a gap at ±i, we could conclude that Fr is homotopic to F1 and so
sf{Fr}= sf{F1}.

It follows that, theoretically speaking, one can use the construction described above to actually calculate the spectral
flow of a path (namely, break up the path, modify the break points to be invertible, apply our homotopy to each pathling,
and add up the spectral flows of the resulting pathlings). Unfortunately, the construction is not particularly easy to
perform. Moreover, trying to define spectral flow this way and then derive the properties of spectral flow (or even show
that it is well defined) has not led anywhere fruitful, and, since it is not clear what the homotopy actually does to the
spectrum (besides squishing some of it towards 1), provides no additional insight into the spectral flow.

A. Matrix Multiplications

In order to not clutter up the presentation in 2, we postponed details of some matrix multiplications to this appendix.
These results are used in the proof of Lemma 3.3. Without further ado, here they are:

Lemma A.1 Suppose U and Z are bounded operators onH such that, with respect to some decomposition ofH , we

have U =

�

X V
W Y

�

, and

Z =





X − tV (tY + 1)−1W
p

1− t2 · V (tY + 1)−1
p

1− t2 · (tY + 1)−1W (Y + t)(tY + 1)−1 ,





where t is some real number in [0, 1]. If UU∗ = 1 then Z Z∗ = 1.

PROOF Block matrix multiplication for UU∗ = 1 gives us the following equalities:

X X ∗+ V V ∗ = 1

XW ∗+ V Y ∗ = 0

W X ∗+ Y V ∗ = 0

WW ∗+ Y Y ∗ = 1

We use these to verify that Z Z∗ = 1. Note that, with Z as given in the statement of the lemma,

Z∗ =





X ∗− tW ∗(tY ∗+ 1)−1V ∗
p

1− t2 ·W ∗(tY ∗+ 1)−1
p

1− t2 · (tY ∗+ 1)−1V ∗ (tY ∗+ 1)−1(Y ∗+ t) .
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Before we get started, we note the following equality:

A(A+ 1)−1+ B(B+ 1)−1− A(A+ 1)−1B(B+ 1)−1+ (A+ 1)−1(B+ 1)−1 = 1.(†)

To see that this holds, note that A(A+ 1)−1 = 1− (A+ 1)−1, so the left-hand side simplifies to

1− (A+ 1)−1+ B(B+ 1)−1− (1− (A+ 1)−1)B(B+ 1)−1+ (A+ 1)−1(B+ 1)−1

= 1− (A+ 1)−1+ B(B+ 1)−1− B(B+ 1)−1+ (A+ 1)−1B(B+ 1)−1+ (A+ 1)−1(B+ 1)−1

= 1− (A+ 1)−1(1− B(B+ 1)−1− (B+ 1)−1),

which simplifies to 1 since 1− B(B+ 1)−1− (B+ 1)−1 is equal to 0.

Perform the block matrix multiplication for Z Z∗:

• Multiply the first row by the first column.

(X − tV (tY + 1)−1W )(X ∗− tW ∗(tY ∗+ 1)−1V ∗) + (1− t2)V (tY + 1)−1(tY ∗+ 1)−1V ∗

= X X ∗− tXW ∗(tY ∗+ 1)−1V ∗− tV (tY + 1)−1W X ∗+ t2V (tY + 1)−1WW ∗(tY ∗+ 1)−1V ∗

+(1− t2)V (tY + 1)−1(tY ∗+ 1)−1V ∗.

Using the substitutions XW ∗ =−V Y ∗ and W X ∗ =−Y V ∗, the above expression becomes

X X ∗+ tV Y ∗(tY ∗+ 1)−1V ∗+ tV (tY + 1)−1Y V ∗+ t2V (tY + 1)−1WW ∗(tY ∗+ 1)−1V ∗

+V (tY + 1)−1(tY ∗+ 1)−1V ∗− t2V (tY + 1)−1(tY ∗+ 1)−1V ∗

= X X ∗+ V[tY ∗(tY ∗+ 1)−1+ t(tY + 1)−1Y + t2(tY + 1)−1(WW ∗− 1)(tY ∗+ 1)−1+
+(tY + 1)−1(tY ∗+ 1)−1]V ∗.

Since WW ∗− 1=−Y Y ∗ the expression in brackets simplifies to

tY ∗(tY ∗+ 1)−1+ t(tY + 1)−1Y − t2(tY + 1)−1Y Y ∗(tY ∗+ 1)−1+ (tY + 1)−1(tY ∗+ 1)−1,

which is 1 by (†) (with A= tY and B = tY ∗). Therefore the entry in the 1,1 location of the result is

X X ∗+ V · 1 · V ∗ = 1.

• Multiply the first row by the second column.

(X − tV (tY + 1)−1W )(
p

1− t2 ·W ∗(tY ∗+ 1)−1) +
p

1− t2 · V (tY + 1)−1(tY ∗+ 1)−1(Y ∗+ t)

=
p

1− t2 · [XW ∗(tY ∗+ 1)−1− tV (tY + 1)−1WW ∗(tY ∗+ 1)−1+ V (tY + 1)−1(tY ∗+ 1)−1(Y ∗+ t)].

Substituting XW ∗ =−V Y ∗ and WW ∗ = 1− Y Y ∗, get
p

1− t2 · [−V Y ∗(tY ∗+ 1)−1− tV (tY + 1)−1(tY ∗+ 1)−1+
tV (tY + 1)−1Y Y ∗(tY ∗+ 1)−1+ V (tY + 1)−1(tY ∗+ 1)−1(Y ∗+ t)]

=
p

1− t2 · V[−Y ∗(tY ∗+ 1)−1+ (tY + 1)−1(−t + tY Y ∗+ Y ∗+ t)(tY ∗+ 1)−1]

=
p

1− t2 · V[−Y ∗(tY ∗+ 1)−1+ (tY + 1)−1(tY + 1)Y ∗(tY ∗+ 1)−1].

which simplifies to 0.

• Multiply the second row by the first column.
p

1− t2 · (tY + 1)−1W (X ∗− tW ∗(tY ∗+ 1)−1V ∗) + (Y + t)(tY + 1)−1 ·
p

1− t2 · (tY ∗+ 1)−1V ∗

=
p

1− t2 · (tY + 1)−1[W X ∗− tWW ∗(tY ∗+ 1)−1V ∗+ (Y + t)(tY ∗+ 1)−1V ∗].
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Substitute W X ∗ =−Y V ∗ and WW ∗ = 1− Y Y ∗,
p

1− t2 · (tY + 1)−1[−Y V ∗− t(tY ∗+ 1)−1V ∗+ tY Y ∗(tY ∗+ 1)−1V ∗+ (Y + t)(tY ∗+ 1)−1V ∗]

=
p

1− t2 · (tY + 1)−1[−Y − (−t + tY Y ∗+ Y + t)(tY ∗+ 1)−1]V ∗

=
p

1− t2 · (tY + 1)−1[−Y − Y (tY ∗+ 1)(tY ∗+ 1)−1]V ∗.

which simplifies to 0.

• Multiply the second row by the second column.
p

1− t2 · (tY + 1)−1W ·
p

1− t2 ·W ∗(tY ∗+ 1)−1+ (Y + t)(tY + 1)−1(Y ∗+ t)(tY ∗+ 1)−1

= (tY + 1)−1 · [(1− t2)WW ∗+ (Y + t)(Y ∗+ t)] · (tY ∗+ 1)−1.

Substitute WW ∗ = 1− Y Y ∗:

= (tY + 1)−1 · [(1− t2)(1− Y Y ∗) + Y Y ∗+ tY + tY ∗+ t2] · (tY ∗+ 1)−1

= (tY + 1)−1 · [1− Y Y ∗− t2+ t2Y Y ∗+ Y Y ∗+ tY + tY ∗+ t2] · (tY ∗+ 1)−1

= (tY + 1)−1 · [(1+ tY ) + (tY + 1)tY ∗] · (tY ∗+ 1)−1

= (tY + 1)−1 · (tY + 1) · (1+ tY ∗) · (tY ∗+ 1)−1,

which simplifies to 1.

Therefore, Z Z∗ = 1, as claimed.

Lemma A.2 Suppose U and Z are bounded operators onH such that, with respect to some decomposition ofH , we

have U =

�

X V
W Y

�

, and

Z =





X − tV (tY + 1)−1W
p

1− t2 · V (tY + 1)−1
p

1− t2 · (tY + 1)−1W (Y + t)(tY + 1)−1 ,





where t is some real number in [0, 1]. Suppose further λ is either 1 or -1 and that

(U −λ)−1 =

�

A B
C D

�

.

Then, except in the case when λ and t are both 1,

(Z −λ)−1 =





A
p

1+λtp
1−λt

B
p

1+λtp
1−λt

C t
1−λt

+ 1+λt
1−λt

D .





PROOF Suppose that λ is either plus or minus 1. The special properties of such a λ that are not shared by other complex

units are that λ2 = 1, and
p

1− t2 =
p

1−λt ·
p

1+λt (note here that, since λ =±1 and t ∈ [0, 1], 1−λt and 1+λt
are both non-negative integers). These two facts will cause some terms to cancel out in the calculations below (and will
be used without further mention).

Since U −λ has an inverse, block matrix multiplication gives us the following equalities:

(X −λ)A+ V C = 1

(X −λ)B+ V D = 0

WA+ (Y −λ)C = 0

W B+ (Y −λ)D = 1

Now multiply Z −λ by its purported inverse, and verify that we get the identity:
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• Multiply the first row by the first column, and use the equality WA=−(Y −λ)C .

(X −λ)A− tV (tY + 1)−1WA+
p

1− t2 ·
Æ

1+λt
1−λt

V (tY + 1)−1C =

(X −λ)A− tV (tY + 1)−1(−(Y −λ)C) +
p

1− t2 ·
Æ

1+λt
1−λt

V (tY + 1)−1C =

(X −λ)A+ V (tY + 1)−1[t(Y −λ) +
p

1− t2 ·
Æ

1+λt
1−λt
]C .

Since
p

1− t2 =
p

1−λt ·
p

1+λt for λ=±1,
p

1− t2 ·
Æ

1+λt
1−λt

= 1+λt; and so the square bracket above simplifies
to tY − tλ+ 1+λt = tY + 1; that is, we get

(X −λ)A+ V (tY + 1)−1(tY + 1)C = (X −λ)A+ V C = 1

• Multiply the first row by the second column.
p

1+λtp
1−λt

· (X −λ)B−
p

1+λtp
1−λt

· tV (tY + 1)−1W B+
(
p

1−λt
p

1+λt) · V (tY + 1)−1 · ( t
1−λt

+ 1+λt
1−λt

· D) =
p

1+λtp
1−λt

· (X −λ)B−
p

1+λtp
1−λt

· tV (tY + 1)−1W B+
p

1+λtp
1−λt

· V (tY + 1)−1(t + (1+λt)D) =
p

1+λtp
1−λt

· [(X −λ)B− tV (tY + 1)−1W B+ V (tY + 1)−1(t + (1+λt)D)].

The expression in the square brackets can be simplified to

(X −λ)B− V (tY + 1)−1(tW B− (t + (1+λt)D)) =
(X −λ)B− V (tY + 1)−1(t(1− Y D+λD)− t − D−λtD) =
(X −λ)B+ V (tY + 1)−1(tY + 1)D =
(X −λ)B+ V D,

which is 0. Therefore, the entry in the first row, second column of the result is the 0 operator.

• Multiply the second row by the first column.
p

1− t2(tY + 1)−1WA+ ((Y + t)(tY + 1)−1−λ) ·
p

1+λtp
1−λt

C .

Replace WA by −(Y −λ)C

−
p

1− t2(tY + 1)−1(Y −λ)C + (Y + t)(tY + 1)−1C ·
p

1+λtp
1−λt

C −λ ·
p

1+λtp
1−λt

C .

Since λ=±1 and t ∈ [0, 1],
p

1− t2 =
p

1−λt ·
p

1+λt = (1−λt)
p

1+λtp
1−λt

, so we can factor out
p

1+λtp
1−λt

from each term

p
1+λtp
1−λt
[−(1−λt)(tY + 1)−1(Y −λ) + (Y + t)(tY + 1)−1−λ]C .

Let us simplify the expression inside the square brackets first; note that we will need to use the fact that λ2 = 1:

(tY + 1)−1(−(1−λt)(Y −λ) + Y + t)−λ=
(tY + 1)−1(−Y +λ+λtY − t + Y + t)−λ=
(tY + 1)−1λ(tY + 1)−λ,

which is zero. Since the expression inside the square brackets is 0, we get
p

1+λt
p

1−λt
[−(1−λt)(tY + 1)−1(Y −λ) + (Y + t)(tY + 1)−1−λ]C = 0,

and hence the entry in the second row, first column of the result is also zero.
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• Multiply the second row by the second column.

(1− t2)(tY + 1)−1W ·
p

1+λtp
1−λt

B+ [(Y + t)(tY + 1)−1−λ][ t
1−λt

+ 1+λt
1−λt

D] =
(1+λt)(tY + 1)−1(1− Y D+λD) + (tY + 1)−1(Y + t −λ(tY + 1))( t

1−λt
+ 1+λt

1−λt
D) =

(tY + 1)−1
h

(1+λt)(1− Y D+λD) + [((1−λt)Y + (t −λ))( t
1−λt

+ 1+λt
1−λt

D]
i

=
(tY + 1)−1[(1+λt)− (1+λt)Y D+ (1+λt)λD+

[tY + (1+λt)Y D+ t(t−λ)
1−λt

+ (t−λ)(1+λt)
1−λt

D]] =

(tY + 1)−1
h

tY + (1+λt + t(t−λ)
1−λt

) + D(1+λt)(λ+ (t−λ)
1−λt
)
i

.

It is easy to check that, when λ = ±1, the coefficient of D becomes 0, and (1+ λt + t(t−λ)
1−λt

) simplifies to 1. In other
words, the whole expression becomes

(tY + 1)−1(tY + 1+ D · 0) = 1.

The verification that multiplying the matrices in the opposite order also gives the identity is similar.
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