
6c Lecture 2: April 5, 2018

2 Functional completeness, normal forms, König’s
theorem

Before we begin, lets give a formal definition of a truth table.

Definition 2.1. A truth table for a set of propositional variables, is a function
which assigns each valuation of these variables either the value true or false.
Given a formula φ, the truth table of φ is the truth table assigning each valuation
of the variables of v the corresponding truth value of φ.

We are ready to begin:

Definition 2.2. We say that a set S of logical connective is functionally com-
plete if for every finite set of propositional variables p1, . . . , pn and every truth
table for the variables p1, . . . , pn, there exists a propositional formula φ using
the variables p1, . . . , pn and connectives only from S so that φ has the given
truth table.

We will soon show that the set {¬,∧,∨} is functionally complete. Before
this, lets do a quick example.

Here is an example of a truth table for the variables p1, p2, p3:
p1 p2 p3
T T T T
T T F F
T F T T
T F F T
F T T F
F T F F
F F T F
F F F F

If {¬,∧,∨} is functionally complete, then we must be able to find a formula
using only {¬,∧,∨} which has this given truth table (indeed, we must be able to
do this for every truth able). In this case, one such a formula is p1 ∧ (¬p2 ∨ p3).

There is a much more systematic way of taking a truth table, and then finding
a formula implementing it. We can create a formula of the form ψ1∨ψ2∨. . .∨ψn
where we consider each valuation of the variables in our truth table, and for the
ith valuation assigned true in our truth table, we let ψi be a formula which is
true iff the variables have this valuation. For example, such a formula for the
above truth table is:

(p1 ∧ p2 ∧ p3) ∨ (p1 ∧ ¬p2 ∧ p3) ∨ (p1 ∧ ¬p2 ∧ ¬p3)
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We now use this idea to prove the following theorem:

Theorem 2.3. The set {¬,∧,∨} is functionally complete.

Proof. Let us consider formulas in the variables p1, . . . , pn. Recall that a literal
is a formula which is of the form p or ¬p for some variable p. Fix a valuation v
for p1, . . . , pn. For i = 1, 2, . . . , n, define the literal `vi to be equal to pi if pi is
true in the valuation v, and equal to ¬pi is pi is false in the valuation v. Define
now ϕv to be the formula `v1 ∧ · · · `vn. It is easy to check that, given a valuation
w for p1, . . . , pn, one has that the formula ϕv is true under this valuation if and
only if v = w. Suppose now that τ is a function from the set of valuations of the
variables p1, . . . , pn to {T,F} (truth table). Define now ϕτ to be the formula
obtained as the conjuction of the formulas ϕv where v ranges among all the
valuations v such that τ (v) = T. Then using the observation above, one can
conclude that τ is the truth table of ϕτ . In other words, given an arbitrary
valuation w, ϕτ is true in the valuation w if and only if τ (w) = T. Since this
holds for an arbitrary truth table, and since ϕτ is a formula that involves only
the connectives ¬,∧,∨, this shows that {¬,∧,∨} is functionally complete.

A corollary of our proof is that every formula is equivalent to a formula of
particular form.

Definition 2.4. Say that a formula φ is in disjunctive normal form (DNF) if φ is
of the form φ = ψ1∨ψ2∨. . .∨ψn, where each ψi is of the form ψi = `i,1∧. . .∧`i,ki ,
where each `i,j is a literal, i.e. either a propositional variable pm or its negation
¬pm.

Corollary 2.5. Every propositional formula is equivalent to a formula in dis-
junctive normal form.

Proof. Given φ, we may take its truth table, and then use the argument in
Theorem 2.3 to produce a formula with this truth table in DNF.

This corollary will be important to us in the future; when we want to prove
that every formula has some property (which is invariant under passing to equiv-
alent formulas), then it will be enough to proof this property holds just for
formulas in DNF which have a much simpler structure than arbitrary formulas.

Now that we know {¬,∧,∨} is functionally complete, in order to show that
any other set of propositional connectives is logically complete, it suffices to be
able to use these connectives to give formulas equivalent to ¬p, p∧ q, and p∨ q.
So for example:

Theorem 2.6. The set {¬,∧} is functionally complete.

Proof. Since {¬,∧,∨} is functionally complete, it suffices to use the connectives
¬ and ∧ to create a formula equivalent to p∨ q. But by De-Morgan’s law, p∨ q
is equivalent to ¬(¬p ∧ ¬q).
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Induction on formulas is a very important tool used for proving that is
true for every formula. We begin by proving that the property is true of all
formulas consisting of a single propositional variable (this is called the base
case). Then, we prove that if φ and ψ are formulas with the given property,
then applying any of our logical connectives to φ and ψ produces another formula
with this property (this is the inductive case). Since every formula is obtained
starting with propositional variables and then repeatedly applying connectives,
this shows the theorem. Our next theorem uses this technique to show that the
set {¬,↔} is not functionally complete.

Theorem 2.7. The set {¬,↔} is not functionally complete.

Proof. We will show the following statement using induction on formulas. Let
n ≥ 2. Then every formula in the variables p1, . . . pn which only uses the
connectives ¬ and ↔ has an even number of true and an even number of false
values in its truth table. This proves the theorem, since there are certainly truth
tables assigning a value of true to an odd number of valuations.

Base case. Consider a formula consisting just of a single propositional vari-
able pi. Then the truth table for pi will have 2n−1 many values where it is true,
and 2n−1 many values where it is false. Both of these numbers are even since
n ≥ 2.

Inductive cases. (¬): suppose φ is a formula having an even number of true
values and an even number of false values in its truth table. Then this is also
true for ¬φ, since ¬φ is true iff φ is false.

(↔): suppose φ and ψ are formulas having an even number of true values
and an even number of false values in their truth table. We must show φ ↔ ψ
also has an even number of true values and an even number of false values in its
truth table. Let a be the number of rows in which φ is true and b be the number
of rows in which ψ is true, and c be the number of rows in which both φ and
ψ are true. Note a and b are even. Since the formula φ↔ ψ is false iff exactly
one of φ and ψ are true, the number of rows in which φ ↔ ψ is false is equal
the number of rows in which φ is true and ψ is false plus the number of rows
in which ψ is true and φ is false. This is equal to (a− c) + (b− c) = a+ b− 2c
which is even since a and b are even. So φ ↔ ψ is false for an even number of
rows and thus also true for an even number of rows.

2.1 Graphs and trees

We begin by recalling some basic definitions from graph theory.

Definition 2.8. A (undirected, simple) graph consists of a set of vertices V and
a set E ⊆ V × V of edges with the property that for every x, y ∈ V we have:

1. (x, x) /∈ E.

2. (x, y) ∈ E iff (y, x) ∈ E.

If (x, y) ∈ E, then we say that x and y are adjacent
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Graphically, we represent graphs by drawing points to represent the vertices,
and lines between them to represent the edges. For example, the graph whose
vertices are {a, b, c, d, e, f}, and whose edges are

{(a, d), (d, a), (a, e), (e, a), (a, f), (f, a), (b, d), (d, b), (b, e), (e, b),

(b, f), (f, b), (c, d), (d, c), (c, e), (e, c), (c, f), (f, c)}

we can represent using the following picture:

a b c

d e f

Definition 2.9. A path from x to y in a graph is a finite sequence of distinct
vertices x0, x1, . . . , xn where x0 = x, xn = y, and for each i < n, (xi, xi+1) is an
edge.

Definition 2.10. A graph is connected if for each two vertices x, y in the graph,
there is a path from x to y.

Definition 2.11. A cycle in a graph is a finite sequence of vertices x0, x1, x2, . . . , xn,
where n ≥ 3, x0 = xn, (xi, xi+1) is an edge for every i < n, and xi 6= xj for all
i, j < n.

For example, the sequence a, d, b, f, a is a cycle in the above graph, while
a, d, b, a is not (since (b, a) is not an edge), and neither is a, d, e, c (since a and
c are not equal) or a, d, a (since the length must be at least 3).

Note that if x0, x1, x2, . . . , xn is a cycle, then the sequence x0, . . . , xn−1 must
be a path in the graph.

Definition 2.12. A tree is a connected graph having no cycles. Equivalently,
a tree is a graph such that for every two vertices x, y in the graph, there is a
unique path from x to y.

So for example, the graph we have drawn above is not a tree. However, the
following graph is:

a b c

d e f

Definition 2.13. A rooted tree is a tree with a distinguished vertex called the
root.
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We will generally use v0 to denote the root of a tree. Note that in a rooted
tree, for every vertex v, there is a unique path v0, v1, . . . , vn = v from the root
to v. We say that a vertex is on level n when the length of this path is n.
Give a vertex v 6= v0 in a rooted tree, its parent is the vertex vn−1 such that
v0, . . . , vn−1, vn = v is the unique path from v0 to v. The children of a vertex v
is the set of all vertices having v as their parent.

v0

v1, the parent of v2

v2

children of v2

2.2 König’s lemma and compactness

Definition 2.14. An infinite branch of a rooted tree T is an infinite sequence
starting at the root v0, v1, v2, . . . such that for every i, vi+1 is a child of vi.

Definition 2.15. A rooted tree is said to be finitely splitting if each node has
only finitely many children.

Theorem 2.16 (König’s lemma). Suppose T is a finitely splitting tree with
infinitely many vertices. Then T has an infinite branch.

Recall the pigeon-hole principle for infinite sets. If S0∪S1∪. . .∪Sn is infinite,
then some Si must be infinite. (This is the contrapositive of the obvious fact
that a finite union of finite sets is finite). The key to proving König’s lemma
is to repeatedly use the pigeon-hole principle to find a sequence v0, v1, . . . of
vertices such that each vi has infinitely many vertices below it in the tree.

Proof of König’s lemma. For a node v of T , let Tv be the corresponding (rooted)
subtree. This is the tree with root v whose nodes are the descendent of v in T ,
with the tree structure inherited from T . Define by recursion a sequence (vn)
of nodes of T with the property, for every n ∈ N, the tree, Tvn is infinite, and
vn+1 is a child of vn in T . Set v0 to be the root of T . Since Tv0 = T , we have
that Tv0 is infinite by assumption. Suppose that v0, . . . , vn have been defined,
let vn+1 be a child of vn in T with the property that Tvn+1

is infinite. Such a
node exists by the assumption that T is finitely branching (and so vn has finitely
many children), the recursive assumption that Tvn is infinite, and the pigeonhole
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principle. This concludes the definition of the sequence (vn). Observe now that
(vn) is an infinite branch in T .

Note that we need the condition that the graph is finitely splitting for König’s
lemma to be true. For example, consider the rooted tree whose root has infinitely
many children labeled {1, 2, 3, . . .} but has no other vertices.

As a sidenote for those who know some topology, König’s lemma is very
closely related to compactness. For example, it is a good exercise to show that
from König’s lemma one can easily prove the Heine–Borel theorem that the unit
interval is compact. That is, if [0, 1] is covered by infinitely many open intervals
of the form (ai, bi), then there is a finite subset of these open intervals which
still covers [0, 1]. König’s lemma also is easily seen to be a simple reformulation
of the compactness of Cantor space.

We are now ready to give some applications of König’s lemma. As an abstract
principle, König’s lemma excels at taking a collection of finite objects, and
converting them into a single coherent infinite object.
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