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Assignment 1

1. Run MATLAB demonstration by typing demo in MATLAB prompt,
and see whether there are facilities interest you. Copy down the related
commands and appreciate the results.

Solution Just check which command/commands they used.

2. Write a temperature system converting MATLAB function f2c(), which
can be called in two syntaxes

C=f2c(F), % to convert from F to C

F=f2c(C,’i’), % ’i’ for inverse conversion.

The converting formula is C = 5/9(F − 32). Round the result to the
nearest integer.

Solution The double directional conversion may be implemented as

function C=f2c(F,a) if nargin==2 & a==’i’
C=round(32+9/5*F);

else
C=round(5/9*(F-32));

end

or simply one way conversion is also acceptable, since then in class, I
have not talked about nargin command.

function C=f2c(F,a)
C=round(32+9/5*F);

3. It is known that a matrix function can be calculated via Taylor series
expansions. For an exponential function f(x) = ex, the Taylor series
expansion is expressed as

f(x) = 1 +
1
1!

x +
1
2!

x2 + · · ·+ 1
k!

xk + · · ·

The formula also works if x is an matrix. Now find the exponential
function to the following matrix

A =




110 96 36 84
0 0 1 −1

−110 −95 −37 −82
−109 −95 −6 −83




Requirements:

(a) Use while loop structure to perform the computation
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(b) If the maximum absolute value of the general term matrix Ak/k!
is less than 10−10, stop the loop and return results

(c) Compare the result with expm(A) and see whether the same results
can be obtained.

(d) Note, the first term of Taylor series expansion in matrix form is an
identity matrix, generated by eye(4).

Solution The following code is acceptable, however the very problem
cannot be evaluated with such a method. Better algorithms, such as the
direct use of expm() should be used instead.

A=[110 96 36 84; 0 0 1 -1;
-110 -95 -37 -82; -109 -95 -6 -83];

I=eye(4); s=I; k=1; fact=gamma(k+1);
while max(abs(A^k/fact))>1e-10

s=s+A^k/fact;
k=k+1;
fact=gamma(k+1);

end
error=s1-expm(A)
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Assignment 2

1. There is only a few functions to be memorized for all the calculus
problems. Solve the following calculus problems using MATLAB.

(a) lim
x→∞

(x + 2)x+2(x + 3)x+3

(x + 5)2x+5

(b) lim
x→0
y→0

1− cos
(
x2 + y2

)
(
x2 + y2

)
ex2+y2

(c) Assume that f(x, y) =
∫ xy

0

e−t2dt.

Compute
x

y

∂2f

∂x2
− 2

∂2f

∂x∂y
+

∂2f

∂y2
.

(d) For the function f(x) = e−5x sin(3x + π/3),

compute
∫ t

0

f(x)f(t + x) dx.

Solution (a) The commands follow can be used and L = e−5.

>> syms x; f=(x+2)^(x+2)*(x+3)^(x+3)/(x+5)^(2*x+5)
L=limit(f,x,inf)

(b) The following commands can be used and L = 0.

>> syms x y
fun = (1-cos(x^2+y^2))/((x^2+y^2)*exp(x^2+y^2));
L = limit(limit(fun,x,0),y,0)

(c) the problem can be solved with

>> syms x y t
fun1 = exp(-t^2); fun = int(fun1,t,0,x*y);
F =(x*y)*diff(fun,x,2)+diff(diff(fun,x),y)+diff(fun,y,2) F =
simple(F)

(d) the problem can be solved with

>> syms x t
funx = exp(-5*x).*sin(3*x+pi/3);
funxt = exp(-5*(t+x)).*sin(3*(t+x)+pi/3);
fun = funx*funxt; F = int(fun,x,0,t), simple(F)

or even more simply
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>> syms x t
fun = exp(-5*x).*sin(3*x+pi/3);
F = int(fun*subs(fun,x,x+t),x,0,t), simple(F)

2. Compute the Fourier series expansions for the function f(x) = (π −
|x|) sin x, − π 6 x < π, and compare graphically the approximation
and exact results, using finite numbers of terms. Also try Taylor series
approximation and see how many terms should used to get acceptable
approximation.

Solution One must install the package and set the path names under
the MATLAB route, since fseries() file is the one I wrote and it must
be put under the @sym folder. The following statements can be used.
The range for graphical comparison must be (−π, π).

>> syms x
f = (pi-abs(x))*sin(x);
[A B F] = fseries(f,x,12);
ezplot(f,[-pi,pi]); hold on; ezplot(F,[-pi,pi])

For Taylor series, there is no fitting series at t = 0. May be we can try
for t = 1. One should assign another one at the fitting range must be
x ∈ (0.2, 1.8).

>> F1 = taylor(f,x,8,1)
ezplot(f,[-pi,pi]); hold on; ezplot(F1,[-pi,pi])

3. Compute the first n term finite sums and infinite sums.

(i)
1

1× 6
+

1
6× 11

+ · · ·+ 1
(5n− 4)(5n + 1)

+ · · ·

(ii)
(

1
2

+
1
3

)
+

(
1
22

+
1
32

)
+ · · ·+

(
1
2n

+
1
3n

)
+ · · ·

Solution (i) Finite term sum and infinite sum are respectively, make
sure they calculate from 1 instead of 0. It can be found that s1 =
1/5, s2 = n/(5n + 1).

syms n; s1 = symsum(1/((5*n-4)*(5*n+1)),n,1,inf) % infinite
syms k; s2 = symsum(1/((5*k-4)*(5*k+1)),k,1,n)

(ii) The general term is an = 1/(2n) + 1/(3n), where n = 1, · · · . The
following statements and it is found that S3 = −2−n−1/2 3−n+3/2, s4 =
3/2.

>> S3=simple(symsum(1/2^k+1/3^k,k,1,n)),
S4=symsum(1/2^k+1/3^k,k,1,inf)
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4. Compute the limit

lim
n→∞

[
1

22 − 1
+

1
42 − 1

+
1

62 − 1
+ · · ·+ 1

(2n)2 − 1

]
,

Solution The general term is ak = 1/((2k)2 − 1) and the result is
L1 = 1/2.

>> syms k n; L1=limit( symsum(1/((2*k)^2-1),k,1,n),n,inf)

5. Assume that a composite function is defined as F (t) = t2 sin tf(t), find
the third-order derivative of F (t) with respect to t.

Hints: To declare a function f(t), the command f=sym(’f(t)’) can be
used.

Solution Using the hints, the function f(t) can be defined as the final
third-order derivative to F (t) can be obtained as

>> syms t;
f = sym(’f(t)’); F = t^2*sin(t)*f; df = diff(F,3)
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Assignment 3

Make sure the M-files and functions for the book is properly installed and
the paths are included in the MATLAB path.

1. Generate a 5× 5 integer matrix A, where

(a) A is non-singular matrix

(b) the elements in A are random and aij ∈ (0, 5)

(c) all the eigenvalues of A are with negative real parts

and find the determinant, rank, norms, characteristic polynomial, and
eigenvalues of the matrix and find the analytical solutions whenever
necessary.

Solution The commands to use are

>> a = 0;
while (1)
A = round(5*(rand(5,5)));
B = eig(A);
if (all(real(B)<0))

break
end

end

and it should be noted that the matrix A satisfying the conditions may
not be generated in this way. If a matrix A can be generated in this
way, the following commands can be used to evaluate the properties of
the matrix.

2. Find the basic set of solutions of the following homogenous equation,
and verify the results




6x1 + x2 + 4x3 − 7x4 − 3x5 = 0
−2x1 − 7x2 − 8x3 + 6x4 = 0
−4x1 + 5x2 + x3 − 6x4 + 8x5 = 0
−34x1 + 36x2 + 9x3 − 21x4 + 49x5 = 0
−26x1 − 12x2 − 27x3 + 27x4 + 17x5 = 0,

Solution From the equation, the matrices can be extracted as

>> A=[6,1,4,-7,-3; -2,-7,-8,6,0; -4,5,1,-6,8;
-34,36,9,-21,49; -26,-12,-27,27,17];

C=null(sym(A))
syms a b; x=C*[a; b], A*x
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3. Assume that a Riccati equation is given by PA+ATP−PBR−1BTP +
Q = 0, where

A=




−27 6 −3 9
2 −6 −2 −6
−5 0 −5 −2
10 3 4 −11


 , B=




0 3
16 4
−7 4
9 6


 ,Q=




6 5 3 4
5 6 3 4
3 3 6 2
4 4 2 6


 , R=

[
4 1
1 5

]
.

Solve the equation and verify the result.

Solution Compare the equation given with the standard from, it can
be seen that the matrix B, i.e., B1 in the example is B1 = BR−1BT,
the problem can be solved and validated with

>> A=[-27,6,-3,9; 2,-6,-2,-6; -5,0,-5,-2; 10,3,4,-11];
B=[0,3; 16,4; -7,4; 9,6];
Q=[6,5,3,4; 5,6,3,4; 3,3,6,2; 4,4,2,6];
R=[4,1; 1,5]; C=Q; B1=B*inv(R)*B’; P=are(A,B1,C),
norm(P*A+A’*P-P*B*inv(R)*B’*P+Q)

4. For the following arbitrary matrix, verify the Hamilton-Caylay Theorem.

A =




a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44




Solution The arbitrary matrix to be tested can be generated with

>> syms a11 a12 a13 a14 a21 a22 a23 a24 ...
a31 a32 a33 a34 a41 a42 a43 a44 x

A = [a11, a12, a13, a14; a21, a22, a23, a24;
a31, a32, a33, a34; a41, a42, a43, a44]

p=poly(A)

The characteristic polynomial can be obtained, and polycoef() func-
tion can be used, or alternatively the coefficients in the polynomial can
be obtained by taking derivatives, and substitute to 0 method, and
finally the error matrix generated is zero, which means that Cailey-
Hamilton Theorem hold for this matrix.

>> p=polycoef(p,x,4)
p(1)*A^4+p(2)*A^3+p(3)*A^2+p(4)*A+p(5)*eye(4)
simple(ans)

5. For an autonomous linear differential equation of the form ẋ(t) = Ax(t),
the analytical solution can be written as x(t) = eAtx(0). Find the
analytical solution to the differential equation
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ẋ(t) =




−3 0 0 1
−1 −1 1 −1
1 0 −2 1
0 0 0 −4


 x(t), x(0) =




−1
0
3
1


 .

Solution The analytical solution of the equation can be obtained with
the following statements. Also the results can be verified as well.

>> A=[-3 0 0 1; -1 -1 1 -1; 1 0 -2 1; 0 0 0 -4]
syms t; x0=[-1 0 3 1]’;
x=expm(A*t)*x0
err=diff(x)-A*x
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Assignment 4

1. Perform the inverse Laplace transform for F (s) =
√

s− a−√s− b. Also

write out the Laplace transform L

[
1√

t (1 + at)

]
. However, it should

be noted that the (inverse) Laplace transforms regarding fractional cal-
culus may not always be possible.

Solution The inverse Laplace transform for a fractional-order repre-
sentation can be found and written as

f1 =
ebt − eat

2t3/2
√

π
, and F2 =

(
−erf

(√
sa

a

)√
sa +

√
sa

)
π e

s
a

1√
s
a−1.

>> syms s a b t
F1=sqrt(s-a)-sqrt(s-b); f1=ilaplace(F1,s,t)
f2=1/(sqrt(t)*(1+a*t)); F2=laplace(f2,t,s)

It should be noted that with new versions of MATLAB, i.e., 2008b
onwards, since the computational engine is changed from Maple to
MuPAD, this problem may not yield a solution.

2. Please find the poles and their residues of the complex function

f(z) =
(z − 3)4

z4 + 5z3 + 9z2 + 7z + 2
(sin z − e−3z).

Solution The poles of the function can be obtained by letting the
denominator to zero, which is obtained by

>> p=[1 5 9 7 2]; roots(p)

and it is found that z = −1 is a triple pole, while z = −2 is a single
pole. Thus the residues at the two points can be obtained as

f1 = 625 sin (2) + 625 e6, and f2 = −480 sin (1)− 3296 e3 − 512 cos (1).

>> syms z;
f=(z-3)^4/(z^4+5*z^3+9*z^2+7*z+2)*(sin(z)-exp(-3*z))
f1=limit(f*(z+2),z,-2)
f2=limit(diff(f*(z+1)^3,z,2)/2,z,-1)

3. Judge whether the polynomials are coprime or not. If not, please find
the terms which can simplify B(s)/A(s). Then perform partial fraction
expansions to the rational function.

B(x) = −3x4 + x5 − 11x3 + 51x2 − 62x + 24

A(x) = x7 − 12x6 + 26x5 + 140x4 − 471x3 − 248x2 + 1284x− 720

Solution The greatest common divisor can be found as d = 1+x2−2x.
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>> syms x
B=-3*x^4+x^5-11*x^3+51*x^2-62*x+24;;
A=x^7-12*x^6+26*x^5+140*x^4-471*x^3-248*x^2+1284*x-720;
d=gcd(A,B)

Then the partial fraction expansion of the function can be obtained, by
calling the overload residue() function

>> F=simple(B/A)

and the result is

f(s) =
5

84(x + 3)
− 5

42(x + 2)
+

4
21(x− 4)

− 27
28(x− 5)

+
5

6 (x− 6)

4. Evaluate the closed-path integrals
∮

Γ

z15

(z2 + 1)2(z4 + 2)3
dz, where Γ is the positive circle |z| = 3.

Solution It can be seen that the poles of the function are z1,2 = ±j as
double poles, and z3−6 = ±21/4 ± j2−1/4 as triple poles. All these poles
are encircled by the circle. The integral of the function can be evaluated
as the sum of residues at these poles. Thus the path integral s = 0.

>> a=2^(-1/4); i=sqrt(-1); s=0;
syms z; f=15/(z^2+1)^2/(z^4+2)^3;
p=[1i; -1i; a+a*i; a-a*i; -a+a*i; -a-a*i];
for j=1:2

s=s+limit(diff(f*(z-p(j))^2),z,p(j));
end
for j=3:6

s=s+limit(diff(f*(z-p(j))^3,z,2)/2,z,p(j));
end
s=2*pi*s

5. Try to find the solutions to the generalized Riccati equation and see how
many solutions can be found and what they are.

AX + XD −XBXT + C = 0

A =




2 1 9
9 7 9
6 5 3


 , B =




0 3 6
8 2 0
8 2 8


 , C =




7 0 3
5 6 4
1 4 4


 , D =




3 9 5
1 2 9
3 3 0




The code I used, not in the current PPT file is listed below. Try to
understand what and how it does the job. I got 16 solutions all passed
the verification.
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>> f=@(X)A*X+X*D-X*B*X.’+C; X=[]; while (1)
x0=10000*rand(3); x=fsolve(f,x0);
if norm(f(x))<1e-5,

x1=x(:).’; n=size(X,1); key=0;
for i=1:n

if norm(X(i,:)-x1)< 1e-6; key=1; end
end
if key==0, X=[X; x1], end

end, end

Solution It may take a couple of hours to run, and check how many
of the students get all 16 solutions.

6. Solve the linear programming problem and nonlinear programming prob-
lems.

(1) min

x s.t.





4x1−x2+2x3−x4=−2

x1+x2−x3+2x4614

2x1−3x2−x3−x4>−2

x1,2,3>−1, x4 unconstrained

−3x1 + 4x2 − 2x3 + 5x4

(2) min

x s.t.





0.003079x3
1x3

2x5−cos3 x6>0

0.1017x3
3x3

4−x2
5 cos3 x6>0

0.09939(1+x5)x
3
1x2

2−cos2 x6>0

0.1076(31.5+x5)x
3
3x2

4−x2
5 cos2 x6>0

x3x4(x5+31.5)−x5[2(x1+5) cos x6+x1x2x5]>0

0.26x160.5,14<6x2622,0.356x360.6,

166x4622,5.86x566.5,0.146x660.2618

1
2 cos x6

[
x1x2(1 + x5) + x3x4

(
1 +

31.5
x5

)]
.

(3) min

q,k s.t.





g(q)60

800−800k6q16800+800k

4−2k6q264+2k

6−3k6q366+3k

k

where

g(q) = 10q2
2q3

3 +10q3
2q2

3 +200q2
2q2

3 +100q3
2q3 +q1q2q

2
3 +q1q

2
2q3 +1000q2q

3
3

+8q1q
2
3 +1000q2

2q3 +8q1q
2
2 +6q1q2q3−q2

1 +60q1q3 +60q1q2−200q1.

Solution (1) The linear programming problem can be solved with the
following statements, with the solution of x = [−1, 2.5,−1,−6.5]T.

>> f=[-3 4 -2 5]; Aeq=[4 -1 2 -1]; Beq=-2;
A=[1 1 -1 2; -2 3 1 1]; B=[14; 2]; xm=[-1;-1;-1;-inf];
x=linprog(f,A,B,Aeq,Beq,xm)
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(2) The constraints can be expressed as

1 function [c,ce]=exc6fun5a(x)

2 ce=[];

3 c=-[0.003079*x(1)^3*x(2)^3*x(5)-cos(x(6))^3;

4 0.1017*x(3)^3*x(4)^3-x(5)^2*cos(x(6))^3;

5 0.09939*(1+x(5))*x(1)^3*x(2)^2-cos(x(6))^2;

6 0.1076*(31.5+x(5))*x(3)^3*x(4)^2-x(5)^2*cos(x(6))^2;

7 x(3)*x(4)*(x(5)+31.5)-x(5)*(2*(x(1)+5)*cos(x(6))+x(1)*x(2)*x(5))];

The objective function is expressed as

>> f=@(x)(x(1)*x(2)*(1+x(5))+x(3)*x(4)*(1+31.5/x(5)))/cos(x(6))/2;

Thus the solution found is x = [0.2012, 18.3629, 0.3596, 18.5780, 5.8, 0.2618]T.

>> xm=[0.2; 14; 0.35; 16; 5.8; 0.14]; A=[]; B=[];
xM=[0.5; 22; 0.6; 22; 6.5; 0.2618]; Aeq=[]; Beq=[];
x0=(xm+xM)/2; ff=optimset; ff.TolX=1e-10; ff.TolFun=1e-20;
x=fmincon(f,x0,A,B,Aeq,Beq,xm,xM,’exc6fun5a’,ff)

(3) The original problem must first be expressed in the function of a
vector x, not q and k. Assume that x1 = q1, x2 = q2, x3 = q3, x4 = k,
the original problem can be rewritten as

min

x s.t.





g(x)60

−x1−800x46−800

x1−800x46800

−x2−2x46−4

x2−2x464

−x3−3x46−6

x3−3x466

x4

where

g(x) = 10x2
2x

3
3+10x3

2x
2
3+200x2

2x
2
3+100x3

2x3+x1x2x
2
3+x1x

2
2x3+1000x2x

3
3

+8x1x
2
3+1000x2

2x3+8x1x
2
2+6x1x2x3−x2

1+60x1x3+60x1x2−200x1

The nonlinear constraints can be modeled with

1 function [c,ceq]=exc6c3(x)

2 ceq=[];

3 c=10*x(2)^2*x(3)^3+10*x(2)^3*x(3)^2+200*x(2)^2*x(3)^2+...

4 100*x(2)^3*x(3)+x(1)*x(2)*x(3)^2+x(1)*x(2)^2*x(3)+...

5 1000*x(2)*x(3)^3+8*x(1)*x(3)^2+1000*x(2)^2*x(3)+...

6 8*x(1)*x(2)^2+6*x(1)*x(2)*x(3)-x(1)^2+60*x(1)*x(3)+...

7 60*x(1)*x(2)-200*x(1);

and the problem can be solved with
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>> f=@(x)x(4); Aeq=[]; Beq=[]; B=[-800; 800; -4; 4; -6; 6];
A=[1 0 0 -800; -1 0 0 -800; 0 -1 0 -2;

0 1 0 -2; 0 0 -1 -3; 0 0 1 -3];
x0=ones(4,1); x=fmincon(f,x0,A,B,Aeq,Beq,[],[],’exc6c3’)

The solution obtained is x = [214.7013, 1.4632, 2.1949, 1.2684]T.
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Assignment 5

1. Find the general solution to the following LTI ODE:
d5y(t)
dt5

+ 13
d4y(t)
dt4

+ 64
d3y(t)
dt3

+ 152
d2y(t)
dt2

+ 176
dy(t)
dt

+ 80y(t)

= e−2t
[
sin

(
2t +

π

3

)
+ cos 3t

]
.

With the initial conditions y(0)=1, y(1)=3, y(π) = 2, ẏ(0) = 1, ẏ(1) =
2, find the analytical solution. Verify the obtained results by back-
substitution.

Solution The analytical solutions of the equation can be found with
the following statements. The final results may take many pages to
display, and will not be given here. The solution may take some time.

>> syms t; u=exp(-2*t)*(sin(2*t+sym(pi)/3)+cos(3*t));
y=dsolve([’D5y+13*D4y+64*D3y+152*D2y+176*Dy+80*y=’,char(u)],...

’y(0)=1’,’y(1)=3’,’y(pi)=2’,’Dy(0)=1’,’Dy(1)=2’)

To verify the results, one may give the following statements

>> simple(diff(y,5)+13*diff(y,4)+64*diff(y,3)+152*diff(y,2)+...
176*diff(y)+80*y-u)

2. Consider the following Chua’s circuit equation well-known in chaos:



ẋ = α[y − x− f(x)]

ẏ = x− y + z

ż = −βy − γz

where the nonlinear function f(x) is described by

f(x) = bx +
1
2
(a− b)(|x + 1| − |x− 1|), and a < b < 0.

Prepare an M-function to describe the above ODEs, and draw the phase
trajectory for the parameters α = 9, β100/7, γ = 0, a = −8/7, b = −5/7,
and initial conditions x(0) = −2.121304, y(0) = −0.066170, z(0) =
2.881090.

Solution Select a set of state variables, x1 = x, x2 = y, x3 = z,
the Chua’s circuit can be modeled by anonymous function, and the
differential equations can be solved numerically. The time responses
of the states, and the phase space trajectory are obtained as shown in
Figures 0.1 (a) and (b). The chaotic behavior of the circuit can be
observed from the results.
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>> f=@(t,x,a,b,alpha,beta,gamma)...
[alpha*(x(2)-x(1)-(b*x(1)+(a-b)*(abs(x(1)+1)-abs(x(1)-1))/2));
x(1)-x(2)+x(3); -beta*x(2)-gamma*x(3)];

a=-8/7; b=-5/7; alpha=9; beta=100/7; gamma=0;
ff=odeset; ff.RelTol=1e-8;
[t,x]=ode15s(f,[0,100],[-2.121304;-0.06617; 2.88109],ff,...

a,b,alpha,beta,gamma);
plot(t,x), figure, plot3(x(:,1),x(:,2),x(:,3))
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FIGURE 0.1: Chaotic behavior of Chua’s circuit

3. Consider the following implicit ODE



u̇1 = u3

u̇2 = u4

2u̇3 + cos(u1 − u2)u̇4 = −g sin u1 − sin(u1 − u2)u2
4

cos(u1 − u2)u̇3 + u̇4 = −g sin u2 + sin(u1 − u2)u2
3

where u1(0) = 45, u2(0) = 30, u3(0) = u4(0) = 0, and g= 9.81. Solve
the above initial value problem and plot the time responses to the given
initial states.

Hints: If you can solve it as a differential algebraic equation, solve it in
that way, if not, try to solve it as a normal ODE.

Solution The problem can be solve in one of the two ways.

Method 1: Direct DAE solution: From the given equation, it is easily
recognized that it is a DAE, where the original equation can be expressed
in a matrix manner such that M(t, x)ẋ = f(t,x), where

M(t,x) =




1 0 0 0
0 1 0 0
0 0 2 cos(u1 − u2)
0 0 cos(u1 − u2) 1
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f(t,x) =




u3

u4

−g sin u1 − sin(u1 − u2)u2
4

−g sin u2 + sin(u1 − u2)u2
3




The following statements can be used to solve the equation, with the
time responses of the state shown in Figure 0.2.

>> fM=@(t,u)[1,0,0,0; 0,1,0,0; 0,0,2,cos(u(1)-u(2));...
0,0,cos(u(1)-u(2)),1]; g=9.81; x0=[45;30;0;0];

f=@(t,u)[u(3); u(4); -g*sin(u(1))-sin(u(1)-u(2))*u(4)^2;...
-g*sin(u(2))+sin(u(1)-u(2))*u(3)^2];

ff=odeset; ff.Mass=fM; [t,x]=ode45(f,[0,1.2],x0,ff);
plot(t,x)
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FIGURE 0.2: Differential algebraic equation solution

Method 2: Transfer the equation to ẋ = M−1(t,x)f(t,x) and solve it.
If no error or warning messages on the inversion of matrix M(t, x) is
given, then the result is acceptable.

>> g=9.81; x0=[45;30;0;0];
f=@(t,u)inv([1,0,0,0; 0,1,0,0; 0,0,2,cos(u(1)-u(2));...

0,0,cos(u(1)-u(2)),1])*[u(3); u(4);
-g*sin(u(1))-sin(u(1)-u(2))*u(4)^2;...

-g*sin(u(2))+sin(u(1)-u(2))*u(3)^2];
[t,x]=ode45(f,[0,1.2],x0); plot(t,x)

4. Assume that a set of data is given as shown below. Interpolate the
data into a smooth curve in the interval x ∈ (−2, 4.9). Compare the
advantages and disadvantages of the algorithms.

xi −2 −1.7 −1.4 −1.1 −0.8 −0.5 −0.2 0.1 0.4 0.7 1 1.3

yi 0.1029 0.1174 0.1316 0.1448 0.1566 0.1662 0.1733 0.1775 0.1785 0.1764 0.1711 0.1630

xi 1.6 1.9 2.2 2.5 2.8 3.1 3.4 3.7 4 4.3 4.6 4.9

yi 0.1526 0.1402 0.1266 0.1122 0.0977 0.0835 0.0702 0.0579 0.0469 0.0373 0.0291 0.0224
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Solution Solution For the given sample points, cubic and spline
interpolation algorithms can be used and the interpolation results are
obtained as shown in Figure 0.3. It can be seen that both the algorithms
give satisfactory fitting effect.

>> x=[-2,-1.7,-1.4,-1.1,-0.8,-0.5,-0.2,0.1,0.4,0.7,1,1.3,...
1.6,1.9,2.2,2.5,2.8,3.1,3.4,3.7,4,4.3,4.6,4.9];

y=[0.10289,0.11741,0.13158,0.14483,0.15656,0.16622,0.17332,...
0.1775,0.17853,0.17635,0.17109,0.16302,0.15255,0.1402,...
0.12655,0.11219,0.09768,0.08353,0.07019,0.05786,0.04687,...
0.03729,0.02914,0.02236];

x0=-2:0.02:4.9; y1=interp1(x,y,x0,’cubic’);
y2=interp1(x,y,x0,’spline’); plot(x0,y1,’:’,x0,y2,x,y,’o’)
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FIGURE 0.3: Fitting effect of two interpolation algorithms

5. Assume that the measured data are given below. Draw the 3D surface
plot for (x, y) within the rectangular intervals (0.1, 0.1) ∼ (1.1, 1.1).

yi x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1

0.1 0.8304 0.8272 0.824 0.8209 0.8182 0.8161 0.8148 0.8146 0.8157 0.8185 0.823

0.2 0.8317 0.8324 0.8358 0.842 0.8512 0.8637 0.8797 0.8993 0.9226 0.9495 0.9801

0.3 0.8358 0.8434 0.8563 0.8746 0.8986 0.9284 0.9637 1.0045 1.0502 1.1 1.1529

0.4 0.8428 0.8601 0.8853 0.9186 0.9598 1.0086 1.0642 1.1253 1.1903 1.2569 1.3222

0.5 0.8526 0.8825 0.9228 0.9734 1.0336 1.1019 1.1763 1.254 1.3308 1.4017 1.4605

0.6 0.8653 0.9104 0.9684 1.0383 1.118 1.2045 1.2937 1.3793 1.4539 1.5086 1.5335

0.7 0.8807 0.9439 1.0217 1.1117 1.2102 1.311 1.4063 1.4859 1.5377 1.5484 1.5052

0.8 0.899 0.9827 1.082 1.1922 1.3061 1.4138 1.5021 1.5555 1.5572 1.4915 1.346

0.9 0.92 1.0266 1.1482 1.2768 1.4005 1.5034 1.5661 1.5678 1.4888 1.3156 1.0454

1 0.9438 1.0752 1.2191 1.3624 1.4866 1.5684 1.5821 1.5032 1.315 1.0155 0.6247

1.1 0.9702 1.1278 1.2929 1.4448 1.5564 1.5964 1.5341 1.3473 1.0321 0.6126 0.1476
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Solution Direct interpolation method can be used to solve the problem,
and the interpolation surface can be obtained as shown in Figure 0.4 (a).

>> [x,y]=meshgrid(0.1:0.1:1.1);

z=[0.8304,0.8272,0.824,0.8209,0.8182,0.8161,0.8148,0.8146,0.8157,0.8185,0.823;

0.8317,0.8324,0.8358,0.842,0.8512,0.8637,0.8797,0.8993,0.9226,0.9495,0.9801;

0.8358,0.8434,0.8563,0.8746,0.8986,0.9284,0.9637,1.0045,1.0502,1.1,1.1529;

0.8428,0.8601,0.8853,0.9186,0.9598,1.0086,1.0642,1.1253,1.1903,1.2569,1.3222;

0.8526,0.8825,0.9228,0.9734,1.0336,1.1019,1.1763,1.254,1.3308,1.4017,1.4605;

0.8653,0.9104,0.9684,1.0383,1.118,1.2045,1.2937,1.3793,1.4539,1.5086,1.5335;

0.8807,0.9439,1.0217,1.1117,1.2102,1.311,1.4063,1.4859,1.5377,1.5484,1.5052;

0.899,0.9827,1.082,1.1922,1.3061,1.4138,1.5021,1.5555,1.5572,1.4915,1.346;

0.92,1.0266,1.1482,1.2768,1.4005,1.5034,1.5661,1.5678,1.4888,1.3156,1.0454;

0.9438,1.0752,1.2191,1.3624,1.4866,1.5684,1.5821,1.5032,1.315,1.0155,0.6247;

0.9702,1.1278,1.2929,1.4448,1.5564,1.5964,1.5341,1.3473,1.0321,0.6126,0.1476];

[x1,y1]=meshgrid(0.1:0.02:1.1);
z1=interp2(x,y,z,x1,y1,’spline’); surf(x1,y1,z1)
axis([0.1,1.1,0.1,1.1,min(z1(:)),max(z1(:))])
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(b) MATLAB internal interpolation effect

FIGURE 0.4: Interpolation surface

In fact, if the user is not interested in the interpolation data, it is better
to perform interpolation using the shading interp command, with the
effect shown in Figure 0.4 (b). It can be seen that the method gives
much smoother surface.

>> surf(x,y,z); shading interp

6. Assume that a set of measured data xi and yi are given below, and the
prototype function is f(x) = a1e−a2x cos(a3x+π/3)+a4e−a5x cos(a6x+
π/4). Estimate the values of ai and their confidence intervals. Also
validate the results by comparing curves.

x 1.027 1.319 1.204 0.684 0.984 0.864 0.795 0.753 1.058 0.914 1.011 0.926

y 8.8797 5.9644 7.1057 8.6905 9.2509 9.9224 9.8899 9.6364 8.5883 9.7277 9.023 9.6605
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Solution The problem can be solved with the methods in Chapters
8 and 9, where different functions lsqcurvefit() and nlfit() can be
used. Using least squares method, the coefficient vector can be obtained
c = [23.8088, 0.9857, 1.8439,−26.1630, 3.7301, 6.1293]T. It should be
noted that the fitting vector is not unique, the fitting results using the
coefficient vector is shown in Figure 0.5 and the quality of fitting is high.

>> x=[1.027,1.319,1.204,0.684,0.984,0.864,0.795,0.753,1.058,...
0.914,1.011,0.926];

y=[-8.8797,-5.9644,-7.1057,-8.6905,-9.2509,-9.9224,-9.8899,...
-9.6364,-8.5883,-9.7277,-9.023,-9.6605];

f=@(a,x)a(1)*exp(-a(2)*x).*cos(a(3)*x+pi/3)+...
a(4)*exp(-a(5)*x).*cos(a(6)*x+pi/4);

[c,ci]=nlinfit(x,y,f,[1;2;3;4;5;6])
[x1,ii]=sort(x); y1=y(ii); y2=f(c,x1); plot(x1,y1,x1,y2)
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FIGURE 0.5: Fitting result by least squares method


