
6c Lecture 3: April 10, 2018

3 Applications of König’s lemma

3.1 Graph colorings

Definition 3.1. A k-coloring of a graph is a function assigning one of the
numbers {1, . . . , k} to each vertex of the graph such that adjacent vertices are
assigned different numbers.

Recall also that given a set S of the vertices of a graph G, the induced
subgraph of G on the set of vertices S is the graph G′ whose vertices consist
just of the vertices of S, and where there is an edge between two vertices in G′

iff there is an edge between those vertices in G.

Theorem 3.2. Suppose that G is an infinite graph on the set of vertices {x1, x2, . . .}.
Then G has a k-coloring iff every finite induced subgraph of G has a k-coloring.

Proof. The direction → is easy, since a k-coloring of G obviously gives a k-
coloring of all of its induced subgraphs, simply by restricting the coloring to
any smaller set of vertices. To prove the direction ←, we will use König’s
lemma to combine colorings of finite induced subgraphs of G to yield a single
coloring of all of G.

Consider the tree T whose nth level consists of k-colorings of the induced sub-
graph of G on the set {x1, . . . , xn}, and where such a coloring c on {x1, . . . , xn}
is a child of a coloring c′ on {x1, . . . , xn−1} iff c′ assigns the same colors as c to
the vertices x1, . . . , xn−1. It is easy to check that T is finitely splitting, since
there are only finitely many possible colorings of the vertices {x1, . . . , xn}, and
T is also infinite, since for every n, by assumption there is at least one k-coloring
of the induced subgraph on {x1, . . . , xn}.

Hence, by König’s lemma there is an infinite branch in the tree T . Two col-
orings on this infinite branch always agree on what color is assigned to a vertex
whenever it occurs in both their domains by definition. Hence, by combining
all these colorings, we obtain a single coloring of all of G.

For those who know somthing about topology and cardinality, it is a good
exercise to show that the above theorem is true also for uncountable graphs G.

3.2 Tiling problems

A Wang tile is a square tile whose edges have each been assigned a color. A
tileset is a finite set of Wang tiles. For example, here is a picture of a tileset of
size 3:
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A tiling using a tileset is an arrangement of these tiles in a grid, where edges
of adjacent tiles match each other. In a tiling we may repeat any tile as many
times as we like, however, each tile may only be translated horizontally and
vertically (and not reflected or rotated).

Note that by repeating the above pattern over and over, we can tile the
entire infinite plane. This gives an example of a periodic tiling, a tiling such
that there is some m× n rectangle such that the tiling consists entirely of this
rectangle repeatedly translated.

Now using König’s lemma, we can prove the following theorem:

Theorem 3.3. A finite set of Wang tiles can tile the infinite plane iff it can
tile every n× n square.

Proof. Fix a finite set T of Wang tiles. It is obvious that, if one can tile the
entire plane with tiles from T , then one can in particular tile every n×n square
with tiles from T . We now prove the converse. Let us assume that one can
tile any n× n square with tiles from T . Consider the tree whose nodes are the
possible tilings with tiles from T of an n × n square centered at the origin for
some n ∈ N. The tree relation is defined as follows. Let c, c′ two nodes. Then
c is a tiling with tiles from T of the n × n square centered at the origin and
c′ is a tiling with tiles from T of the n′ × n′ square centered at the origin for
some n, n′ ∈ N, which we can assume satisfy n ≤ n′. Then we declare that
the nodes c and c′ are connected by an edge if and only if the tilings c, c′ are
coherent, which just mean that the tiling c′ coincides with the tiling c when
restricted to the n×n square centered at the origin. We define then the root of
the tree to be the empty tiling. It is easy to see that this is indeed a tree, whose
n-th level consists precisely of the tilings of the n × n square centered at the
original. Such a tree is infinite, since we are assuming that every n× n square
has a tiling with tiles from T . Furthermore, such a tree is finitely branching,
since T only contains finitely many tiles, and hence any n × n square admits
only finitely many possible tilings with tiles from T . Therefore by König the
tree just described has an infinite branch. This is a sequence (cn) such that,
for every n ∈ N, cn is a tiling with tiles from T of the n × n square centered
at the origin, and for every n ≤ m, the restricting of the tiling cm to the n× n
square centered at the origin is equal to cn. One can then define a tiling c with
tiles from T of the entire plane by “patching together” the tilings cn. Precisely
c is defined to be equal to cn on the n × n square centered at the origin for
every n ∈ N. This shows that the entire plane admits a tiling with tiles from
T , concluding the proof.

In 1961 Hao Wang conjectured the following:

Conjecture 3.4 (Wang’s conjecture). A finite tileset can tile the infinite plane
iff it has a periodic tiling.
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If Wang’s conjecture were true, it would have the following nice consequence:

Proposition 3.5. If Wang’s conjecture is true, then there is an algorithm for
checking (in a finite time, always outputting the correct answer) whether a finite
tileset can tile the infinite plane.

Proof. The algorithm goes as follows. For each n in order, check first whether
there is an n×m rectangle for any m < n which can periodically tile the plane
(if so output that there is a tiling of the plane). Then check if there no tiling
at all of an n× n square (if there is none, then output that there is no tiling of
the plane).

This algorithm will always halt assuming Wang’s conjecture, since either
there is a tiling of the plane (and hence a periodic tiling by Wang’s conjecture
which we will eventually find), or there is no tiling of the plane (and hence by
our above theorem no tiling of some n × n rectangle, which we will eventually
find).

In 1966, Berger proved a startling result refuting Wang’s conjecture in a
strong way.

Theorem 3.6 (Berger). There is no algorithm for checking in a finite amount
of time whether a given finite tileset can tile the infinite plane.

Note that Berger’s theorem implies that Wang’s conjecture is false (since we
have shown that it would give such an algorithm). In fact, by the contrapositive
of Proposition 3.5, it implies that there is a finite set of tiles which can tile the in-
finite plane, but only aperiodically. An example of such a set of tiles is shown be-
low, taken from http://en.wikipedia.org/wiki/File:Wang tesselation.svg
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3.3 The compactness theorem for propositional logic

We now use König’s lemma to prove the compactness theorem for propositional
logic. We will give two versions of the compactness theorem. The first is as
follows:

Theorem 3.7 (The compactness theorem for propositional logic, I). If S =
{φ1, φ2, . . .} is a set of formulas in the propositional variables {p1, p2, . . .}, then
S is satisfiable iff every finite subset of S is satisfiable.

Proof. It is clear that, if S is satisfiable, then any subset of S is satisfiable.
Conversely, assume that every finite subset of S is satisfiable. We want to
show that S is satisfiable. We define a tree as follows. The nodes of the tree
are valuations v of the variables p1, . . . , pn that satisfy every formula from S
involving only the variables p1, . . . pn (observe that there exist only finitely many
such formulas), where n ranges among all the natural numbers. We define the
edge relation as follows. Suppose that v, v′ are nodes of this tree. So v is
a valuation of p1, . . . , pn that satisfies every formula from S involving only the
variables p1, . . . pn and v′ is a valuation of p1, . . . , pn′ that satisfies every formula
from S involving only the variables p1, . . . pn′ , for some n, n′ ∈ N. Assuming that
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n ≤ n′, we declare that v is connected by an edge to v′ if the restriction of the
valuation v′ to the set of variables p1, . . . , pn is equal to v. Declaring the root to
be equal to the valuation of the empty set of variables, one obtains a tree whose
n-th level is precisely the set of valuations of p1, . . . , pn. Such a tree is infinite,
since by assumption every finite subset of S is satisfiable. It is finitely branching,
since every valuation of p1, . . . , pn has exactly two extensions to a valuation
of p1, . . . , pn+1. Therefore every node of the tree has at most two children.
Therefore by König’s lemma one can find an infinite branch (vn) in such a
tree. This is a sequence (vn) such that, for every n ∈ N, vn is a valuation of
p1, . . . , pn that makes every formula in S involving only the variables p1, . . . , pn
true, and such that for n ≤ n′ the restriction of vn′ to the set of variables
p1, . . . , pn is equal to vn. One can then define a valuation v of {p1, p2, p3, . . .}
by setting v (pn) := vn (pn) for every n ∈ N. Observe that the restriction of v
to {p1, . . . , pn} is equal to vn for every n ∈ N. Since every formula in S only
involves finitely many variables, one can conclude that v is a valuation that
makes every formula in S true. This witnesses that S is satisfiable, concluding
the proof.
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