
Ma/CS 117a

SOLUTIONS, ASSIGNMENT #B

1) We know that A(n, x) > n, x. Using this and lexicographic induction
on (n, x) we can see that if (n′, x′, z′) ∈ Sn,x (notation as in class), then
n′, x′, z′ ≤ A(n, x). So if (n′, x′, z′) ∈ Sn,x, then 〈n′, x′, z′〉 ≤ 30A(n,x)+1. From
this by easy calculation it follows that

〈Sn,x〉 ≤ 〈30A(n,x)+1, . . . , 30A(n,x)+1〉,

where the length is 30A(n,x)+1,

≤ (p30A(n,x)+1)30
A(n,x)+1

= f(A(n, x)),

where f(u) = (p30u+1)30
u+1+1 is primitive recursive. So

G(n, x, z) ⇔ A(n, x) = z
⇔ ∃s ≤ f(z)[C(s) & ∃i < LH(s)((s)i = 〈n, x, z〉),

thus G is primitive recursive.

2) It is easy to prove the following by lexicographic induction on the pairs
(n, x):

For any (n, x) we have: For every finite (perhaps empty) sequence of
numbers s, if the stack algorithm starts on input sˆ(n, x), then it terminates
with output sˆA(n, x).

Applying this to the empty sequence gives the result we want.

3) Let g(n) = 1 be the constant 1 function. Recall that if the decimal
expansion of the square root of 2 is a0.a1a2 . . . , then the function h(i) = ai
is primitive recursive. Now notice that

f(n) = g(µk[∀i < n(h(k + i) = 7)]).

4) First we replace instructions of type IV by a block of instructions of types I,
II, III, V, VIj. We will not write this up formally but the idea is the following:
Suppose we have the instruction Rm← Rn. Introduce a new register (not
previously used), say RN. Clear first Rm. Then if the the content of Rn is,
say, a1 . . . a`, scanning from left-to-right and using instructions of type I, II,
VIj we can easily transfer one-by-one the symbols a1, a2, . . . , a` from Rn to
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Rm and also to RN, and at the same time erase them in that order from Rn.
After that by a similar idea we can transfer successively a1, a2, . . . , a` from
RN to Rn and at the same time erase them in that order from RN.

Eliminating instructions of type III by using instructions of type II and
VIj is fairly easy. Finally, to eliminate an instruction of the form GOTO `,
choose a new register RN and replace GOTO ` by

ADD1 RN
If FIRST1 RN GOTO `

and just before the final STOP instruction add

DEL RN.
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