
Ma/CS 117a

ASSIGNMENT #H

Due Thursday, December 3 at 1:00 pm (Pacific Time)

1*) Call a subset A of N r.e.-hard (resp., co-r.e.-hard) if for every r.e. (resp.,
co-r.e.) set B there is a total recursive function f : N → N such that
n ∈ B ⇔ f(n) ∈ A. Notice that A is r.e.-hard iff N \ A is co-r.e.-hard. Also
notice that if W (e, x) is universal r.e., then the set n ∈ A ⇔ W ((n)0, (n)1)
is r.e.-hard. (Actually A itself is also r.e. We call r.e. sets that are also
r.e.-hard complete r.e.. Similarly for co-r.e.)

We have seen in problem 4) of assignment #G that if A is productive,
then it is co-r.e.-hard. Conversely show that if A is co-r.e.-hard, then it is
productive.

2) Give an explicit definition of the least fixed points of (the operators cor-
responding to the functionals below):

i) Ψ(x, f) =

{
0, if x = 0;

2x− 1 + f(x− 1), if x > 0

ii) Ψ(x, y, f) =

{
0, if x = 0.

f(x− 1, f(x, y)), if x > 0.

iii) Ψ(x, f) =

{
x− 10, if x > 100;

f(f(x + 11)), if x ≤ 100.

3) Let Ψ(x̄, f, g) be an effectively continuous functional (i.e., the operator
Φ(f, g)(x̄) = Ψ(x̄, f, g) is effectively continuous). Here x̄ varies over Nn, f
over Ωn (= the set of all n-ary partial functions), and g over Ωn; the same n
for all!

For each fixed g ∈ Ωn consider the functional:

Ψg(x̄, f) = Ψ(x̄, f, g).

i) Prove that Ψg is continuous.
ii) Let Ψ∞

g be the least fixed point of Ψg (i.e., that of the corresponding
operator Ψg(f)(x̄) = Ψg(x̄, f)). Put

Ψ∞(x̄, g) = Ψ∞
g (x̄).
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Prove that Ψ∞ is an effectively continuous functional and so (Ψ∞)∞ is a
recursive function.

Note: Homework rules are posted in the Ma/CS117a web page.
The first problem is worth 40 points and the last two 30 points
each.
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