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Abstract of the Dissertation

Understanding classical and quantum solvation

dynamics in the weakly polar solvent

tetrahydrofuran (THF) using projections of

molecular motions in molecular dynamics

simulations

by

Michael Joseph Bedard

Doctor of Philosophy in Chemistry

University of California, Los Angeles, 2006

Professor Benjamin J. Schwartz, Chair

The process by which solute-solvent systems acheive equilibrium is known

as solvation, and it is the goal of this thesis to develop a molecular-level under-

standing of solvation dynamics in the weakly polar liquid, tetrahydrofuran (THF).

Perhaps the leading theory of how solutes are dissolved in liquids is known as

linear response (LR), which says that when a system undergoes a perturbation,

the solvent motions that responsed to the perturbation are the same as the mo-

tions that accompany thermal fluctuations of the system at equilibrium. Large

perturbations, however, can take the system far from equilibrium, causing linear

response to breakdown. Despite these failures, linear response is widely used to

describe myriad situations, even for quite large perturbations.

xx



Using a variety of classical and mixed quantum/classical molecular dynamics

simulations, we explore the molecular details of solvation in the weakly polar

liquid, tetrahydrofuran (THF). We have developed a few new general analytical

tools, called “projections,” that can be used to precisely calculate how individual

or collective motions of the solvent molecules couple to measurable quantities,

both classical or quantum-mechanical. We use this projections formalism to

show how rotations and translations influence a model charge-transfer reaction,

and uncover a hidden breakdown of LR.

We also studied quantum solvation of the THF-solvated electron. From equi-

librium simulations, we are able to offer the first assignment of the THF-solvated

electron’s absorption spectrum. We also developed a new algorithm for per-

forming non-Born-Oppenheimer mixed quantum/classical molecular dynamics

calculations. The foundation of our new algorithm, called mean-field dynam-

ics with stochastic decoherence (MF-SD), is our treatment of decoherence. Using

MF-SD, we demonstrate that photoexcited THF-solvated electrons can relocal-

ize into cavities far from where they originated, offering support for femtosecond

pump-probe experiments performed in our lab. Finally, using a new formalism,

called quantum projections, we show how individual solvent motions couple to

any quantum-mechanical observable.

Our methods test the very tenets of the long-standing theory of solvation,

linear response, and we show that understanding the molecular details of solvation

dynamics are easily obtained for classical and quantum-mechanical solutes.

xxi



CHAPTER 1

Introduction

In liquids, the outcome of chemical reactions are often controlled by the prop-

erties and dynamics of the surrounding solvent medium. While the effects of

some macroscopic solvent properties (like polarity and viscosity) are understood

to the extent that it is sometimes possible to predict how chemical reactions or

species will be affected by different solvents, it is not yet fully understood how

the microscopic dynamics can control chemical reactions. Thus, it is desirable

to understand how solvent dynamics create branching ratios that lead to alter-

nate products and how they can change the rates of chemical reactions. Along

these lines, a combination of studies from pump-probe spectroscopic techniques to

molecular dynamics calculations have led to significant advances in our molecular

understanding of solvation. In pump-probe spectroscopy, a solute is photoexcited

(with the pump laser pulse) and the photoproducts are monitored by absorption

(with the probe pulse) or by emission (see §1.1 below). In such experiments,

the molecular details of solvation (the process by which the solute-solvent sys-

tem achieves equilibrium) are contained in the time evolution of the absorption

or emission spectra. A molecular dynamics simulation (see §1.2), on the other

hand, attempts to model solvation on a molecular level. One assumes a form for

1



the interaction between all the molecules, solute and solvent, for a given system,

and then calculates the time-dependence of a chemical or physical process (such

as chemical reactions or phase transitions) with full atomic resolution. Hence,

the molecular details of solvation are revealed by examining the details of the

trajectory.

To date, both experiments and simulations in the area of solvation dynam-

ics have focused primarily on polar solvents (like water) and nonpolar liquids

(like hydrocarbons or liquid Ar), while the regime of intermediate polarity is of-

ten overlooked. In this regime lie several important solvents that are capable

of dissolving both polar and nonpolar solutes – these solvents might behave like

polar liquids, nonpolar liquids, neither, or somewhere in between. To examine

this regime, we have chosen to study the dynamics of the weakly polar solvent,

tetrahydrofuran (THF). By developing and employing a variety of molecular dy-

namics calculations and analytical techniques, we will show how the interplay of

structure and dynamics in such solvents can lead to some unusual chemical and

photophysical behavior.

To make comparisons between the calculations and experiments, we will sim-

ulate a host of recent experiments from our group studying THF and a sodium

atom in an unusual oxidation state, Na−, or sodide [MBS01, MBS04, BS03,

BMK03, BMS01]. Although it is not chemically stable in most solvents, in THF

sodide can remain in solution for long periods of time. In addition, sodide un-

dergoes a charge-transfer-to-solvent (CTTS) reaction when excited with visible

or near UV light [BMS00]. The CTTS reaction of Na− in THF, in which the

2



sodide anion donates one of its two 3-s valence electrons to a cavity in the sol-

vent medium (see Figure 1.1), was first observed by Barthel et. al. [BMS00]. The

products of this reaction are a solvated electron, e−solvated, and a neutral sodium

atom,

Na−
hν→ Na0 + e−solvated. (1.1)

The solvated electron, one of the products of the above reaction, is a unique

chemical species: When an excess electron is placed in the condensed phase,

the solvent can rearrange so as to confine the electron to a single cavity (this

is discussed fully in Chs. 4–7). In addition, since the e−solvated has no rotational

or vibrational modes, its absorption spectrum acts as a direct probe of the sol-

vent medium, since any spectral changes must result from solvent dynamics.

Charge transfer reactions are of fundamental importance to chemistry, biology,

and physics, and CTTS systems represent a particularly simple model for charge

transfer reactions. This dissertation focuses primarily on the dynamic solvation

of Na− and Na0 in THF, as well as the properties of the THF-solvated electron,

e−THF .

In Ch. 2, we begin by exploring the properties of neat THF and equilibrium

solutions of THF with a classical solute. We then discuss a model charge-transfer

reaction using classical solutes that emulate the Na− → Na0 system. To ob-

tain the desired level of detail about how solvent motions couple to classical

solutes, we developed a general analytical tool for extracting such information

from nonequilibrium MD simulations. The method, called projections (see Ch.

3



3), is used to identify precisely which solvent motions couple to different aspects

of equilibrium and nonequilibrium solvation. Using the projections formalism on

the model charge transfer reaction in THF, we were able to show how the struc-

ture and dynamics of the liquid changed following the removal of a charge from

the solute.

In Ch. 4, we study the nature of quantum solvation using the other photo-

product from the sodide CTTS reaction, the THF-solvated electron, e−THF . To

do this, we used a technique called mixed quantum/classical molecular dynam-

ics, in which the solute (e−THF ) is described using quantum-mechanics and the

solvent (THF) is treated classically. By studying both the solvent structure and

the electronic properties of the e−THF , we were able to offer an explanation of the

shape of the solvated electron’s absorption spectrum in THF and other solvents.

After characterizing the absorption spectrum and having some of our predic-

tions confirmed experimentally (see §4.6), we turned next to understanding how

solvent structure and dynamics could explain some recent experiments from our

research group. By photo-exciting THF-solvated electrons (that were created via

a charge-transfer reaction from Na−), Martini, Barthel, and Schwartz were able

to optically control the re-combination dynamics of the solvated electron with its

parent atom,

Na0 + e−solvated
hν→ Na−. (1.2)

Depending on the sequence of laser pulses applied to the system, the solvated

electron’s return to its parent atom could be either accelerated or decelerated. It
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was hypothesized that upon re-excitation, the THF-solvated electron can relocal-

ize into another solvent cavity, far from the parent atom, or it can be transferred

back to the Na parent atom.

In order to model the relaxation dynamics of the e−THF , we developed a highly-

accurate algorithm to compute excited-state, non-Born-Oppenheimer mixed quan-

tum/classical MD in the condensed phase. This method, called mean-field dy-

namics with stochastic decoherence (MF-SD), is a general nonadiabatic (non-

Born-Oppenheimer) algorithm, and is discussed in Ch. 5, along with a compar-

ison of MF-SD and other nonadiabatic algorithms applied to a series of model

problems with known exact solutions. Before moving on to the nonequilibrium

solvation dynamics of a quantum solute, however, Ch. 6 explains an extension we

developed of the classical projections formalism (from Ch. 3) to time-dependent

quantum expectation values; the new quantum projections formalism is illus-

trated using the example of the solvated electron in water.

Finally, using both the new mixed quantum/classical algorithm and quan-

tum projections, in Ch. 7, we discuss the results of nonequilibrium simulations of

the THF-solvated electron and how solvent dynamics and structure control the

relaxation process. We found that the photo-excited e−THF can sometimes relo-

calize into another solvent cavity, as suggested by the optical control experiments

[MBS01].

Throughout this dissertation, I will emphasize the importance of both static

properties, such as solvent structure and polarity, as well as the importance of

specific dynamical modes to explain both the equilibrium and nonequilibrium
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solvation dynamics of model chemical reactions. The results I will present in this

thesis, while specific to THF, also give insight into solvation dynamics in other

liquids, and have ties to experimental results is several key places. Perhaps the

most general results pertain to a commonly held view of solvation, linear response

theory (see §1.1 and Chs. 2, 3 and 6). The new projections formalism that we

have developed helped show that linear response is probably far less applicable

than was originally thought.

1.1 Solvation Dynamics

To begin, we will give a brief review of solvation dynamics. “Solvation” refers

to the process by which a liquid, the solvent, comes to equilibrium around a dis-

solved species, the solute. The study of how solvent molecules respond to changes

in a solute is known as solvation dynamics. When a solute-solvent system at equi-

librium is perturbed (via thermal fluctuations, electronic or optical excitation, or

otherwise), the system will respond to the perturbation and will eventually re-

turn to equilibrium. Whether or not the final equilibrium is the same after the

perturbation as it was before depends on the nature of the perturbation and en-

suing dynamical response. Imagine an atom, initially at equilibrium with a polar

solvent. One can initiate a perturbation with a laser pulse, ionizing the atom,

e.g., S0 hν→ S+. The solvent response will be to polarize around the new charged

ion, but the process is not instantaneous. The liquid is tightly packed and po-

larizing around the solute can sometimes require significant rearrangement, and

in most room-temperature liquids, the solvent response times are on picosecond
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time scales [Mar93].

Experimentally, one can follow the time-dependence of solvent relaxation by

measuring the solute fluorescence as a function of time after excitation. As the

solvent molecules respond to the perturbation, the free energy of the excited-state

solute should decrease, thus changing its fluorescence maximum as a function of

time. Hence, the measurable quantity in solvation dynamics is the solvation

energy gap, ∆E(t) = Eexc
ss (t) − Egnd

ss (t), where Eexc
ss and Egnd

ss are the solvation

energies of the solute in the excited and ground states, respectively; the gap is

related to the fluorescence maximum. In this way, the solute serves as a probe of

the surrounding solvent dynamics. Rather than studying the absolute dynamic

Stokes’ shift, it is more convenient to use the normalized solvation response, given

by

S(t) =
∆E(t;R)−∆E(∞;R)

∆E(0;R)−∆E(∞;R)
, (1.3)

where R denotes all of the solute and solvent positions and the overbar represents

a nonequilibrium ensemble average in which the solute is promoted to the excited

state at t = 0. In classical simulations, the solvation energy is given by the solute-

solvent potential energy (see Eqn. 2.1).

One of the central themes in the study of solvation dynamics is the idea of lin-

ear response (LR), which is based on the Onsager regression hypothesis [Cha87].

In LR, the motions of the solute and solvent molecules that respond to a small

perturbation are the same as those that follow naturally from a thermal fluctu-

ation away from equilibrium. In this limit, S(t) is identical to the equilibrium
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solvation time correlation function (TCF) [Cha87]

C(t) =
〈δ∆E(0)δ∆E(t)〉

〈(δ∆E)2〉
, (1.4)

where the angled brackets denote an equilibrium ensemble average and δ∆E(t) =

∆E(t) − 〈∆E〉 is a thermal fluctuation of the equilibrium energy gap, 〈∆E〉

(see below for a discussion of correlation functions); experimentally, C(t) is often

compared to spectroscopic hole-burning experiments [MVB95]. The nature of LR

has been explored via simulations in myriad solute-solvent systems, most of which

have suggested that even for very large perturbations, S(t) agrees fairly well with

C(t) [MF98, SR94a, LP02]. There have been a few notable exceptions [BLS03a,

ML96, LS99, ATS00], but despite these exceptions, LR is widely believed to hold,

and many studies have elected to save computational resources by calculating only

the equilibrium solvation TCF via Eqn. 1.4 instead of computing S(t) from an

ensemble of nonequilibrium trajectories, via Eqn. 1.3.

Using either of the solvent response functions, Eqns. 1.3 or 1.4, one hopes to

answer several questions for a particular perturbation to the solute. First and

foremost is the solvation time-scale: How long does it take following the pertur-

bation for the solute-solvent system to re-equilibrate? Second, what properties of

the solvent determine the equilibration process? Are the solvent properties dif-

ferent before and after the perturbation? (For example, the solvent might have a

totally different solvation structure around the ground and excited states of the

solute.) Finally, how does the solvation process occur? What are the molecu-

lar details of the relaxation process? In the condensed phase, this last question
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is nearly impossible to answer experimentally, and thus it is the chief question

molecular dynamics simulations attempt to answer. However, since Eqns. 1.3 and

1.4 are only parametrically dependent on the solvent configurations, R, neither

S(t) nor C(t) alone can answer it.

1.2 Classical Molecular Dynamics

One of the primary tools used to understand how solvent dynamics drive chemical

and physical processes in the condensed phase is molecular dynamics. Molecular

dynamics (MD) simulations are an attempt to model real systems with atomic

detail. The goal is to dynamically sample the available phase space for a system,

and to compare statistical and thermodynamic averages from the simulations with

the experimentally observed properties. If the agreement between the experiment

and calculation is good, then the model used in the simulation likely captures

the important underlying physics. Thus, details about the microscopic behavior,

which are not accessible experimentally, can be easily gleaned from the simulation.

For example, it is now believed that a majority of solute relaxation in water and

other polar solvents come from the solute’s interaction with the nearest 10 or 20

solvent molecules, or the first solvation shell (see Ref. [PB92] and the references

in [Mar93]). This level of quantitative and qualitative detail about individual

solute and solvent dynamics are not available from experiments. Although the

details of molecular dynamics are covered in many books (e.g., [AT87]), I will try

to summarize the most important points here.

Molecular dynamics calculations approximate bulk systems by performing
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calculations on a manageable number of molecules or atoms (typically hundreds to

tens-of-thousands) in a small virtual volume that gives the appropriate density.1

Each atom is treated individually or in small groups, thereby giving the desired

level of molecule- or atom-based information. This virtual volume is called the

“simulation cell,” and it is prepared by initializing the atomic positions and by

assigning momenta to the particles from a Gaussian (Boltzmann) distribution,

whose width gives the desired temperature.

In general, most (but not all) molecular dynamics simulations employ pair-

wise additive potential energy models. This means that the many-body problems

that define the condensed phase can be broken down into individual interactions

between each atomic pair, added up over every pair. The sum of these forces

is used to numerically integrate the classical (Newtonian) equations of motion

forward over a finite time, dt, called the simulation time step. The resulting

sequence of configurations and velocities are pieced together, creating a dynamical

history of the system – a movie showcasing where each atom has gone. One of the

many alternatives for integrating the classical equations of motion is the Verlet

algorithm [AT87], which is numerically quite stable and is designed to conserve

the total energy of the system.

In order to emulate bulk conditions using the virtual cell, MD simulations

typically use “periodic boundary conditions,” which keep the density of the cell

constant. When an atom is pushed outside the simulation cell in one dimension,

an exact replica of that atom is brought “in” from the other side. One can imagine

1The discussion here will be limited to constant density simulations, although this is not the
only option [AT87].
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that there are an infinite number cells, identical to the virtual cell, extending in

all dimensions. By using periodic boundary conditions in MD calculations, one

hopes edge and finite-size effects will be eliminated

Once the simulation is prepared, an equilibrium trajectory of the dynamics

in the virtual cell should be long enough to sufficiently sample the available

phase space. Three important tools for analyzing the time-dependent variables

from MD simulations are ensemble averages (Eqn. 1.5), time correlation functions

(Eqn. 1.6), and and spatial correlation functions (Eqn. 1.7). The average quantity

of a variable D is obtained by integrating over all configurations sampled by the

trajectory

〈D〉 = lim
T→∞

1/T
∫ T

0
D(t)dt =

∫
D(t; r,p)P (r,p), drdp, (1.5)

and the second equality (that leads to the phase-space integral) holds under

the assumption of ergodicity. In Eqn. 1.5, r and p are the classical positions

and momenta, respectively, and P (r,p) is the probability of the configuration

associated with those positions and momenta; in MD calculations, this is related

to the frequency that a particular configuration occurs.

The correlation function between any two dynamic variables D and B (which

may be scalars or vectors) is given by

ADB(t) = 〈D(t) ·B(0)〉, (1.6)

which measures the memory of a system and the angled brackets represent a
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phase-space integral similar to Eqn. 1.5. Correlation functions (and autocorrela-

tion functions, when D = B), are typically normalized to begin at 1 (the variables

are perfectly correlated at time zero by definition or because they are identical,

in the case of an autocorrelation function) and then decay to zero at long times

(the value of D(t) is no longer related to the time-zero value, B(0)). For ex-

ample, the time correlation function for a particles’ velocity, called the velocity

autocorrelation (VAC) function, correlates a particle’s velocity vector at time t

with its initial value at time t = 0. The VAC gives information about diffusion

and solvent caging [Cha87]. For example, if the liquid is dense and the particle

undergoes several rapid collisions, we might expect the VAC to decay quickly;

after a short time, the direction and speed with which the particle is traveling has

been randomized so the dot product v(t) ·v(0) ≈ 0. The velocity autocorrelation

and orientation time correlation functions for THF are shown on page 20.

Finally, we can measure the structure of the liquid using the pair radial dis-

tribution function,

gij(r) =
1

4πr2ρ
〈
∑

i

∑
j

δ(r − rij)〉. (1.7)

where ρ is the density of the simulation cell, the sums over i and j are over

all particles of type i and j in the system, and rij = |ri − rj|, the distance

between particles i and j. The radial distribution function (RDF), is related

to the probability that a pair of atoms of type i and j are a distance r apart,

relative to a random distribution of particles at the same density. Although no

single configuration is expected to describe liquids (the way a crystal might be
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Figure 1.1: Schematic of the CTTS reaction, where a photon ionizes Na−, result-
ing in a neutral sodium atom and a solvated electron; see also Rxn. 1.1.

described by a unique periodic order), many liquids, including THF, can have a

significant degree of order. Some of the gij(r) for THF solutions are shown on

pages 24 and 49.
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Figure 1.2: Schematic of the classical THF-Na System
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CHAPTER 2

Characterization of THF and THF-sodium

Solutions

2.1 Introduction

In order to explore the nature of solvation dynamics in liquids with intermediate

polarity, we begin by asking whether or not the classical THF-solute systems we

will be studying (described in Ch. 1 and below) fall into the LR regime. In Section

2.3, we discuss nonequilibrium simulations a simple charge transfer reaction in

tetrahydrofuran. To compare to the results of ultrafast spectroscopic experiments

of this reaction that were previously performed in our lab, the solute parameters

are chosen to model the photodetachment of an electron from a sodium anion,

Na− → Na0 [MBS04, BS03, BMK03, BMS00]. In addition to the removal of

charge, the solute undergoes a significant decrease in size upon ionization, as

described in the next section and shown in Table 2.1. We find that the equilibrium

and nonequilibrium solvent response functions, Eqns. 1.3 and 1.4, are remarkably

similar, which could lead one to believe LR applies to this system, even though

previous molecular dynamics simulations have shown that solutes undergoing

even small changes in size fail to be properly described by linear response [ATS00].
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In sections 2.2 and 2.3, we discuss the classical simulation details and results,

and in section 2.4 show that the similarity between the equilibrium and nonequi-

librium solvent response functions is coincidental and that LR fails. In fact, THF

provides the first known example of a system with a hidden breakdown of lin-

ear response. This result has important implications for all studies of solvation

dynamics because it establishes that the nonequilibrium solute-solvent motions

underlying relaxation can be different from those at equilibrium, even when sim-

ilar relaxation time scales suggest otherwise. This observation leads directly to

a new formalism, derived in Ch. 3, which we developed to uncover the specific

molecular motions that couple to the solvation response function.

2.2 Classical Simulation Details

All of the classical simulations discussed in this and the next chapter consist of

microcanonical (constant E, V , N) classical molecular dynamics (MD) simula-

tions of an atomic Lennard-Jones (LJ) solute and 255 THF solvent molecules (or

256 THF molecules for simulations of the neat solvent). The equations of motion

were integrated using the Verlet algorithm [AT87] with a 1 fs time step. The

cubic simulation cell, with 32.5 Å sides, had a density of 0.8892 g/cm3 (the same

as the experimental fluid at 295 K). The system had an equilibrium temperature

of 298 ± 5 K. In all cases the the total energy was conserved to better than

0.001%.

The THF solvent molecules were modeled using the five-site (unified methy-

lene groups) potential introduced and characterized by Jorgensen, which has
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partial charges on the oxygen and two α-methylene sites [CJ82]. We used a

modified SHAKE algorithm [CFR82] to keep the molecules rigid and planar, be-

cause Jorgensen’s studies showed that ring-puckering did not effect either the

liquid strucutre or thermodyanmic properties of the model [CJ82]. The site-site

interaction potentials in this model are a pairwise sum of Coulomb and Lennard-

Jones terms, such that the interaction between any two sites, i and j, on different

molecules is

uij(rij) =
1

4πε0

qiqj
rij

+ 4εij

(σij

rij

)12

−
(
σij

rij

)6
 (2.1)

where rij is the distance between the ith and jth sites, which could be any of the

solvent sites or the Lennard-Jones solute; the solvent parameters of Jorgensen’s

model are listed in Table 2.1 The site-site potentials of Eqn. 2.1 were further

modified by including a center-of-mass tapering function that smoothly brought

the potential to zero over a distance of 0.5 Å with a final cutoff radius of 15.9

Å [Ste82].1 Minimum image periodic boundary conditions were used through-

out. For the solute, we chose potential parameters to model the conversion of

a solvated sodium anion into a solvated neutral sodium atom. All of the solute

parameters are listed in Table 2.1, and the justification for this choice of the pa-

rameters can be found in reference [BLS03b]. For the all of the LJ interactions,

we used the standard Lorentz-Berthelot combining rules [AT87].

Starting from an fcc-lattice, we equilibrated the neat solvent and the solute-

1The tapering function was employed only for the actual molecular dynamics, and was not
used in the computation of ∆E in the solvation dynamics calculations or projections that follow.
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Site σii (Å) εii × 10−21 (J) qi (e)
Oxygen 3.0 1.18 -0.5
α-methyl 3.905 0.82 +.25
β-methyl 3.905 0.82 0.0
Na0 3.14 14.7 0.0
Na− 5.21 3.11 -1.0

Table 2.1: Parameters for the Lennard-Jones and Coulomb classical solute and
solvent potentials, Eqn. 2.1; All parameters taken from Ref. [BLS03a].

solvent systems with velocity rescaling every 40 fs for the first 10 ps, then every

400 fs for the next 20 ps, and finally, we ran an additional 10 ps for equilibration

without velocity rescaling. We then ran a neat solvent trajectory for 100 ps, and

then ran two equilibrium solution simulations – one with the anionic solute and

one with the neutral solute – for 200 ps each. We also ran 400 nonequilibrium

trajectories, each of 12 ps duration. The nonequilibrium simulations were started

by choosing uncorrelated configurations2 from the ground-state (anion) equilib-

rium run and instantly removing the charge and changing the LJ parameters to

those of the excited state (neutral). Each initial configuration provided the start-

ing points for two nonequilibrium trajectories: One in which the velocities were

kept unchanged, and another in which the velocities were reversed. To mimic a

resonant absorption, the 200 starting configurations were chosen by requiring the

solvation energy gap, ∆E = Eneutral − Eanion, to be within 0.75% of the equilib-

rium average. Because the nonequilibrium solvation dynamics were completed in

only a few picoseconds, running the trajectories to 12 ps allowed us to ensure that

the system had fully equilibrated around the neutral excited state. We found that

2The starting configurations had an average separation of 1 ps, with a minimum separation
of 0.5 ps.
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the temperature of the equilibrium solution simulations did not change noticeably

from the neat solvent simulations, but that in the nonequilibrium trajectories,

the system temperature increased by about 8 K.

2.3 Classical Simulation Results

In this section, we set the stage for our exploration of the molecular motions

involved in the nonequilibrium solvation by first examining some of the equilib-

rium properties of both neat THF and THF solutions. We also present both the

equilibrium and nonequilibrium solvent response functions and we discuss the

reasons why the LR approximation might be expected to break down following

excitation of the atomic anion solute.

2.3.1 Equilibrium Structure and Dynamics of Neat THF

The static structural and thermodynamic properties of this model of THF al-

ready have been explored in the Monte Carlo (MC) simulations of Jorgensen and

co-workers [CJ82]. The advantage of MD over MC simulations, however, is that

MD provides information about dynamical properties, such as time correlation

functions and the diffusion coefficient. We begin by investigating one of the sim-

plest equilibrium dynamical properties of the system, the rotational dynamics of

the THF molecules. Figure 2.1a shows the normalized orientation autocorrelation

function

ψ(t) = 〈û(t) · û(0)〉 (2.2)
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Figure 2.1: (a) Equilibrium angular orientation autocorrelation functions, ψ(t),
Eqn. 2.2, showing the spinning and tumbling degrees of freedom for neat THF.
The inset shows the three rotational degrees of freedom for this model. The
tumbling correlation function includes both tumbling directions and the tum-
bling-tumbling cross term. (b) Equilibrium velocity autocorrelation functions
(VACs), A(t), Eqn. 2.3, for neat THF. The inset shows the power spectra (co-
sine Fourier transforms of the A(t)) indicating that THF center-of-mass (COM)
translations and both spinning and tumbling rotations span similar frequency
ranges.
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for a unit vector, û, that lies either in the plane of the THF molecule, ûs (spinning,

solid curve), or perpendicular to the plane of the THF ring, ûr1 and ûr2 (tumbling,

dashed curve, calculated as the sum of both tumbling rotations and tumbling

cross-terms), as depicted in Fig. 2.1a.3 The relaxation times for the orientation

autocorrelation functions, which were determined by fitting the curves to single

exponential decays, were τtumble = 1.9 ps and τspin = 1.6 ps.

Figure 2.1b shows the velocity autocorrelation (VAC) functions, A(t), for the

center-of-mass velocity (solid curve) and the angular velocities for the spinning

(dotted curve) and the sum of the tumbling (dashed curve) degrees of freedom.

The normalized VACs were calculated using

A(t) =
〈u̇(t) · u̇(0)〉

〈u̇2〉
(2.3)

where u̇(t) is either the center of mass (COM) velocity or the spinning or tumbling

angular velocities. Although the orientation autocorrelation functions decay on

the ∼1-2 ps time scale, all of the VACs have 1/e decay times of ∼0.25 ps. The

featureless relaxation of the VACs in Figure 2.1b is similar to that observed for

other planar molecules, such as benzene (See Ref. 29 of [BLS03b]), so the slow

relaxation of the orientational TCFs is likely the result of steric hindrance due to

packing of the solvent molecules. This is further supported by the solvent VACs,

which all show a significant negative region, indicating that THF has limited

mobility due to strong solvent caging.

3Because there are two possible tumbling directions, a ûr1, ûr2 cross term arises, which is
of the form ψ(t)r1,r2 = 〈ûr1(t) · ûr2(0)〉+ 〈ûr2(t) · ûr1(0)〉.
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The inset to Fig. 2.1b shows the power spectrum for each of the VACs,

all of which are characterized by a large broad band between 0 and 200 cm−1.

Thus, not only does the memory of molecular rotations and translations persist on

similar time scales, but the underlying motions occur in similar frequency ranges.

This will make it impossible to distinguish the solvent motions that are involved

in the solvent relaxation dynamics by either their time scale or by a Fourier

(spectral density) analysis [SJ00]. Chapter 3 details a formalism we developed for

projecting out the dynamics underlying the solvation response functions, which

will allow us to have a complete understanding of the nonequilibrium dynamics

of THF.

Finally, to close the characterization of the equilibrium dynamical properties

of this model of neat THF, I calculated the value of the self-diffusion constant

using the Einstein equation [Cha87] for the mean-square displacement of the

center of mass (COM), 6Dt = 〈|r(t)− r(0)|〉2, where r(t) is the center-of-mass

position at time t. The experimental diffusion coefficient, Dexp = 3.5 × 10−5

cm2/s2 [HH95], is somewhat higher than the one we calculated for this model

D = 2.88 × 10−5 cm2/s2, suggesting that Jorgensen’s model may overestimate

the tendency of these solvent molecules to stack and cluster. To calculate the

self-diffusion coefficient, we used a least-squares fit to the linear part of the mean-

square displacement (calculated from a 100-ps trajectory) between 10 ps < t < 80

ps.
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g0−com(r) / Å g0−oxy(r) / Å
(Eqb)Anion 5.7 6.3

(Eqb)Neutral 4.7 3.8

Table 2.2: First peak distance for the solute-solvent center-of-mass (0-com) or
the solute-solvent oxygen (0-oxy) radial distribution function, see Fig. 2.2

2.3.2 Solutions of THF: The Equilibrium Structure and Dynamics of

Atomic Solutes in THF

This section discusses the static and dynamical properties of THF solutions con-

taining an anionic or neutral atomic solute. The local solute-solvent structure is

displayed in Figure 2.2 with the pair radial distribution functions (RDF), g0−α(r)

(Eqn. 1.7), between molecule (or site) α and the solute (denoted by 0). Panel a

shows the solute-solvent center-of-mass RDFs for both the ground- (anion, solid

curves) and excited-state (neutral, dashed curves) solutes, and panel b shows the

corresponding solute-solvent oxygen site RDFs; the distances for the first-shell

solvent peaks are listed in Table 2.2. Figure 2.2 makes it clear that the ground-

and excited-state solutes impose very different local solvent structures; in fact,

the different solute sizes lead to more THF molecules packed around the anion

(∼ 12 or 13) than around the neutral solute (∼ 8 or 9). For Na− → Na0, the

large difference in first-shell distances will play a large role in explaining the

nonequilibrium solvation dynamics, since the solvent must undergo significant

rearrangement to pack effectively around the smaller, neutral excited state solute

in our model charge transfer reaction.

Jorgensen and co-workers have studied the thermodynamics and equilibrium

packing structure of THF around a charged LJ particle that modeled a sodium
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Figure 2.2: Equilibrium solute-solvent radial distribution functions for the anionic
and neutral solutes. (a) shows the solute-solvent center-of-mass distributions and
(b) shows the solute-solvent oxygen site distributions. The first peak distances
are summarized in Table 2.2.
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cation, Na+ [CJ82]. By studying the solute-solvent interaction energies and the

solute-solvent RDFs, Jorgensen and co-workers discovered that the first-shell

THF molecules interact very strongly with sodium cations, which impose a rigid

local solvent structure with the THF oxygen atoms pointing toward the cation. In

contrast, this type of rigid solvent orientational order does not occur with either

the anionic or neutral solutes. This is demonstrated in Figure 2.3a, which dis-

plays angular distributions of the first-shell4 solvent dipoles around the ground-

(anion) and excited-state (neutral) solutes. The geometry convention is illus-

trated in Figure 2.3b, with θ defined as the angle between the solvent dipole

and the vector pointing from the solvent COM to the solute. We see that the

distribution of solvent dipoles around the neutral solute is essentially uniform,

whereas the distribution around the anion shows a small amount of local order,

with a preference for the negatively charged THF oxygen site to point away from

the anionic solute. On average, this amounts to less than one additional first-

shell THF oxygen site that points toward the neutral than points toward the

anion. This extra THF dipole will help explain the THF-sodium nonequilibrium

solvation dynamics, as will be discussed in Ch. 3.

4The first solvent shell is defined as all THF molecules residing within 6.5 Å of the neutral
solute and 7.5 Å of the anionic solute, which are the values of the minima after the first peak
in the RDFs. For Fig. 2.3, however, first-shell molecules are those within 7.5Å, regardless of
the nature of the solute. This means that the two angular distributions contain ∼12 solvent
molecules.
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Figure 2.3: Angular distribution functions in THF for the neutral (dashed curve)
and anionic (solid curve) solutes. The area under each histogram is normalized to
the number of solvent molecules (∼12 for the neutral, ∼13 for the anionic solute)
within 7.5 Å of each solute. The THF dipole orientations are binned according
to the three regions defined by the dashed lines in panel (b): Pointing in a 90◦

cone toward the solute (region I); Pointing tangential to the solute (region II);
Or pointing in a 90◦ cone away from the solute (region III).
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2.4 A Hidden Breakdown of Linear Response

Under the LR approximation, the solute-solvent interactions are characterized by

the equilibrium solvation response function, C(t), Eqn. 1.4, which is the solvation

energy gap autocorrelation function. Figure 2.4 shows C(t) for equilibrium calcu-

lations of an anionic solute (C−(t), dotted curve) and of a neutral solute (C0(t),

dashed curve), which are the ground and excited states solutes for the nonequi-

librium simulations, respectively.5 All three curves are remarkably similar, as LR

theory would imply.

In the solvation TCFs shown in Fig. 2.4, the energy gap, ∆E, was calculated

using both the anion and neutral solute parameters, such that ∆E for C−(t)

is calculated as ∆E = Eneutral − Eanion, and for C0(t), ∆E = Eanion − Eneutral,

see Table 2.1, where Eanion (Eneutral) is the solute-solvent potential energy, Eqn.

2.1, for the anionic (neutral) solute. Also shown in Fig. 2.4 is the nonequilibrium

solvent response, S(t) (solid curve, Eqn. 1.3), calculated from 400 nonequilibrium

trajectories in which the solute simulation parameters were switched from those

of the anion to those of the neutral, mimicking electron photodetachment from a

sodium anion.

Table 2.3 summarizes the characteristic inertial solvation times for each of the

response functions shown in Fig. 2.4, as well as the average solvation energies, Ess,

and solvation energy gaps, 〈∆E〉η = 〈Eanion−Eneutral〉η, for each of the equilibrium

5Error bars shown are 2 standard deviations. For both of the autocorrelation functions,
error bars were calculated by breaking up the 200-ps equilibrium trajectories into 127 separate
10 ps blocks with each starting point separated by 1.5 ps. These blocks were then correlated
as per Eqn. 1.4 and averaged.
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Figure 2.4: Solvent response functions for different sodium and sodide simula-
tions in THF. S(t) is the nonequilibrium response when the anion is instantly
changed into the smaller, neutral solute. C0(t) is the equilibrium solvation re-
sponse function when the solute is neutral sodium and the unoccupied excited
state is the anion. C−(t) is the equilibrium solvation response when the solute
is the anion and the unoccupied excited-state is the neutral solute. Error bars
shown are two standard deviations; see text for details.
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simulations, where η = anion (neutral) indicates dynamic calculations involving

the anionic (neutral) solute.

Note that the nonequilibrium trajectories were launched from starting con-

figurations chosen so that the t = 0 nonequilibrium gap was within 0.75 % of

the average energy gap for the anion-solute system; that is, 〈∆E〉anion ' ∆E(0),

where the angled brackets denote an equilibrium average, and the overline denotes

a nonequilibrium average over the nonequilibrium trajectories’ starting configu-

rations. Table 2.3 also compares the root-mean-square equilibrium energy gap

fluctuations, 〈δ∆E2〉1/2, to the total nonequilibrium energy relaxation (Stokes’

shift), 2λ = ∆E(0) − ∆E(∞), where λ is known as the solvent reorganization

energy. In the limit of LR, we would expect the nonequilibrium Stokes’ shift to

be proportional to the magnitude of the typical equilibrium fluctuations of the

solute-solvent energy gap, 〈δ∆E2〉, [Muk]

〈δ∆E2〉 = 2λkBT. (2.4)

The fact that the nonequilibrium relaxation is so much larger than what would

be expected from the size of the anionic solute equilibrium fluctuations provides

another indication that LR should fail, making the apparent agreement of S(t)

and C(t) in Fig. 2.4 all the more surprising.

At the earliest times, S(t) and C−(t) are nearly identical, although there are

small deviations at later times. This is precisely what would be predicted from

LR; immediately after excitation, the inertial solvent motions are unchanged

from those motions that were present when the solute was in the ground state.
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τ/ fs 〈Ess〉b/ kBT Solvation Energy, kBT 〈∆E〉cη / kBT

(Eqb)Anion 135± 17d ∼ 90 ∼ 1e ∼ 75f

(Eqb)Neutral 63± 6d ∼ 15 ∼ 45e ∼ 105
(Neqb) 259g n/a ∼ 180h n/a

Table 2.3: Properties of the Classical Equilibrium (Eqb) and Nonequi-
librium (Neqb) solvation Response Functionsa

aAll equilibrium quantities were calculated from 200-ps simulations. The nonequi-
librium data were calculated from the 400 trajectories, each of 12-ps duration.
bThe average solute-solvent interaction energy, Eqn. 2.1. cThe average equilib-
rium energy gaps, 〈∆E〉η = 〈Eneutral − Eanion〉η = 〈Eneutral〉η − 〈Eanion〉η, for
simulations with the anionic solute and the neutral solute. 〈Eanion〉 is the av-
erage anion solute-solvent interaction energy, 〈Eneutral〉 is the average neutral
solute-solvent interaction energy, and η indicates whether the equilibrium dy-
namics were performed with the neutral or anionic solute. dCalculated from
the 200-ps trajectory as τ−2 = −d2C(0)/dt2 (see Ref. [BLS03a]); the error is
2 standard deviations. eThe solvation energy for the equilibrium simulations is
defined as the root-mean-square of the average fluctuations of the energy gap,
〈δ∆E2〉1/2. fThe average energy gap for the ground state (anion) corresponds
to the average energy of the perturbation in the nonequilibrium trajectories. In
an experiment, this would be the excitation energy. gCalculated by fitting the
first 30 fs of S(t) to a parabola using τ−2 = −d2S(0)/dt2. The error we report is
for the parabolic fit, R2 = .9995. hThe solvation energy for the nonequilibrium
simulations, 2λ = ∆E(0)−∆E(∞) is the Stokes shift energy; see text.
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On the other hand, at long times after excitation, the solute-solvent system is

approaching equilibrium around the excited state (neutral) solute, so the long

time behavior of S(t) should resemble C0(t) rather than C−(t) [Mar93]. As men-

tioned previously, however, solution-phase systems with solutes that undergo a

size change are not likely to be described by linear response. Does the Na− →

Na0 reaction in THF offer a contradiction to this or is there a breakdown of linear

response hidden in the details of the microscopic dynamics? This question can

only be answered by uncovering whether or not the relaxation dynamics inherent

in both S(t) and C(t) are the same; if so, then the LR approximation applicable.

We hope to identify these molecular details by projecting the solvation dynamics

onto different molecular degrees of freedom.

Perhaps the simplest possible projection is to split the solute-solvent interac-

tion energy, uij, into the separate Coulomb and Lennard-Jones terms (Eqn. 2.1).

Such a partitioning of the solute-solvent energy gap into simple components is

hardly novel; Berkowitz and Perera, for example, showed how the nonequilibrium

∆E is modulated by different solvent shells [PB92]. Rather than partitioning the

solvation energy gap amongst the different molecules in the simulation, we choose

to separate the total solvation energy gap into ∆E = ∆ECoul +∆ELJ . By insert-

ing this form of ∆E into Eqns. 1.3 and 1.4, we can discern how the Coulomb and

Lennard-Jones interactions contribute separately to the behavior of the equilib-

rium TCF, C(t), and the nonequilibrium response function, S(t). The projec-

tions in Fig. 2.5 clearly demonstrate a hidden breakdown of LR: The relaxation

dynamics underlying C(t) are mostly electrostatic in nature, but the dynamics

of S(t) are nearly evenly distributed between charge (Coulomb) and size (LJ)
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Figure 2.5: Solvation energy projections for (a) the equilibrium dynamics and
(b) the nonequilibrium simulations: Coulomb (Coul), Lennard-Jones (LJ), and
total (Tot). The cross term (Cross) in panel (a) is from the correlation of the
Coulomb and Lennard-Jones energy gaps.
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effects, each of which relaxes at a different rate. Figure 2.5a also displays a non-

trivial negative cross-term for the equilibrium TCF, whereas no such cross-term

is possible for the nonequilibrium analogue, S(t). Moreover, whereas the projec-

tions of C(t) seem to have one underlying time-scale each, the nonequilibrium

Lennard-Jones projection (SLJ(t)) shows relaxation on at least two distinct time

scales: A rapid component at early times (t < 400 fs) and a slower contribution

at longer times (0.5 ps < t < 3 ps), each with roughly equal amplitude. SCoul(t)

shows similar two-time scale behavior, although the rapid relaxation component

accounts for ∼ 95% of the Coulombic contribution of the solvent response.

Although the energy projections in Fig. 2.5 reveal a breakdown of LR and

some of the underlying time-scales for the solvation dynamics, they do not pro-

vide information about which specific molecular motions are present at equilib-

rium and nonequilibrium events. For example, it is not known how molecular

translations or rotations modulate the LJ interaction. In the next chapter, we

develop a new technique to see just which molecular motions drive the nonequi-

librium relaxation.
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CHAPTER 3

Classical Projections Formalism and Projections

of the Solvent Response Functions onto

Molecular Motions

3.1 Introduction

The linear response (LR) approximation forms the cornerstone of nonequilib-

rium statistical mechanics and has found special utility in studies of solvation

dynamics. As we mentioned in Chapters 1 and 2, the LR approximation is valid

only when the solvent motions at and away from equilibrium are identical. As

such, the equilibrium solvation correlation function, C(t) (Eqn. 1.4), and the

nonequilibrium solvent response function, S(t) (Eqn. 1.3) should be identical in

the limit that the LR approximation is exact. Thus, the benchmark for invoking

LR has historically been to look for agreement between the two response func-

tions. However, as was shown in Ch. 2, mere agreement between S(t) and C(t)

is no assurance that the underlying molecular motions are the same. Rather,

the appearant similarity between S(t) and C(t) may be the result of different

molecular motions that happen to have similar time scales (See Fig. 2.2c).
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We found in Chapter 2 that the equilibrium and nonequilibrium solvent re-

sponse functions for the THF-Na−/Na0 system appeared quite similar on the

surface, yet clearly are controlled by different mechanisms (see Fig. 2.5). This

chapter gives the details of a new formalism that we developed for projecting S(t)

onto specific molecular motions; the method identifies the solute and solvent mo-

tions responsible for modulating the solvation energy gap in Eqn. 1.3. By using

this method, we can compare the underlying molecular motions that are present

during the nonequilibrium relaxation to those motions that are predicted by lin-

ear response, making both the underlying solvation dynamics and the reasons for

the the breakdown of LR clear.

The first section of this chapter describes how to perform the projection analy-

sis for equilibrium time correlation functions, including the equilibrium solvation

response function, Eqn. 1.4. The second section discusses the method we devel-

oped for calculating the nonequilibrium projections of S(t), Eqn. 1.3. Finally, we

use the projection formalism to discover the underlying molecular motions in the

solvation response functions shown in Fig. 2.4.

3.2 How to Calculate Equilibrium Projections

The equilibrium projection analysis for classical degrees of freedom begins with

Steele theory [Ste87], which uses the chain rule for differentiation to analyze time

correlation functions via the second time derivative; for example, the equilibrium

solvation velocity TCF is given by the normalized correlation of the rate of change
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of the total solvation energy gap, ∆E,

G(t) = 〈∆Ė(t) ·∆Ė(0)〉/〈(δ∆E)2〉, (3.1)

where the overdot denoted the total time derivative, d/dt. The molecular details

of equilibrium solvation are contained in G(t) by using the chain-rule and re-

writing the time derivative of the solvation energy gap as

∆Ė =
∑
α

α̇ · ∂
∂α

∆E =
∑
α

α̇ · α̂∆E ′ =
∑
α

∆Ėα, (3.2)

where the sum over α is over all possible solute and solvent degrees of freedom.

In Eqn. 3.2, α̂ = ∂R/∂α and ∆E ′ = d∆E/dR is the derivative with respect to

the solute-solvent distance R, and, as before, ∆E(t) = Eexc
ss (t) − Egnd

ss (t) is the

solvation energy gap between the ground and excited states of the solute-solvent

system. In Eqn. 3.2, the chain rule for differentiation is applied to to write the

rate of change of the energy gap as a sum of contributions from each degree of

freedom present in the system. Substituting Eqn. 3.2 into Eqn. 3.1 and summing

over all possible degrees of freedom, α and β, gives the projections of G(t) onto

the molecular motions,

G(t) =
∑
α

∑
β

−C̈αβ(t) =
∑
α

∑
β

〈∆Ėα(t) ·∆Ėβ(0)〉/〈(δ∆E)2〉, (3.3)

Equation 3.3, G(t) is thus projected onto each of the molecular motions via

the velocities, α̇. Note that the autocorrelation function G(t) — the correlation of

two single derivative terms, ∆Ė — is the second derivative of C(t). By using this
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formalism, G(t) may be written as a sum of individual correlation functions, each

of which pertains to individual degrees of freedom or cross-correlation terms. As

an example, Ladanyi and co-workers have used G(t) to show how molecular rota-

tions, translations, and rotation/translation coupling drive equilibrium solvation

dynamics in both polar and nonpolar solvents [LP02, LS98]. Similar projections

also have been used to analyze the force autocorrelation function, which deter-

mines vibrational relaxation [LS98].

The relevant degrees of freedom, α, for solvation dynamics studies might

include solute or solvent rotations and vibrations, as well as relative translations

that change the distance between the solute and each solvent molecule. That is,

solute/solvent translations that change Ri0 = Ri −R0, where Ri is the center-

of-mass position of solvent molecule, i, and R0 is the center-of-mass position of

the solute molecule.

3.3 How to Calculate Nonequilibrium Projections

To perform projections of the nonequilibrium response function [BLS03a], we

simply extend Steele theory by taking the first and second time derivatives of

S(t). The first derivative with respect to time yields the normalized solvation

velocity response function,

d

dt
S(t) =

∑
α

∆Ėα(t)

∆E(0;R)−∆E(∞;R)
≡
∑
α

Jα(t), (3.4)
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and although Eqn. 3.4 projects changes in the energy gap onto molecular velocities

(via Eqn. 3.2), taking only one time derivative does not extract information about

the cross-terms between different molecular motions. Thus, we take the second

time derivative of S(t) to make the closest nonequilibrium analogy to G(t),

d2S(t)

dt2
=

∆Ë(t)

∆E(0;R)−∆E(∞;R)
≡ −B(t) (3.5)

where the solvation acceleration response function is defined as

B(t) =
∑
α

[
α̈ · α̂+ α̇2

]
∆E ′ +

∑
α,β

α̇ · α̂∆E ′′β̂ · β̇ (3.6)

where α and β are degrees of freedom in the solute-solvent system, ∆E ′′ is the

second derivative of the solute-solvent energy gap, d2∆E/dR2, and the normal-

ization term has been left out of Eqn. 3.6 for clarity. Now, Eqn. 3.6 shows how

changes in the energy gap are projected onto both molecular velocities and ac-

celerations; the last term may be written as a dyadic matrix, and it explicitly

contains the cross-coordinate terms we were searching for. To fully take advan-

tage of Eqn. 3.6, it should be calculated as a nonequilibrium ensemble average.

Neither the projections onto accelerations nor the cross-coordinate terms are fea-

tures present in the equilibrium analysis based on Eqn. 3.3 (because the cross

terms in G(t) come from the nature of the correlation function and not directly

from the derivatives), and we have found that the acceleration term dominates

Eqn. 3.6.

Although the projections of molecular motions are found as derivatives of the
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solvation response, differentiated functions such as G(t), J(t), and B(t) do not

provide any intuitive means for understanding solvation dynamics. However, it is

straightforward to numerically integrate any of the projected response functions,

e.g., Bαβ(t), back to a projected solvation response function, e.g., Sαβ(t). This is

advantageous because, for example, the projected solvation velocity TCF, G(t),

provides information only about the curvature and not about the underlying re-

laxation time scales of the projected motions to the full response. Furthermore,

upon differentiation, information about the relative magnitude of the projected

energy change is lost. The magnitude information is important because it quan-

tifies how strongly a particular degree of freedom contributes to the full solvation

response function. Therefore, we analyze our response functions by doubly inte-

grating the projected G(t) and B(t), or by singly integrating the projected J(t).

We thus define the normalized nonequilibrium projection onto any single degree

of freedom α as

Sα(t) =
1

2λ

∫ t

0
Jα(t′)dt′ (3.7)

and the normalized nonequilibrium projection onto any pair of scalar coordinates

α and β, Sαβ(t) by integrating Eqn. 3.6 twice,

Sαβ(t) =
1

2λ

∫ t

0
dt′
∫ t′

0
dt′′Bαβ(t′′) (3.8)

where again, the integrands should be evaluated as nonequilibrium ensemble av-
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erages.1 In both of the equations above, λ is the solvent reorganization en-

ergy, (see §2.4 and Eqn. 2.4). Finally, integrating the projected equilibrium and

nonequilibrium response functions not only facilitates in understanding, but is

also necessary for comparison between the two (equilibrium and nonequilibrium)

regimes, sinceG(t) and B(t) have different units; [G(t)] = energy2/time2, whereas

[B(t)] = energy/time2. Thus, armed with Eqns. 3.7 and 3.8, and by integrating

the projected G(t) (Eqn. 3.3) twice with respect to time, we can directly compare

the solute and solvent motions underlying the equilibrium and nonequilibrium

solvation dynamics.

3.4 Relevant Degrees of Freedom

When performing either the equilibrium or nonequilibrium analysis using the

projections described above, it is important to consider the relevant degrees of

freedom (denoted as α and β, above) that might couple to the solvation response

functions, C(t) or S(t). Since the solvation energy gap, ∆E, is dependent only

on the relative solute-solvent separation (c.f. Eqn. 2.1), we should expect the

solvation dynamics to be a cooperative effort involving motions of the solute and

solvent. The molecular translations can easily be transformed into three relative

1When integrating Jα(t), we used a simple Simpson’s rule integrator, there is a linear term
that comes from poor numerical integration, which must be subtracted from each of the Sα(t)
shown in Fig. 3.2. This is done by fitting the tail of the integrated projection (in our case,
the last 5 ps) to a line and then subtracting that line from the entire integrated function.
The fitting must be done in the tail of the curve at times after the solvation dynamics are
complete; that is, where the average Sα(t) is know to be zero. When integrating Bαβ(t), there
is a quadratic term that should be just as easily removed as the linear term in the integrated
Jα(t), but our statistics did now allow us to fit this accurately enough to integrate Bαβ(t).
We showed, however, that the cross-terms in Bαβ(t) are minimal, so the projections on single
degrees of freedom are sufficient [BLS03a].
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solute-solvent translational coordinates: One longitudinal translation (along the

line connecting each solvent molecule’s center of mass to the solute) and two indis-

tinguishable (and arbitrary) lateral translations perpendicular to the longitudinal

direction. Solute or solvent rotations and vibrational modes can also affect the

solvation energy gap, and these, too, can be easily isolated. In our classical sys-

tem, both atomic solutes (Na0 and Na−) have neither rotations nor vibrations,

and the Jorgensen model for THF does not contain any solvent vibrations. Thus,

the only other molecular motions that can couple to the solute-solvent energy

gap are the three THF rotations, described in Sec. 2.3.1.

To clarify, the projection of the solvation energy gap for a single solute-solvent

pair (denoted by 0 and i, respectively) onto the Cartesian coordinates using the

first derivative formalism is obtained by integrating (as per Eqn. 3.7)

∆u̇i0(t) = ṙi0 · r̂i0∆u
′
i0(ri0) (3.9)

where ri0 is the solute-solvent separation, ṙi0ṙi − ṙ0 is the relative solute-solvent

velocity, r̂i0 is a unit vector, and u′i0 is the derivative of solute-solvent energy,

Eqn. 2.1, with respect to ri0. To transform the Cartesian projections into any

other set of relative translational coordinates, simply insert an Euler rotation

matrix, T̂, and its inverse, T̂−1

∆u̇ trans
i0 (t) = ṙi0T̂

−1 · T̂r̂i0 (∆u′i0) . (3.10)

In fact, Eqn. 3.10 is general for any unitary projection operator, thus it is trivial
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to calculate the molecular projections for any degree of freedom.

Another type of projection has already been discussed in Sec. 2.4, that of the

component parts of the solute-solvent energy. Since most classical simulations

utilize pair-wise additive potentials, it is also straightforward to separate ∆E

into Lennard-Jones and Coulomb terms, for example (cf. Fig. 2.5). Addition-

ally, solute contributions to ∆E can easily be distinguished from those of the

solvent alone, as well as the contribution of individual molecules or solvent shells

[PB92]. In many simulations of solvation dynamics, however, the solute is chosen

to be infinitely massive so that solute translations cannot participate in solvation

dynamics. This approximation does have some physical grounding, because the

solutes in many experiments are large organic dyes that are 50 or 100 times as

massive as the solvent molecules. In our simulations of the Na0/Na− and THF

system, however, the mass of our atomic solute is about one-third the mass of a

solvent molecule, so we expect that solute translations will make an important

contribution to the solvation dynamics [RB94, LDG97]. In the next section, we

use projections of the cooperative molecular motions to understand the nonequi-

librium dynamics and the hidden breakdown of linear response, already discussed

in Sec. 2.4.

3.5 Equilibrium and Nonequilibrium Projection Results

Figures 3.1 and 3.2 show the integrated projections of C(t) and S(t), the equi-

librium and nonequilibrium solvation response functions, respectively, for the

reaction scheme depicted in Fig. 1.2. Stot(t) is the total nonequilibrium solvent
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Figure 3.1: Total translational projection, Ctrans (shortened from the two-index
Ctrans,trans used in Eqn. 3.3), of the equilibrium solvation TCF. The rotation and
rotation/translation term is calculated by subtracting Ctrans(t) from Ctot(t).

response function, which is the same curve shown in Fig. 2.5b; Srot(t) is defined

as the sum of all three projections of the solvation energy gap onto the solvent

rotations (see Fig. 2.1); Slong(t) is the projection onto the solute-solvent longi-

tudinal center-of-mass translations; and Slat(t) is the sum of the two projections

onto the lateral, or transverse, translations.

As expected, the large contribution of the center-of-mass longitudinal trans-

lations to the total solvation dynamics is due to large structural changes in the

solute-solvent environment, as shown in the RDFs in Fig. 2.2. However, the be-

havior of the rotational projection comes as a surprise for several reasons. The

rotational projection shows two distinct relaxation regimes: An early-time regime

(t <∼ 700 fs) with a negative slope, indicating that rotational motions cause a
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Figure 3.2: (a) Projections of the nonequilibrium solvation response function,
S(t), averaged over all 400 nonequilibrium trajectories. The figure shows the in-
tegrated projections for THF rotations, Srot(t), for solute-solvent center-of-mass
longitudinal translations, Slong(t), and for solute-solvent center-of-mass lateral
translations, Slat(t). Longitudinal translations are those that change the so-
lute-solvent COM distance, and lateral translations are those perpendicular to
the longitudinal direction that do not change the solute-solvent COM distance.
(b) The integrated projections onto motions of only the solvent, Ssolvent, only the
solute Ssolute, and only the translational motions of the solvent, Strans

solvent. S
trans
solvent

was calculated by subtracting the full rotational projection, Srot(t) (panel a),
from Ssolvent. Note the scale changes on both axes between panels (a) and (b).
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decrease of the solvation energy gap, followed by a slower regime (t >∼ 700 fs).

This second time scale shows a positive slope in the projected S(t), indicating

that rotational motions at these times cause the solvation energy gap to become

larger. This means that solvent rotational motions during the second regime ei-

ther stabilize the unoccupied anionic state or destabilize the newly created neutral

solute (or both). The fact that a subset of the nonequilibrium solvent motions

can work to widen the solvation energy gap while the rest work to narrow it is

highly counter-intuitive, Finally, the rotational projection is interesting because

its time-zero value shows that, overall, rotations contribute nothing to the total

change in the nonequilibrium energy gap, even though at short and long times,

solvent rotations modulate the gap in nontrivial ways. We will return to the

question of what causes this unusual behavior for solvent rotations in the next

section.

Figure 3.2b shows the projections of the solvation energy gap onto the mo-

tions of just the solute and just the solvent, as discussed in Sec. 3.4.2 The figure

shows clearly that solute motion is responsible for about half of the total re-

laxation dynamics. Moreover, the total solvation response is fully relaxed by ∼

3 ps whereas both Ssolvent and Ssolute do not finish decaying for ∼ 8 ps. This

shows that solvation dynamics is a cooperative effort of the solute and solvent:

The full solute-solvent system can relax faster than is possible with motions by

either the solute or solvent alone. In fact, previous calculations have shown that

2Admittedly, this projection of the solute and solvent coordinates onto the stationary lab
frame is arbitrary because only the relative separations matter for solvation dynamics. We
could have just as easily chosen to project the solvation dynamics in a reference frame that
moves along with the solute particle.
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the ratio of the solute and solvent masses can determine the rate of solvation

[LDG97], emphasizing the important role that motions of the solute play. Be-

cause Srot only comes from the solvent (the atomic solute has no rotations), the

solvent-only translational projection, Strans
solvent, can be obtained by subtraction:

Strans
solvent = Ssolvent − Srot. This curve (shown in Fig. 3.2b) makes it clear that the

nonequilibrium translational motions of the solute and solvent contribute about

equally to the total translational relaxation and thus to the total system relax-

ation. We also can identify the small negative portion of Strans
solvent as coming from

the lateral translations of the solvent (cf. Fig. 3.2a).

We also can ask how the proximity of a particular solvent molecule to the

solute determines its contribution to the solvation energy gap. Studies of other

systems have shown that the solvation energy gap is modulated most strongly

by the closest solvent molecule to the solute [ATS00, LDG97, LS95] or by a

collective effort of the 6–12 solvent molecules in the first solvation shell [PB92,

BC92]. To see how the nearby solvent molecules couple to S(t) in our system,

we calculated projections of ∆E onto both the nearest-neighbor and first-shell

solvent molecules.3 Because of diffusion, the locations of solvent molecules change

during the nonequilibrium dynamics, so we calculated these projections using two

different methods. in the first method, we determined the identity of the nearest

neighbor (or first shell) molecule(s) at t = 0, and calculated the contribution of

these molecules to the solvation energy throughout the trajectory (even if the

3These projections onto all first-shell and nearest neighbor molecules are not integrated.
They were computed directly by selecting the appropriate subset of molecules in the nonequi-
librium average for S(t), Eqn. 1.3.
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molecule(s) diffuse away from the solute at later times). In the second method,

the identity of the nearest neighbor (or first solvent shell) was updated at each

time step, even if diffusional exchange switched the identity of the molecules.

The two methods gave dramatically different results for the nearest neighbor

projection, which accounts for only ∼ 6 % of the total relaxation using the first

method but over ∼ 20 % of the relaxation using the second. In contrast, we

found little difference between the two methods for the projection onto all of the

first-shell solvent molecules: Both ways indicated that the first solvent shell is

responsible for ∼ 80 % of the total relaxation.4 This leaves long-ranged Coulomb

interactions (cf. Fig. 2.5) from solvent molecules beyond the first shell to account

for the remaining ∼ 20 % of the total solvation dynamics.

3.6 Building a Microscopic Picture of the Nonequilibrium

Solvation Dynamics of Tetrahydrofuran

How do all of these different projections fit together to present a unified pic-

ture of the nonequilibrium solvation dynamics for this system? In the previous

section, we showed that longitudinal center-of-mass translations of the nearby

solvent molecules are responsible for most of the relaxation dynamics and that

the lateral translations (which decayed on a separate time scale form the longi-

tudinal translations) contributed very little to the total S(t). Figure 3.2a showed

4Figure 2.2 shows that the first solvent shell around the anion is both further away (7.5 Å)
than the neutral (6.5 Å) and contains more solvent molecules (12-13) than the neutral (8-9). We
performed the nonequilibrium solute first-shell projections both for molecules within 6.5 Å and
for molecules within 7.5 Å; this change of the first-shell definition only changed its contribution
by 1 or 2 %.
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that the contribution from solvent rotations has two components: A short-time

process that decreases the solvation energy gap followed by a longer-time process

during which the solvation energy gap increases. Moreover, the projection of S(t)

onto the LJ part of the solute-solvent interaction (Fig. 2.5b) showed two different

relaxation regimes. Finally, the majority of the Coulomb projection relaxed on

two more time scales. Although it is not immediately obvious how rotations and

translations affect the solvation energy gap via the LJ and Coulomb interactions,

it is clear that there are at least four different relaxation time scales: Two rota-

tional time scales plus one longitudinal and one later translational time scale, or

two LJ and two Coulomb time scales from the energy projections. These time

scales must correspond to at least four different mechanisms for the nonequi-

librium solvation dynamics. This leads us to conclude that our nonequilibrium

projections have uncovered at least four distinct underlying relaxation regimes.

3.6.1 Solvation Dynamics: Translational Contributions

To build a molecular picture of the motions underlying each of the distinct re-

laxation regimes, we have computed dynamic RDFs to investigate how the local

solvation structure changes with time following excitation. To calculate time-

depended RDFs, each nonequilibrium trajectory was broken into 100-fs segments,

and the averaged RDF from each segment was then further averaged over the 400-

trajectory ensemble; the results are shown in Figure 3.3. The t = ∞ curve is the

equilibrium RDF for the excited-state solute (neutral). To make the structural

changes clear Fig. 3.3 also shows the difference between the time-dependent RDFs
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Figure 3.3: For the reaction show schematically in Fig. 1.2, (a) showing
time-dependent nonequilibrium solute-solvent center-of-mass radial distribution
functions (RDF) and (b) showing the differences between the ground-state (an-
ion) RDF and the various time-dependent RDFs of (a). In both panels, the t = 0
RDF (thin solid curves) is calculated from the 200-ps equilibrium trajectory with
the neutral (excited state) solute. The remaining curves are calculated by av-
eraging over the 400 nonequilibrium simulations. Each nonequilibrium RDF is
calculated over a short (100-fs) block. For example, the t = 650 fs (dashed curves)
RDF is the average RDF using the 600-700 fs block in each of the nonequilibrium
trajectories. Note that for clarity we only show the t = 50 fs (dotted curve)
difference curve in (b) and not the corresponding time-dependent RDF in (a).
The peaks in (b) show where solvent density is increasing; the valleys in (b) show
where solvent density is decreasing.
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and the equilibrium RDF for the ground-state solute (anion, t = 0 curve). The

rising probability peak at ∼ 4.8 Å of panel b shows the influx of solvent molecules

forming the first solvent shell around the newly created neutral solute, whereas

the growing probability deficit at ∼ 5.2 Å shows the loss of solvent structure

imposed by the formerly occupied ground-state anion. Together, parts a and b

of Fig. 3.3 show that restructuring of the solvent around the smaller, neutral ex-

cited state is nearly complete after ∼ 650 fs; little additional arrangement of the

solvation structure takes place between 650 and 1150 fs (not shown). This allows

us to assign the early-time (≤ 650 fs) portion of the translational relaxation to

the rapid inward motion of the nearby solvent molecules, accounting for nearly

50 % of the total translation relaxation (cf. Fig. 3.2a, Slong(t) at t = 650 fs).

Figure 3.3 also makes it clear that the remainder of the nonequilibrium trans-

lations relaxation, which occurs on time scales longer than 650 fs, results from

minor rearrangements of the entire solvent structure. This larger scale repack-

ing does not begin to take place until after (most of) the new first solvent shell

structure is in place, so that the slower translational relaxation component occurs

on diffusional time scales. We believe that the delayed onset of this long-time

translational repacking results from the fact that the first solvent shell must move

inward before the second solvent shell can rearrange,5 as documented in previous

studies of solvation dynamics [ATS00, Ons77].6

Now that we see how translational solvent motions couple to the nonequilib-

5In fact, due to packing constraints, some of the anion’s first-shell solvent molecules need to
translate out to become part of the second solvent shell around the neutral.

6However, solvation for this system occurs in the opposite manner to the famous Onsager
“inverse snowball” (Ref. [Ons77]).
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rium relaxation, we can reconsider Fig. 2.4, which showed that C0(t) and S(t)

look very similar at times longer than ∼ 1 ps. This similarity likely results from

the fact that the final restructuring and fine-tuning of the solvent structure (in-

cluding some of the first shell) in the nonequilibrium simulations lies within the

LR approximation. Figure 3.4 compares the longitudinal and LJ projections of

C0(t) for the equilibrium (neutral) simulations with those of S(t), and we find

that the long time (t > 0.9 ps) dynamics of C0(t) are nearly the same as the

longitudinal and LJ projections of S(t). Moreover, Figure 3.4 shows that the LJ

projections of the long-time relaxation dynamics of C0(t) and S(t) are virtually

identical. This suggests that after about 1 ps, the solute-solvent relaxation in

the nonequilibrium simulations behave as though the system is near equilibrium

around the neutral solute. Thus, the long-time agreement effectively verifies that

this portion of the relaxation is within the LR limit and the agreement is not

coincidential, whereas the agreement between S(t) and C−(t) at early times is

coincidental.

Although the significant reorganization of solvent molecules explains why

translations dominate the nonequilibrium solvation response, this reorganization

also allows us to rationalize why translational motions contribute so little to the

solvation dynamics in C−(t). The influence of solute or solvent fluctuations on

the solvation energy gap not only comes from modulation of the occupied state,

but also from modulation of the unoccupied state’s energy (in trajectories of the

anionic solute used to calculate C−(t), the unoccupied state is the small neutral

atom). Typically, large fluctuations of the energy gap occur only if a particular

solute or solvent motion causes the energy of the ground and excited states to
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Figure 3.4: Projections of the nonequilibrium and equilibrium solvation response
functions. C0(t) (solid curve, same as Fig. 2.4) is the equilibrium solvation re-
sponse for the neutral solute. C0,LJ(t) is the Lennard-Jones (LJ) projection of
C0(t). SLJ(t) is the LJ projection of the nonequilibrium response function (same
as in Fig. 2.5). The agreement between C0,LJ(t) and SLJ(t) at long times, t >∼ 1
ps, is not coincidental; rather, it indicates that the dynamics fall within the limit
of linear response; see text.
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fluctuate in opposite directions. For our solute, the ground-state anion is so large

that solvent molecules cannot translate close enough to modulate the energy of

the unoccupied neutral excited state. Therefore, translation-based fluctuations

cannot couple strongly to the solvation energy gap. This also means that all

fluctuations of the energy gap are effectively fluctuations of only the anion sol-

vation energy, and at equilibrium these fluctuations must have a magnitude of

∼ kBT . As will be explained in the next section, the equilibrium solvent motions

that most strongly couple to the energy of the anionic solute are rotations of the

THF dipole. We discuss what the rotational projections of S(t) tell us about the

dynamics of the unoccupied (anion) solute-solvent energy during nonequilibrium

solvation.

3.6.2 Solvation Dynamics: Rotational Contributions

Up to this point, we have seen that translations account for two of the four re-

laxation processes seen in the nonequilibrium solvation dynamics of this system

(rapid translations that establish most of the neutral solvation structure and

slower, diffusional translations that complete the solvation dynamics). The re-

maining two relaxation mechanisms result from solvent rotational motions. Mod-

ulation of the unoccupied solute-solvent energy can contribute as much or more

to the dynamics of the solvation energy gap as modulation of the ground state

energy. For the nonequilibrium simulations considered here, the destabilization

of the (unoccupied) ground-state anion following excitation is about 50 times

larger than the stabilization of the (occupied) excited state neutral sodium. This
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means that we only need to look at the dynamics of the energy of the unoc-

cupied state, the anion-solvent interaction energy, Eanion(t),7 to understand the

nonequilibrium relaxation of the full solvation energy gap.8 Consideration of only

the anion solvation energy fits well with our arguments that inward translation

of the first-shell solvent molecules provides most of the relaxation of the gap:

The solute-solvent translations that provide a slight stabilization of the neutral

sodium quickly lead to unfavorable interactions on the steep repulsive LJ wall

of the larger ground-state sodide. In what follows, we will elucidate the contri-

butions of the solvent rotations to the nonequilibrium dynamics by investigating

how rotational motions affect Eanion(t).

Figure 3.5 shows the total un-normalized energy of the unoccupied anion state,

Eanion(t). This curve is nearly identical to the relaxation of the total solvation en-

ergy gap, S(t); the slight differences are due to the small changes in the solvation

energy gap resulting from stabilization of the neutral, Na0, solute. In this anal-

ysis, increases in the solvation energy, Eanion, are equivalent to decreases in the

solvation energy gap, ∆E. That is, a positive slope for Eanion(t) corresponds to

the energy gap closing and S(t) decaying. The various dotted and dashed curves

in Fig. 3.5 show the different (integrated) projections of the un-normalized en-

ergy of the unoccupied anion state; for clarity, all of the curves in Fig. 3.5 have

been shifted to asymptotically approach zero in the long-time limit. The figure

7Again, the overline denotes a nonequilibrium ensemble average

8Although we will examine the dynamics of the unoccupied anion state to describe the
nonequilibrium relaxation, the molecular dynamics are driven only by the neutral solute-solvent
interactions. That is, modulation of the anion energy by solute or solvent motions is motivated
not by the anion buy by the new interactions with the now-occupied neutral state.
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Figure 3.5: Nonequilibrium projections of the unnormalized anion-solvent inter-
action energy as a function of time after excitation. The overall energy of the
anion [Eanion(t)] increases with time, thereby decreasing the total solvation en-
ergy gap [∆E(t)]. A majority of the dynamics observed in the projections of
S(t) result from the ground-state (anion) being de-stabilized after excitation,
and in this figure, we try to understand the two rotational time-scales observed
in Fig. 3.2. The LJ [Eanion

LJ (t)] and Coulomb projections [Eanion
Coul (t), not shown],

of the anion-solvent interaction energy are nearly the same as the corresponding
projections of the total solvation energy gap in Fig. 2.5b. The total Coulomb
projection, Eanion

Coul (t), is not shown because it is nearly identical to the projection

of Coulomb interactions onto solvent rotational motions [Eanion
rot,Coul(t)]. We assign

these (Coulomb-based) rotational motions to the first of two distinct nonequi-
librium relaxation mechanisms that come from solvent rotations (see text). The
projection of LJ interactions on first-shell solvent rotational motions [Eanion

rot,LJ(t)]
shows a decrease in the energy of the anionic state. This means that the solvation
energy gap is increasing with time and we assign this process to the second rota-
tional relaxation mechanism (see text). All of these curves were calculated using
a subset of only 49 of the nonequilibrium trajectories, and all of the rotational
projections were calculated using Eqn. 3.7. [Eanion

rot,LJ(t) is projected onto only the
first-shell solvent molecules because the LJ potential is so short-ranged].
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shows that both the total LJ projection, Eanion
rot,LJ(t), and the Coulomb projections

onto solvent rotations, Eanion
rot,Coul(t), destabilize the anion, meaning that the sol-

vation energy gap decreases.9 Moreover, Eanion
rot,Coul(t) increases on a time scale

that matches well with the early-time stabilization of the solvation energy gap

evident for Srot(t). In contrast, the anion solvation energy is actually stabilized

by rotation-induced contributions of the anion-solvent LJ interaction, Eanion
rot,LJ(t).

This contribution occurs on a slower time-scale than Eanion
rot,Coul(t), so we assign

the second rotational time scale in Fig. 3.2a to rotations by first-shell solvent

molecules that increase the solvation energy gap (by decreasing Eanion(t)) via the

LJ interaction.10

Thus, the LJ and Coulomb interactions come from first-shell rotations of the

THF molecules, yet the have opposing effects on the solvation energy gap and

also act on different time scales. How can we rationalize this? In section 2.3.2, we

calculated the angular distributions around the ground- and excited state solutes

(Fig. 2.3) and found that, on average, about one more first-shell solvent dipole

points toward Na0 than points toward Na−. Thus, the THF rotations that matter

most to the solvation energy gap, ∆E, must be those that (on average) move

the negatively charged oxygen site on an “anomalous” first-shell THF molecule

closer to the solute (i.e., the THF dipole rotates from pointing “away” to pointing

“towards” the neutral solute, as per the convention defined in Fig. 2.3b). This

9The rotational Coulomb projection is nearly identical to SCoul(t) and Eanion
Coul (not shown).

The translational projections onto the sodide solvation energy are not shown because they are
nearly identical to the translation projections of the total solvation energy gap shown in Fig.
3.2

10Because the LJ potential is so short-ranged, Eanion
rot,LJ(t) comes almost entirely from first-

solvent-shell molecules.
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rotation occurs because there is no longer a Coulomb penalty to rotate the dipole

towards the solute, since it is in the excited state, which is neutral. As soon

as this rotational motion begins, the unfavorable Coulomb interaction with the

oxygen site should destabilize the anionic solute and thus decrease the solvation

energy gap (the ground state energy increases). This destabilization of Na−

occurs rapidly because only small rotations of the dipole are necessary to decrease

the gap, so we assign the early rotational relaxation mechanism to this rapid

rotational motion that destabilizes the anion state via the Coulomb interaction;

hence, the initial negative slope of Srot(t).

After causing the early-time destabilization of the anion solvation energy,

however, the anomalous THF molecule continues to rotate, and the end result

is an increase in the number of THF oxygen sites pointing toward the solute.

Indeed, in section 2.3.2, the solute–oxygen RDFs show that the THF oxygen to

solute distance decreases more than the THF center-of-mass to solute distance

(cf. Table 2.2). This increase in the number of proximal THF oxygen sites

comes at the expense of having to move the THF methylene sites away from the

solute. Because the THF oxygen-site LJ size parameter is about 1 Å smaller

than the corresponding methylene-site size parameter (cf. Table 2.1), the long-

term result of THF rotations in this system is to replace large solvent sites near

the solute with smaller solvent sites. This causes part of the LJ interaction

energy to decrease with respect to the unoccupied anion state, which increases

the solvation energy gap; hence the positive slope in Srot(t) begining around 0.5

ps. In combination, Figs. 3.3 and 2.3 show that rotational motions have no net

effect on the solvation energy gap: The rotations first quickly destabilize the
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anion via the Coulomb interaction, but on a longer time scale, rotations lead to

improved LJ interactions with smaller solvent sites that provide a roughly equal

amount of stabilization.

It is important to remember that these solvent rotations work to solvate the

small neutral excited state and are not driven in any way by the unoccupied

anionic ground state. The fact is, rotational motions cause the smaller (oxygen)

sites to interact favorably with the neutral. That these rotations also result in a

slight decrease in the energy of the unoccupied anion is coincidental. However,

because the overall energy of the anion state increases so dramatically, the small

effect of opening the energy gap from rotation-induced LJ interactions is not

observed without the method of projections presented in this Chapter.

3.7 Concluding Remarks

In summary, we have calculated many of the important equilibrium and nonequi-

librium dynamical properties of Jorgensen’s model of liquid THF. In Ch. 2, we

found that all of the rotational and translational degrees of freedom in THF relax

on similar time scales. We also studied the nonequilibrium solvation dynamics

resulting from the removal of a charge from an anionic atomic solute in THF.

Because the time scales for translational and rotational relaxation are similar, we

had to develop the nonequilibrium projections formalism in order to project the

solvation energy gap onto the various molecular motions to uncover how specific

degrees of freedom contributed to the solvation dynamics. In combination, the

results led to a picture in which the bulk of the relaxation was caused by rel-
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ative translations of the solute and solvent. The initial translational relaxation

resulted from rapid solute-solvent translations due to the size decrease of the so-

lute upon excitation. The longer-time translational relaxation was due to subtle,

whole-system, repacking on diffusional time scales. We also found an unusual

cancellation in the solvent rotational projections that led to no net change in the

solvation energy gap; early-time rotational motions rapidly decreased the gap via

the Coulomb interaction, but the solvation energy gap also slowly increased via

favorable Lennard-Jones interactions between the anionic solute and the smaller

oxygen site on THF.

With the molecular picture summarized above, we are now in a position to

understand the reason for the breakdown of LR in this system, and why (with-

out projection analysis) the breakdown is hidden: Linear response breaks down

because the excited-state solute allows the solvent to sample a different configu-

ration phase space than the ground state. Due to its large size, the ground-state

anion prevents the solvent from modulating the solvation energy gap at distances

between 3.3 and 4.2 Å (cf. Fig. 3.3), so LR cannot possibly be a valid approxima-

tion for this model charge transfer system. Instead, the coincidental agreement

between S(t) and the two C(t) curves in Fig. 2.4 stems from the fact that the

rotational and translational motions in THF occur on the same time scale. This

means that no matter how the different molecular motions couple to the energy

gap, the equilibrium and nonequilibrium solvent response functions will tend to

decay on similar time scales.

Finally, we close this chapter by reiterating that this work was motivated
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by femtosecond experiments of the charge-transfer-to-solvent (CTTS) reaction

of the sodium anion in THF that were performed in our lab [MBS01, MBS04,

BS03, BMK03, BMS01]. In particular, our experimental work indicates that

detachment of electrons from sodium anions in THF takes approximately 700 fs.

If the model for THF that we have employed here is accurate, then the 600-700

fs time scale for translational solvation by THF could suggest that translational

motions are responsible for detachment in CTTS reactions.
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CHAPTER 4

The THF-Solvated Electron: Equilibrium

Properties

4.1 Introduction

Having studied how the dynamics of THF couple to the solvation of classical

solutes, we now add a new layer of complexity, that of quantum mechanics.

The simplest quantum solute is known as the solvated electron, and this chapter

focuses on the equilibrium properties and electronic structure of the THF-solvated

electron.

Since their discovery over 40 years ago [HB62], solvated electrons have been

the subject of great interest: Their large absorption cross sections make them

amenable to study by ultrafast spectroscopy, [PBW04, SWR98, ALL99] and their

simple electronic structure allows for detailed theoretical analysis via quantum

simulation [LC94, WR02a, WR02b, RS88, NNB91, CBT87, WR01]. Figure

4.1 shows the optical absorption spectra of solvated electrons in several different

solvents, reproduced from the Gaussian-Lorentzian fitting parameters given in

Ref. [JF77]. For polar fluids such as water [WR02a, WR02b, RS88, NNB91,

SR94a] and methanol [MTR99, ZC93, TMR97], the most widely accepted picture
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is that solvated electrons exist in a single quasispherical cavity that supports

four bound eigenstates,1 which are described by eigenvectors similar to those

of a particle in a spherical box (i.e., spherical harmonic-like wave functions).

Many mixed quantum/classical (MQC) simulations have supported this picture,

and the peak in the solvated electron’s absorption spectrum has been assigned

to transitions between an s-like ground state and three near-degenerate p-like

excited states. The blue tail of the absorption spectrum has been assigned to

transitions between the ground state and a continuum of excited states that are

delocalized throughout the fluid [RS88, SMR88, SR94a, SR94b].

However, a cavity picture is not necessarily expected to describe the behavior

of solvated electrons in every solvent environment. In acetonitrile, for example,

several groups have found evidence for two different types of solvated electrons

with distinct absorption spectra: A cavity-bound species that absorbs in the

near IR and a solvated molecular anion species that absorbs in the blue [CPK02,

SM02, MAK03]. Moreover, in nonpolar solvents such as liquid Xe [GB96], liquid

methane, and low density liquid ethane [LB93], computer simulations have shown

that the wave function of the solvated electron does not reside in a single cavity,

but instead encompasses channels that run throughout the solvent. Excess

electrons in these nonpolar solvents do not absorb in the visible or near IR, which

is consistent with the simulation picture of a highly delocalized ground-state wave

1In both water and methanol, the first four eigenstates are all localized in the same cav-
ity, even though the energies of the higher-lying excited states sometimes fluctuate above the
vacuum level; this is more pronounced for some methanol models, with the third excited state
never fluctuating below the the vacuum level [MTR99]. However, we refer to the first three
excited states as “bound” states since they are confined to the same solvent cavity as the gound
state and are not delocalized throughout the solvent.
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Figure 4.1: Gaussian-Lorentzian fits to the experimental absorption spectra of
the solvated electron in various solvents: THF, HMPA, water, and methanolṪhe
fitting parameters were taken from Ref. [JF77].

function and no bound electronic excited states.

Weakly polar fluids, such as THF and other ethers, form an intermediate

regime: The solvated electron has an absorption spectrum in these liquids, but it

is quite different from that in polar fluids. Fig. 4.1 and Ref. [JF77] show that the

peaks of the solvated electron absorption spectra in THF and hexamethylphos-

phoramide (HMPA) occur at much lower energies and are substantially broader

(in relative width) than the solvated electron’s spectrum in water or methanol.

The photochemistry of solvated electrons is also quite different in polar and

weakly polar fluids. For example, Barbara and co-workers found that photoexcit-

ing hydrated electrons (created via multi-photon ionization of the solvent) near

their absorption maximum led to little change in geminate recombination dy-
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namics,2 implying that the excited states of the hydrated electron reside in the

same, strongly polarized, solvent cavity as the ground state [KSK01]. In contrast,

Martini et al. found that photoexciting THF-solvated electrons (created via a

charge-transfer-to-solvent reaction of Na−, see Eqn. 1.1 and Fig. 1.1) near their

absorption maximum resulted in a large difference in recombination dynamics

(Eqn. 1.2), suggesting that photoexcited THF-solvated electrons relocalize into

different solvent cavities far from the parent sodium atom [MBS01] Given these

differences in spectroscopy and photochemical behavior, it is not clear whether

or not the simple particle-in-a-spherical-cavity picture (that seems to apply to

the solvated electron in highly polar solvents) is applicable to solvated electrons

in either nonpolar or weakly polar solvents.

All of this leads to the question of exactly how to think about solvated elec-

trons in the intermediate regime of weakly polar fluids. Do the ground-to- excited-

state transitions occur from a cavity-localized state or a delocalized state? Can

the spectrum be assigned to a sum of bound-to-bound transitions or bound-to-

continuum transitions? Do the wave functions of solvated electrons in weakly

polar fluids encompass multiple solvent molecules or perhaps multiple solvent

cavities and channels? Moreover, why is the spectrum of the solvated electron

HMPA, a polar fluid with a dielectric constant of ∼ 30, so similar to that of the

solvated electron in THF, which has a dielectric constant of ∼ 7.5 (cf. Fig. 4.1)?

[Lid04]

In this chapter, we present the results of MQC MD simulations of the solvated

2The recombination refers to the back-electron transfer reaction to the parent water
molecule.
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electron in THF and offer a detailed assignment of the THF-solvated electron’s

absorption spectrum [BLS05a]. We will see how THF’s unusual solvent structure,

particularly its ability to form transient cavities, determines how electrons behave

in THF. We find that the reason the solvated electron’s absorption spectrum in

THF differs from that in water is because the THF solvent structure is naturally

characterized by large spatial voids and deep potential energy traps, which do

not exist in water. Our simulations show that the ground-state solvated electron

in THF is indeed cavity bound, but that several of the excited states, while

localized, have most or all of their charge densities in different cavities than the

ground state. We will refer to the cavity that holds the ground-state electron as

the primary cavity to distinguish it from the other disjoint or secondary cavities

that are occupied by the excited states. We argue that the absorption spectrum

of the THF-solvated electron thus consists of a superposition of strong transitions

from the ground state to excited states localized in the primary cavity and weaker

transitions (due to poor spatial overlap) from the ground state to the many bound

excited states that occupy the disjoint cavities. We will also speculate that the

similarity of the spectra of solvated electrons in THF and HMPA results from the

solvent packing in HMPA, which also has been characterized as having spatial

voids.[SDF73] Finally, we note that the presence of disjoint excited states can

explain why photoexcited electrons in THF undergo significant relocalization even

though photoexcited electrons in water do not. Overall, the simulation results

suggest that in weakly polar liquids, solvent structure and packing properties

have a greater influence on the behavior of solvated electrons than any other

single parameter, including solvent polarity.
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4.2 Mixed Quantum/Classical Simulation Details

All of the MQC MD simulations discussed in this chapter are equilibrium, adi-

abatic simulations of a single quantum particle (the excess electron) and 255

classical THF solvent molecules in a cubic box of side 32.5 Å, corresponding to

the room temperature experimental solvent density of 0.89g/cc. The classical

solvent molecules are described by the same five-site, rigid model used in Ch. 2.

Our simulations employed a 4 fs time step to integrate the classical equations

of motions (including the Hellmann-Feynman force from the electron, see Eqn.

4.3 below). The simulations were performed within the microcanonical ensemble

with the total energy conserved at all times to better than 0.005 %. The average

temperature of the system was 309 + 7 K. The starting configuration was taken

from an equilibrated all-classical simulation with a single negatively charged LJ

atom (σ = 5 Å, ε = εoxygen, see Table 2.1). Once the LJ atom was removed and

replaced by the solvated electron, the system was equilibrated for an additional

10 ps, and statistics were collected for another 32.5 ps.

The interaction between each classical THF molecule and the quantum me-

chanical electron was described with a pseudopotential whose form is an exten-

sion of that used in Liu and Berne’s simulations of the solvated electron in ethane

[LB93]. There are two exponential terms centered on each of the five THF atomic

sites, one repulsive and one slightly attractive, as well as an attractive polarization

term. The oxygen and α-methyl sites also have Coulombic terms, with partial

charges given by the classical THF potential, -0.5 e and +0.25 e, respectively (the

β-methyl groups are uncharged). Finally, there is a single repulsive exponential
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at each of the five mass-weighted bond mid-points, representing Pauli exclusion

from the molecular bonds.

V ({r})
S({r})

=
5∑

i=1

{
A

(1)
i e−rieB
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i + A
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where the set {r} refers to re, ri, and rj, which are the positions of the electron,

classical solvent sites i and the mass-weighted bond midpoints, respectively,rie =

|ri − re|, rje|rj − re|, and where the Coulomb term is tapered to zero, in accord

with Gauss’ Law, using a cubic tapering function of the form

qiTi(r)

r
=



qi/r if σi

2
+ 0.1Å< r

ar3 + br2 + cr + d if σi

2
< r < σi

2
+ 0.1Å

mr if σi

2
> r

(4.2)

In Eqn. 4.2, the constants a, b, c, and d were chosen to ensure that both V ({r})

and its first derivative were continuous and σi is the Lennard-Jones width of atom

i [BLS03a]. In the polarization term, rC = 0.622 Å. The sum on i in Eqn. 4.1

runs over the five solvent sites and the sum on j runs over the mass-weighted

centers of the five intramolecular bonds. These bond-centered terms were added

for two reasons: (1) to account for the buildup of charge in the molecular bonds

and (2) to model the anisotropy of the bond polarizability (see Ref. [LB93]); it is

purely repulsive.
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Solvent site q (e) A1 (a.u.) A2 (a.u.) B1 (a.u.) B2 (a.u.) α (a.u.)
Oxygen -0.5 300 -132 4.99 4.44 7.71
α-methyl 0.25 300 -132 3.95 3.52 17.5
β-methyl ... 300 -132 3.84 3.42 17.5
Midpoint ... 165 ... 3.78 ... ...

Table 4.1: See Ref. [BLS05a] and Eqn. 4.1 on page 67 for more information.
Polarizability terms were taken from [LB93] for the α- and β-methyl groups,
and the oxygen polarizability was chosen to be roughly half way between the
polarizability of water-oxygen and atomic oxygen [BLS05a]. Also, we scaled the
B parameters (except for the bond-centered one) to better reflect the size of CH2,
rather than CH3.

The coefficients Ai represent the interaction of each THF site with the elec-

tron; the coefficients Bi provide an effective size for each solvent site. The func-

tion S({r}) is the Steinhauser [Ste82] tapering function, which tapers the total

pseudopotential smoothly to zero for electron-solvent center-of-mass distances

between 15.75 Å and 16.25 Å (half of the box length). All of the parameters in

Eqn. 4.1 are summarized in Table 4.1.

In addition to using five solvent sites and five bonds and adding the Coulomb

term, we made the following changes to the electron-ethane pseudopotential of

Liu and Berne to better represent the interaction of the solvated electron with

THF.

1. We scaled the parameters B
(i)
j from Liu and Berne’s model for CH3 sites

to reflect the sizes of oxygen and CH2. The scaling factor we chose was the

ratio of the LJ diameter σ for CH3 (Ref. [JMS84]) to the LJ diameter for

each oxygen and CH2 site in our classical model (cf. Table 2.1)

2. We changed the polarizability, α, of the oxygen site to better represent the
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electron’s interaction with the solvent oxygen site so that it was roughly

half way between the polarizability of oxygen in a water molecule [SR87]

and atomic oxygen [Lid04].

3. For the oxygen–α-methylene bond midpoints, we chose the mass-weighted

midpoints instead of the geometric midpoints.

To calculate the ground state adiabatic dynamics, for each solvent configura-

tion, the pseudopotential from all 255 classical solvent molecules was evaluated

on a uniformly spaced 24×24×24 grid spanning the entire simulation cell. The

time-independent Schrödinger equation for the quantum electron was then solved

on this grid using an iterative and block Lanczos routine [WRF91]. We evalu-

ated the kinetic energy operator in Fourier space, using the MFFT package to

perform the forward and reverse transforms [NR86a, NR86b]. To better isolate

the bound eigenstates in the Lanczos routine, we employed an exponential spec-

tral filter using a split operator [WRF91]. At each time step, we calculated the

lowest seven eigenvalues and eigenvectors. Finally, the force that the quantum

electron exerts on the nth classical particle was calculated using the adiabatic

Hellmann-Feynman (HF) force [Dru99]:

Fn = −〈k|∇nĤ|k〉 = −〈k|∇nV̂ |k〉 (4.3)

where |k〉 is the kth adiabatic eigenvector (in this case, the electronic ground

state) and ∇n is the gradient with respect to the position of the classical atom n,

and the last equality holds because the only term in the quantum Hamiltonian,
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Ĥ that survives the classical gradient is the pseudopotential, V̂ . Thus, the HF

force acting on each classical particle, n, is added to the sum of the classical forces

acting on particle n, and then used in the position Verlet algorithm [AT87] to

obtain the next classical configuration, as described in Ch. 2. When the positions

of the classical particles are updated to the next time step, the time-independent

Schrödinger equation is solved again, a new HF force is calculated, and the process

is repeated. This is the general prescription for adiabatic MQC MD.

4.3 Equilibrium Structure, Dynamics, and Spectroscopy

Figure 4.2a shows the dynamical history of the adiabatic eigenenergies of the

solvated electron in THF over a short portion of the 32.5 ps equilibrium tra-

jectory; the eigenvalues fluctuate due to motions of the solvent molecules sur-

rounding the solvated electron. Despite the fact that the ground-state energy of

the solvated electron in THF (-2.1 eV) lies slightly higher than that in methanol

(-2.2 eV) [MTR99] and significantly higher than in water (-3.1 eV) [TB02], the

THF-solvated electron has seven or more clearly defined solvent-supported bound

states, in marked contrast to only four distinct bound states observed in water

and methanol. Figures 4.3a and 4.3b show the calculated absorption spectrum

(discussed below) and density of energy gaps averaged over the entire 32.5 ps

trajectory. The density of energy gaps is calculated as a histogram of the instan-

taneous energy gaps from the ground state to each of the six lowest excited states.

Unlike what is observed for the hydrated electron, Fig. 4.3 shows that in THF,

the absorption spectrum and density of energy gaps are remarkably different. In
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water, the transitions to the first three excites states have nearly identical oscil-

lator strengths, so the density of gaps and the absorption spectrum are nearly

identical for the bound-to-bound transitions [SMR88, SR94b].

What causes the solvated electron to behave so differently in THF and in

water? Figure 4.4 displays the charge densities (wire mesh plots) for the first

seven eigenstates of the solvated electron in THF for the single selected solvent

configuration that is denoted by the arrows in Fig. 4.2. Panel a of Fig. 4.4

shows that like the hydrated electron, the ground state of the THF-solvated

electron occupies a large, quasi-spherical cavity, but we find that it is slightly

larger and more aspherical than in water. In THF, the average radius of gyration

of the ground state of the solvated electron is 2.85 Å, whereas simulations of

the hydrated electron yield a radius of gyration of 2.42 Å [TB02], similar to the

radius of 2.5 Å determined from moment analysis of the experimental absorption

spectrum. Moreover, the average ratio of the maximum to minimum principle

moments of inertia (Imax/Imin) of the THF-solvated electron is 1.4, compared to

only 1.2 for the hydrated electron [LS02].

Although the ground state of the THF-solvated electron is larger and some-

what less spherical than that of the hydrated electron, the most dramatic dif-

ferences between the two types of solvated electron are found in the nature of

the excited states. The colored wire meshes in Fig. 4.4 show contours at 10%

of the maximum charge density for each of the eigenstates. To aid in the three-

dimensional perspective, we have placed uniformly-sized drop shadows under the

center of mass of each state. Panels b, c, and d of Fig. 4.4 show that the first
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Figure 4.2: Time dependence of (a) the eigenvalues, (b) the transition dipole
moments, and (c) the spherical harmonic projections of the lowest six eigenstates
of the THF-solvated electron shown over a small window in the middle of our
32.5-ps equilibrium trajectory. The key for panel (b) should be read as the
transition from the ground state (labeled 0) to the ith excited state; εi is the
energy of state i and εi0 is the energy gap between the ground and ith state. The
projection of each excited eigenfunction onto the l = 1 (p-like) spherical harmonic
is shown, as is the projection of the ground state onto the l = 0 (s-like) spherical
harmonic. The spherical harmonic projection of the sixth excited state is not
shown in panel (c) because this state has no significant spherical symmetry. The
arrows indicate the specific configuration examined in Fig. 4.4.
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three excited states (panel d also shows the fifth excited state in blue) of the

THF-solvated electron are not all p-like states occupying the primary cavity, as

is the case for solvated electrons in water and methanol. It is worth noting that

the first and second excited states (panels b and c) have nodes (that are obscured

by the surface of the primary cavity) near the center of the primary cavity and

that the lobes of the first excited state (panel b) are oriented along the long axis

(into the page) of the aspherical primary cavity, as expected for a particle in

an aspherical box. The rest of the excited states are either localized in other

cavities (some as far away as 11 Å from the ground state3) or occupy multiple

cavities, sometimes including the primary cavity. Panels c and f show two states

(the fourth and sixth excited states) that fit the latter description: Each of these

states has charge density in two disjoint cavities as well as some in the primary

cavity. The disjoint character of the solvated electron’s excited states seen in this

configuration is typical, as we have verified by examining dozens of uncorrelated

configurations. We have further verified this behavior by investigating the transi-

tion dipole moments between the ground and excited states, shown in Fig. 4.2b,

and the degree of spherical symmetry, shown in Fig. 4.2c, both of which will be

discussed further below. Finally, of the higher lying excited states above the first

and second excited states, we find that most of the time, at least one of them

(usually the third or fourth state) has some of its charge density in the primary

cavity.

3The distance between the centers of mass of the ground state and the fifth excited state is
10.9 Å, and the distance between the centers of mass of the ground and third excited state is
9.6 Å.
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Why do the excited states of the solvated electron in THF have such an

unusual disjoint structure? The answer lies in the fact that the THF solvent

molecules pack in such a way as to create numerous cavities that act as poten-

tial energy traps to localize an excited solvated electron. Chandrasekhar and

Jorgensen performed classical Monte Carlo simulations using this model of THF

and suggested that the molecules tend to pack in chain-like structures [CJ82].4

4.4 A Cavity Description of the THF-Solvated Electron

Figure 4.4 shows the relationship between electron-trapping cavities in the liquid

and the electronic charge densities of the various THF-solvated electron eigen-

states. To determine the location of cavity traps in the solvent, we calculated the

distance between each of the grid points (on which the Schrödinger equation was

solved) and the nearest solvent site in any direction. We then defined a grid point

as lying within a void if the distance to the nearest solvent site was ≥ 2.5 Å. To

ensure that the solvent voids we examined were also potential energy traps for the

electron, we required the total value of the pseudopotential at each gridpoint to

be less than -0.11 Hartree. In Fig. 4.4, these cavity traps are shown as the orange

surfaces. The surfaces enclose the locus of grid points that are more than 2.5

Å away from the nearest THF site. Figure 4.4 makes it clear that although the

first two excited states are bound in the primary cavity containing the ground-

state electron near the center of the simulation box, the other excited-state wave

4Although this model of THF is rigid and planar, Chandrasekhar and Jorgensen also devel-
oped a model for THF that allowed ring puckering. They found that the small distortions from
planarity made no significant difference to the overall solvent packing or thermodynamics.
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Figure 4.3: (a) Calculated absorption spectrum for an excess electron in THF
using Eqn. 4.4. Underlying the total spectrum (thick black curve) are the indi-
vidual transitions from the ground to each of the excited states (thin grey and
black curves). (b) the scaled density of energy gaps of the THF-solvated elec-
tron between the ground and each of the six lowest excited states, defined as the
distribution of instantaneous energy gaps between the ground and each of the
excited states.
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functions have amplitude in one or more disjoint cavities. In fact, we have found

that some of the disjoint secondary potential energy traps are deep enough to

support more than one bound state. What might be most surprising about this

is not that so many cavities exist, but that there are so many attractive cavities

present; we find that there are always numerous partially-polarized cavities that

all look attractive to the electron.

We now ask whether this is a native property of the solvent, THF, or if the

presence of these secondary cavities and potential energy traps is induced by

the presence of the solvated electron. That is, what is the nature of the neat

solvent? Are partially-polarized cavities prevalent here as well? Figure 4.5 shows

the density of states (only of the three lowest eigenstates) for an electron injected

into neat THF.5 The distributions of energy for the three lowest states of an

electron injected into neat THF are identical to the energy distributions of the

excited states of the equilibrated THF-electron system. In fact, the calculations

show that there is always at least one trap in the (32.53 Å3) neat THF simulation

cell that is large enough and attractive enough to localize an injected electron.

Furthermore, as with the secondary cavities around the THF-solvated electron,

some of the traps in the neat liquid are able to support two bound states (although

most are not). Most importantly, however, the distribution of traps seen in the

neat liquid is the same as that around the solvated electron, excluding the primary

cavity. This demonstrates that the disjoint nature of the THF-solvated electron

5These calculations were performed for 1500 configurations of a neat THF simulation span-
ning 30 ps, where each configuration included in the average was separated by 20 fs. The details
of the neat THF simulations are described in Ch. 2, Sec. 2.2.
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Figure 4.4: (Color Figure) Attractive cavities (orange surfaces) and charge den-
sities (wire meshes) for the solvated electron in THF, calculated as described in
the text. The wire meshes are contours drawn at 10% of the maximum charge
density. Panel (a) shows the ground state, (b) the first excited state, (c) the sec-
ond excited state (d) the third (red) and fifth (blue) excited states, (e) the fourth
excited state and (f) the sixth excited state. The drop shadows are placed under
each state’s center of mass to aid in perspective and are not meant to convey
size information. Note that for clarity, the cavity surface contours are drawn 2.5
Å away from the nearest solvent molecule, and thus do not represent the entire
volume available to trap the electron (see text). The cubes shown represent the
entire volume of the simulation cell with sides of 32.5 Å.
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Figure 4.5: Comparison between the normalized distributions of energy for the
equilibrated THF-solvated electron eigenstates (solid curves) and for the eigen-
states of an excess electron injected into neat THF (dashed curves). The energy
probability distributions in the neat liquid were calculated from an 8-ps trajec-
tory, whereas the distributions for the solvated electron were calculated from the
full 32.5-ps equilibrium trajectory.
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excited states is indeed a natural property of the THF liquid structure. Aside

from the primary cavity, the THF-solvated electron seems to have little influence

on the rest of the liquid structure: The nascent cavities in neat THF are the same

as those in the THF-electron system, and it is these cavities that give rise to the

disjoint excited states that in turn are responsible for the absorption spectrum,

as will be discussed below. This is a clear indication that the solvent structure

plays a crucial role in determining the electronic structure of the solvated electron

in weakly polar liquids, like THF.

Investigations of pre-existing solvent traps have been performed for both neat

water [BP00, SRK86] and methanol [BKS95], although the number, depth, and

size of the traps appear to be fewer and smaller than those in liquid THF. For ex-

ample, an electron injected into neat water initially has no bound states [MR89],

whereas in neat THF, the six lowest states have eigenvalues below the vacuum

level at least some of the time. This is because all of the cavities we have identi-

fied in THF are positively polarized, and hence are attractive to electrons. Figure

4.6a displays a histogram of the total value of the THF-electron pseudopotential

(Eqn. 4.1) on individual gridpoints located within cavities (as defined by the 2.5

Å from the nearest atom criterion from the previous section), and figure 4.6b

shows a scatter-plot of the value of the pseudopotentail at each grid point as a

function of r, the distance between the gridpoint and the nearest THF atomic

site. The thin black line is at ∼ −3 eV (-0.11 Hartree) is the threshold used when

plotting the orange surfaces in Fig. 4.4. It is clear from Fig. 4.6 that all of the

cavities in THF are attractive to the solvated electron. There is not a single point

within the large cavities that is unattractive to the electron. This is surprising,
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and it shows that THF not only has a real tendency to form cavities, but that

the cavities are all partially polarized.

4.4.1 Assigning the Absorption Spectrum of the THF-Solvated Elec-

tron

The cavity picture and the resulting disjointed nature of the THF-solvated elec-

tron’s excited states (Fig. 4.4) also allows us to assign the calculated absorption

spectrum A(ε), which is shown in Fig. 4.3a, and which was computed in the in-

homogeneous limit by binning the transition dipole matrix elements between the

ground and each of the first six excited states [Sak94],

A(ε) = 4π2α
∑

i

ε0i|〈0|r|i〉|2δ(ε− ε0i). (4.4)

In Eqn. 4.4, α is the fine structure constant, |0〉 is the ground state and |i〉 is

the final state, ε is the eigenvalue difference, ε0i = ε0 − εi and the bin size was

0.075 eV. The individual transitions between the ground state and each of the

six excited states underlying the total absorption spectrum are shown as the thin

grey and black curves. The width of the calculated absorption spectrum of the

THF-solvated electron is slightly broader than the experimental spectrum shown

in Fig. 4.1, as will be discussed in more detail below. The calculated absorption

maximum is also blueshifted a few tenths of an eV from experiment, which is

perhaps not surprising given the relative simplicity of our pseudopotential and

the lack of solvent polarizability in our model of THF [BS95].

The absorption spectrum of the THF-solvated electron is thus assigned to a
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Figure 4.6: (a) A histogram of the value of the THF-electron pseudopotential
for grid-points located within cavities (see text). (b) A scatter plot showing the
value of the pseudopotential on grid points located within cavities (as defined
in the text) as a function of r, the distance between the the grid point and the
nearest THF atomic site.
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sum of strong transitions from the ground to the first and second excited states,

plus a multitude of weak transitions from the ground state to the higher-lying ex-

cited states. Figure 4.3a shows that the transitions from the ground state to the

first three states have comparable (but unequal) oscillator strengths and make up

the bulk of the spectrum near the absorption maximum. Figure 4.2b shows that

the absorption to the second excited state occasionally has a very low transition

dipole moment. We find that these instances of a low transmission dipole moment

from the ground to the second excited state correlate with configurations where

the majority of the second excited state’s charge density is outside of the primary

cavity. Furthermore, Figs. 4.2b and 4.3a show that the oscillator strengths of the

transitions to the third and higher states decrease with increasing energy because

only part (or in some cases, none) of the relevant excited-state’s wave function-

resides in the primary cavity. This lack of Franck-Condon overlap between the

ground and excited states explains why the absorption spectrum does not resem-

ble the density of energy gaps for the bound states (Fig. 4.3), 6 and provides an

assignment for the relatively weak absorption in the blue tail of the THF-solvated

electron’s spectrum. By studying the behavior of the transition dipole moments

over the entire 32.5 ps trajectory, we find that most of the time only the first

and second excited states lie entirely within the primary cavity. All of the other

transitions that make up the absorption spectrum occur to states occupying dis-

joint or multiple cavities. As noted previously, our calculation overestimates the

width of the absorption spectrum relative to experiment. However, except for

6In water, the density of energy differences and absorption spectrum match well because the
three s-to-p-like transitions have nearly equal oscillator strength.
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the blueshift, the transition from ground-to-first excited state alone can nearly

(although note entirely) account for the width of the experimental absorption

spectrum. This suggests that our methodology has overestimated the amount of

overlap that the other excited states have with the ground state in the primary

cavity and this is likely a fault of the pseudopotential.

Figure 4.2 also makes it clear that solvent motions cause all of the excited

states, not just the high-lying states, to undergo many avoided crossings. This

can be seen by noting that the near degeneracies in the adiabatic energy levels

(Fig. 4.2a) occur at precisely the same times as step-function changes in the

transition dipole moments (Fig. 4.2b). The ground state of the THF-solvated

electron lies in its primary cavity, which often contains two (and occasionally

three) bound excited states. Higher-lying excited states largely occupy other,

secondary, cavities that would be present whether or not there was a solvated

electron nearby. The energies of these excited states depend on the relative

depth of the traps in each of the secondary cavities, and as solvent fluctuations

change the relative sizes and depths of the disjoint cavities, the energy ordering

of the states that occupy these cavities can change, even though the extent of the

overlap these states have with the ground state may not.

4.5 Description of the THF-Solvated Electron by Spheri-

cal Harmonics

The next question to address is how well the language of spherical harmonics, bor-

rowed from the description of solvated electrons in water [SMR88] and methanol
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[RS88], works for understanding the nature of the electronic states of the sol-

vated electron in THF. Using the method of Sheu and Rossky [SR96], which is

reviewed in the appendix of this chapter, it is possible to calculate the projec-

tion of each electronic state onto the spherical harmonics, choosing the origin at

the ground-state center of mass. Figure 4.2c shows the spherical harmonic pro-

jections as a function of time, and Table 4.2 summarizes the projection results

for solvated electrons in both THF and water.7 On average, the THF-solvated

electron’s ground state has 81% s-like character, comparable to the 82% s-like

character of the ground-state hydrated electron. However, the first three excited

states of the THF-solvated electron are only 67, 53, and 31% p-like, respectively,

much smaller than the first three excited states in water, which are all more than

70% p-like. The third excited state in THF also exhibits 17% d-like character,

and we attribute this nearly complete lack of spherical symmetry to the fact that

the third excited state of the THF-solvated electron tends to be the lowest state

that regularly occupies a disjoint cavity. Furthermore, in view of the fact that the

second excited state of the THF-solvated electron almost always resides in the

primary cavity, this state has surprisingly little p-like character when compared

to any of the bound excited states in water or even to the THF-solvated electron’s

own first excited state.

To better understand the lack of p-like symmetry in the second excited state,

we define a threshold for whether each state has a particular symmetry: When

7R. E. Larsen and B. J. Schwartz, (unpublished). The spherical harmonic projections were
calculated using dynamically connected configurations over a 4.5 ps equilibrium trajectory of
the solvated electron in water. The details of the simulation that produced these configurations
are available in Ref. [SBL03]
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THF Time Water Time
state %s %p %d average state %s %p %d average

0 81 4 3 100 0 82 5 1 100
1 2 67 8 59 (10) 1 3 77 7 93 (3)
2 2 53 15 17 (7) 2 2 75 8 89 (4)
3 5 31 17 3 (3) 3 2 73 9 84 (5)
4 5 19 17 2 (2)
5 5 16 15 1 (0.5)
6 4 11 14 0

Table 4.2: Results for the projections of the wave functions of solvated electrons
in THF and water onto the spherical harmonics, Eqn. 4.5, the projection of the
THF-solvated electron were calculated from configurations spanning 18.5 ps of
the total equilibrium trajectory, and the projections for the hydrated electron
were calculated from a 4.5 ps run (see Ref. [BLS05a]). In all cass except the time
average, the two standard deviation error bars are less than 1%. The time average
is the percentage of time each state is projected more than 2/3 onto its maximally
projected spherical harmonic (the maximally projected spherical harmonics are
shown in boldface). That is, the second excited state of the solvated electron in
THF has a 2/3 projection onto the l = 1 spherical harmonic only 17% of the time,
meaning that it meets our criterion for being p-like only 17% of the time. The
one standard deviation error bars for the time averages are given in parenthesis.
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the projection of the eigenfunction onto the relevant set of spherical harmonics is

greater than 67%, we will say that the eigenvector is described by this symmetry.

By doing this, one can calculate the percentage of time that each state is s-

like, p-like, or d-like, and this information is also summarized in Table 4.2 (for

both water and THF) as the “time average.” Table 4.2 and in Fig. 4.2c make

it clear that the second excited state has little p-like character because of both

the asphericity of the primary cavity and avoided crossing events with the third

excited state. One need only look at the crossings between 1.25 and 1.5 ps in

Fig. 4.2, for example, where the second excited state at 1.30 ps is mostly p-like

in character, but crosses with the third excited state at 1.34 ps, due to a solvent

fluctuation. The result of this curve crossing is that the second excited state no

longer occupies the primary cavity, thus removing any Franck-Condon overlap

with the ground state (panel b) and any hope of being spherically symmetric

around the center of mass of the ground state (panel c). After a few time steps

(at 1.45 ps), the THF molecules that make up the primary cavity fluctuate again

(or perhaps the molecules around one of the disjoint cavities close that particular

cavity up), causing the second state to reside back in the primary cavity with

mostly p-like symmetry, while the third state returns to a disjoint cavity.

We can use these curve crossings to explain the slight differences in the low-

energy edge of the distribution of energies for the neat THF ground state and

the fourth THF-solvated electron excited state, shown in Fig. 4.5. The numerous

crossings of the third and fourth excited states cause the fourth excited state of

the THF-solvated electron to sometimes occupy the primary cavity rather than

the lowest-energy secondary cavity.
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4.6 Concluding Remarks

Finally, although the nature of the disjoint excited states depends primarily on the

packing properties of THF, solvent structure alone cannot account for all of the

electronic properties in this system. To find out exactly how much stabilization

is provided by THF’s weak dipole, we took several hundred configurations from

the 32.5 ps equilibrium solvated electron trajectory and solved the Schröding-

er equation using the pseudopotential (Eqn. 4.1) without the Coulomb terms.

With all other things being equal (including the presence of the large primary

cavity), this test shows how well the void structure of THF could solvate an

excess electron without the addition of Coulomb stabilization. The difference

between the average energy of the ground state in these calculations and the

average energy of the ground state using the full pseudopotential was ∼ +2 eV.

The secondary cavities were typically unable to bind the excited states without

the Coulomb interaction, but in a few configurations they were.

Overall even though THF is not as polar as water or methanol, the dipolar

interactions do provide a significant amount of stability to the solvated electron.

However, these energetic considerations must be understood in context with the

solvent structure to fully explain the nature of the solvated electron. The THF-

solvated electron strongly influences the local polarization of the primary cavity,

yet secondary cavities, which do not contain any ground-state charge density, are

also attractive. This means that the nascent cavities of neat THF (and therefore

the secondary cavities in the THF-electron system) must be at least partially

polarize, since they can support one or more bound states (cf. Fig. 4.5). The
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difference between the two types of cavities is that the ground state THF-solvated

electron exists in a permanent and strongly polarized cavity, while the secondary

cavities are transient and less attractive. This idea that the secondary cavities

are partially polarized is further supported by the fact that when the Coulomb

term is turned off in the THF-electron pseudopotential, only the ground state

and occasionally the first excited state remain bound.

The partially-polarized cavities in neat THF have recently been confirmed

experimentally, from neutron diffreaction data taken on samples of neat THF.

Bowron, et. al. [BFS06] showed not only that large voids exist in neat THF, but

that the voids are also positively-polarized. They found that more often than not,

the surface of the cavities are made up of the positively-charged groups on THF,

which would make the cavities attractive to electrons, just as our simulations

have predicted.

Overall, it is clear that the nature of solvated electrons is significantly different

in THF and in polar fluids such as water or methanol. This difference is directly

attributable to the many preexisting attractive solvent cavities that are inherent

to the structure of liquid THF. Due to their disklike nature, the THF-solvent

molecules are unable to pack efficiently, thus creating the spatial voids. Moreover,

the voids in neat THF are partially polarized cavities that act as electron trapping

sites. These attractive voids account for the presence of bound excites states that

are spatially separated from the ground state, which results in a small transition

dipole moment between them. Furthermore, since the secondary cavities are

inherent to the solvent structure and are close in energy to the ground state,
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the solvated electron’s absorption spectrum in THF is redshifted relative to the

absorption spectrum in most strongly polar solvents. Of course the nature of the

solvated electron in liquids can be traced back to a combination of electrostatic

interactions and solvent structure, but we have shown here that THF’s inability

to pack efficiently creates partially-polarized cavities, leading to a number of

unusual solvated electron behaviors not seen previously in simulations.

This multiple-cavity picture not only helps us to understand the spectroscopy

and photochemical experiments of the THF-solvated electron it is also consistent

with studies solvated electrons in nonpolar liquids, such as ethane (Ref. [LB93]).

In liquid ethane, MQC simulations have been used to explain the experimental

density dependence of solvated electrons [LB93]. Although at low solvent densi-

ties the electron is delocalized, at high densities, it was found that the electron

was trapped in a single cavity. This was explained by noting that at high densi-

ties, there is a change in the solvent structure that closes the channels available to

the electron at low densities. Finally, it is worth noting that although traps and

voids do exist in liquid water [SRK86] and methanol [BP00], the depth of such

traps is so shallow relative to the depth of the highly polarized primary cavity

that any disjoint excited states play relatively little role in the spectroscopy of

the solvated electron in these polar liquids.

Thus, as has been argued throughout this chapter, the THF-solvated elec-

tron’s absorption spectrum results primarily from the presence of multiple po-

tential energy traps, and is not a direct consequence of the weak polarity of the

solvent. This suggest that a solvated electron in any fluid that has large cavi-
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ties should have a similar absorption spectrum. Indeed, Fig. 4.1 shows that the

solvated electron in the polar solvent HMPA, which has nearly the same dielec-

tric constant as methanol, has very similar absorption spectrum to that of the

solvated electron in the weakly polar solvent, THF. It is believed that the dif-

fuse nature of the positive end of the HMPA dipole leads to poor packing of the

HMPA molecules, so that the HMPA liquid structure also may be characterized

by voids [SDF73], and this could explain the similarity of the spectra of the two

different types of solvated electron.

The presence of disjoint excited states observed in these simulations of the

THF-solvated electron is further supported by three-pulse femtosecond optical

control experiments on solvated electrons in THF, discussed in Ch. 1. Martini

and Schwartz [MBS01] showed that after creation of a THF-solvated electron

via photodetachment using the charge-transfer-to-solvent (CTTS) transition of

the sodium anion, reexcitation of the solvated electron could either enhance or

suppress the rate of back electron transfer to the parent sodium atom, depending

on the time at which the electron was reexcited. These changes in recombination

dynamics were explained by a model in which the reexcitation pulse delocalizes

the electrons throughout the solvent, so that when the electrons return to their

electronic ground state, some of them do so in cavities far from where they had

originated. The simulations discussed here are consistent with this picture, as

one can imagine that following excitation to one of the disjoint excited states,

the nonadiabatic transition that returns the solvated electron to the ground state

could do so into any of the secondary cavities, effectively relocalizing the elec-

tron. The results of nonadiabatic simulations of this process that directly test
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this postulate are the subject of Ch. 7. Similar experiments studying the recom-

bination of electrons in water with their parent hydronium ions/hydroxyl radicals

saw much less of an effect, consistent with the idea that the bound excited states

of the hydrated electron are localized in the primary cavity and have little or no

disjoint character [SKK01].

If we wish to understand the nonadiabatic and nonequilibrium experiments by

Martini and Schwartz on the THF-solvated electron system, we need a method for

including nonadiabatic relaxation after excitation of the excess electron. Chapter

5 outlines the development of a new method for performing these kinds of calcu-

lations, and the results for the THF-solvated electron nonadiabatic trajectories

will be presented in Ch. 7.

4.7 Chapter 4 Appendix

4.7.1 Calculating the Spherical Harmonic Projections

The last section of this chapter discusses how to perform the projections of the

eigenvectors onto the spherical harmonics shown in Table 4.2 and Figure 4.2c.

Briefly, the amount of overlap of an eigenstate, ψ with a particular spherical

harmonic, Ylm, both represented on a finite and discrete grid, is calculated as

Plm =
1

π

∫ ∞

0
dk


[∫

dτYlmψ(r)
cos kr

r

]2

+

[∫
dτYlmψ(r)

sin kr

r

]2
 (4.5)

where the integrals over τ are integrals over the volume of the simulation cell, and

the limits on the integral over k need to go only from the inverse of the longest
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wavelength sampled by the simulation cell (the distance along the diagonal of the

cell) to the inverse of the shortest wavelength sampled by the grid (the shortest

distance between any two co-linear grid points). In the work presented in this

chapter, I used a Simpson’s rule integrator with wave vectors defined by the long

diagonal of the simulation box: ∆k = kmin = π/(2L
√

3), kmax = Nπ/((2L
√

3),

where N = 24 is the number of gridpoints in one dimension and L = 16.25 Å

(half of the length of one side of the simulation box). Each of the projections

presented in Table 4.2 and Fig. 4.2c was calculated as the sum over all m for l

= 0, 1, or 2. Because the simulation cell for water was much smaller (∼ 18.2

Å/side) than in THF (32.5 Å/side), we used a 163 grid instead of a 243 grid for

the projections of the hydrated electron to yield comparable grid spacings (1.13

Å in water, 1.33 Å in THF).

Relative to the data presented in this paper, Sheu and Rossky calculated the

projections onto spherical harmonics on a denser grid (323 grid points in a box

of side 24.66 Å) than we used here. Therefore, in order to test the accuracy of

the projections reported here, we performed test calculations by examining the

projections of the first 16 spherical harmonics onto various functions, including

Gaussians of different widths and the hydrogenic orbitals, all expressed on our

243 grid. The Gaussians and hydrogenic 1s- and 2p-orbitals all had unambiguous

projections of ∼ 95% onto their respective spherical harmonics, and were orthog-

onal (overlap < 10−13%) to the other spherical harmonics. The 3dz2 hydrogenic

orbital on the 243 grid had about 90% overlap with the l = 2 spherical harmonics.

As expected, these projections improved when we increased the grid density.
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CHAPTER 5

Nonadiabatic Mixed Quantum/Classical

Molecular Dynamics: Mean-Field Dynamics

with Stochastic Decoherence

5.1 Introduction

To this point, we have discussed the static and dynamical equilibrium proper-

ties of THF, including the equilibrium and nonequilibrium solvation behavior of

solutions of classical sodide in THF (Chs. 2 and 3). In the previous chapter,

we explored the equilibrium properties of the THF-solvated electron system, and

used the existence of nascent cavities in THF to offer a possible explanation of

the relocalization experiments performed by Martini, et. al. [MBS01]. The next

step in our exploration of the weakly polar solvent THF is to perform nonequilib-

rium simulations of the THF-solvated electron, to see exactly how excited-state

electrons can become solvated in any of the nascent, disjoint cavities. The goal,

then, is to try to emulate a photo-excitation experiment, where the ground state

solvated electron in THF is excited near its absorption maximum, and then to

monitor the cooperative electron-and-THF solvation dynamics that bring the
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electron back to the ground state. This means that the Born-Oppenheimer ap-

proximation we used in the previous chapter to perform adiabatic simulations of

the THF-solvated electron’s ground state will not be sufficient. Rather, we expect

the excited-state electron to make transitions between the adiabatic states.

Thus, to perform the nonequilibrium simulations of the excited state e−THF ,

we need a nonadiabatic (non-Born-Oppenheimer) MQC MD algorithm, where

the dynamics of the quantum mechanical subsystem are instead governed by

the time-dependent Schrödinger equation (TDSE). If we could treat the entire

system (bath included) exactly with fully quantum mechanical calculations, then

dynamics calculated via the time-dependent Schrödinger equation would be exact.

However, this is computationally intractable, and approximating some degrees of

freedom as classical particles in our MQC calculations can introduce nonadiabatic

coupling between the solute electronic states. The nonadiabatic coupling causes

the TDSE to evolve pure wave functions into superposition states,1 which are

inherently incompatible with classical mechanics: Superposition states produce

unphysical dynamics for the classical particles, leading to apparent paradoxes

such as “Schrödinger’s Cat” [Sch80]. Thus, in the asymptotic limit, only pure

quantum states are consistent with the presence of classical particles. The act

of collapsing a quantum superposition state to a pure state is often viewed as a

“measurement” of the quantum subsystem by the classical subsystem; the mea-

surement resolves the superposition into a pure state, and the classical particles

play the role of the observer. It is believed that the presence of classical particles

1Coherent mixtures of the eigenstates
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must eventually cause reduction of the quantum wave function to a pure state,

which has been justified by the idea of quantum decoherence; von Neumann has

pointed out that decoherence is not a time-reversible process [Neu32], and Zurek

has argued that decoherence is caused only by the interaction of a quantum super-

position with a classical observer [Zur91]. How exactly this process is introduced

at the boundary of classical and quantum mechanics is the key question facing all

nonadiabatic MQC methods (which fundamentally rely on co-existing quantum

and classical subsystems).

The quantum/classical interaction via the pseudopotential was discussed in

the previous chapter (see Sec. 4.2), yet we did not worry about producing quan-

tum mechanical superpositions and paradoxical inconsistencies. Why? The an-

swer is that in those calculations, the quantum subsystem (the solvated electron)

was always in the lowest adiabatic eigenstate, and since the energy gap between

the ground and excited states is so large, the amount of mixing with the excited

states is negligible. Thus, there was no need to integrate the time-dependent

Schrödinger equation (TDSE), (see Eqn. 5.6), since Born-Oppenhiemer-like dy-

namics (eg., adiabatic dynamics) were sufficient. For the nonequilibrium nonadi-

abatic trajectories, however, the same approximation cannot be made, since we

are necessarily expecting dynamics that close the energy gap between the ground

and excited state manifold (that is, we are expecting solvation dynamics to take

place) and we are expecting radiationless transitions between adiabatic states

caused by the nonadiabatic coupling.

This chapter gives the details of a new nonadiabatic MQC MD algorithm
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called “Mean-Field Dynamics with Stochastic Decoherence” (MF-SD) [BLS05b].

Although other nonadiabatic MQC MD algorithms already exist, most did not

focus on giving a physical description of decoherence and the computational cost

of the calculations could prove to be prohibitive. For example, one such algo-

rithm that our group has used before (called Mean-Field Dynamics with Surface

Hopping, or MFSH [PR97, WR02b, WR02a]), requires two simultaneous MQC

MD trajectories to be run for each initial configuration. Another algorithm,

perhaps the most popular nonadiabatic MQC MD method (Fewest Switches Sur-

face Hopping, or FSSH [Tul90]), requires an unknown-number of trajectories for

each initial configuration in order to calculate quantum expectation values, and

FSSH trajectories do not use a mean-field description for the quantum subsys-

tem (that is, the wave function for each FSSH trajectory is never described as a

superposition state). As a result, individual FSSH trajectories are not physically

meaningful in the presence of strong nonadiabatic coupling. These two meth-

ods (which are described in detail in the last section of this chapter and in Ref.

[BLS05b]), as well as several other alternatives (described in the Appendices of

Ref. [BLS05b], all fail to adequately describe quantum decoherence, which is of

utmost importance when classical and quantum subsystem interact. In this chap-

ter, we discuss the development of a new algorithm, which took at its heart the

best attempt to include decoherence that we could conceive, within certain com-

putational limitations. MF-SD is an algorithm that is computationally efficient,

has only a single ad hoc parameter, and is quantitatively accurate where other,

sometimes more complicated, algorithms have failed. We begin the next section

with a justification for how decoherence of the quantum subsystem is induced by
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the classical bath.

5.1.1 Justification for Nuclear-Induced Decoherence

While there is no known formal way to derive decoherence from the TDSE, we

can attempt to justify why the classical degrees of freedom control quantum

decoherence. If we assume that the total system wave function at time t, |Ψ(t)〉,

can be written as a product of time-dependent nuclear |χ(t)〉 and electronic |ψ(t)〉

wave functions, and that the electronic wave function |ψ(t)〉 =
∑

j cj|j〉 can be

written as a liner combination of the basis states {j}, then the total density

matrix, ρ̂, is

ρ̂(t) = |Ψ(t)〉〈Ψ(t)| = |ψ(t)〉〈ψ(t)| × |χ(t)〉〈χ(t)|

=
∑
j,j′

c∗j′cj|j〉〈j′| × |χ(t)〉〈χ(t)|. (5.1)

The information about the relative phase (coherence) between different basis

states is contained in the individual off-diagonal (k 6= k′) elements of the total

density matrix,

ρ̂kk′(t) = ρkk′〈χk(t)|χ(t)〉〈χ(t)|χk′(t)〉

≡ ρkk′Dk(t)D
∗
k′ (5.2)

where ρkk′ = c∗k′ck is an element of the electronic density matrix at time t, |χk(t)〉 is

the nuclear wave function associated with propagation on electronic basis state k

at time t, and the inner product Dk(t) = 〈χk(t)|χ(t)〉 (and it’s complex conjugate,
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D∗
k) is called the decoherence function.

This form of Eqn. 5.2 assumes that we have projected onto a slightly unusual

set of product basis functions, {(|k〉|χk〉)k}, where the last subscript means that

each product in this set is propagated under the influence of adiabatic electronic

state k. The elements of the density-matrix operator in Eqn. 5.1, in contrast,

are propagated via the TDSE under the influence of the electronic superposi-

tion, or mean-field (MF) state. This means that when the density matrix (Eqn.

5.1 with indices j) is projected onto the basis set of adiabatically propagated

states (denoted by indices k), we obtain inner products consisting of overlaps

between mean-field and adiabatic basis states. These overlaps have the form∑
j′ c∗j′ (MF 〈j′|k〉k) ≈ c∗j′δj′k, where the subscript MF denotes propagation under

the influence of the electronic superposition (MF) state and the approximate

equality holds at short times when there has been no significant electronic deco-

herence. As will be shown below, the MF-SD algorithm relies on a short-time

approximation and completely neglects electronic decoherence, as discussed in

§5.3, so it is safe to assume the approximate equality is true.

In general, however, phase information (coherence) is lost whenever any of the

ρkk′(t) = 0 (Eqn. 5.2), which can be the result of either electronic dynamics, when

ρkk′ decays to zero, or from nuclear dynamics, when the decoherence function

Dk(t) vanishes. For condensed phase systems in which there are many nuclear

degrees of freedom and only a few quantum degrees of freedom, the loss of nuclear

overlap, i.e., the decay of Dk(t), is the dominant mechanism for decoherence.2

2This approximation should be valid in the condensed phase because MQC MD simulations
typically deal with hundreds or thousands of classical degrees of freedom and only one or two
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The decoherence function measures the overlap of two initially identical nuclear

wave functions that propagate in time under the influence of different electronic

wave functions; it will decay when the electronic wave functions differ in any way.

Once the nuclear overlap has decayed, the off-diagonal elements of ρ̂(t) must be

zero, forcing the electronic wave function into a mixture of pure basis states; the

classical bath then selects one of the pure states by making a measurement on the

quantum subsystem. Therefore, how the nuclear wave function is approximated

in a MQC algorithm should determine both how quantum phase information is

lost and how different quantum basis states are selected by the bath upon wave

function collapse. This idea provides the definition of decoherence that we will

use throughout this thesis and forms the central idea for the development of our

new nonadiabatic MQC MD algorithm: Decoherence is a bath-induced process

that results in total collapse of the quantum wave function to a pure state.

In addition to incorporating decoherence in different ways, MQC MD algo-

rithms are distinguished by how the quantum and classical subsystems are af-

fected by decoherence. The response of the classical subsystem to a decoherence

event (i.e., a collapse of the mixed wave function to a pure state) is typically

chosen to conserve the total (quantum+classical) energy, although this is not

the only option [MBL96, BM]; the classical response to decoherence in MF-SD

is discussed in detail below in Sec. 5.3.1.2, and the classical response for a few

quantal degrees of freedom. Since the simulation time step is chosen to accurately integrate
the quantum motions, the associated quantum degrees of freedom do not change much from
one time step to the next, leading to little change in the electronic density matrix. The nuclear
decoherence function, however, depends on the collective overlap of all the classical particles;
if even a single one loses phase, then the entire Dk(t) goes to zero.
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other MQC methods is discussed in the final section of this chapter.3 As for the

response of the quantum subsystem to decoherence, most nonadiabatic MQC MD

algorithms choose which pure state to collapse to stochastically, so the effects of

decoherence are modeled as discrete “surface hopping” events between the pure

basis states [Tul90, WRF91, WWR94, WR01]. To do this, such algorithms often

choose a “reference” state, the last basis state to which the quantum subsystem

collapsed, which is treated differently from the other quantum basis states. For

algorithms that also use a MF description of the electronic wave function, the

use of a reference state leads to two different responses of the quantum subsys-

tem to decoherence. When the TDSE evolves the quantum wave function into a

superposition of states, surface hopping (i.e., nonadiabatic transitions) can occur

only to electronic states other than the reference state, and the mixed electronic

wave function can be resolved back to the reference state only under special cir-

cumstances [PR97]. Since the choice of a reference state is arbitrary, it is not

clear whether collapsing preferentially away from (or toward) the reference state

provides accurate nonadiabatic quantum dynamics. Moreover, since collapses to

and away from the reference state are triggered by different criteria, these MQC

MD algorithms must be simultaneously employing more than one definition of

decoherence. Furthermore, some algorithms also force the quantum subsystem to

decohere by adding an exponential decay term to the off-diagonal elements of the

electronic density matrix [HT01, ZJT04, ZNJ04, WR02b, WR02a] or by introduc-

ing surface hops that occur over a finite length of time [HT01, ZJT04, ZNJ04],

3For a detailed comparison between MF-SD and other MQC MD methods, see the Ref.
[BLS05b] and the Appendices therein; Table 5.1 gives a brief comparison between MF-SD and
several other MQC MD methods.
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and the time constants associated with these extensions introduces additional

criteria for decoherence.

As mentioned above, this chapter presents a novel method for performing

nonadiabatic MQC MD, which we have called “mean field dynamics with stochas-

tic decoherence” (MF-SD), and it is based on a unified definition of decoherence:

We choose a single collapse criterion, grounded on physical arguments and well-

defined assumptions about the nuclear wave function in Eqn. 5.2. With this

approach, the MF-SD algorithm provides a physically intuitive mechanism for

decoherence that is numerically accurate, computationally efficient, and simple

to employ. The rest of this chapter is organized as follows. Section 5.2 outlines

the basic procedures for performing mean-field, nonadiabatic MQC MD calcula-

tions. Section 5.3.1 derives, from the nuclear overlap decoherence function Dk(t)

(defined in Eqn. 5.2), the relevant equations that form the heart of the new MF-

SD algorithm. The rest of the equations that make up MF-SD are then presented

(Sec. III B of Ref. [BLS05b] gives a point-by-point outline of how to implement

the MF-SD algorithm). In Section 5.4, we test the new algorithm and on several

one-dimensional, two-state scattering problems. We present results calculated

using MF-SD and compare them to other MQC methods and the exact results.

A detailed comparison between the MF-SD algorithm and several other MQC

MD algorithms is given in Ref. [BLS05b], but a brief review of a few methods

is provided in the last section this chapter. Readers new to MQC MD methods

should read Sec. 5.2 first, then skip to the Sec. 5.6, and finally continue from Sec.

5.3 to the end.
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5.2 Review of Nonadiabatic Mixed Quantum/Classical

Molecular Dynamics Methods

To begin developing a new algorithm, one must ask: What goes into making a

MQC MD algorithm desirable? First, since MQC molecular dynamics eliminate

as many quantum coordinates as possible, there must be a prescription to al-

low the quantum and classical subsystems to interact in a simple and meaningful

way. This effective interaction is usually treated via the pseudopotential V̂p(r;R),

which depends on both the quantal r and classical R coordinates. Second,

individual trajectories in MQC MD simulations should be physically meaningful–

that is, we expect a good algorithm to produce fully coherent TDSE dynamics

with classical particles propagated in the presence of a mixed, or mean-field,

qauntum state, at least over short times.4 Also, a good nonadiabatic MQC al-

gorithm will require the quantum subsystem to resolve occasionally to a pure

state due to nuclear-induced decoherence, as suggested by Eqn. 5.2. Third, the

method should be able to model nonadiabatic effects, such as transitions be-

tween electronic states. Finally, any good MD algorithm should conserve energy,

be computationally efficient, and produce quantitatively accurate quantum ob-

servables. In this section, the features common to all MQC MD algorithms are

discussed; specific algorithms are differentiated by their treatment of decoherence

and nonadiabatic transitions, as well as how the quantum and classical subsys-

4Note that one of the most popular MQC MD methods, Tully’s fewest switches surface
hopping algorithm (Ref. [Tul90]), uses a swarm of trajectories to calculate quantum observ-
ables because the strictly adiabatic dynamics of individual trajectories in the method are not
physically significant.
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tems respond to these events.

Any MQC algorithm starts with the eigenvectors and eivengalues of the quan-

tum subsystem. Although many alternatives exist, here we will assume the set

of adiabatic basis states,5 defined for each configuration of the classical particles.

With this assumption, the properties of the quantum subsystem are given by the

time-independent Schrödinger equation

Ĥ(r;R)|j〉 = εj|j〉, (5.3)

where the Hamiltonian Ĥ = Û + T̂ + V̂p has adiabatic eigenvalues εj and eigen-

vectors |j〉, Û and T̂ are the quantum potential and kinetic energy operators, and

V̂p is the pseudopotential from the classical particles. The total electronic wave

function |ψ〉 can be written as a superposition of the basis states,

|ψ〉 =
∑
j

cj|j〉, (5.4)

where the cj are the time-dependent expansion coefficients and
∑

j |cj|2 = 1. The

dynamics of the quantum subsystem are governed by the TDSE,

ih̄
d|ψ〉
dt

= Ĥ|ψ〉, (5.5)

which, in turn, governs the evolution of the electronic density-matrix elements.

By inserting Eqn. 5.4 into Eqn. 5.5 and using the electronic density-matrix nota-

5As a practical point, the option of using diabatic states in the condensed phase is often not
a possibility without extensive computational cost; see, e.g., Ref. [CN96].
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tion of Eqn. 5.2 with ρkj = c∗kcj, the TDSE can be written as [Tul90]

ih̄
d

dt
ρkj =

∑
l

[
ρlj

(
Vkl −

∑
n

ih̄dn
kl · Ṙn

)
− ρkl

(
Vlj −

∑
n

ih̄dn
lj · Ṙn

)]
, (5.6)

where the sum on n runs over the classical nuclear coordinates, Ṙn is the velocity

of nucleus n, and the electronic coupling Vij is given by

Vij = 〈j|Ĥ|i〉. (5.7)

Note that Eqns. 5.4, 5.5, and 5.6 hold independent of the choice of basis set, but

the adiabatic basis provides the advantage of making Vij a diagonal matrix. In

the adiabatic basis, dij is the nonadiabatic coupling vector, which causes mixing

between the basis states and is given by

dn
ij = 〈j|∇Rni〉, (5.8)

where ∇Rn is the gradient with respect to the classical coordinate R associ-

ated with nucleus n. In order to conserve the total energy of the mixed quan-

tum/classical system, the effect of the mixed or mean-field wave function |ψ(t)〉 on

the classical particles is given by the Hellmann-Feynman (HF) expression (same

as Eqn. 4.3)

Fn = −∇Rn〈ψ|Ĥ|ψ〉 = −〈ψ|∇RnV̂p|ψ〉, (5.9)

where Fn is the force of the quantum subsystem on nucleus n, and the last
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equality in Eqn. 5.9 holds because the classical gradient does not affect either the

quantum kinetic or potential energy operators. The HF force provides feedback

about the quantum dynamics to the classical particles, allowing the subsystems

to interact. The sum of the classical forces and the HF force is then used by

any classical MD algorithm (Sec. 1.2) to determine the new classical particle

positions at the end of each simulation step, and these new positions determine

the eigenvalues and eigenvectors of the quantum subsystem through Eqn. 5.3,

the time-independent Schrödinger equation. The most general formulation of a

coherent mixed quantum/classical MD simulation using the adiabatic basis set is

simply the repeated numerical execution of the above statements.

The above expressions can also be used to perform fully adiabatic dynamics

(like the simulations discussed in Ch. 4). All that is required is to set all but one

of the expansion coefficients ci in Eqn. 5.6 to zero, and to reduce Eqn. 5.9 to the

adiabatic HF force

Fn
i (t) = −〈i|∇RnV̂p|i〉 (5.10)

If, however, Eqns. 5.5–5.9 are to be used for nonadiabatic dynamics, then the

algorithm that implements them must also include a method for implementing

nonadiabatic transitions and decoherence. Section 5.6 summarizes the salient

features of a few other nonadiabatic MQC MD methods, and readers new to

the field of MQC MD are urged to read Sec. 5.6, before moving on to Sec. 5.3.

The review article by Drukker (Ref. [Dru99]) and Ref. [BLS05b] provide further

information about many of the nonadiabatic MQC MD algorithms, including
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some not mentioned here.

5.3 MF-SD Algorithm

In this section, the new algorithm, MF-SD, is derived. MF-SD contains a phys-

ically motivated and accurate description of decoherence, and it combines the

best features of the methods discussed in Sec. 5.6 with minimal disadvantages

and only a single ad hoc parameter. As will be shown below, although we have

not been able to derive a rigorous expression for the parameter, we have found

that it is not a free parameter; rather, its value is defined by the system being

simulated.

5.3.1 The Ideas underlying MF-SD

The development of MF-SD starts by using the set of adiabatic basis states and

choosing the TDSE to govern the dynamics of the MQC trajectories, resulting in

a MF description for the propagation of the electronic degrees of freedom in the

presence of classical particles; in this way, each MF-SD trajectory is physically

meaningful. As will be discussed further below, decoherence of the electronic den-

sity matrix is modeled in MF-SD simulations as an instantaneous, total collapse

of the MF wave function to one of the adiabatic basis states. The adiabatic states

are chosen in MF-SD because they are the eigenvectors that define the quantum

subsystem for a frozen configuration of the classical bath (solvent) particles, and

since we take decoherence events to be instantaneous, the classical subsystem

is frozen during these events. Thus, MF-SD assumes that decoherence is not
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basis independent, a result that might be expected on physical grounds. One

difference between MF-SD and other nonadiabatic MQC MD methods is that

MF-SD is based on a single criterion for instantaneous wave-function collapse, no

matter which pure state is selected. This is an advantage because MF-SD does

not require a “reference” state [Tul90, PR97, WR01], multiple definitions of de-

coherence [PR97, HT01, WR02b, WR02a], or multiple simultaneous trajectories

for each classical initial condition [Tul90, PR97, WR01, WR02b, WR02a]. We

will show below that this choice also allows MF-SD to improve upon other MQC

MD methods in terms of computational efficiency and, in most cases, accuracy.

5.3.1.1 Deriving a decoherence time for MF-SD

Here, we derive an expression that determines the rate at which the classical

particles induce decoherence and present a prescription for the response of the

quantum subsystem when a decoherence event takes place. For MF-SD, we wish

to choose a criterion based on the decoherence function Dk(t) defined by Eqn.

5.2, which can be rewritten as

Dk(t) = 〈χk(t)|χ(t)〉 = 〈χ(0)|eiĤkt/h̄e−iĤt/h̄|χ(0)〉 (5.11)

where Ĥ is the Hamiltonian that evolves the full superposition electronic wave

function and Ĥk is associated with propagation on the kth adiabatic electronic

surface. To evaluate Eqn. 5.11, one can approximate the nuclear wave functions

using the Frozen Gaussian Approximation (FGA). It has been shown that these

Gaussian wave packets (which do not spread in time, hence the are “frozen”), can
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be used to accurately calculate the properties of quantum mechanical systems,

but the approximation is only accurate for short times [Hel81]. Using this, the

wave function for each classical particle is given by a Gaussian, Gn, centered on

classical nucleus, n.

Gn(R,P; t) =
(
an

π

)3/4

exp
[
−an

2
(R−Rn(t))2 +

i

h̄
Pn · (R−Rn(t))

+
i

h̄
Sn [Rn(t)]

]
(5.12)

The total bath wave function, χ, is given by a linear superposition of the individ-

ual frozen Gaussians. In Eqn. 5.12, an is the inverse of the square of the width

of the nth frozen Gaussian wave packet (discussed below), Pn is the momentum

associated with the classical particle, and the phase of the nuclear wave function

is given by the classical action,

Sn [Rn(t)] =
∫ t

0
dt′

(pn(t′))2

2Mn

− 〈Gn(t′)|Ĥ(t′)|Gn(t′)〉, (5.13)

where Mn is the mass of particle n.

Taking this form for the nuclear wave function, and Taylor expanding at short

times, it can be shown that [SBP96] the decoherence function, Eqn. 5.11, is

Dk(t) ≈ exp

[
−
∑
n

(Fn(0)− Fn
k(0))2

4anh̄
2 t2

]
(5.14)

where Fn(0) is the mean-field HF force (Eqn. 5.9) and Fn
k(0) is the adiabatic HF

force (Eqn. 5.10). Since Dk(t) determines the decay of the off-diagonal elements
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of the total density matrix, we can use Eqn. 5.14 to define the decoherence time

τ−2
k =

∑
n

(Fn(0)− Fn
k(0))2

4anh̄
2 (5.15)

where τk is the characteristic time constant of the Gaussian decay of Dk(t) that

results from the fact that the nuclear degrees of freedom diverge when propagated

under the influence of adiabatic state |k〉 instead of the full superposition state,

|ψ〉. Equation 5.15 defines a unique decoherence time for each adiabatic state at

every classical configuration; this time depends on only a single parameter, an,

which depends on the width of the frozen Gaussian chosen to represent nucleus

n. In other applications of the FGA, an is defined by the thermal de Broglie

wavelength of classical nucleus n [SBP96] but we will argue in Sec. 5.4.4 that,

for MF-SD, this parameter is related to the spatial extent of the nonadiabatic

coupling and the instantaneous de Broglie wavelength.

In this view of decoherence, when the nuclear overlap has decayed (when co-

herence is lost with any one state), the classical subsystem has made a “measure-

ment” on the quantum subsystem and it must collapse to one of the adiabatic

states; thus, τk governs the total collapse of the quantum subsystem and not

just the decay of the off-diagonal elements of the electronic density matrix. In

MF-SD, 1/τk serves as the operative definition of the rate for nuclear-induced

wave-function collapse (decoherence) to adiabatic eigenstate k. With this choice,

MF-SD does not distinguish between decoherence and what other algorithms re-

fer to as “nonadiabatic transitions.” The mean-field wave function can collapse

to any of the adiabatic eigenstates with the rates determined by Eqn. 5.15
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To determine precisely when a collapse should occur in MF-SD, one can de-

fine the probability Pk for the mean-field wave function to collapse to the kth

eigenstate as

Pk =
ρkk

τk
dt (5.16)

where the rate (1/τk) is multiplied by the simulation time step dt and weighted

by the population on state k, ρkk. The weighting by ρkk makes the probability for

collapse proportional to the population of each adiabatic state in the full mixed

wave function, as is usually assumed in theories of quantum measurement; in this

way, the system is prevented from collapsing to adiabatic eigenstates that have

no amplitude. In the limit that there is no decoherence, this choice recovers the

exact TDSE probabilities for fully coherent propagation.

In the MF-SD algorithm, decoherence is implemented stochastically by com-

paring the probability computed from Eqn. 5.16 to a random number ξ cho-

sen uniformly on [0, 1) and the wave function is forced to collapse to adiabatic

state k whenever Pk > ξ. When collapse is forced, all the elements (diagonal

and off-diagonal) in the electronic density matrix should be set to zero, except

ρkk = 1. This discontinuity in the electronic density matrix means that MF-SD is

a time-irreversible algorithm, which is consistent with von Neumann’s “Process

I” [Neu32].

In the event that collapses to more than one adiabatic state are allowed (when

ξ is less than 2 or more of the Pk’s), the MF-SD algorithm calls for the decoherence
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probabilities to be recast relative to the set of allowed collapses by

Tj = P ′
j + Cj−1, (5.17)

where

P ′
j =


Pj/Psum, j ∈ allowed

0, j /∈ allowed
, (5.18)

with

Psum =
∑

j∈allowed

Pj (5.19)

and

Cj =
j∑

i=1

P ′
i . (5.20)

This ensures that the new set of probabilities Tj run from [0, 1]. Next, a new

random number, ξ′ is chosen on [0, 1) and the quantum subsystem undergoes a

collapse to state k whenever

Tk−1 < ξ′ < Tk. (5.21)

With these choices, collapses of the wave function in MF-SD occur to each adia-

batic state in a manner proportional both to the population of that state in the

full mixed wave function and to how effective that state is in leading to the loss

111



of nuclear overlap.

This section finishes by examining the decoherence time in more detail. Equa-

tion 5.15 says that decreasing the nuclear frozen Gaussian width (i.e., making an

larger) causes the nuclear overlap to decay more slowly and thereby increases the

decoherence time, which at first seem counter-intuitive. However, in the short-

time expansion of that leads to Eqn. 5.14, the position part of the frozen Gaussian

wave-packet overlap cancels to second order in time and the force difference that

remains arises from the momentum part of the frozen Gaussians [SBP96]. Since

the nuclear width in position space is inversely proportional to the momentum

uncertainty, the wider the Gaussian wave packet is in position space, the more

quickly the overlap between nuclear wave packets is lost. Thus, the decoherence

rate chosen for MF-SD, Eqn. 5.15, is actually a momentum-based criterion.

5.3.1.2 Conservation of energy and “forbidden” transitions in MF-SD

The previous section reviewed the new method that determines how classical

particles induce collapses of the quantum wave function. This subsection turns

to the details of how the classical subsystem responds to decoherence in a mixed

quantum/classical molecular dynamics simulation using MF-SD.

When the mixed wave function collapses to state k, the quantum energy

changes discontinuously from the mean-field energy, EMF = 〈ψ|Ĥ|ψ〉 to the adia-

batic eigenvalue εk. So in order to conserve the total (quantum+classical) energy

of the system in MF-SD, the classical kinetic energy is scaled, in a manner sim-

ilar to that of other MQC MD methods [Tul90]. This scaling compensates for
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the discontinuous change in the quantum energy. After a decoherence event in

MF-SD, the classical velocities, vn(t) become

v′n(t) = vn(t)− γdn
k(t), (5.22)

where instead of scaling the classical velocities along the direction of the nona-

diabatic coupling vector (Eqn. 5.8) as is done in other algorithms, velocities in

MF-SD are scaled in the direction of an effective nonadiabatic coupling vector

dn
k =

∑
i6=k

ρii〈k|∇Rni〉 =
∑
i6=k

ρiid
n
ik, (5.23)

which is the MF population-weighted average of the dn
ik defined in Eqn. 5.8

[TMR97] The scalar γ in Eqn. 5.22 is determined by solving a quadratic equation

based on the constraint that the change in classical kinetic energy (KE) must be

equal and opposite in magnitude to the change in quantum energy (QE) [HT94]:

∆KE = KEnew −KEold = −∆QE = QEold −QEnew,

KEnew =
1

2

∑
n

mn(v′n)2, KEold =
1

2

∑
n

mn(vn)2,

γ2

2

∑
n

mn(dn
k)2 − γ

∑
n

mn(vn · dn
k) + ∆QE = 0, (5.24)

where ∆KE(∆QE) is the difference between the classical kinetic (quantum) en-

ergy before (old) and after (new) the decoherence event and mn is the mass

of nucleus n. The choice to rescale the classical velocities along the effective

nonadiabatic coupling vector is made because only those classical motions with

components along this vector (Eqn. 5.23) cause the adiabatic states to mix, so
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only those degrees of freedom should contribute to the discontinuity in quantum

energy.

Some decoherence events (wave function collapses) lead to an increase in the

energy of the quantum subsystem, and it is possible for the classical subsystem

to have insufficient kinetic energy along the direction of the effective nonadia-

batic coupling vector to give to the quantum subsystem. This means that the

total energy can not be conserved by taking kinetic energy from these degrees

of freedom, and the upward quantum transition is considered “forbidden.” Most

MQC MD methods assume that such forbidden transitions correspond to classical

turning points, and in these instances, the classical momentum is typically re-

versed along the direction of the nonadiabatic coupling vector [HT94], leaving the

quantum subsystem unchanged. However, other simulations by Müller and Stock

have shown that by simply ignoring the forbidden transitions and not reversing

the classical velocities leads to an improvement in the accuracy of the calculated

quantum branching ratios [MS97]. As such, an MF-SD trajectory simply ignores

these forbidden decoherence events.

The issue of forbidden upward decoherence events also produces the following

conundrum. Suppose for a particular configuration that both an upward transi-

tion to state k+ and a downward transition to state k− are both allowed, based on

the random number ξ and the probabilities in Eqn. 5.16. According to the MF-

SD algorithm, the transition probabilities are recast according to Eqns. 5.17-5.21.

If the upward transition is chosen by the second random number (ξ′), then the

algorithm dictates that the system collapses to state k+. If there is insufficient
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classical kinetic energy along the direction of the effective nonadiabatic coupling

vector (i.e., there is no γ that satisfies Eq. 5.24 and the conditions outlined above),

then the collapse to state k+ is forbidden. The original random number, however,

indicated that either transition was likely, and the downward collapse to state

k− is always allowed by energy conservation (since energy is dispensed from the

quantum subsystem into the classical degrees of freedom). Accepting the collapse

to state k− would amount to a modification of the probabilities in Eqn. 5.16 such

that

Pk =
[
ρkk

τk
dt
]
Θ(KEcl) (5.25)

where

Θ(KEcl) =


1 energy allowed

0 energy forbidden
(5.26)

is a step function that depends on the available classical kinetic energy (KEcl)

along the effective MF nonadiabatic coupling vector. When MF-SD was first de-

veloped (see Ref. [BLS05b]), we tested the validity of the modified probabilities

using the one-dimensional, single-avoided crossing example that will be discussed

below in Sec. 5.4.1. The inclusion of the energy-dependent step function incor-

rectly predicted no reflection on the lower surface at k ∼ 8 a.u. (cf. Fig. 5.2c).

Thus, the MF-SD algorithm utilizes the decoherence probabilities defined by Eqn.

5.16, not the energy-dependent probabilities in Eqn. 5.25.

For a detailed point-by-point outline of the MF-SD algorithm, please see Sec-
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tion III B of the original MF-SD paper, Ref. [BLS05b]. It has been omitted here

for brevity. Section III C of the same paper also offers a detailed comparison

of MF-SD to other popular nonadiabatic mixed quantum/classical molecular dy-

namics methods, including a comparison of computational cost, coding effort,

accuracy, and in terms of how each algorithm tries to model decoherence (and

nonadiabatic transitions). Table 5.1 is a reproduction of the table in the original

MF-SD paper; it should be useful for comparison of the different MQC MD meth-

ods if you already know a little bit about them and it gives a brief comparison of

the methods and what physics each of them tries to capture.
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5.4 Application of MF-SD to Two-State Nonadiabatic

Model Systems

In the MF-SD algorithm, decoherence is accounted for by making the frozen

Gaussian approximation for the nuclear wave function and assuming that the de-

cay of nuclear overlap Dk(t) causes the electronic wave function to lose coherence;

MF-SD uses this decay to calculate the decoherence rate. The quantum subsys-

tem responds to the nuclear-induced decoherence by collapsing to a pure state so

that all quantum coherence is destroyed. The collapse may or may not leave the

system on a different electronic surface than the one it started on, providing a

means to account for what other nonadiabatic MQC methods call “nonadiabatic

transitions.” In this section, a series of simple, one-dimensional (1D) model prob-

lems are used to show that the MF-SD algorithm provides sufficient accuracy for

quantum dynamics in the absence of the Born-Oppenheimer approximation. The

model nonadiabatic systems discussed here were presented in Ref. [Tul90] and in-

clude a single-avoided crossing, a dual-avoided crossing, and a system with an

extended range of nonadiabatic coupling. For each of the three model problems,

the diabatic potential energy matrices are given by Eqns. 5.28, 5.29, and 5.32,

and the resulting adiabatic surfaces are shown in Figure 5.4. The results from

both exact and various MQC MD calculations (including MF-SD) are shown in

Figs. 5.2, 5.3, and 5.5.

For each of the three model problems, a single classical particle (with mass

= 2000 a.u.) interacted with a 2-level quantum subsystem, whose potentials

are shown in Fig. 5.4. We used the velocity Verlet algorithm to integrate the
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Figure 5.1: The adiabatic energy levels as a function of position for (a) the
single-avoided crossing, (b) the dual avoided crossing, and (c) the extended cou-
pling model problems. The diabatic Hamiltonians that describe these problems
are taken from Tully in Ref. [Tul90] and are given explicitly in Eqns. 5.28, 5.29
and 5.32, respectively. In all cases, the nonadiabatic coupling is large when the
two quantum states are close in energy.
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classical equations of motion, and a fourth-order Runge-Kutta algorithm (with

150 intermediate time steps) to propagate the electronic density matrix over the

duration of a single classical time step. This multiple-time step technique allows

us to use a relatively large classical time step, while still carefully integrating the

rapidly-changing quantum subsystem.6 Each trajectory began with the classical

particle on the far left and the quantum subsystem occupying the lower adiabatic

surface at x = −10 Bohr. The particle was given incident momentum to the right

and the simulations were run until the classical particle reached a position of |x| =

15 Bohr. Fewer than 0.5% of all trajectories (for any given initial momentum of

the classical particle) failed to leave the interaction region after 2.5×105 classical

time steps, and these were not included in the averaging. The simulation time

step was chosen so that the fluctuation in the total (quantum+classical) energy

was less than 3%, although this error is easily reduced with shorter time steps.

All of the calculations performed here used the RAN3 random number generator

[PTV].

The results for the three model problems are presented in Figs. 5.2, 5.3, and

5.5. It is important to note the difference in how expectation values are calculated

in MF-SD versus other MQC MD algorithms. Since MF-SD relies on continuous,

coherent dynamics and no “reference” state, the expectation values are calculated

using the diagonal elements of the quantum density matrix.

6When integrating the TDSE, we require the eigenvalues and eigenvectors (see Eqn. 5.5)
at each intermediate time-step. Solving the time-independent Schrödinger equation is not
computationally efficient, however, so we linearly interpolate the eigenvalues and nonadiabatic
coupling vectors, using the previous and current classical configurations as the starting and
ending points.
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So, in Figs. 5.2, 5.3, and and 5.5, the MF-SD data are averages of the fi-

nal values of ρ11 and ρ22, the diagonal elements of the density matrix describing

the two-level quantum subsystem. Each initial momentum represents an average

over 2000 trajectories (each of which has a different seed for the random number

generator). This way of calculating the quantum observable from a MQC MD

simulation is different from some of the other MQC MD methods (See Sec. 5.6),

which calculate the upper/lower-state branching ratio by counting the last refer-

ence state for each trajectory, regardless of the amount of mixing at the end of

the trajectory.7 That is, in other algorithms, such as MFSH or FSSH, quantum

averaging occurs by a binary weighting, determined by the reference state: When

the reference state is k, the weighting for state k is 1, and all other states have

zero weight. For the MFSH algorithm, this amounts to performing a mean-field

rescaling (see Sec. 5.6) at the end of each individual trajectory.

Some trajectories with low initial momentum never have sufficient energy to

fully occupy the upper adiabatic state. As the single-avoided crossing problem

shows in Fig. 5.4a shows, in order to conserve the total energy, the classical

particle must have at least 0.02 Hartree of kinetic energy, k >∼ 9 a.u., at the

beginning of the trajectory to be observed in the upper state to the far right

or left at the end of the trajectory. To conserve energy for the dual-avoided

crossing, the initial momentum must be k >∼ 14 a.u. [log(E/a.u.) > −3, and

the classical particle in the extended-coupling model must have initial momentum

7Recall that the reference state is the most recent pure state to which the system has
collapsed.
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k >∼ 29a.u. for transmission on the upper surface.8 In these cases of low initial

momentum, no energy-conserving decoherence event (measurement) could cause

the quantum subsystem to be observed in the upper state. As such, at the end

of trajectories that had insufficient initial energy to occupy the upper adiabatic

surface, the final mixed wave function is forced to collapse to the lower surface.

This is justified because the adiabatic surfaces still have an infinitesimally small

slope, meaning that a decoherence event that collapses the system to the lower

surface would eventually occur, for a sufficiently long trajectory, because upward

transitions would have been forbidden.

The only parameter in the MF-SD algorithm is the width of the frozen Gaus-

sian wave packet representing each classical nucleus. Other applications with

frozen Gaussians have taken an to be given by the thermal de Broglie wavelength;

however we believe that a microscopic algorithm should rely only on instanta-

neous rather than thermally averaged information about the classical particles.

For reasons that are discussed below in Sec. 5.4.4, the width is chosen to be

an(t) =

(
(w/a0)

2

2λD(t)

)2

, (5.27)

where λD = h/mv is the instantaneous de Broglie wavelength of the classical

particle, a0 is the Bohr radius, v is the speed of the classical particle at time

t, and w is the spatial extent of the nonadiabatic coupling, discussed in Sec.

5.4.4. For the 1D problems explored here, the coupling width w is chosen to be

8For the extended coupling problem in reflection, all of the initial momenta we use are
greater than the energy gap, which is 1.2× 10−3 Hartree.
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approximately the width of the Gaussian (or exponential) V12(x) in the diabatic

coupling matrix.

All of the other data presented in this chapter (anything not calculated using

MF-SD), which includes the other MQC MD algorithms and the exact wave-

packet results, were taken from previously published figures. A program called

DIGITIZEIT (www.digitizeit.de) was used to extract the data from digitally

reproduced copies of the cited articles. Selection of the data points was repro-

ducible to within ∼ 1%, which is smaller than the size of the symbols used to

represent them in the figures.

5.4.1 Single-Avoided Crossing

The diabatic Hamiltonian for the single-avoided crossing model is [Tul90]

V11(x) = A[1− e−Bx], x > 0,

V11(x) = −A[1− e−Bx], x < 0,

V22(x) = −V11(x),

V12(x) = V21(x) = Ce−Dx2
,

(5.28)

where A = 0.01, B = 1.6, C = 0.005, and D = 1.0, all in a.u., with the coupling

width w = 1/
√
D = 1a0. The MF-SD solutions to this problem as a function

of incident particle momentum k are presented as the boxes connected by solid

lines in Fig. 5.2, which shows the transmission and reflection probabilities on

the upper or lower surfaces. The exact results are taken from Ref. [Tul90]. The

agreement between MF-SD and the exact results is not quantitatively perfect at
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intermediate momenta, 6 < k < 15, but it is relatively good, and it becomes exact

for k >∼ 20 a.u. In addition, we previously have shown that MF-SD is more

accurate at higher momentum (k > 20) than Tully’s Fewest Switches Surface

Hopping (FSSH) algorithm (results not shown here), for this system [BLS05b].

MF-SD fails to obtain tunneling of the classical particle through the barrier on the

lower surface at very low momentum, which is represented by the step-function

behavior at k ∼ 5 a.u.; but this is a well-known failing of almost all MQC

MD methods, except Martinez’s Full Multiple Spawning (FMS) method (Ref.

[MBL96, BM]. MF-SD does, however, calculate the correct amount of reflection

that occurs when k ∼ 8 a.u., which is above the threshold for transmission and

is thus a purely quantum-mechanical effect. This reflection is accounted for by

trajectories that have upward quantum transitions, get trapped in the well on

the excited state, and then make a downward transition while traveling to the

left.

5.4.2 Dual-Avoided Crossing

The key feature of the dual-avoided crossing model is quantum interference effects

(Stueckelberg oscillations [Tul90]) that come from successive regions of strong

nonadiabatic coupling. The model diabatic potentials are given by [Tul90]

V11(x) = 0,

V22(x) = −Ae−Bx2
+ E,

V12(x) = V21(x) = Ce−Dx2
,

(5.29)
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Figure 5.2: Single-Avoided Crossing: (a) Probability for transmission on the
lower adiabatic state, (b) probability for transmission on the upper adiabatic
state, and (c) probability for reflection on the lower state for the model potential
given by Eqn. 5.28 whose adiabatic surfaces are shown in Fig. 5.4a. The MF-SD
results are the solid boxes connected by lines and the exact results (Ref. [Tul90])
are the open grey circles; two-standard-deviation error bars are smaller than the
symbols used to represent the MF-SD data points.
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where A = 0.10, B = 0.28, C = 0.015, D = 0.06, and E = 0.05, all in a.u.; the

coupling width is w = 4a0 ≈ 1/
√
D. The exact (grey circles) and FSSH (triangles

in panel c) results in Fig. 5.3 are taken from Ref. [Tul90].

The results calculated using MF-SD (boxes connected by solid lines) are in

good agreement with the exact results, exhibiting the expected oscillations for

transmission on the upper and lower surfaces. Other MQC MD algorithms also

can qualitatively predict these oscillations for transmission, and while the quanti-

tative agreement with the exact results is good for all of the approximate methods,

at low energies, the phase of the oscillations calculated by all of the MQC meth-

ods is mismatched from the exact result, although MFSH comes closest. It is not

surprising that all of the approximate methods are in agreement with the exact

oscillations at high energies. After all, there is rigorously no reflection above

loge(E/a.u.) >∼ −3, so the oscillations in the transmission probabilities merely

reflect the density-matrix elements associated with the upper or lower surfaces;

any method that integrates the TDSE properly should obtain the correct results

at these energies.

Although all of the MQC MD methods accurately calculate the transmission

probabilities for this problem, MFSH (not shown here) [BLS05b, PR97] and FSSH

fail to accurately calculate the reflection probabilities. Shown in panel c of Fig.

5.3 is the FSSH prediction for reflection on the lower surface of the dual-avoided

crossing problem (note the expanded scale), compared to the exact result and the

MF-SD prediction. FSSH and MFSH (not shown in Fig. 5.3) both overestimate

the reflection probability by an order of magnitude. MF-SD, however, obtains
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Figure 5.3: Dual-Avoided Crossing: (a) Probability for transmission on the lower
adiabatic state, (b) probability for transmission on the upper adiabatic stte, and
(c) probability for reflection on the lower adiabatic state for the model potential
given by Eqn. 5.29 and whose adiabatic surfaces are plotted in Fig. 5.4b. The
MF-SD results are the solid boxes connected by lines, the FSSH results in panel
c are from Ref. [Tul90] and are the trangle-shaped data points, and the exact
results are the solid grey circles, taken from Ref. [PR97]; two-standard-deviation
error bars are smaller than the symbols used to represent the MF-SD data points.
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the correct transmission/reflection branching ratio. This overestimation by FSSH

arises because the transition probability from the FSSH algorithm (on which

MFSH is also based) gives too many upward transitions. To better understand

this, Fig. 5.4 shows the transition probabilities for MF-SD and FSSH during an

adiabatic ground-state trajectory as a function of position, for a classical particle

initially with k = 14.14a.u. or loge(E/a.u.) = −3; the adiabatic surfaces are

shown to guide the eye. The minimum probability for a nonadiabatic transition

in the FSSH algorithm (dotted curve) is

Pmin
FSSH = 2(v · d12)dt, (5.30)

(see Sec. 5.6) where dt = 0.3 a.u. is the simulation time step.9 The reason that

Pmin
FSSH is the minimum transition probability is because in the implementation of

FSSH, Eqn. 5.30 is divided by a fraction (in this case, the diagonal element of the

fictitious density matrix that corresponds to the reference state, see Eqn. 5.34).

Figure 5.4 also shows the maximum decoherence probability from the MF-SD

algorithm (solid curve), which is given by

Pmax
MF-SD =

dt

τ2
, (5.31)

(see Eqn. 5.16). Pmax
MF-SD is a maximum for two reasons: First, in the implemen-

tation of MF-SD, Eqn. 5.31 is multiplied by a fraction (the population on state

2) and second, the force difference used to calculate τ2 is the adiabatic force dif-

9Note that when v · d12 < 0, PFSSH = 0.
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ference between states 1 and 2 (c.f. Eqn. 5.10). Thus, Fig. 5.4 suggests that

in the dual-avoided crossing problem, the probability for a nonadiabatic transi-

tion to the upper surface is more than 20 times greater than the corresponding

probability in MF-SD.

We can safely assume at these low energies that once a trajectory makes an

upward transition, it has a roughly equal chance of being transmitted or reflected

on the lower surface in FSSH or MF-SD. Therefore, if > 20 times more FSSH tra-

jectories make an upward transition than MF-SD trajectories, we should expect

to see > 20 times more reflection probability. However, FSSH overestimates the

probability for reflection by only a factor of 10, not 20 or more. The reason for this

is that with FSSH, each trajectory can only make an upward transition when the

position of the classical particle is on the left (x < 0),10 whereas MF-SD trajec-

tories can make transitions over the entire range of the well, effectively doubling

the number of chances MF-SD simulations have for collapsing to the upper state.

As a result, FSSH (and MFSH, which uses the FSSH transition probabilities)

overestimates the amount of reflection by roughly a factor of 10. MF-SD, using

a physically motivated and unified definition of decoherence, correctly captures

the physics of this reflection.

10Note that when v · d12 < 0, PFSSH = 0.
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Figure 5.4: Transition probabilities for dual-avoided crossing: Probability for
an upward transition for a fully adiabatic, ground-state trajectory with initial
momentum k = 14.14 a.u. The minimum transition probability from a FSSH
trajectory (dotted curve) is given by Eqn. 5.30, and the maximum transition
probability from a MF-SD (solid curve) is given by Eqn. 5.31 (see text); to better
compare the two curves, the maximum MF-SD probability is multiplied by 20.
The dashed-grey curves are the adiabatic surfaces for the dual-avoided crossing
shown in Fig. 5.4, reproduced and scaled here for reference.
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5.4.3 Extended Coupling

The diabatic potentials for the extended-coupling model problem are [Tul90]

V11(x) = A,

V22(x) = −A,

V12(x) = V21(x) = CeDx2
, x < 0,

V12(x) = V21(x) = C[2− e−Dx2
], x < 0,

(5.32)

where A = 6× 10−4, C = 0.1, and D = 0.9, all in a.u.; we chose w = 1a0 ≈ 1/D.

As the results of Fig. 5.5 indicate, the extended coupling model is a particularly

difficult system for the MFSH algorithm; MFSH [PR97] (exes connected by lines)

and FSSH (not shown, see Fig. 6 in Ref. [Tul90]) both predict large, rapid oscil-

lations in the reflection coefficients that are not present in the exact QM results

(grey circles).11 The MF-SD (solid curve with boxes), however, does not exhibit

the oscillations that plague the other two MQC MD methods. Of course, the

extended-coupling system should not show any Stueckelberg oscillations because

as the nuclear wave function leaves the coupling region and enters the region

where the adiabatic states split, part of the wave function will be reflected on

the upper surface and part will be transmitted on the lower surface. The re-

flected and transmitted parts of the wave function do not encounter each other

ever again, and therefore cannot interfere. The artificial oscillations in FSSH and

MFSH result from trajectories that get reflected by the upper surface, and as

11Not shown in Fig. 5.5a is the MFSH result for transmission on the upper surface, because
the results are numerically exact. In addition, FSSH shows the same false oscillations as MFSH
in the reflection probabilities, but their magnitude is much larger than MFSH, see Ref. [Tul90].
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they reenter the region of strong nonadiabatic coupling, the quantum subsystem

freely hops (changing the reference state) between the upper and lower surfaces as

the particle exits to the far left. Thus, the oscillations most likely occur because

the amount of time spent in the strong coupling region varies with the parti-

cle’s momentum, meaning that the final reference state is chosen (incorrectly)

by the initial speed of the classical particle. In contrast, becaues MF-SD has a

decoherence-based transition probability, once the system is reflected, the mean-

field force and the force from each adiabatic state becomes similar and collapses

occur only rarely.

This is yet another important distinction between MF-SD and other MQC

MD methods that use the FSSH criteria [Tul90, PR97, WR02b, WR02a, WR01].

The FSSH algorithm calls for surface hops whenever the nonadiabatic coupling is

highest; in this case, when the classical particle has a position of approximately

−7 < x < −3. The fact that the FSSH probability (Eqn. 5.34) is larges when the

classical and quantum subsystems are not interacting (the Hellmann-Feynman

force is nearly zero in this range) leads to trajecectories that do not properly

incorporate decoherence; thus, FSSH-based methods cannot obtain the correct

reflection probabilities.12 In MF-SD however, decoherence occurs when the force

difference is largest, just to the right of x = 0 at the inflection point of the two

adiabatic surfaces and where the quantum and classical subsystems are affecting

each other the most strongly. Moreover, when the classical and quantum sub-

12Of course, FSSH methods obtain the transmission probabilities correctly for this problem
because there is no nonadiabatic coupling to the right of x = 0 to induce spurious decoherence
events.
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Figure 5.5: Extended Coupling: (a) Probability for transmission on the lower
adiabatic state, (b) probability for reflection on the lower adiabatic state and (c)
probability for reflection on the upper adiabatic state for the model potential
given by Eqn. 5.32 and whose adiabatic surfaces are plotted in Fig. 5.4c. The
MF-SD results are the solid boxes connected by lines, the MFSH results are the
exes connected by lines [PR97], and the exact results are the grey circles, which
are taken from Ref. [PR97]. The MFSH results are not shown in panel a because
they are indistinguishable from the exact results.
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systems no longer interact because the quantum subsystem does not exert any

force on the classical particle, as is the case for |x| >∼ 4, there should be no

decoherence. MF-SD predicts this correctly because the mean-field HF forces

and the adiabatic forces are all zero; thus MF-SD trajectories can be completed

with the quantum subsystem still in the superposition state, as the exact results

show should be the case for this particular model problem.

5.4.4 Exploring the Interaction Width w and the nuclear Gaussian

Width a0

In this section, we discuss the system-defined parameter in the MF-SD algorithm,

called the interaction width w, which is used to set the widths of the frozen

Gaussians centered on each classical nucleus. The origin of Eqn. 5.27 is empirical,

but we found that this relationship was necessary to obtain the best results for

the three problems presented in Figs. 5.2, 5.3, 5.5. There are two ways we can

test the validity of our expression for an and w: We can either change the width

of the coupling in the model potential and use the new width to define a new

frozen Gaussian wave packet or we can change the width of the Gaussian wave

packet for a fixed coupling width. The dual-avoided crossing is a good model

problem for these test because it is the only one of the three models with w 6= 1

and because the Stueckelberg oscillations are sensitive both to the separation

between the two regions of coupling and to the ability of the particle to interact

with the two crossings simultaneously. For example, Webster, et. al. [WWR94]

observed that as the separation between the two regions of strong coupling is
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increased, a fully quantum wave packet will only interact with one crossing at

a time. Conversely, as the coupling is narrowed, the system resembles a single

crossing event. In this section, we first change the system, apply the empirical

relationship and use the prescription (discussed above) for the system-defined

interaction width, and show that with this choice, MF-SD still calculates the

correct quantum averages. Then, for a single system, we show that small changes

to w have little effect on the calculations, but that larger changes in w result in

wildly inaccurate branching ratios.

Figure 5.6 shows the survival probability for a particle initially on the upper

surface for a narrow dual-avoided crossing (Eqn. 5.29). The only difference be-

tween the adiabatic surfaces shown in Fig. 5.4b and those used here is the choice of

D = 0.20a−2
0 , so that w/ao ≡ 1/

√
D = 1/

√
5. The results from MQC calculations

using FSSH [WWR94] (triangles connected by dotted lines) and MF-SD (boxes

connected by lines) are shown, along with the exact results [WWR94] (gray cir-

cles connected by dotted lines). FSSH, MF-SD, and Webster’s Stationary Phase

with Surface Hopping algorithm [WRF91, WWR94] (results, not shown, see Fig.

4 of Ref. [WWR94]) are numerically accurate for k > 20 and exhibit Stueckel-

berg oscillations, with MF-SD following the exact results to the lowest k among

the three approximate methods. However, for k < 15, all three methods fail to

obtain the correct amplitude or phase of the oscillations; the SPSH calculation,

in particular, predicts a large unphysical discontinuity at k ∼ 13. Thus, Figs. 5.3

and 5.6 verify that w is defined by the parameters of the system; in other words,

the width of the frozen Gaussians is not a free parameter but is instead system

defined.
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We also studied the dual-avoided crossing problem as we changed the interac-

tion width w, while keeping the nonadiabatic coupling width fixed atD = 0.06a−2
0

(for which our prescription says should use w2 ≈ 16a2
0). Figure 5.7 gives the MF-

SD results for a particle initially on the lower surface with various choices for w.

The exact results are shown as the solid gray circles (same as Fig. 5.3). The most

obvious deviation from the exact results is for w2 = 0.5a2
0. Moreover, although

the transmission probability for w2 = 128a2
0 appears identical to the result using

w2 = 16a2
0, the choice of w2 = 128a2

0 incorrectly predicts no reflection on the

lower surface. Hence, choosing the width of the frozen Gaussian wave packets to

be related to w from the spatial extent of the nonadiabatic coupling minimizes

the deviation from the exact result, as we had determined empirically for the

original three 1D problems.

It is possible that the reason the nuclear width scales with this “interaction

length” (the length over which the nonadiabatic coupling is strong) in these

dual-avoided crossing examples is because the decoherence should be defined by

how a real nuclear wave packet experiences the crossings. For the original dual-

avoided crossing, the nonadiabatic coupling is significant over a range of at least

4ao, which spans both of the crossing events. Thus, the Gaussian wave packet

needs to be large enough to ensure the interaction with both crossings before

decoherence occurs. In the limit where the two crossings are infinitely far apart,

the interaction length is only as wide as the nonadiabatic coupling is significant

for each crossing.

The question of how to find the interaction length in a complicated condensed-

136



phase calculation (such as the THF-solvated electron system discussed in Chs. 4

and 7), where there is no simple diabatic formula for the nonadiabatic coupling,

and where there may be dozens of states, not just two, has been explored exten-

sively in Ref. [LBS06]. We have shown that the interaction width is insensitive

to small changes (Fig. 5.7), and we use an average width, obtained by averaging

the nonadiabatic coupling as a function of distance for several pairs of states (α

and β),

Fαβ(r) = 〈F (r − |re −Ri|)〉αβ =
〈∑i |di

αβ|δ(r − |re −Ri|)〉αβ

〈∑i δ(r − |re −Ri|)〉
, (5.33)

where re and Ri are the center-of-mass position of the ground state wave function

and the position of classical particle i, respectively, and 〈...〉α,β means an ensemble

average of classical configurations for a pair of states, α and β. For a ground

state trajectory of the THF-solvated electron, we took about 100 configurations,

separated in time by 40 fs each. For the THF-solvated electron system, this is

about w = 4 Å; the prescription for calculating w in the condensed phase is

further explored in Ref. [LBS06].

5.5 Concluding Remarks

When performing nonadiabatic mixed quantum/classical molecular dynamics,

artificial methods for including decoherence are necessary because information

about the total system wave function is lost when some degrees of freedom are

treated classically. In this chapter, we introduced a new nonadiabatic MQC MD
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algorithm called mean-field dynamics with stochastic decoherence (MF-SD), that

allows the quantum subsystem to evolve into a superposition state but also in-

cludes a way for the superposition to decohere to a pure state. This process is

irreversible in time and is controlled directly by the quantum/classical interaction

through the HF forces (Eqns. 5.9 and 5.10). We used frozen Gaussians to approx-

imate the nuclear wave function (although classical point particles are used to

describe the dynamics), and by expanding the nuclear wave-function overlap (the

decoherence function, Dk(t)) at short times, we obtained the nuclear-induced de-

coherence rate, Eqn. 5.15. In this algorithm, the rate of decoherence determines

the probability that the nuclear degrees of freedom should force the electronic

superposition state to collapse into a pure state. Our method contains only one

ad hoc parameter, which we have shown is not a free parameter but is instead

defined by the system being studied.

We also have used a series of one-dimensional, two-state systems to show

that MF-SD is at least as quantitatively accurate as other popular MQC MD

methods. MF-SD improves upon other MQC algorithms such as FSSH, SPSH,

and MFSH for several reasons. First, MF-SD is built around a single, physically

motivated definition for decoherence, which we derived from arguments about

the total system density matrix and the nature of the nuclear wave-function de-

cay. Decoherence in our new algorithm is treated with only one criterion and

the effects of decoherence on the quantum and classical subsystems are clear de-

fined: Decoherence causes the quantum subsystem to instantaneously collapse

to a pure state, and the velocities of the particles in the classical subsystem are

scaled in the direction of the effective nonadiabatic coupling vector to ensure
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energy conservation. Second, we use a mean-field description for the evolution

of our quantum/classical system, which ensures that the dynamics calculated by

MF-SD is governed by the TDSE and that a swarm of trajectroies is not re-

quired. Third, MF-SD eliminates the need for a reference state, on which most

MQC MD methods rely, and replaces it with a unified description of decoherence

based on wave-function collapse. This leads to the improved accuracy when cal-

culating quantum observables because elimination of the reference state ensures

that weakly coupled quantum/classical systems remain in superposition states

and do not undergo artificially imposed collapses back to the reference state. In

addition to being more accurate, we also have argued that MF-SD is compu-

tationally more efficient than other popular nonadiabatic MQC MD simulation

methods.
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Figure 5.6: Narrow Dual-Avoided Crossing: Survival probability on the upper
adiabatic state for the dual-avoided crossing problem defined in Eqn. 5.29 but
with D = 0.2a−2

0 instead of 0.06a−2
0 . The MF-SD results are the boxes connected

by solid lines, the FSSH results [WWR94] are the triangles connected by dotted
lines, and the exact results [WWR94] are the grey circles connected by dotted
lines.
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Figure 5.7: Effect of the interaction width in the dual-avoided crossing: Variation
of the lower-surface transmission (a) and reflection (b) with the interaction width,
w, for the dual-avoided crossing problem described by Eqns. 5.29. Results are
shown for w2/a2

0 = 0.5, 4, 16 (same as in Fig. 5.3), 128, and for the exact results
(grey circles). The error bars are two standard deviations; for clarity, the error
bars are not shown for every data point. The curve w2 = 128 is not visible in
panel (a) since it lies exactly on top of the curve for w2=16.
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5.6 Description of Other MQC MD Algorithms

5.6.1 Fewest Switches Surface Hopping (FSSH)

In Tully’s fewest-switches surface hopping (FSSH) algorithm [Tul90], the classical

particles propagate under the assumption that the quantum mechanical degrees

of freedom occupy a single adiabatic state, j, called the reference state. Nonadia-

batic transitions between states are modeled as instantaneous and discontinuous

switches (surface hops) between the reference state and any other adiabatic state

k. The probability Pjk that the system should undergo a surface hop from state

j to state k is governed by the rate of change of the diagonal elements of a

fictitious13 density matrix via

Pjk =
bjk
ρjj

dt, (5.34)

where dt is the simulation time step and

ρ̇mm =
∑

lnot=m

bml =
∑

lnot=m

[
2h̄−1Im(ρ∗mlVml − 2Re(ρ∗mldml · Ṙ)

]
(5.35)

is the time rate of change of the mth diagonal element of the fictitious den-

sity matrix. In FSSH simulations, a surface hop occurs whenever the transition

probability calculated from Eqn. 5.34 is greater than a random number chosen

uniformly between zero and 1. When a surface hop does occur, the discontinu-

13The density matrix is considered “fictitious” because the superposition it describes does
not interact with the classical subsystem in any way; it is only a bookkeeping device for the
FSSH algorithm.
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ous change in quantum energy is balanced by the kinetic energy of the bath, as

described in Sec. 5.3.1.2. The surface hopping check is performed on every time

step, and the fictitious density matrix remains coherent for the entire trajectory;14

as a result, decoherence is not manifest in any individual trajectory. Coherence

damping occurs only after adding together a swarm of trajectories from the same

classical initial condition at the amplitude level. It is not clear, however, how

many trajectories must be averaged in a swarm to properly account for decoher-

ence, and the number of trajectories required almost certainly depends on the

particular system under study. This need for a swarm of unknown size can add

considerable computational cost.

5.6.2 Mean Field Dynamics with Surface Hopping (MFSH)

The MFSH algorithm [PR97, WR01] allows for coherent mean-field propagation

for short periods of time followed by full wave-function collapse. MFSH uses

the FSSH prescription for transitions between adiabatic states and, in doing so,

requires two different density matrices for each MQC trajectory: A fictitious,15

fully coherent “primary” density matrix, which keeps track of the FSSH transi-

tion probabilities, and an “auxiliary” density matrix, which is used to calculate

the mean-field HF force. Whenever a surface hop to state k is allowed, all the

elements of the auxiliary density matrix are set to zero except ρkk, which is set to

1. As with FSSH, the primary density matrix remains fully coherent throughout

14We note that the issue of decoherence of the off-diagonal density matrix elements is directly
addressed in Ref. [Tul90], Eqn. (25), by adding damping terms to the time-dependent Schrö-
dinger equation.

15See page 142
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each trajectory. However, because the propagation of the auxiliary matrix pro-

duces dynamics that obey the TDSE for short time, MFSH has the advantage

that each MQC trajectory is physically meaningful. In addition to surface hops,

MFSH treats coherence loss with “mean-field (MF) rescalings,” where coherence

in the density matrix is destroyed and the mixed wave function is collapsed back

to the “reference” state. This means that MFSH has two different but simul-

taneous definitions of decoherence, both of which cause unique responses in the

quantum subsystem. Mean-field rescaling events are treated differently from sur-

face hops because bkk in Eqns. 5.34 and 5.35 is zero for all k; in other words,

there is no nonadiabatic coupling vector (Eqn. 5.8) to induce a surface hop back

to the reference state. The criteria for MF rescalings are determined by a second

simultaneous MQC trajectory (called the “reference trajectory”) that is com-

puted along with the MFSH mean-field trajectory. The initial configuration and

momenta in both trajectories are identical, but the classical particles in the ref-

erence trajectory experience the adiabatic HF force, Eqn. 5.10 from the reference

state, while the classical particles in the MF trajectory experience the mean-

field HF force (Eqn. 5.9; the two trajectories eventually diverge in the presence of

any nonadiabatic coupling. MFSH compares the two trajectories and allows for a

wave-function collapse to the reference state when they have diverged sufficiently.

This is taken to be whenever either of the inequalities

∣∣∣∣PMF − Pref

PMF + Pref

∣∣∣∣� 1, (5.36)
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or

|RMF −Rref| � a0, (5.37)

is violated for any classical particle, where PMF (RMF) and Pref (Rref) are the

classical momenta (positions) in the MF and reference trajectories, respectively.

When either of the inequalities above is violated, the auxiliary density matrix is

reset so that the quantum wave function in the mean-field trajectory collapses

to the reference state and the classical coordinates in the reference trajectory

are reset to match the MF trajectory, although the primary density matrix is

not reset (the reference trajectory coordinates are reset if a surface hop or MF

rescaling occurs). Finally, as in FSSH, to ensure energy conservation, surface hops

require the classical velocities to be scaled along the direction of the nonadiabatic

coupling vector, whereas MF rescalings require the classical velocities to be scaled

in the direction of the effective nonadiabatic coupling vector, Eqn. 5.23.
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CHAPTER 6

Projections of Quantum Expectation Values

onto Molecular Motions

6.1 Introduction

Before moving on to the nonequilibrium dynamics of the THF-solvated electron,

we will need a way to analyze the influence of the classical molecular motions

on quantum expectation values. Of particular interest will be the energy of the

quantum subsystem. So, in this chapter, we present a general analytic method

for performing projections (similar to Ch. 3) of any quantum mechanical ob-

servable onto the classical bath degrees of freedom in mixed quantum/classical

molecular dynamics simulations. We apply the method and develop expressions

for the special case of quantum solvation, which will allow us to examine how

specific classical solvent motions couple to the equilibrium energy fluctuations

and nonequilibrium energy relaxation of a quantum mechanical solute like the

solvated electron. As a first application of our formalism, however, we investi-

gate the motions of classical water underlying the equilibrium and nonequilibrium

solvent response functions of the hydrated electron; the results allow us to explain

why the linear response approximation fails.
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One of the principle goals of molecular dynamics (MD) simulations is to un-

derstand how specific molecular motions of a bath influence physical processes

of interest. In classical MD, Steele theory [Ste87, LS98] can be used to calculate

the how a specific dynamical variable, A, is changed by individual bath degrees

of freedom by using the method of projections. In Ch. 3, we have extended this

formalism to nonequilibrium situations, and uncovered a hidden breakdown of

linear response (LR) [BLS03a]. There has been no analogous analytical tool,

however, for understanding how bath degrees of freedom (DOF) affect quantum

mechanical observables, including the Hamiltonian. In this chapter, we present a

new formalism for projecting dynamical changes of quantum expectation values

in mixed quantum/classical (MQC) simulations onto classical molecular motions.

Our method allows us to determine how any measurable quantity associated with

the interaction of a quantum wave function and a classical bath is affected by

specific motions of the bath.

To review, projections in classical MD are performed by expanding the time

derivative of an observable A using the chain rule, Ȧ =
∑

i Ṙi · ∇Ri
A, where R

denotes the bath coordinates and the index i runs over all bath DOF. Integration

of each term in the sum with respect to time gives Ai, the projection of A onto

bath coordinate i [BLS03a, BLS03b]. Here, we use a similar approach to project

quantum expectation values onto bath coordinates, and after presenting our new

formalism, we apply it to one of the best-studied MQC systems, the hydrated

electron [SR94a, BPT03]. Our analysis shows clearly why LR fails to describe the

nonequilibrium solvent relaxation following photoexcitation of this prototypical

quantum solute.
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6.2 Projections of Quantum Expectation Values

In MQC simulations, the Hamiltonian of the quantum subsystem is Ĥ= T̂+Û+

V̂p, where T̂ and Û are the quantum mechanical kinetic and potential energy

operators, and where V̂p is the pseudopotential, which describes the interaction

between the quantum and classical subsystems and thus depends on both the

classical (R) and quantal (r) DOF. For a given configuration of the classical

particles, the quantum subsystem is defined in terms of the adiabatic eigenvectors

|k〉 and eigenvalues Ek of Ĥ, which evolve according to the classical dynamics,

and the time-dependent Schrödinger equation (TDSE). The classical subsystem’s

dynamics are driven in turn by the classical interaction potential and by the

Hellmann-Feynman (HF) force, Fi
HF = −〈ψ|∇Ri

Vp|ψ〉, which is the force the

quantum subsystem with wave function |ψ〉 exerts on each classical DOF, Ri.

Although the above prescription dictates the precise evolution of a MQC system,

it does not provide information as to which specific classical DOF influence the

dynamics of any particular quantum observable.

To obtain such information, our goal, is to write the time derivative of an

observable, in this case a quantum expectation value, in terms of classical gradi-

ents. Consider a quantum Hermitian operator Ω̂ and its expectation value with

the kth adiabatic state, 〈Ω̂〉 = 〈k|Ω̂|k〉 ≡ Ωkk. Using the chain rule,

d

dt
〈k|Ω̂|k〉 = 〈k̇|Ω̂|k〉+ 〈k|Ω̂|k̇〉+ 〈k| ˙̂Ω|k〉. (6.1)

By inserting a complete set of states into each of the first two terms on the
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right-hand side of Eqn. 6.1 and introducing the nonadiabatic coupling vectors,

〈m|k̇〉 =
∑

i Ṙi ·〈m|∇Ri
k〉 ≡ ∑

i Ṙi ·di
mk, we obtain

Ω̇kk =
∑

i

[
2
∑
m

Ṙi · di
kmΩmk

+ Ṙi · 〈k|(∇Ri
Ω̂)|k〉

]
≡
∑

i

Ω̇i
kk, (6.2)

where m and k index the adiabatic eigenstates of Ĥ, Ωmk ≡ 〈m|Ω̂|k〉, and the

sum on i is over each classical DOF. Although the sum on m formally runs over

all of the adiabatic states, it likely can be truncated to just a few terms in most

practical applications, which will be discussed at the end of this chapter. Thus,

Eqn. 6.2 shows that projections of Ωkk onto specific classical coordinates can be

obtained by seeing how the velocities of relevant classical DOF alter the adiabatic

eigenstates, which in turn alter the quantum expectation value.

Equation 6.2 is valid for an expectation value associated with a single adia-

batic state, but in nonadiabatic MQC simulations, we often describe the quantum

subsystem using a superposition of the adiabatic eigenvectors, |ψ〉 =
∑

k ak|k〉,

which we refer to as a mean field (MF) state. For quantum observables associ-

ated with MF states, the projections proceed in a similar manner as for adiabatic

states, but the evolution of the density matrix, ρkk′ = a∗kak′ , leads to an unusual

cancellation of terms. Using the TDSE (same as Eqn. 5.6),

ρ̇kk′ =
∑
m,i

Ṙi ·
(
ρmk′di

mk−ρkmdi
k′m

)
+
i

h̄
ρkk′Ekk′ , (6.3)

where Ekk′ = Ek−Ek′ is the difference between two adiabatic eigenvalues, we see
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that

d

dt
〈ψ|Ω̂|ψ〉= d

dt
〈Ω̂〉= i

h̄

∑
k,k′

ρkk′Ωkk′Ekk′

+
∑

i

Ṙi · 〈ψ|∇Ri
Ω̂|ψ〉

≡ i

h̄

∑
k,k′

ρkk′Ωkk′Ekk′ +
∑

i

Ω̇i
MF (6.4)

where the nonadiabatic coupling terms from the derivatives of the eigenvectors

exactly cancel with identical terms from the derivative of the density matrix in

Eqn. 6.3. The first term in the final expression of Eqn. 6.4 arises from the evo-

lution of the quantum phase in the TDSE; it has no explicit dependence on the

classical particles’ motions and it vanishes if either Ω̂ is diagonal in the chosen

basis or if the density matrix is diagonal. In addition, if Ω̂ has no explicit R

dependence, the second term in the final expression of Eqn. 6.4 also vanishes,

so there appears to be no expression analogous to Eqn. 6.2 that determines how

the bath DOF influence expectation values associated with quantum superposi-

tion states; this issue will be discussed more below. If Ω̂ does have explicit R

dependence, however, then the second term in Eqn. 6.4 provides the desired in-

formation. For either Eqn. 6.2 or Eqn. 6.4, the projection of 〈Ω̂〉 onto a classical

coordinate i is found by integrating either Ω̇i
kk or Ω̇i

MF with respect to time,

Ωi(t)− Ωi(0) =
∫ t

0
dt′Ω̇i(t′). (6.5)

Thus, Eqns. 6.2, 6.4 and 6.5 allow us to project the dynamics of quantum solutes,

even those described by superposition wave functions, onto specific motions of a
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classical bath.

6.3 Projections of Solvation Dynamics with a Quantum

Solute

To illustrate the application of our formalism in MQC simulations, we consider

the case of dynamic solvation, in which the classical solvent causes the energy of

the quantum solute to relax following excitation. The nonequilibrium relaxation

dynamics are described by the solvent response function (same as Eqn. 1.3),

S(t) =
∆E(t)−∆E(∞)

∆E(0)−∆E(∞)
, (6.6)

where again, the overbar denotes a nonequilibrium ensemble average, but in

the case, the energy gap between the excited (|ψ〉) and ground (|0〉) states of a

quantum-mechanical solute is ∆E = 〈ψ|Ĥ|ψ〉 − 〈0|Ĥ|0〉. In the limit of LR, the

nonequilibrium response function is equal to the equilibrium solvation correlation

function (same as Eqn. 1.4),

C(t) = 〈δ∆E(t) · δ∆E(0)〉/〈(δ∆E)2〉, (6.7)

where the fluctuations from the average energy gap1 are δ∆E(t) = ∆E(t)−〈∆E〉,

and the angled brackets denote an equilibrium ensemble average. (Recall that

although LR implies that S(t) ∼ C(t), the converse is not necessarily true, see

1For the equilibrium solvation correlation function, ∆E = 〈1|Ĥ|1〉 − 〈0|Ĥ|0〉, which is the
energy gap between the ground (|0〉) and first excited (|1〉) states of the hydrated electron.
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Ch. 2, 3, and [BLS03a].)

To project the nonequilibrium and equilibrium solvation dynamics onto the

motions of classical particles, we take the first time derivative, J(t) ≡ Ṡ(t), of

Eqn. 6.6,

J(t)=
∑

i

∆Ėi(t)/(∆E(0)−∆E(∞))≡
∑

i

Ji(t), (6.8)

and the second derivative, G(t) ≡ −C̈(t), of Eqn. 6.7,

G(t)=
∑
i,j

〈∆Ėi(t) ·∆Ėj(0)〉
〈(δ∆E)2〉

≡
∑
i,j

Gij(t), (6.9)

which are the quantum analogues of the classical J(t) and G(t) from Ch. 3.

By integrating each projected Ji(t) once and each Gij(t) twice with respect to

time, we obtain the desired nonequilibrium and equilibrium projections, Si(t)

and Cij(t), respectively. Since both Eqns. 6.8 and 6.9 have Ω̂ = Ĥ, the desired

projections from Eqns. 6.2 and 6.4 are obtained by noting that

d

dt
〈k|Ĥ|k〉 =

∑
i

−Ṙi · Fi
k =

∑
i

Ėi
k

d

dt
〈ψ|Ĥ|ψ〉 =

∑
i

−Ṙi · Fi
HF =

∑
i

Ėi
MF, (6.10)

where Fi
k = −〈k|∇Ri

Vp|k〉 is the adiabatic HF force, and the Cartesian velocities

Ṙi can easily be converted into relative solute-solvent coordinates via unitary

transformations, as in Ch. 3. Again, the center-of-mass (COM) velocity of each

classical particle can be separated into a longitudinal translation (directly toward
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or away from the quantum solute’s center of mass along n = Rcom − 〈ψ|r̂|ψ〉)

and two lateral translations (orthogonal to n). Equations 6.8–6.10 provide ev-

erything needed to quantify exactly how specific classical solvent motions such

as translations or rotations affect the solvation dynamics of quantum solutes.

6.4 Projections of Solvation Dynamics: The Hydrated

Electron

We can now apply these new tools to explore the molecular basis of the sol-

vent relaxation following photoexcitation of the hydrated electron (e−hyd), an ex-

cess electron dissolved in water; the e−hyd has been characterized perviously in

simulations in Ref. [SR94a, BPT03]. The details of the MQC simulations are

given elsewhere [LBS06]; briefly, the system contains 200 classical SPC-Flex wa-

ter molecules [TR85] and a single excess quantum electron that interacts with the

solvent using the Schnitker-Rossky pseudopotential [RS88]. The velocity Verlet

algorithm was used to propagate the classical dynamics with a time-step of 1 fs for

the adiabatic, equilibrium trajectories and 0.125 fs for the nonadiabatic, nonequi-

librium trajectories. The nonadiabatic runs were calculated using the mean-field

with stochastic decoherence (MF-SD) algorithm [BLS05b] with w = 4 a0 for the

MF-SD nonadiabatic coupling width; see Ref. [LBS06] for details. Statistics were

collected from two uncorrelated 50-ps ground state equilibrium trajectories with

the hydrated electron in the ground state and from 50 nonadiabatic, nonequi-

librium trajectories started from 25 uncorrelated initial configurations (with the

initial velocities reversed to obtain a second run per starting configuration). To
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start each nonequilibrium trajectory, the equilibrated ground-state e−hyd was pro-

moted to an adiabatic excited state 2.27 ± 0.01 eV above the ground state, near

the peak of the calculated e−hyd absorption spectrum [SR94a]. When calculating

nonequilibrium averages, we removed trajectories from the ensemble once they

had nonadiabatically relaxed to the ground state; thus, our nonequilibrium en-

semble has 50 members at the earliest times, but only 18 members at 600 fs

[LBS06].

We note that in most nonadiabatic MD algorithms, including MF-SD, the

electronic density matrix undergoes discontinuities whenever the quantum sub-

system decoheres [BLS05b]. Most MQC MD algorithms partition the changes

in the quantum energy among the classical coordinates by scaling the classical

momenta along the direction of the nonadiabatic coupling vectors; projections of

these rare discontinuous events onto the bath DOF have been discussed elsewhere

[PR97]. For a detailed discussion of how the e−hyd responds to such events in our

simulations, see Ref. [BLSa].

Previous calculations by Schwartz and Rossky [SR94a] found that S(t) is

similar to C(t) for the excited e−hyd, suggesting that LR holds for this system. This

result is surprising, given more recent studies of classical solvation, which showed

that when solutes change size or shape, LR typically does not apply [ATS00].

Since the hydrated electron undergoes both shape and symmetry changes upon

excitation (from an s-like to a p-like wave function), we expect S(t) and C(t) to be

very different, or at least that the underlying dynamics coupling to the solvation

processes are different. We have revisited the solvation dynamics of this system,
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and Fig. 6.1A shows that S(t) and C(t) are in fact completely different, even at the

earliest times when the LR approximation is expected to be most applicable. The

difference between our results and those in Ref. [SR94a] likely results from poor

statistical sampling in Ref. [SR94a], where only 20 nonequilibrium trajectories

were used instead of the 50 used here, although the different nonadiabatic MQC

algorithms used here and in Ref. [SR94a] may also play a role.

To understand the breakdown of LR for the e−hyd evident in Fig. 6.1A, we

calculated time-integrated projections of both the nonequilibrium (Fig. 6.1A,

Eqn. 6.8) and equilibrium (Fig. 6.1B, Eqn. 6.9) solvent response functions onto

various classical DOF; details concerning the numerical integration and normal-

ization of the projections are discussed in Ref. [BLSa]. Figure 6.1 shows the

projections of the solvent response functions onto water center-of-mass (COM)

translations, Strans and Ctrans, as well as the longitudinal component of the water

COM translations (discussed above), Slong and Clong. The figure also shows the

sum of the projections onto all the rotational and vibrational DOF, taken as the

difference between the total solvent response and the total COM translational

projection, e.g., Sr-v = Stot − Strans; we note that Cr-v also contains cross terms

that do not appear in the nonequilibrium projections [BLS03a, LS98].

6.4.1 Spectral Density Analysis of the Hydrated Electron

The water molecules in our simulations are flexible, so there is no strict way to

separately project their vibrational and rotational motions, as shown in Fig. 6.2.

As a result, we separated the contributions of rotational and vibrational modes
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Figure 6.1: A. Comparison between the total nonequilibrium, S(t), and equilib-
rium, C(t), solvent response functions, Eqns. 6.6 and 6.7, showing breakdown of
LR. Integrated projections of the nonequilibrium solvent response onto various
classical motions, Eqn. 6.8, are also shown: Strans is the contribution of all water
COM translations, Slong is the projection onto the longitudinal component of the
water COM translations (see text), and Sr-v is the sum of the projections onto the
water molecular vibrational and rotational motions. The normalization for all of
the nonequilibrium curves show in Fig. 1A is ∆E(0)−∆E(∞) = 1.47 eV. B. The
total equilibrium solvent response function, Eqn. 6.7, and integrated projections
of it onto different classical motions, Eqn. 6.9; the subscripts used for each pro-
jection are the same as in panel A, except Cr-v, which represents the sum of the
projections onto the water rotations, vibrations, and all of the cross-correlations.
The error bars shown panels A and B are ±2 standard deviations; see Ref. [BLSa].
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using Fourier analysis of Sr-v(t) and Cr-v(t). Figure 6.2A shows the Fourier cosine

transform of both the O and H atom velocity autocorrelation functions.2 The

translational and librational modes of SPC Flex, which have frequencies less

than ∼1000 cm−1, water are well-separated in frequency from the intramolecualr

vibrations (i.e. the symmetric and asymmetric O-H stretches and the bend),

whose frequencies lie between ∼1700 and ∼4000 cm−1. The power spectra shown

in Figs. 6.2B and C are the Fourier cosine transforms of Sr-v and Cr-v (both shown

in Fig. 6.1), the ro-vibrational projections of the nonequilibrium and equilibrium

solvent response functions, respectively. Panels B and C show essentially no

spectral components at any of the intramolecular vibrational frequencies: Instead,

both are dominated by librational (rotational) motions that occur at freqencies

below 1000 cm−1. Thus, the spectra in Fig. 6.2 mean that librations dominate

both Sr-v(t) and Cr-v(t), and that vibrational coupling to the equilibrium and

nonequilibrium solvent response functions is negligible.

It is worth noting that a spectral density analysis of the total S(t) and C(t)

cannot distinguish contributions from translational or librational DOF, or sepa-

rate the translation-rotation coupling in Cr-v, since water translations and libra-

tions have overlapping frequency ranges. Our new formalism, however, allows us

to cleanly isolate the role of each classical degree of freedom in the nonequilibrium

solvent relaxation, S(t), as well as all of the cross-terms in the equilibrium solvent

response, C(t). This is exactly the same problem that lead to the development

2The velocity autocorrelation functions used to create the neat SPC-Flex power spectra
were taken from a single, all-classical 20-ps equilibrium trajectory with 200 water molecules at
a temperature of 300 K.
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Figure 6.2: Power spectra of: (A) Neat water (see text for details); (B) Projec-
tion of the nonequilibrium solvation response function onto ro-vibrational water
modes, Sr-v; and (C) Projection of the equilibrium solvation response correlation
function onto ro-vibrational water modes, Cr-v. The figure shows that intramolec-
ular water vibrations (the H-O-H bend and O-H stretch) do not couple to either
the nonequilibrium or equilibrium solvent response functions.
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of classical projections in Chs. 2 and 3: The power spectra (Fig. 2.1) for THF

motions all overlap. Hence, the Fourier transforms of the classical S(t) and C(t)

in Fig. 2.4 all appear similar and would not allow us to assign the underlying

motions to different rotations or translations.

The projections of S(t) and C(t) make it easy to see that the classical motions

underlying the equilibrium and nonequilibrium solvent relaxation of the e−hyd are

quite different. Figure 6.1B shows that solvent librations and translations con-

tribute equally to the equilibrium solvation correlation function, whereas Fig.

6.1A indicates that librational motions dominate the nonequilibrium solvent re-

laxation. Both at and away from equilibrium, translational solvent motions occur

on a single time scale, with longitudinal motions comprising ∼90% of the total

translational response. The librational responses, however, are quite different at

and away from equilibrium. The equilibrium librational response, Cr-v, occurs on

two distinct time-scales and is characterized by a rapid inertial relaxation that

accounts for ∼1/3 of the total solvation followed by a slower component that is

not complete until t >∼500 fs. In contrast, the nonequilibrium librational re-

sponse, Sr-v, is extremely rapid; it is nearly complete within ∼50 fs and plays

only a minor role in the total nonequilibrium relaxation after 100 fs. Thus, our

projection analysis demonstrates that not only do different solvent motions con-

tribute to relaxation with different amplitudes at and away from equilibrium,

but that the equilibrium and nonequilibrium solvent dynamics are composed of

entirely different types of solvent motions; the large size and shape change that

the e−hyd undergoes upon excitation alters the solute-solvent coupling, leading to

a breakdown of LR [ATS00].

159



6.5 Other Projections of Quantum Expectation Values

We discussed in §6.2 that when Ω̂ is not diagonal, the sum over states in Eqn.

6.2 can lead to numerical difficulties if one has an infinite basis. To explore the

utility of Eqn. 6.2, we tried to calculate how classical water motions couple to

the fluctuations of the ground-state hydrated electron’s average position, 〈0|r̂|0〉.

We found that by including only 10 or 12 states, the analytical derivative of

〈0|r̂|0〉, calculated using Eqn. 6.2, and the numerical derivative, calculated using

a finite-difference method, agreed fairly well. This suggests that we would be

able to project the component parts of 〈r〉 onto the bath DOF using unitary

transformations, and then integrate to find out how the expectation value of

the position operator is influenced by motions of the solvent. However, we also

found that simply increasing the number of states in the sum did not guarantee

better convergence. For example, including 14 states in the sum caused the

the deviation between the analytical and the numerical derivatives to increase

over the residual calculated using only 12 states, although when we increased

the number of adiabatic states in the sum from 14 to 16, the agreement was

once again quite good. We are not yet sure what consequences this will have for

projections of general operators, and the issue needs to be explored further.
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6.6 Concerning The Cancellation of Terms in Equation

6.4

In Eqn. 6.4, we noted that the complete cancellation of terms is only true when

we have a complete basis. This lead to the nonadiabatic coupling terms in the

TDSE, Eqn. 6.3, to cancel exactly with similar terms from the derivatives of |ψ〉.

This complete cancellation of terms is nothing short of surprising since (except for

the MQC Hamiltonian), the classical gradient can not affect any quantum opera-

tor, and thus, only the phase remains. Does this mean that nothing changes the

expectation value 〈Ω〉 except the phase itself, which is purely quantum mechan-

ical? Is the classical subsystem really not involved? As the classical subsystem

evolves, surely the MF wave function undergoes non-trivial changes, so that MF

averages must also have a non-trivial derivative. We must assume that this exact

cancellation is a special consequence of the TDSE, which says that the MF wave

function evolves in such a way that when it builds up nonadiabatic coupling with

one of the basis states, it is exactly equal to some loss of nonadiabatic coupling

with another. Then again, perhaps the cancellation is not so surprising. After

all, the phase is dependent on the adiabatic eigenvalues, which themselves de-

pend on the classical positions. Thus the cancellation of terms in Eqn. 6.4 might

just be a statement that the method of projections outlined in this chapter are

inadequate, and that another, more sophisticated tool will be required to cal-

culate the influence of classical particles on MF observables. In the mean time,

our method allows all adiabatic expectation values to be projected onto solvent

DOF, and for arguably the most important MF average, the MQC Hamiltonian,
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to be projected with ease.

6.7 Concluding Remarks

In summary, we have presented a new formalism for projecting how classical

motions affect quantum observables in MQC MD simulations. Our method can be

applied to any quantum operator and provides precise, molecular detail about the

coupling between quantum solutes and classical motions. We applied our method

to study the solvent relaxation of the prototypical MQC system, the photoexcited

e−hyd, and found that entirely different solvent motions were responsible for the

equilibrium and nonequilibrium solvent relaxation, explaining the breakdown of

LR for this system. With this new tool of quantum projections, along with the

nonadiabatic MQC MD algorithm, MF-SD, we are finally ready to examine the

nonequilibrium solvation dynamics of the THF-solvated electron.
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CHAPTER 7

The THF-Solvated Electron: Nonadiabatic,

Nonequilibrium Simulations

7.1 Introduction

So far in this dissertation, we have characterized the equilibrium solvent structure

and dynamics of the weakly polar solvent, tetrahydrofuran, and we found that

solvent rotations and translations occur on similar time-scales. In simulations

of a classical solute modeling a simple charge-transfer reaction, we found that

the equilibrium and nonequilibrium solvent response functions were remarkably

similar, suggesting that linear response might apply. However, we developed the

method of nonequilibrium projections to uncover the specific molecular motions

that were coupling the the solvation energy gap. Coupled with equilibrium pro-

jection, we could examine the influence of specific molecular motions both at and

away from equilibrium, thus revealing the hidden breakdown of linear response.

The breakdown of LR was easy to explain using the projection formalism dis-

cussed in Ch. 3, and we showed that it was a “hidden” breakdown for the simple

fact that rotational and translational motions in THF occur on such similar time

scales (Fig. 2.1). These similar time scales obscured the (very different) molecular
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details underlying the equilibrium and nonequilibrium solvent response functions.

We found a complicated, four-time scale solvation process, involving both trans-

lations and rotations (Ch. 3) for the nonequilibrium solvation, where LR theory

predicted that translations should not be a part of the solvent response at all.

We have also found that the disk-like geometry of each THF molecule, cou-

pled with its weak dipole moment, results in stacking and clustering of the solvent

molecules. This leads to large positively-polarized voids in the solvent, which are

in turn responsible for the the unusual electronic structure of the THF-solvated

electron. In Ch. 4, we showed that the nascent secondary cavities are the same as

the cavities that exist in the neat solvent, meaning that it is not the presence of

an excess electron that causes the cavities to form. The voids in the neat solvent

were later confirmed experimentally [BFS06], and the cavity picture that we have

developed for the solvated electron in THF also offers a possible explanation of

the solvated electron’s absorption spectrum in the highly-polar solvent, hexam-

ethylphosphoramide (HMPA), since it is also thought to pack poorly, resulting

in large voids.

Finally, the cavity picture is also consistent with femtosecond optical control

and charge transfer experiments from our group. To be sure that hypothesis of

electron relocalization offered by the optical control experiments is correct, we

turn next to simulate the excited-state dynamics of the e−THF . To do this, we de-

veloped a new mixed quantum/classical molecular dynamics algorithm that could

capture all of the essential physics of quantum solvaiton, including mean-field

propagation of the quantum subsystem, nonadiabatic transitions, and decoher-
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ence caused by the classical bath. The previous two chapters, which discussed the

development of MF-SD and the quantum projections formalism, finally lead us

here, to nonequilibrium, nonadiabatic simulations of the THF-solvated electron.

The results described in this chapter are preliminary findings; for further

discussion, see Ref. [BLSb].

7.2 Nonadiabatic Mixed Quantum/Classical Simulation

Details

To understand the excited-state solvation dynamics of the solvated electron in

THF, we performed a series of nonequilibrium, nonadiabatic simulations. Unlike

the adiabatic simulations of Ch. 4, here we are interested in the nonequilib-

rium, non-Born-Oppenheimer dynamics of the photo-excited solvated electron in

THF. We use the same Hamiltonian as in Ch. 4, and the same uniformly-spaced

24×24×24 grid to define the wave functions (additional details about our MQC

methods can be found in Chs. 4 and 5 and Ref. [SBL03]); as mentioned in Ch. 5,

we use a nonadiabatic coupling width of w = 4 Å in the MF-SD algorithm.

Each nonequilibrium trajectory mimics a one-photon Franck-Condon excita-

tion: An equilibrated THF-solvated electron is instantly promoted to one of the

adiabatic excited states, k, by forcing the electronic density matrix to be

ρ̂ =
∑
i,j

ρijδ(i− k)δ(j − k), (7.1)

where the double-sum on i and j goes over all of the adiabatic states and ρij =
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c∗i cj, as in Ch. 5. The starting configurations were taken from a 40-ps ground-

state trajectory, which is described in Ch. 5 and Ref. [BLS05a]. In all cases, the

configurations were separated by at least 200 fs in the equilibrium trajectory, and

on average by ∼450 fs. Nonequilibrium trajectories were run until the electron

fully relaxed and equilibrated on the ground state; in most cases, this was ∼3-

6 ps after the ground state was populated. The initial excited state, k, for

each nonequilibrium trajectory was chosen such that the ground-to-excited state

energy gap, ∆ε = εk−ε0, was either 1.45 ±0.05 eV or 1.00±.05 eV, with k ∈ [1, 6]

We performed 32 nonadiabatic simulations with an initial gap of 1.45 eV, which is

near the maximum of the calculated absorption spectrum, and 12 nonequilibrium

trajectories with an initial energy gap of 1.00 eV. Some of the excitations near 1.45

eV are to disjoint states occupying secondary cavities [BLS05a], so the ensuing

relaxation dynamics of these trajectories will test the hypothesis that the solvated

electron can relocalize in THF, as discussed in Ch. 1 [MBS01]. On the other hand,

all of the trajectories with a 1.00 eV energy gap will be excited to states within

the primary cavity, so we expect the nonequilibrium relaxation dynamics of the

THF-solvated electron in these trajectories to occur entirely within the primary

cavity, with no possibility of relocalization.

7.2.1 A Multiple Time-Step MQC MD Algorithm

The nonadiabatic simulations in this chapter use a time step of dt = 2 fs to inte-

grate the classical equations of motion using the position Verlet algorithm [AT87]

(this includes the Hellmann-Feynman force from the electron, see Eqn. 5.9). We
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use a fourth-order Runge-Kutta algorithm [PTV] to numerically integrate the

TDSE, with 1500 intermediate time steps. At each of these intermediate steps,

the eigenvalues and eigenvectors are linearly interpolated between the current

and previous classical configurations. This multi-time step procedure allows us

to accurately integrate the evolution of the density matrix, while still allowing

for fairly large classical time-steps, which we have discussed elsewhere [SBL03].

This linear interpolation breaks down, however, when the quantum subsystem is

undergoing rapid changes.

During nonadiabatic, excited-state relaxation using the MF-SD algorithm,

adiabatic eigenstates often approach degeneracy (and can experience avoided

crossings), which is the result of the solvent fluctuations around the various cavi-

ties that in turn cause the eigenstates associated with those cavities to fluctuate.

When two eigenvalues are nearly degenerate, the quantum density matrix un-

dergoes large, rapid oscillations according to the TDSE (Eqn. 5.5). A MF wave

function that is strongly dependent on one of these adiabatic states, must then

transfer quantum population rapidly from one state to another. These changes in

the quantum density matrix cause our numerical algorithm to break down with

a dt = 2-fs time step, and the incorrect propagation of the quantum subsystem

results in two major problems. The first problem is that when the TDSE is not in-

tegrated properly, the population transfer between states with nearly-degenerate

eigenvalues is incomplete, hence the evolution of the quantum subsystem is in-

correct. The second problem, whose origin will be discussed below, is that during

avoided crossing events, the total quantum+classical energy is not conserved.
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To correct the problems associated with rapid population transfer and avoided

crossings, we chose to use a second, smaller time step MQC “subalgorithm.” By

switching to dτ = 0.13̄-fs time steps, we were able to more accurately integrate

both the time-dependent Schrödinger equation and the classical equations of mo-

tion whenever 2-fs time steps are too long to capture the dynamics. In order to

perform the switching, we used specific (emperically derived) numerical thresh-

olds that indicate when our classical time steps are too large, which we believe

corresponds to a breakdown of our approximation of linearly interpolating the

quantum eigenvectors and eigenvalues over dt = 2 fs.

The first numerical check restricts the magnitude of changes in the diagonal

elements of the density matrix to

∆ρii

dt
> .0125/s (7.2)

for each adiabatic state i, which identifies when the quantum subsystem is chang-

ing too rapidly to transfer all population according to the TDSE. The second

check, which helps conserve the total quantum+classical energy during avoided

crossing events (see below), is a finite-difference time derivative of HF force (Eqn.

5.9), taken between classical time steps, for each atom n in the system,1

|∆Fn|
dt

> 1.7× 10−10 N/s. (7.3)

1This threshold was doubled to 3.4−10 N/s for later trajectories, in order to decrease the
frequency that the small time step routine gets called. This had no detrimental effects, and
was sufficient to conserve the total energy to better than 0.005%.
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If either of these two criteria, Eqns. 7.2 or 7.3, are violated, the mixed quan-

tum/classical system returns to the previous configuration at time t − dt (for

example, before the crossing event) and the system is propagated to time t using

15 classical time steps of length dτ = 0.13̄. The “subalgorithm” is identical to

the large time step algorithm (which uses dt), including looking for decoherence

events with the MF-SD criteria.2 Switching between the 2-fs and 0.13̄-fs time

steps was both computationally practical and straightforward, allowing us to use

a fairly large classical time step when very little was happening to the quantum

subsystem, and to finely integrate the equations of motion during rare events of

strong mixing or avoided crossings.

Figure 7.1 shows an example of an avoided crossing between two states, called

|1〉 and |2〉 (with eigenvalues ε1 and ε2) and how the “subalgorithm” effects the

MQC propagation. Panel A shows the expectation values X1 = 〈1|x̂|1〉 and

X2 = 〈2|x̂|2〉, (dashed and dotted curves) as well as the mean-field center-of-

mass position, XMF = 〈ψ|x̂|ψ〉 (solid curves) for a trajectory where the e−THF was

initially excited to state |1〉.3 Panel A shows the quantum averages both with

(black curves) and without (gray curves) the small time step subalgorithm. Panel

B shows the adiabatic eigenvalues, ε1 and ε2, as well as the mean-field energy,

2Since we used the position-based Verlet algorithm, going into and out of the small time-
step regime required some modification. When we return to classical time step, t− dt, we are
forced to use the slightly less-accurate Newtonian equations of motion (with classical velocities
v(t− dt)) and integrate backwards in time to obtain the classical configuration at t− dt− dτ .
The forward dτ steps then use the position Verlet until the classical configuration at t+ dτ is
obtained. This configuration is used to find the corresponding classical velocity, v(t), and the
Newtonian equation of motion is used with this velocity to find the classical configuration at
t+ dt for the next large classical time step.

3We could also have shown the average position in y or z, to the same effect..
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EMF, for the same avoided crossing event.

As panel A shows, the two adiabatic eigenvectors initially occupy totally sepa-

rate cavities nearly 8 Å apart. However, as the nonequilibrium solvation dynamics

evlove, the states swap physical locations (between Cavities labeled I and II) at

t ∼ 100 fs. Why does this happen? The e−THF is excited to adiabatic excited

state |1〉 (in Cavity I) at t = 0, and does not mix with any of the other adiabatic

states for the first 95 fs of the trajectory, as indicated in the lower panel where

EMF = ε1. As the solvent molecules that surround Cavity I respond to the pres-

ence of the e−THF , the MF energy is lowered, but so is the energy of any of the

adiabatic states that also occupy Cavity I. Concurrently, solvent fluctuations are

making Cavity II less favorable to the THF-solvated electron’s adiabatic states

(ε2 is increasing in energy). Finally, at t ≈ 100 fs, ε1 and ε2 are nearly degenerate,

but our choice of the adiabatic basis prevents these states from crossing. Nev-

ertheless, the solvent fluctuations around Cavity I continue to be driven by the

MF wave function, and eventually, the lower eigenstate, 2, replaces 1 in Cavity

I. Since the MF wave function should stay in Cavity I, it must transfer all of its

population from 1 to 2 in only a few time steps. When the small time step subal-

gorithm is not used (gray curves in panel A), however, the MF wave function does

not transfer all of its population from 1 to 2. This is clear from panel A, which

shows that the MF center-of-mass position moves slightly toward Cavity II (solid

gray curve at 95 < t < 100 fs) because some of the superposition wave function’s

density remains on state |1〉, rather than switching to state |2〉 and remaining in

Cavity I. The small amount of charge density that gets transferred into Cavity

II when we do not use the small time step subalgorithm imparts an impulsive
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Figure 7.1: Panel A shows the x-center-of-mass position for two adiabatic excited
states, |1〉 and |2〉 and for the mean-field wave function, |ψ〉. The black curves all
use the small time step “subalgorithm” (see text), and the gray curves do not.
Panel B shows the adiabatic eigenvalues ε1 and ε2, associated with states |1〉 and
|2〉, as well as the MF energy for the trajectory shown in panel A.
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force on the solvent molecules surrounding Cavity II. This impulsive force causes

the classical propagation (using the energy-conserving Verlet algorithm) to break

down. In contrast, the black curves in panel A of Fig. 7.1 show that the adia-

batic eigenvalues evolve smoothly over six femtoseconds4 and that the MF wave

function (solid black curve) never deviates from Cavity I. Thus, not only do the

2-fs time steps give cause the numerical stability of the Verlet and Runge-Kutta

algorithms to break down (causing the total quantum+classical energy to not be

conserved), but it also results in the wrong physical trajectory for the MF wave

function.

7.3 Mixed Quantum/Classical Simulation Results

Now we have a prescription for calculating the excited-state dynamics of the THF-

solvated electron, and in Fig. 7.2, we show two example nonadiabatic trajectories,

one from each of the excitation energies discussed above, 1.45 eV in panel A and

1.00 eV in panel B. Both trajectories show a general pattern that we observed for

relaxation from the excited state: The e−THF begins on a single adiabatic surface

and mixes with lower adiabatic states. Typically, one decoherence event occurs

that collapses the MF wave function onto the first adiabatic excited state (see

panel A at t ≈ .75 ps and panel B at t ≈ 1 ps). After about 1 ps or more

with most of the THF-solvated electron’s population on the first excited state,

the ground-to-MF energy gap finally closes enough for the MF wave function to

4In this example, the small time step subalgorithm is called on three consecutive occasions,
meaning that we performed 45 total time-steps to take th e system from t = 98 fs to t = 104 fs.
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continuously mix onto the ground state (panel A at t ≈ .8 ps) or to make a large,

discontinuous transition to the ground state (panel B at t ≈ 3 ps), which results

from nuclear-induced decoherence in the MF-SD algorithm.

Shown in Figs. 7.3 and 7.4 are the nonequilibrium solvent response functions

(Eqn. 6.6) for the THF-solvated electron following 1.45 eV or 1.00 eV excita-

tions. We use the same convention for averaging these curves as in Ch. 6, where

trajectories are dropped out of the ensemble when they make a transition to the

ground state. Also shown in Figs. 7.3 and 7.4 are the integrated projections of

S(t) onto THF rotations and center-of-mass translations, where the projected

nonequilibrium solvent response function, S(t), onto coordinate i is

Si(t) =
1

2λ

∫ t

0
dt′Ji(t

′) + Si(0) (7.4)

with

Ji(t) =
∑
n

ṘnT̂
−1
i · T̂i(F

n
0 − Fn

HF) (7.5)

and i represents either rotations or translations. In Eqns. 7.4 and 7.5, λ is

the solvent reorganization energy (the denominator of Eqn. 6.6; also, see Chs.

2 and 3), Fn
0 and Fn

HF are the adiabatic ground-state and mean-field HF forces

(Eqns. 5.10 and 5.9), Ṙn is the velocity of particle n, and T̂i (and it’s inverse,

T̂−1
i ) are unitary transformations that take the Cartesian coordinates into either

solvent rotations or COM translations; Eqns. 7.4 and 7.5 are equivalent to the

Eqns. 3.10 and 3.7 from the classical projections formalism. Figures 7.3 and 7.4
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Figure 7.2: Two example nonadiabatic trajectories excited with 1.45 eV (panel A)
and 1.00 eV (panel B). In both cases, the time-dependent adiabatic expectation
values are shown in dashed and dotted grey curves, and the MF energy is shown
as a solid black curve.
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show that, unlike classical solutes (Ch. 3), solvation of the excited THF-solvated

electron couples to both translations and rotations. Not included in either figure

is the effect of decoherence events because, as in water (Ch. 6), the effect of

these events on the nonequilibrium quantum solvation dynamics is insignificant

and not germane to the discussion of excited state solvation, as discussed in Ref.

[BLSa]. For further details about how these decoherence events couple to solvent

motions, see Refs. [BLSa] and [BLSb].

In Fig. 7.3, we also show a fit to the nonequilibrium solvent response function,

a single exponential with a 700 fs decay. This 700-fs fit to the 1.45 eV S(t) presents

an interesting comparison to experiments: The femtosecond CTTS experiments

on the THF-sodide system performed in our lab [MBS01, MBS04, BS03, BMK03,

BMS01] suggest that electrons are photo-detached from sodide on a 700-fs time

scale.5 We also saw a 700-fs time scale for solvation of the classical solute in

Chs. 2 and 3, which is also roughly the decorrelation time for THF rotations and

center-of-mass translations. Thus, in the case of THF, it seems that the nature

of the solute, whether classical or quantum-mechanical, is not as important as

the inherent dynamical time scale of the solvent.

Finally, and perhaps most interesting among our preliminary results, is that

one of our nonadiabatic trajectories of the e−THF was observed to relocalize into a

different cavity. We used 1.45 eV excitation to place the THF-solvated electron

in the fourth adiabatic excited state, which mostly occupied a secondary cavity

5Note that this 700-fs time scale is not associated with solvation of the CTTS-generated
electrons, but with the actual detachment of the electron from the sodide core to a cavity in
the solvent.
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Figure 7.3: The nonequilibrium solvent response function, S(t) (Total, black
solid curve) Eqn. 6.6, and integrated projections, Eqn. 6.8, for an ensemble of
32 nonequilibrium trajectories, each with 1.45± 0.05 eV excitation energy. The
projection of S(t) onto THF center-of-mass translations (Trans, dashed curve)
is nearly identical to the projection onto THF rotations (Rot, gray solid curve),
which is indicative of the similar time scales for THF motions (See Fig. 2.1).
Perhaps more interesting is that the rotations and translations couple to the
nonequilibrium solvation with equal magnitude, in contrast to the nonequilibrium
classical solvation projections in Fig. 3.2. The total solvent response function,
S(t), is fit quite well by an exponential with a 700-fs decay (dotted curve).
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far from the ground state, as shown in Fig. 7.5. We say “mostly” because even

though the charge densities shown in Fig. 7.5 appear to occupy totally different

cavities a dozen Angstroms apart, we calculated a finite transition dipole matrix

element (Eqn. 4.4) between the ground and excited state (0.02 eV-Å2, compared

to ∼3 eV-Å2 for the strongest s-to-p-like transitions between the ground and

first excited states, Fig. 4.2). We found that when the e−THF reached the ground

state and returned to equilibrium, it was fully localized in this new cavity, having

transfered all population to the ground state in just 250 fs.

In Fig. 7.6, we plot the adiabatic eigenvalues and the MF energy for this par-

ticular trajectory as a function of time. However, unlike the example trajectories

shown in Fig. 7.2, this particular trajectory shows a rapid cascading through the

adiabatic excited state manifold with no decoherence events whatsoever. This

is because the mean-field wave function, initially placed in a secondary cavity,

simply causes the surrounding solvent medium to rearrange and accommodate a

new ground state. As this is happening, the MF energy decreases until it reaches

equilibrium. Concurrently, the ground state eigenvalue rapidly increases in en-

ergy after excitation (since there is no longer a charge in the original primary

cavity to hold the solvent’s polarization) until the MF energy and ground eigen-

value are nearly degenerate. When the avoided crossing between the adiabatic

ground and first excited states occurs at t ∼ 250 fs occurs, the ground state

physically switches from the original primary cavity to the cavity that the e−THF

was excited to at t = 0, and so the MF wave function transfers its population to

the ground state (as in the discussion of Fig. 7.1)
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Although we observed this unusual behavior for only one of the 32 nonequi-

librium trajectories with a 1.45 eV excitation (and not at all for the 1.00 eV

excitation), it is an example that relocalization can occur by exciting the THF-

solvated electron into a cavity far from where it started. Additionally, we chose

two other starting configurations, in which we excited the THF-solvated electron

from the ground state to a state occupying a disjoint cavity (one with 1.55 eV

excitation energy and one with 1.8 eV, but both with finite transition dipole ma-

trix elements, 0.26 and 2.32 eV-Å2, respectively) to be sure that the relocalization

trajectory observed in Fig. 7.6 was not an anomaly. Both additional trajectories

exhibited similar behavior, coming to equilibrium in the disjoint cavity to which

they were excited, rather than the t = 0 primary cavity, where they originated.

Figure 7.7 shows the adiabatic eigenvalues for the trajectory associated with the

1.8 eV excitation. In this example, the electron is initially excited to a cavity

almost 15 Å away. During the relaxation process, it builds up amplitude on sev-

eral excited states and remains in a superposition state for several femtoseconds,

before collapsing to the ground state at t ∼ 375 fs.

7.4 Concluding Remarks

Although the results for this chapter are preliminary, we have uncovered a strik-

ing difference between nonequilibrium classical and quantum solvation. In Ch.

3, we showed that the nonequilibrium solvation dynamics were dominated by

solvent center-of-mass translations (Fig. 3.2). In contrast, for two different exci-

tation energies, sampling different kinds of excited states, the THF motions that
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couple to the nonequilibrium e−THF relaxation dynamics are evenly split between

rotations and translations (Figs. 7.3 and 7.4). Furthermore, our results confirm

that photo-excitation of the THF-solvated electron can result in the electron be-

ing solvated in a cavity far from where it originated, as was hypothesized by the

optical control experiments [MBS01] discussed above and in Ch. 1.
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Figure 7.4: The nonequilibrium solvent response function, S(t) (Total, solid
curve) Eqn. 6.6, and integrated projections, Eqn. 6.8, for an ensemble of 12
nonequilibrium trajectories, each with 1.00 ± 0.05 eV excitation energy. The
projection of S(t) onto THF center-of-mass translations (Trans, dotted curve) is
slightly stronger than the rotational coupling (Rot, dashed curve) to the total
S(t).
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Figure 7.5: Iso-density plots of the ground and fourth adiabatic excited state,
showing 10% of the maximum charge density at t = 0 for the trajectory shown
in Fig. 7.6. The drop shadows are only meant to aid in perspective and are not
meant to convey size information.
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Figure 7.6: Adiabatic eigenvalues (grey dashed curves) and the MF energy for
a single nonadiabatic trajectory with a 1.45 eV excitation. In this trajectory,
the THF-solvated electron was excited to the fourth adiabatic excited state,
which occupied a totally different cavity than the ground state (see the t = 0
charge densities in Fig. 7.5), and the relaxation dynamics caused the electron to
re-equilibrate in the new cavity, thus showing that the excited e−THF can relocalize
into other solvent cavities, see text.
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Figure 7.7: Adiabatic eigenvalues (dashed and dotted curves) and the MF energy
(solid curve) for a single nonadiabatic trajectory with a 1.80 eV excitation. In this
trajectory, the THF-solvated electron was excited to the fifth adiabatic excited
stat, and the relaxation dynamics caused the electron to re-equilibrate in a new
cavity, see also Fig. 7.6.
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CHAPTER 8

Conclusions

In this thesis, we explored the nature of solvation in a proto-typical weakly-polar

organic solvent, tetrahydrofuran (THF). We used a variety of molecular dynam-

ics simulations to determine how both liquid structure and dynamics couple to

classical and quantum-mechanical solutes.

In Ch. 2, we discussed the properties of the neat THF, and found that THF’s

rotational and center-of-mass translational motions occur on similar time scales

(Fig. 2.1). This coincidence obscured our test of linear response theory when we

studied a model charge transfer reaction Na−
hν→ Na0 using a classical solute, (Fig.

1.2): We found that the equilibrium and nonequilibrium solvent response func-

tions were nearly identical (Fig. 2.4). Only by using the method of projections,

discussed in Ch. 3, were we able to determine exactly which THF motions were

coupling to the solvent response functions (Figs. 3.1 3.2, 3.4, and 3.5). We found

that the nonequilibrium solvation dynamics were strongly dependent on THF

center-of-mass translations that moved first-shell solvent molecules closer to the

smaller, neutral excited-state solute (Fig. 3.3). We also uncovered a complicated

rotational dependence, which affected both Coulomb and Lennard-Jones inter-

actions between the solute and solvent (Fig. 3.2). In contrast, the equilibrium
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solvation dynamics were dependent on rotations of the THF dipole to modulate

the ground-to-excited state energy gap via the Coulomb interaction (Figs. 2.5 and

3.1). This is the first known example of a “hidden” breakdown of LR, and our

results have implications for all solvation dynamics studies, as the mere agree-

ment of the equilibrium and nonequilibrium solvent response functions is not a

guarantee of the validity of linear response.

In Ch. 4, we moved on to dynamic solvation of a quantum-mechanical so-

lute, the solvated electron (Fig. 1.1). Although the solvated electron’s absorption

spectrum (Fig. 4.1) has been measured experimentally in many solvents (po-

lar, non-polar, and weakly-polar), the nature of the spectrum of e−THF had not

yet been assigned. We asked whether the THF-solvated electron was a cavity

bound species, similar to the solvated electron in water, or if it was delocalized

throughout the solvent like excess electrons in liquid methane. We also asked

why the solvated electron in HMPA, a strongly polar solvent, has an absorption

spectrum similar to THF. Using mixed quantum/classical molecular dynamics,

we were able to make the first assignment of the solvated electron’s absorption

spectrum in THF: The ground-state THF-solvated electron is a quasi-spherical,

cavity-bound species with a few excited states localized in the primary cavity,

and many other bound excited states in disjoint cavities far from the primary

cavity (Fig. 4.4). This cavity picture also offers a possible explanation of the

HMPA-solvated electron, since HMPA, like THF, has been characterized as pack-

ing poorly, leaving numerous voids and cavities. The cavities in THF, we found,

were an inherent property of the solvent’s inability to pack tightly, and the ex-

istence of partially-polarized cavities that were prediced in our simulations were
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later confirmed experimentally using neutron diffraction [BFS06].

The cavities that we discovered in Ch. 4 also offered a possible explanation

of the optical control experiments that were performed in our group. In order to

verify the relocalization hypothesis offered by Martini et. al. [MBS01], we needed

to perform nonequilibrium, nonadiabatic simulations of the photo-excited THF-

solvated electron. In Ch. 5 we discussed the development of a new algorithm to

perform such simulations, called mean-field dynamics with stochastic decoher-

ence, MF-SD. We showed that the algorithm is highly accurate, efficient, and

is based on our physical interpretation of decoherence and how it is manifest

in MQC simulations. Although the quantum subsystem should evolve into a

superposition state according to the time-dependent Schrödinger equation, the

interaction of the quantum subsystem with classical particles forces the super-

position state to occasionally decohere, hence we introduced the nuclear-induced

decoherence criteria, outlined in Ch. 5. The new method will hopefully be used

in MQC applications by other researchers and to spark further discussion and

research about the nature of how decoherence should be treated in quantum

simulations.

In order to study dynamic solvation in MQC MD, in Ch. 6 we extended

our projections formalism from Ch. 3 to quantum expectation values. As a test

case, we showed that the nonequilibrium hydrated electron’s solvation dynamics

are dominated by water librational motions, whereas its equilibrium solvation

dynamics are modulated equally by rotations and translations (Fig. 6.1). The

quantum projections formalism allows us to understand how specific molecular
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motions of the bath affect any quantum expectation value in a straightforward

manner, which is the principle goal of molecular dynamics simulations.

Finally, having developed both a numerical algorithm and an analytical tool

for nonadiabatic (non-Born-Oppenheimer) MQC MD, we studied the nonequi-

librium solvation dynamics of the photo-excited THF-solvated electron in Ch.

7. Our results show that dynamic solvation for the THF-solvated electron is

quite different than it is for classical solutes: Figs. 7.3 and 7.4 show that solvent

rotations and translations both couple strongly to the nonequilibrium solvent

response functions, rather than just COM translations. Additionally, we found

evidence that the photo-excited THF-solvated electron can relocalize into other

THF solvent cavities (Fig. 7.6). The results presented in Chs. 6 and 7 show the

utility of quantum projections, especially as they pertain to quantum solvation,

as there is no other known way to obtain these precise, microscopic details about

how solvent dynamics couple to a quantum solute.

We posed three questions in Ch. 1, regarding solvation dynamics: (1) What

is the solvation time scale? How long does it take following a perturbation for

the solute-solvent system to re-equilibrate? (2) What properties of the solvent

determine the equilibration process and are the solvent properties/strcture dif-

ferent before and after the perturbation? And (3) what are the molecular details

of solvation? We found that the answer to the first question is determined mostly

by the time scales available to the solvent. For example, in THF, rotations and

translations occur on the 0.5 to 1 ps time scale (Fig. 2.1). Thus, the time scale for

classical and quantum solvation are limited by these dynamics. For the second
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question, we found that the properties which drive the system toward equilib-

rium, in the regime of intermediate polarity, are both structure/orientation, and

polarity. For example, the rigid disk-like nature of each THF molecule causes

them to pack poorly in the condensed phase, leaving large voids. But it is the

presence of a weak dipole moment that causes the voids to be partially-polarized

and act as traps for the e−THF . These traps are directly responsible for the shape

and position of the THF-solvated electron’s absorption spectrum and for the

relocalization behavior observed experimentally and in our nonequilibrium sim-

ulations. For the final question, to understand the microscopic details of the

solvation process, we used the projection formalism to determine precisely which

molecular motions drive quantum and classical solvation. The nonequilibrium

projections showed that THF rotations and center-of-mass translations couple

in very different ways to the two photo-products from the CTTS reaction, Na0

and e−THF , and although our results are specific to the THF/Na/e− system, our

methods test the very tenets of the long-standing linear response theory, and we

showed that whether or not LR applies, understanding the molecular mechanisms

of equilibrium and nonequilibrium solvation are easily obtained for both classical

and quantum solutes.
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