
Math 5a – Midterm
Due 4:00 pm on Thursday, November 8, 2018

Open book, open notes. You may refer to results proved in the book through
Chapter 4, and to results proven in class or in the homework.

The time limit is 4 hours. You may work longer than this if you indicate which
work was completed after the time limit.

The problems are on the next page. Don’t look until you are ready to begin.
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(1) (a) Prove that if G/Z(G) is cyclic, then G is abelian. (Hint: if G/Z(G)
is cyclic with generator gZ(G), show that every element in G can be
expressed in the form gah for some h ∈ Z(G).)

(b) Find an example to show that there are nonabelian groups G such that
G/Z(G) is abelian. (Hint, try an appropriate dihedral group.)

(2) Let G be any group. Show that ∆ = {(g, g)|g ∈ G} is a subgroup of G×G.
Show that it is a normal subgroup if and only if G is abelian.

(3) Let G be a finite group and let k be an integer relatively prime to |G|.
Prove that every element in G has a kth root, i.e. for all g in G there exists
some h ∈ G with hk = g. (Hint: first consider the case where G is cyclic.)

(4) Fix a group G, and let Aut(G) be the group of automorphisms of G (with
group law given by composition). We have seen that there is a group
homomorphism Φ : G → Aut(G) defined by Φ(g) = φg where φg(x) =
gxg−1 is conjugation by g. The image of Φ is a subgroup of Aut(G) called
Inn(G) or the group of inner autormorphisms of G. Show that if we pick
any element σ ∈ Aut(G) that σφgσ

−1 = φσ(g) and conclude that Inn(G) is
a normal subgroup of Aut(G).

(5) Show that if n is odd, then the set of n-cycles consists of two conjugacy
classes in An. (We did this for n = 5 in class.)


