
ALGEBRAIC GEOMETRY, PROBLEM SET 3

Due Monday, October 16.

(1) The Veronese embedding. Set N =
(
n+d
d

)
− 1 and consider the mapping

νd : Pn → PN given by νd([X0, . . . , Xn]) = [Xd
0 , X

d−1
0 X1, . . . X

d
n] where the

ellipses mean list every possible degree d monomial in the Xi.
• Prove that νd(Pn) is a closed subset by exhibiting a collection of defin-

ing equations. (To avoid getting lost in hopeless notational difficulties,
I suggest denoting the homogeneous variables on the big projective
space by XI where I runs over the set of degree d monomials in the
Xi, or equivalently, the set of n+1-tuples of nonnegative integers which
sum to d.)

• Show that in fact νd gives an isomorphism of Pn with its image.
• Deduce that for any homogeneous polynomial F , the quasi-projective

variety Pn \ Z(F ) is (isomorphic to) an affine variety.

(2) Show that any two sets of three distinct points in P1 are projectively equiva-
lent. More generally, show that two sets of n+2 points in Pn are projectively
equivalent provided that they are in linearly general position, that is, no
collection of n+ 1 of them lies in a proper linear subspace H ⊂ Pn.

(3) Let X ⊂ An be a closed subvariety and let f be a regular function on X.
Show that the open subset U(f) ⊂ S defined as the locus where f 6= 0 is
isomorphic to a closed subvariety of An+1. Deduce that every point in a
quasiprojective variety has a Zariski open neighborhood that is isomorphic
to a closed subvariety of affine space.

(4) Let X be the complement of the origin in A2. Compute A(X), and deduce
that X is not isomorphic to an affine variety.
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