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Abstract We consider the nonsymmetric interior penalty discon-
tinuous Galerkin discretization (NIPG) for the Laplace equation on
nondegenerate, quasi-uniform grids using polynomial degrees of order
p ≥ 1. We show that the classical smoothing property holds for a vari-
ant of the symmetric Gauss-Seidel iteration in the Euclidian norm.
Multigrid convergence can be concluded by standard arguments. Nu-
merical results that confirm the theoretical findings are presented.
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1 Introduction

The application of discontinuous Galerkin methods to elliptic or pa-
rabolic problems dates to the early 1970’s, see e.g. [2, 3, 5, 13, 23, 24,
37, 38]. In the 1980’s and early 1990’s, development focused mainly
on applications to hyperbolic equations. Recently their application to
elliptic and parabolic problems has gained much interest due to new
developments in the late 1990’s [1,4,6,8,11,12,25–29,31–36]. As a con-
sequence, solution methods for discrete problems has become a field
of active research. It is well-known that multigrid methods are among
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the fastest methods available for solving discrete systems arising from
the discretization of elliptic partial differential equations. For con-
forming as well as for many nonconforming discretizations theory and
application of multigrid methods is well-established. For an overview,
see [16,39,40] and the citations therein. Theory and practice is less de-
veloped for the discontinuous Galerkin methods. Multigrid methods
for the symmetric interior penalty discontinuous Galerkin (SIPG) [37]
and the symmetric local discontinuous Galerkin (LDG) [11] have
been investigated in [9, 10, 15, 21, 22]. Multigrid solution strategies
for the nonsymmetric variants of discontinuous Galerkin discretiza-
tions have been investigated on a less rigorous level through Fourier
analysis [18–20] and in the application practice [7]. A mathematically
rigorous treatment is not know to the author.

In this paper we investigate the smoothing property of a variant
of the symmetric Gauss-Seidel as applied to the nonsymmetric dis-
continuous Galerkin method (NIPG). We consider arbitrary unstruc-
tured, quasi-uniform meshes and polynomial degrees of any order.
The classical smoothing property, as described in for example [16],
is shown to hold in the Euclidian norm. Employing standard argu-
ments, h-uniform W-cycle multigrid convergence may be established.
Numerical experiments are carried out that confirm the theoretical
findings.

The remainder of this paper is organized as follows. In the next
section, we introduce the model problem and its discretization. In sec-
tion 3 we define the smoothing iteration and investigate its smoothing
property. Numerical examples are discussed in section 4. Finally, con-
cluding remarks are given in section 5.

2 Model Problem and Discretization

Let d = 2, 3, Ω ⊂ R
d, a convex polygonal domain, f ∈ L2(Ω), and

u ∈ H1
0(Ω) the weak solution of

−∆u = f, x ∈ Ω, (1a)

u = 0, x ∈ ∂Ω. (1b)

The solution is fully regular, i.e. u ∈ H2(Ω) ∩ H1
0(Ω). Let T be a

nondegenerate, quasi-uniform triangulation with ∪e∈Te = Ω, where
e is a triangle or a quadrilateral if d = 2, and a tetrahedron, prism,
pyramid or hexahedron if d = 3. The nondegeneracy condition re-
quires that there exists a parameter ρ > 0 such that, if he = diam(e)
then e contains a ball with radius ρhe. We denote by h = maxe∈T he
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the mesh size of T. Let Γ = ∪e∈T∂e denote the set of all edges. With
T we associate the broken Sobolev space

H1(T) := {u ∈ L2(Ω)|u|e ∈ H1(e)∀e ∈ T}.

Let ne denote the outer normal of e ∈ T and Γe,f := ē∩f̄ the common
interface of e, f ∈ T. We define the average of a vector valued function
u ∈ (H1(T))d by

〈u〉 :=

{

u|e on ∂e ∩ ∂Ω

u|e + u|f )/2 on Γe,f ⊂ Γ\∂Ω

and the jump of a scalar function u ∈ H1(T) by

[u] :=

{

u|ene on ∂e ∩ ∂Ω

u|ene + u|fnf on Γe,f ⊂ Γ\∂Ω
.

The variational formulation of (1) on grid T for the NIPG method
reads as follows:

Find u ∈ H1(T) such that

B(u, v)=L(v) ∀v ∈ H1(T) (2)

with

B(u, v):=
∑

e∈T

∫

e
∇u · ∇vdx −

∫

Γ
〈∇u〉 · [v]ds

+

∫

Γ
〈∇v〉 · [u]ds +

µ

h

∫

Γ
[u] · [v]ds

and

L(v) :=
∑

e∈T

∫

e
fvdx.

The parameter µ is called the penalty parameter. Let the symmetric
and antisymmetric part of B(·, ·) be defined by

Bs(u, v) := 1/2(B(u, v) + B(v, u)), (3a)

Ba(u, v) := 1/2(B(u, v) − B(v, u)), (3b)

for u, v ∈ H1(T). We discretize the variational problem using a finite
dimensional ansatz-space

V := {u ∈ L2(Ω)|u|e ∈ Pk(e)∀e ∈ T} ⊂ H1(T),
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where Pk(e) denotes the space of polynomials on e with degree smaller
than or equal to k. The discrete problem results from (2), using V for
the test an trial functions, i.e.

Find u ∈ V such that

B(u, v)=L(v) ∀v ∈ V. (4)

Note that Bs is positive definite for any µ > 0 due to the Dirichlet
boundary conditions [27]. The following estimate holds:

Lemma 1 Let Bs(·, ·) and Ba(·, ·) be defined by (3). Then

|Ba(u, v)| ≤ Ck√
µ

(Bs(u, u) + Bs(v, v)) ∀u, v ∈ V, (5)

with a constant C ∈ R only dependent on the shape regularity param-
eter ρ of the mesh.

Proof Let u, v ∈ V and γ > 0. Then

∣

∣

∣

∣

∫

Γ
〈∇u〉 · [v]ds

∣

∣

∣

∣

≤
∑

e∈T

∫

∂e
|∇u · [v]| ds

≤1

2

∑

e∈T

[

γ

∫

∂e
(∇u · ne)

2ds +
1

γ

∫

∂e
|[v]|2 ds

]

≤
∑

e∈T

ck2γ

2h

∫

e
|∇u|2dx +

1

2γ

∫

Γ
|[v]|2 ds,

where we have used an inverse inequality from [30]. The constant c
depends on ρ only. Choosing γ = h/k

√
cµ, we get the estimate

∣

∣

∣

∣

∫

Γ
〈∇u〉 · [v]ds

∣

∣

∣

∣

≤ k

2

√

c

µ

[

∑

e∈T

∫

e
|∇u|2dx +

µ

h

∫

Γ
|[v]|2ds

]

,

leading to the assertion above.

Remark 1 (i) For d = 2, k = 1, and T a uniform square grid, the
constant from Lemma 1 may be chosen as C = 21/4. (ii) For d = 3,
k = 1, and T a uniform cubic grid, the constant from Lemma 1 may
be chosen as C = 6.751/4.
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3 Smoother

In this section we investigate the symmetric Gauss-Seidel iteration
and its smoothing property as applied to the model problem defined
in the previous section. We start with some basic definitions and
lemmata [16, 17].

Let N > 0, x, b ∈ R
N , and A,W ∈ R

N×N . We denote by ‖ ·
‖0 and (·, ·) the Euclidian norm and the Euclidian scalar product,
respectively and by ‖ · ‖A and (·, ·)A the energy norm and the energy
scalar product, respectively with respect to a matrix A > 0. Note
that ‖W‖A = ‖A1/2WA−1/2‖0. With ρ(A) we denote the spectral
radius of A, with m(A) := maxi |{j|Aij 6= 0}| the maximum number
of non-zero entries per row.

Definition 1 Let A ∈ R
N×N . We define |A| ∈ R

N×N by

|A|2 = AT A, |A| symmetric positive semi-definite.

Lemma 2 Let A ∈ R
N×N be regular, (i) ‖|A|α‖0 = ‖A‖α

0 , ∀α ≥ 0
and (ii) A|A|−1 is unitary.

Proof (i) ‖|A|α‖0 = ‖(AT A)α/2‖0 = ρ((AT A)α/2) = ρ(AT A)α/2 =
‖A‖α

0 . (ii) Let Q := A|A|−1. Then QQT = A|A|−2AT = I.

For the solution of the linear system of equations Ax = b we consider
the linear, consistent iteration

xm+1 = xm − W−1(Axm − b)

with the iteration matrix

S = I − W−1A.

For the definition of the smoothing property we must consider a se-
quence of equations Alxl = bl, l ≥ 0 and a sequence of linear itera-
tions Sl = Il − W−1

l Al, l ≥ 0. The discrete problems may arise from
discretizations of a boundary value problem and usually vary in di-
mension. In the context of multigrid methods, the so-called smoothing
property plays an important role. We recall its definition here.

Definition 2 The linear iterations Sl, l ≥ 0 are said to fulfill the
smoothing property if

‖AlS
ν
l ‖0 ≤ ‖Al‖0η(ν) ν > 0

for a function η(ν) → 0, ν → ∞ independent of l.

A sufficient condition for the smoothing property is given in Lemma 3.
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Lemma 3 Let Al,Wl be regular, θ > 1 and Sl,θ := I − θW−1

l Al.
If ‖Sl,θ‖|Wl| ≤ 1 and ‖Wl‖0 ≤ C‖Al‖0 uniformly in l, then Sl :=

Sl,1 fulfills the smoothing property with an η(ν) ≤ Cν−1/2, where C
depends only on θ.

Proof For ease of notation, we omit the index l as all estimates ob-
tained are uniform in l. It holds that

ASν = W (I − S)Sν = W |W |−1/2|W |1/2(I − S)Sν |W |−1/2|W |1/2,

and, therefore,

‖ASν‖0 = ‖W |W |−1/2‖0‖(I − S)Sν‖|W |‖W‖1/2.

From Lemma 2 we derive

‖W |W |−1/2‖0 = ‖W |W |−1|W |1/2‖0 = ‖|W |1/2‖0 = ‖W‖1/2

0

and, therefore,

‖ASν‖0 = ‖W‖0‖(I − S)Sν‖|W | ≤ C‖A‖0‖(I − S)Sν‖|W |.

Due to [14], there is a function η(ν) ≤ Cν−1/2, with C dependend
only on θ > 1 such that ‖(I − S)Sν‖|W | ≤ η(ν) ∀ν. This completes
the proof.

Now we can state the main result of this paper.

Theorem 1 Let A = As + Aa, with As = 1/2(A + AT ) > 0, Aa =
1/2(A −AT ) and m(A) ≤ m0. Let As = D −L−LT be the standard
additive splitting with D diagonal and L a strictly lower triangular
matrix. The approximation of the symmetric Gauss-Seidel iteration
as applied to As is given by W := As + LD−1LT . Let ξ > 0, 0 < θ <
Θ = 2/(1 + ξ2) and

−ξAs ≤ iAa ≤ ξAs. (6)

Then the smoothing property holds for Sθ = I − θW−1A.

Proof We show that

‖SΘ‖W ≤ 1, ‖W‖0 ≤ C‖A‖0. (7)

The assertion of the theorem follows then from Lemma 3. (i) Let
T = ΘWA−1. The first condition of (7) is equivalent to

‖SΘv‖2
W = ((I − T )v, (I − T )v)W ≤ (v, v)W , ∀v ⇔

(Tv, Tv)W ≤ 2(Tv, v)W , ∀v ⇔
0 ≤ (v, (2T−1 − I)v)W , ∀v ⇔
0 ≤ (v, (2WA−1W − ΘW )v), ∀v ⇔
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and, because W is positive definite,

0 ≤ (v, (2W 1/2A−1W 1/2 − ΘI)v) ∀v. ⇔

With X = A
−1/2
s AaA

−1/2
s ,

0 ≤ (v, (2W 1/2A−1/2(I + X)−1A−1/2W 1/2 − ΘI)v), ∀v ⇔
0 ≤ (v, (2W 1/2A−1/2(I − X2)−1A−1/2W 1/2 − ΘI)v), ∀v ⇔
ΘA1/2

s W−1A1/2
s ≤ 2(I − X2)−1 ⇔

Θ(I − X2) ≤ 2A−1/2
s WA−1/2

s ⇔
Θ(As − AaA

−1
s Aa) ≤ W

and, because W ≥ As, the latter condition follows from

Θ(As − AaA
−1
s Aa) ≤ As ⇔

(A−1/2
s iAaA

−1/2
s )2 ≤ (2/Θ − 1)I ⇔

−
√

2/Θ − 1As ≤ iAa ≤
√

2/Θ − 1As,

where i denotes the complex unit. From (6) the first condition of (7)
follows.
(ii) Let M := D−1/2AsD

−1/2. Then M = MT and Mii = 1 ∀i. Since
M is positive definite it follows that |Mij | ≤ 1. Therefore,

|(D−1/2WD−1/2)ij |=|(D−1/2(D − L)D−1(D − L)T D−1/2)ij |

≤
N

∑

k=1

|(M)ik||(M)kj | ≤ m0.

Denoting by ‖ · ‖∞ the maximum norm, we derive

‖D−1/2WD−1/2‖0 ≤ ‖D−1/2WD−1/2‖∞ ≤ m2
0.

Therefore, W ≤ m2
0D and

‖W‖0 ≤m2
0‖D‖0 ≤ m2

0‖As‖0 =m2
0 max
‖x‖0=1

|(x,Asx)|

=m2
0 max
‖x‖0=1

|(x,Ax)| ≤m2
0| max

‖x‖0=1,‖y‖0=1

|(y,Ax)|

=m2
0‖A‖0.

This proves the second condition of (7) and completes the proof.
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The method defined in Theorem 1 is called the symmetric Gauss-
Seidel method with damping parameter θ. If the parameter ξ in the
spectral bound (6) is smaller than 1, the symmetric Gauss-Seidel
iteration fulfills the smoothing property without damping. It may be
applied to the model problem introduced in the previous section. To
this end, we introduce an appropriate local basis {ϕi}i=0,...,N ⊂ V,
where N denotes the dimension of V. Let x, b ∈ R

N and A ∈ R
N×N

be defined by

u =
∑

k

(x)kϕi, (b)j := L(ϕj), (A)ij := B(ϕj , ϕi)

for 1 ≤ i, j ≤ N . Then the model problem (4) is equivalent to

Ax = b. (8)

The symmetric part of A corresponds to the symmetric part of B(·, ·)

(As)ij = Bs(ϕj , ϕi),

and, analogously, Aa corresponds to Ba(·, ·). The smoothing property
of the symmetric Gauss-Seidel iteration for this problem is stated as
follows:

Corollary 1 Let µ > 0, k ≥ 1. There exists a θ0 > 0 such that
the damped Gauss-Seidel method applied to (8) fulfills the smoothing
property for all θ < θ0.

Proof Since Bs(·, ·) is positive definite, As is too. Due to the local
basis functions, A is sparse. By Lemma 1, estimate (5) holds, which
is equivalent to (6) with ξ = 2Ck/

√
µ. From Theorem 1 follows the

assertion above.

Remark 2 According to Remark 1 the symmetric Gauss-Seidel is a
smoother if (i) d = 2, k = 1, T a uniform square grid, µ > 4

√
2, and

(ii) d = 3, k = 1, T a uniform cubic grid and µ > 6
√

3.

Corollary 2 Let k ≥ 2 and µ > 0. There exists a θ0 > 0 and
a ν ≥ 1 such that the W (ν, ν)-cycle multigrid iteration using the
damped Gauss-Seidel smoother exhibits an h-independent convergence
rate ρ < 1 for the model problem (1).

Proof Due to the regularity of the model problem, the discretiza-
tion is of second order in L2(Ω) [28]. Standard arguments lead to
h-independent multigrid convergence [16].
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4 Numerical experiments

The theory as presented in the previous section guarantees uniform
multigrid convergence only for the W -cycle iteration and polynomial
degrees k ≥ 2. The restriction to k ≥ 2 is due to the approximation
property of the NIPG discretization, which is not optimal in L2.
Numerical experiments indicate that, for odd polynomial degrees,
L2-optimality is achieved in practice, i.e. second order accuracy is
observed for k = 1. This is sufficient to prove uniform multigrid
convergence. Therefore, h-uniform convergence should be observed
for k ≥ 1. Furthermore, numerical experiments indicate that uniform
multigrid convergence may be achieved for the V -cycle multigrid as
well.

To investigate the performance of the multigrid method using the
the smoother introduced in the previous section we carry out some
numerical experiments. Let Ω =]0, 1[2 and f = 0. We investigate the
model problem (1) with the trivial solution u ≡ 0. Let L ≥ 1, T0

be the uniform grid consisting of 5 × 5 square elements and Tl be
the uniform refinement of Tl−1, 0 < l ≤ L. On each grid level we
discretize the problem using the NIPG method with a polynomial
basis Pk, k = 1, 2, 3. The basis on each element results from a Gram-
Schmidt orthogonalization with respect to L2 of the monomials given
in

P1 := span(1, x, y), (9a)

P2 := span(1, x, y, x2, xy, y2), (9b)

P3 := span(1, x, y, x2, xy, y2, x3, x2y, xy2, y3). (9c)

Lexicographical ordering is chosen for the elements of the grids. Within
the elements the basis functions are ordered according to the sequence
of monomials in (9). In this way the enumeration of all degrees of
freedom is fixed. We investigate the convergence of a V -cycle multi-
grid iteration with ν pre- and post-smoothing steps of the symmetric
Gauss-Seidel iteration, as described in the previous section, and an
exact solve on grid T0. For the prolongation we use the natural em-
bedding; for the restriction we use its transpose. The iterations per-
formed to evaluate the convergence are started with a random initial
guess. The convergence is measured by

ρ10,20 :=

(‖d20‖2

‖d10‖2

)1/10

,
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Fig. 1. Convergence of the V (1, 1)-cycle multigrid method as applied to the
model problem using the basis P1 in dependence on the penalty parameter µ.
The graphs correspond to different grid levels.

where di denotes the defect after the i-th iteration. We investigate
the convergence in dependence on the grid level L, the penalty pa-
rameter µ, the order k of the polynomial basis, damping factor θ of
the smoother and the number of pre- and post smoothing steps ν.

4.1 Variations with respect to L, k and µ

In this subsection we investigate the V (1, 1)-cycle iteration (ν = 1)
and use the symmetric Gauss-Seidel without damping (θ = 1). First
we consider a discretization using the linear basis P1 and

L ∈ [2, 6]N, µ ∈ [0, 3] ∩ 0.1Z. (10)

The evaluation of ρ10,20 is displayed in Fig. 1. As may be clearly seen
the multigrid iteration converges uniformly with respect to the mesh
size, but it exhibits a strong dependence on the penalty parameter. A
fast multigrid convergence may be observed only in a small range of
penalty parameters. This behavior is in agreement with the theoret-
ical findings of the previous section. An insufficiently large penalty
parameter requires a damping factor θ < 1. An increasing penalty
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Fig. 2. Convergence of the V (1, 1)-cycle multigrid method as applied to the
model problem using the basis P2 in dependence on the penalty parameter µ.
The graphs correspond to different grid levels.

parameter increases the Euclidian norm of the stiffness matrix, lead-
ing to a deterioration of the multigrid smoothing. This deterioration
is not balanced by the approximation which is not improved.

The same behavior may be observed using the polynomial basis P2

and P3, as can be seen in Fig. 2 and Fig. 3 respectively. In contrast
to the case of linear basis functions P1, the band of fast multigrid
convergence is shifted to higher values of µ, corresponding to a dete-
riorated estimate (5) corresponding to an increased constant ξ in (6).
Correspondingly, the interval for µ in (10) is changed. In the case of
P3 the investigations could be performed on grid levels 2 through 5
only, due to memory contraints.

4.2 Variations with respect to ν and θ

To extend the band of acceptable convergence rates, the number ν of
smoothing steps and possibly the damping factor θ of the smoother
must be varied. Note that an increase of ν leads to increased costs.
We investigate the behavior of the multigrid iteration with respect to
the model problem using the P2 basis.
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Fig. 3. Convergence of the V (1, 1)-cycle multigrid method as applied to the
model problem using the basis P3 in dependence on the penalty parameter µ.
The graphs correspond to different grid levels.

To extend the band of acceptable convergence rates to higher
penalty parameters, an increasing number ν = 1, 2, 4, 8 of pre- and
post-smoothing steps for the non-damped smoothing iteration are
used. The results are shown in Fig. 4. Whereas the the lower bound of
convergence for the penalty parameter remains essentially unchanged,
the upper bound is increased. This result may be derived from the
estimate ‖ASν‖0 ≤ C‖A‖0ν

−1/2 for the smoothing property and the
fact that ‖A‖0 ∝ C ′µ, for large µ. In Fig. 4 we see an increase of the
upper bound by roughly 1.7 for a doubling of the number of smooth-
ing steps, indicating that the estimate obtained from the smoothing
property is too pessimistic.

To extend the band of acceptable convergence to smaller values
of the penalty parameter, the number of smoothing steps must be
increased, while decreasing the damping factor of the smoothing. We
choose, quite arbitrarily, θ = ν−1, ν = 1, 2, 4, 8. The results of this
numerical experiment are shown in Fig. 5. An extension to smaller
values for the penalty parameter may be observed for ν = 1, 2, 4.
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Fig. 4. Multigrid convergence for the model problem using the basis P2 in de-
pendence on the penalty parameter µ. An increasing number ν of pre- and post-
smoothing steps is used.

5 Conclusions

In this paper we investigated the smoothing property for a variant of
the symmetric Gauss-Seidel smoother as applied to the NIPG discon-
tinuous Galerkin discretization of the Poisson equation. The smooth-
ing property was shown to hold for nondegenerate grids, polynomial
degrees k ≥ 1, and positive penalty parameters. For quadratic and
higher order polynomials, uniform multigrid convergence was shown
by standard arguments. Depending on the penalty parameter used
for the discretization, the smoothing iteration must be damped. The
dependence has been given explicitly. Numerical experiments confirm
the theoretical findings. Though the theoretical estimates presented
here do not seem to be sharp, they provide an excellent understanding
of the qualitative behavior of the scheme under consideration.
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