
ALGEBRAIC GEOMETRY, PROBLEM SET 4

Due Wednesday, October 25.

(1) Show that the blow up of an affine variety X along an ideal I is well-
defined. Precisely, given elements f1, . . . , fr and g1, . . . , gs in A(X) such
that 〈f1, . . . , fr〉 = 〈g1, . . . , gs〉 the graphs of the rational maps [f1, . . . , fr]
and [g1, . . . , gs] are isomorphic. (Hint, by comparing each to the graph
of [f1, . . . , fr, g1, . . . , gs] you can reduce to the case of adjoining a single
unnecessary generator for your ideal.)

(2) Prove that any rational map from P1 to Pn is actually regular.

(3) Consider the Veronese embedding νd : P1 → Pd. (Note that the source is
P1.) Then we refer to the image of this map (or any curve projectively
equivalent to this one) as the rational normal curve. Show that the closure
of the image of the projection of the degree d rational normal curve in Pd−1

from a point on the curve is again a rational normal curve (of degree one
less).

(4) Show that P1 × A1 is not isomorphic to an affine variety or a projective
variety.

(5) Consider the P5 parametrizing nonzero, homogeneous, degree 2 polynomials
in 3 variables (up to scalars). This contains two natural closed subsets –
the locus X of reducible polynomials, and the locus Y of squares of linear
polynomials. Of course, we have Y ⊂ X. Show that X is exactly the
closure of the locus of lines which meet Y in at least 2 points. This is called
the secant variety of Y . Hint: one starting point would be to consider a
quadratic polynomial as a symmetric matrix and relate the three types of
conics to the rank. Also, while in general the secant variety to a subvariety
of projective space must be defined as a closure as above, in this particular
case, the union of secant lines is already closed.
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