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Abstract

We consider saltwater-freshwater fingering instabilities in a saturated porous
medium. In the first part, we present three-dimensional results obtained from a
laboratory experiment using non-invasive imaging. In the second part, we define a
set of model problems in which the performed laboratory experiments can be ranged
in. Due to its highly nonlinear behavior and inevitable modeling errors, a detailed
numerical reproduction of the physical concentration measurements cannot be ex-
pected. Nevertheless, four criteria have been identified, two quantitative and two
qualitative, which facilitate a substantiated comparison of the physical experiment
and the numerical simulation. With respect to these criteria a high degree of sim-
ilarity could be observed. The use of these features allows a deeper understanding
of the physical processes and the influence of the initial conditions.

Key words: porous media, variable-density flow, saltwater, instability, multigrid
methods, non-invasive imaging, NMR

∗ Corresponding author. Tel.: +49 6221 548828; fax: +49 6221 548860
Email addresses: mail@klaus-johannsen.net (Klaus Johannsen),

sascha.oswald@ufz.de (Sascha Oswald), rujh@statoil.com (Rudolf Held),
wolfgang.kinzelbach@ihw.baug.ethz.ch (Wolfgang Kinzelbach).

Preprint submitted to Elsevier Science 18 December 2005



1 Introduction

In groundwater environments, fluid density and viscosity are generally vari-
ables related to the concentration of solutes, temperature, or pressure con-
ditions. Both fluid properties may alter the flow patterns and prevailing flow
regimes. For variable density flow conditions, this becomes evident in a number
of field situations. Among those are convective flows in geothermal systems,
flows around salt domes, leaching and disposal of dense solutes or brines, or
saltwater fingering below playa lakes and salt pans. These situations have been
subject to long-standing investigation and numerical analysis. The variety of
findings and current challenges are stated in, e.g., [45, 46], whereas a recent
review of the literature on the numerical treatment is given in [11]. We refer
to these reviews for details and references.

Due to the nonlinear coupling of the equations for density-dependent flow
and solute transport, their solution is more complex than for the case of
passive tracer transport. Density-dependent flows are rotational and hydro-
dynamic instability leading to a non-uniqueness of the solution is inherent in
the mathematical and physical models of such systems. The criterion for in-
stability that is investigated theoretically, experimentally and numerically is
typically expressed in form of a Rayleigh number Ra. This dimensionless ratio
of buoyancy to diffusion and dispersion is derived under a steady-state flow
assumption.

The experimental investigation of gravitationally unstable flow configurations,
i.e. light fluid underlying a heavier fluid, mainly employed pseudo-two-dimen-
sional Hele-Shaw setups to study the thermal instability in Rayleigh-Bénard
convection [13,43,54], the Rayleigh-Taylor instability in porous media [14,40]
or instability induced below an evaporation boundary [55, 56]. The number
of experiments in real porous media in three-dimensional setups (as opposed
to Hele-Shaw cells) is very limited to date [6, 29, 31, 42]. This paper presents
a fully three-dimensional data set of solute concentrations during the pro-
cess of purely density-driven miscible fingering in a benchmark scale setup.
The experiment was designed especially for subsequent numerical simulation,
providing all required parameters.

High-accuracy, three-dimensional numerical studies were carried out to inves-
tigate the mechanisms affecting hydrodynamic instabilities in miscible dis-
placement for well defined geometries, e.g. resolving the gap of Hele-Shaw
cells [14, 27], for rectilinear geometries [49, 57] or for quarter five-spot config-
urations [38]. Difficulties in the numerical handling were found to be closely
connected to the geometries of the domain, the spatial variability of the base
flow and the presence of line sources and sinks, cf. [28]. The numerical is-
sues concerned the inaccurate representation of velocity variations and grid-
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orientation effects that superimpose numerical artifacts on the model predic-
tions. This can even lead to unphysical numerical results, particularly in highly
nonlinear systems. We provide a numerical simulation approach that is able
to reproduce the physical experiment with sufficient numerical accuracy. No-
tably, such detailed simulations of miscible fingering are to date rare in three
dimensions.

The early analytical work [9,21,40] treated instability of miscible fluid displace-
ment in porous media with a first-order perturbation approach. The motion of
two incompressible fluids separated by a sharp interface in a porous medium
was based on Hele-Shaw equations, or Darcy’s law. The high sensitivity of
the problem to perturbations is caused by singularity in the governing equa-
tions in the absence of surface tensions or dispersive mechanisms. In miscible
displacements in realistic porous media, flow-induced dispersion plays a dom-
inant role by widening the front and thereby yielding a cut-off length scale
for the potential growth of instabilities [36]. The cross-over between diffusive
and linear growth regimes was analyzed by, e.g., [48, 53]. Subsequently, [10]
or [2] proposed an extended theory for the prediction of a stability criterion for
miscible displacement in porous media taking a velocity-dependent dispersion
tensor into consideration. In a recent treatment, the linear stability analysis
was performed on the basis of the three-dimensional Stokes equations [16],
thus accounting for Taylor dispersion at the interface due to gradients in the
velocity field. This enabled the prediction of a wavelength selection for Hele-
Shaw configurations across high Ra and low Ra regimes.

Linear stability analysis of dominant modes that evolve from interface pertur-
bations considers the exponential growth regime of the characteristic initial
wavelengths. Such analysis applies strictly to the short time scales. A weakly
nonlinear analysis of the formation of finger patterns was very recently pre-
sented by [1,8] for dynamical system conditions. A formal gradient expansion
of the nonlocal problem allowed the exact determination of a sub-critical bi-
furcation for the Saffman-Taylor instability. Such dynamic analytical analysis
is beyond the scope of this contribution. Our setup also included a marked
heterogeneity in the porous medium, a situation which has not been fully in-
corporated in stability analyses. Here, we analyze a reproducible setting of
dynamically evolving finger instabilities by comparing computations in anal-
ogy to a three-dimensional, physical pattern evolution.

Previously, we presented comparisons between an experimental investigation
and numerical simulation for stable density-dependent flow configurations, or
upconing conditions [25, 33]. The study provided a mathematical benchmark
for numerical modeling of density-dependent flow, in a three-dimensional set-
ting and for the case of strong density coupling. The nonlinearity in the density
unstable model system can be significantly higher, and poses in itself numerical
challenges. Benchmarking issues for unstable convection in two-dimensional
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configurations have been addressed more recently by [52] under steady-state
conditions in finite and infinite, bound horizontal or inclined layers, or by [47]
for transient conditions for the two-dimensional salt lake problem with an un-
stable saline boundary layer formed by evaporation. In the latter test case, the
hydrodynamic instability proved to be far more sensitive to the initial pertur-
bations than for the purely diffusive regime studied in [52]. The conditions
pertaining in field problems necessitate the further development and testing
of numerical tools for three-dimensional, transient instabilities. In this con-
tribution we examine saltwater-freshwater fingering in three dimensions in a
porous medium. We present, for the first time to our knowledge, a fully three-
dimensional, high-quality data set of solute concentrations during the process
of purely density driven miscible fingering in a porous medium for a bench
scale set-up. Moreover, this also comprises the effects of a permeability het-
erogeneity and was designed especially for subsequent numerical simulation,
thus delivering all the required parameters. We provide a numerical simulation
approach that is able to represent the situation and processes of the physical
experiment with a reasonable numerical accuracy. Notably, such detailed sim-
ulations of miscible fingering are quite common in 2D, but are so far very rare
in 3D. We develop a framework for comparing experimental and numerical
results in a meaningful way. This is not trivial for such a highly nonlinear be-
haviour, which strongly amplifies perturbations, and cannot be performed as
a direct comparison on a point-to-point basis as is typical for other situations.
Finally, we demonstrate the capability of the numerical model to capture the
essential behaviour of the physical process to a high degree, and then to look
at the influence of initial conditions, which could not be done so easily in a
physical experiment.

The remainder of the paper is organized as follows. In section 2, we give a de-
scription of the experimental setup and the magnetic resonance technique used
to obtain the experimental results. In section 3, we define a reproducible set
of mathematical model problems, with boundary and initial conditions that
enclose the experimental setting. Issues concerning the numerical discretiza-
tion and solution method are addressed in section 4. In section 5, we present
the numerical results and a comparison of experimental and numerical finger
dynamics. We show the influence of the initial conditions on the flow modes.
A summary of the findings and insights is given in section 6.
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2 Fingering experiment

2.1 Experimental methods and procedures

Density-driven fingering in a saturated, artificial porous medium was observed
by magnetic resonance imaging (MRI) in a laboratory experiment. As an initial
situation a saltwater layer above a freshwater layer was created in a closed
box, which subsequently started to show density fingering of salt water as
well as freshwater. The objective was to study this unstable situation of flow
solely driven by density gradients. The MRI method allowed the retrieval of
three-dimensional, time-dependent information about the evolution of the salt
concentration distribution during the experiments.

The technique of magnetic resonance imaging has become widespread for med-
ical applications, but has also been applied during the last decade to observe
flow and transport behavior in porous media. For example, [35] observed the
convection and fingering driven by density forces on a cm scale for homo-
geneous conditions, [20, 22] measured the influence of velocity variability in
a sand column during advective transport using high-contrast agent concen-
trations, and a three-dimensional test case for stable variable-density flow in
porous media was recently proposed based on MRI measurements [31, 33]. A
similar method has been used in this study to create a three-dimensional data
set for a non-stable situation on the benchscale, providing a time-dependent
concentration distribution for miscible fingering by internal density forces in
and around an inclusion of higher permeability.

With MRI, a three-dimensional volume can be scanned completely in a series
of 2D slices consisting of cuboidal volumes (voxels) in rows and columns.
For the apparatus used in this study, the measured signal originated from
water protons and their local environment. One approach in MRI applications
that yields an enhanced signal contrast is to use a contrast agent [7], i.e.
paramagnetic ions that change the relaxation times of the water protons in
their vicinity. Here Cu2+ ions were used. A brief introduction to MRI using
contrast agents is given in, for example, [7, 50].

2.1.1 Experimental setup

The experiment was carried out in a cubic Plexiglass tank containing an artifi-
cial porous medium saturated with water. Flow could be induced by injection
and discharge through small ports in the bottom centre (O0) and the top cor-
ners of the tank (O1-O4), which were used for the preparation of a layering of
salt water below freshwater. The container could be rotated around a horizon-
tal axis through the volume centre of the porous medium. This allowed the
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subsequent preparation of an unstable density-layering. See Fig. 1, left, for a
sketch of the experimental setup.

The inner dimensions of the cubic container were L = 0.2m, and thus the bulk
volume of the porous medium was L3 = 8 ·10−3m3. This volume contained two
zones, each of which was composed of almost uniform glass beads (see Fig. 1,
right). The central zone, henceforth called inclusion, was a vertical, quadratic
column of beads of average diameter d1 = 1.2mm whereas the rest of the
container was filled with beads of average diameter d2 = 0.7mm. The inclusion
of larger sized beads was three times more permeable than the ‘background’
(see Table 1 for details).
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Fig. 1. Sketch of the experimental setup. Left: at the beginning of the MRI measure-
ments (preparatory phase); right: a schematic close-up after turning the container
over (beginning of main phase).

2.1.2 Procedure and boundary conditions

The experiment consisted of two preparatory phases, followed by the main
phase of the fingering process. During all three phases, MRI images were
taken.

(1) To begin with, the porous medium was filled with freshwater. Then a
salt solution with a salt mass fraction of 0.30% of NaCl and MRI-tracer
was injected at the centre of the bottom of the porous medium. To allow
an outflow of water from the porous medium the four top outlets were
opened and kept at a fixed hydraulic head. A saltwater dome formed
at the bottom following the injection of salt water. Due to the higher
permeability in the inclusion, the salt water moved further up in the
central part of the porous medium, in and around the inclusion, than in
the outer zone. Then all ports were closed to end this phase.
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(2) During the second phase, no external flow or driving force was applied,
and the saltwater dome could settle downwards. The aim of this phase
was to prepare a saltwater interface that was more or less horizontal,
equilibrated by internal density-driven flow. In spite of a duration of
about 150 minutes, the saltwater-freshwater interface did not settle fully
to a perfectly horizontal position. Also, the interface was significantly
wider close to the corners than in the centre of the container. In the
inclusion itself, the saltwater/freshwater interface was a few millimeters
further up, and more dispersed, than in the surrounding of the inclusion.

(3) A rotation of the container by 180 degrees started the third and main
phase of the experiment. This rotation was carefully performed within a
few seconds. After this, there was still no external flow or driving force,
and an internal density-driven fingering took place.

The unstable layering of salt water above freshwater was not an ideal layering,
because the saltwater-freshwater interface was not perfectly horizontal, and
the transition zone had a detectable extension, especially close to the corners.
But the salt-concentration distribution showed almost the same symmetry as
the setup, and the interface was not perturbed by rotating it to the unstable
configuration.

The parameters that characterize the porous medium and the freshwater prop-
erties were determined as already reported in detail in [31,33], and the relevant
parameters are listed in Table 1. The parameters not yet mentioned are the
coefficient of molecular diffusion Dm, the porosity ni, the permeability ki, the
dispersion lengths αl,i, αt,i, the density of fresh- resp. salt water ρf , ρs and
the viscosity of fresh- resp. salt water µf , µs. Finally, ~g denotes the vector of
gravitational acceleration. The index i takes the value 1 for the central part
(inclusion) and 2 for the outer part (background) of the domain.

2.1.3 MRI technique

This study was conducted using the spin echo technique. The experiments
were carried out on a Philips 1.5Tesla MR whole body system (Philips Gy-
roscan ACS/NT, Best, The Netherlands) at the university hospital in Zürich,
Switzerland, based on a proton spin frequency of 64MHz. The echo and repeti-
tion times were adapted to the experimental conditions of this setup (cf. [34]).

The porous medium was positioned horizontally in the MRI apparatus in
such a way that one horizontal axis of the container was parallel to the axis
of the apparatus. MRI images (matrix size 128 × 128; field of view, FOV =
320mm, reduced FOV 65%) were acquired from 50 adjacent vertical slices of
4mm thickness covering one horizontal length and the vertical length of the
cubic container. The voxels of the slice were 2.5mm × 2.5mm in the vertical
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Table 1
Parameters of experiment and model problem; index 1 denotes the central part
(inclusion), index 2 the outer part of the porous medium (background)

Parameter Physical experiment Fingering units

min. max. model problem

ωmax 0.30% 0.29% 0.31% 0.30% −

T 241 + 7126 7126 s

L 200 199 201 200 10−3 m

Dm 10 7 12 10 10−10 m2s−1

d1 1.2 1.0 1.3 − 10−3 m

d2 0.7 0.6 0.8 − 10−3 m

n1 0.392 0.342 0.442 0.392 −

n2 0.385 0.375 0.395 0.385 −

k1 10 8.9 13 10 10−10 m2

k2 3.3 3.0 4.1 3.3 10−10 m2

αl,1 1.2 0.6 1.5 1.2 10−3 m

αt,1 0.12 0.03 0.25 0.12 10−3 m

αl,2 0.7 0.3 0.9 0.7 10−3 m

αt,2 0.07 0.01 0.15 0.07 10−3 m

ρs/ρf − 1 2.9 2.1 3.7 2.9 10−3 −

µf 1.002 0.93 1.02 1.002 10−3 kgm−1s−1

µs 1.0075 0.94 1.03 1.0075 10−3 kgm−1s−1

|~g| 9.8065 9.8064 9.8066 9.8065 ms−2

cross-section, and thus the horizontal resolution was 4mm in the y-direction
and 2.5mm in x-direction, whereas it was 2.5mm in the vertical z-direction.
The imaging via the two-dimensional spin-echo sequence used at least two
excitations per image. The salt concentration was observed over a period of
more than four hours in total with a maximum temporal resolution of about 3
minutes. During data processing, the outermost rows and columns of the slices
were removed if they were located outside the porous medium. For a more
detailed description of the specific MRI principles applied, we refer to [32–34].

The mass fraction of Cu2+ was chosen to be in the linear range of the cali-
bration curve with good contrast properties, in accordance with former stud-
ies [33, 34]. These mass fractions were topped up with NaCl, summing up to
a total of 0.30%, to obtain a salt water with higher density. The resulting den-
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sity gradient to freshwater initiated a fingering regime, quick enough to reach
the bottom of the container during the time available for the measurement.
The MRI signal also represents the salt concentration, because the Cu2+ ions
do not separate significantly from the Na+ ions for this setup, as long as the
Cu2+ ions do not sorb. The total salt mass fraction is then proportional to
the mass fraction of Cu2+ and therefore to the measured signal intensity.

In the MRI experiments, the mean signal of freshwater was determined from
the image before the experiment was started, representing ω = 0% salt mass
fraction. Furthermore, the mean signal of the salt solution, containing 10mmol/L
CuSO4, and ωmax = 0.30% salt mass fraction in total, was evaluated in a
region of the porous medium with undiluted salt water. Then a linear calibra-
tion relation between the total salt concentrations and the measured signal
intensity was used for the interpretation of the images during the experiment
(Figure 2).
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Fig. 2. Measured signal of salt water and freshwater in the two types of porous
medium, and linear function used for calibration in each region. The value repre-
senting maximum salt mass fraction in the insertion has been adjusted to account
for outliers.

The signal to noise ratio is quite low in the images. The noise level of the images
for a given type of MRI method can be reduced by decreasing the spatial or
temporal resolution, or by increasing the porosity. Since the porosity is given
by the porous medium, a compromise between resolution and noise level had
to be found, which was chosen mainly in favor of achieving a higher spatial and
temporal resolution. A Gaussian filter was applied twice to reduce the effect
of noise on the MRI images. This smoothes the signal or concentration and
thus yields more realistic isosurfaces or isolines. The possible disadvantage of
this smoothing, i.e. a smearing of the concentration gradient at the salt-water-
freshwater interface, proved to be of minor impact here. The values of the salt
mass fraction could be determined with reasonable accuracy between 0.03%
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and close to 0.30%, which covers the transition zone between freshwater and
salt water during the fingering process.

2.2 Experimental results
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Fig. 3. 3D view of the vertical cross-sections used for comparison, i.e. a vertical
diagonal and a vertical transverse cross-section of the cubic container. The color
bar indicates the values of the salt mass fraction in percent.

Images are presented here in vertical cross-sections of the measured salt mass
fraction for a particular time. These can be diagonal cross-sections from one
edge of the container to the other, or transverse cross-sections at the centre of
the porous medium, as illustrated in Fig. 3. Nevertheless, from the measured
data any cross-section or any isosurface could be plotted in three dimensions
for each measurement time. For a clear perception of the fingering and to
allow a straightforward comparison to simulation results, we present some
three-dimensional views and movies in the supplementary material [30]. The
full data set is used for the quantitative evaluation of characteristic properties
in section 5.

Fig. 4 shows the salt mass fraction on vertical cross-sections (diagonal and
transverse) at four different times (t = 241, 241 + 2549, 241 + 4883 and
241 + 7126s) from the beginning of the third phase. An offset of 241s is used
explicitly in anticipation of the numerical simulations. Their initial conditions
were set at t = 241s, defining the start of the simulated time. As can be
seen from Fig. 4, the movement of salt water and freshwater occurs mainly
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t = 241 s

t = 241 + 2549 s

t = 241 + 4883 s

t = 241 + 7126 s

Fig. 4. Salt mass fractions measured during the main phase of the MRI experi-
ment, shown in a vertical, diagonal cross-section (left) and a vertical transverse
cross-section (right). Twofold Gaussian smoothing has been applied to reduce noise
to show the concentrations. Times are taken relative to the beginning of the third
phase. 11



at two types of location, one being the inclusion of higher permeability, the
other being the vertical edges of the container, where the saltwater-freshwater
transition zone is higher up than in the centre. The salt water starts to fin-
ger downwards in the inclusion at one side of the square cross-section. At
the same time, a freshwater finger starts moving upward on the opposite site.
In the background porous medium just at the border of the inclusion, and
at the origin of the saltwater fingers, the freshwater dents into the saltwater
body (Fig. 4). These small freshwater fingers constrict the saltwater finger in
its width, without being capable of creating additional freshwater fingers. At
later times, instabilities also develop along the interface outside of the more
permeable inclusion.

3 Definition of model problems

In this section, we define a set of model problems related to the physical
experiment described in the previous section. Due to parameter uncertainties
and the inherent instabilities in the experiment we cannot expect to reproduce
the physical results in detail. The aim is to provide a range of model problems
within which the physical experiment can be categorized. In order to set up
the model problems, two types of idealizations are introduced. The first is
concerned with the formulation of the equations to be solved, the boundary
conditions and the representation of the dispersion. The second is related to
the initial conditions. They were derived from the physical experiment. The
model problems we propose differ only in the initial conditions.

The governing equations for the coupled density-driven flow in porous me-
dia are derived from mass-conservation principles. On the assumption of in-
compressibility of the fluid, the following system of equations results (see
e.g. [5, 23, 26])

∂(nρ(ω))

∂t
+ ∇ · (ρ(ω)~v) = 0, (1a)

∂(nρ(ω)ω)

∂t
+ ∇ · (ρ(ω)(ω~v − D∇ω)) = 0. (1b)

The flow equation (1a) describes conservation of fluid mass, whereas the trans-
port equation (1b) describes conservation of salt mass. Note that the right-
hand sides of (1a) and (1b) vanish due to the absence of sources and sinks.
Density is denoted by ρ = ρ(ω), the diffusion-dispersion tensor by D = D(~v)
and the mass-averaged velocity ~v is given by Darcy’s law

~v = −k/µ(ω)(∇p − ρ(ω)~g), (2)

where µ = µ(ω) is the dynamic viscosity and ~g is the vector of gravitational
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acceleration. Inserting (2) into (1) leads to a nonlinear system of two partial
differential equations for the unknown salt mass fraction ω and the pressure
p. To close the system, equations of state for ρ and µ, and an expression
for the diffusion-dispersion tensor have to be provided. For ρ and µ, various
dependencies are provided in the literature (see [19, 23]). We choose an ideal
fluid relationship for ρ, and a real, fitted function for µ with respect to the
salt mass fraction

1

ρ
:=

(

1 −
ω

ωmax

)

1

ρf

+
ω

ωmax

1

ρs

, (3)

µ := µf(1 + 1.85ω − 4.1ω2 + 44.5ω3). (4)

The density of freshwater is denoted by ρf = ρ(0), the corresponding value
at the maximum salt mass fraction ω = ωmax by ρs, see Table 1. For the
diffusion-dispersion tensor, we use Scheidegger’s dispersion model [41]

D(~v) := nDmI + αt|~v|I + (αl − αt)~v~v/|~v|,

where I denotes the unit tensor. We assume the validity of Fick’s law and
Darcy’s law for our modeling approach. It has been proposed that a nonlinear
dispersion approach should be used for high concentration gradients [18, 44].
Due to the low maximum density ρs, we do not follow this approach here.

We describe the geometry by a cube of side length L = 200mm with an
inclusion of higher permeability of 40 × 40mm2 extending from the bottom
to the top of the cube, see section 2. The parameters describing the porous
medium differ. The permeability in the inclusion, denoted by k1, is higher
than in the rest of the domain (k2). Accordingly, the values of the porosities
and dispersion lengths take a corresponding subscript, see Table 1. The cube
is closed and therefore no-flux boundary conditions for both ω and p are used
on the entire boundary of the domain

~n · (~vω − D∇ω) = 0, ~n · ~v = 0. (5)

For a detailed discussion of consistent boundary conditions in density-dependent
flow problems, see [17].

The setting described so far applies to all our model problems. The problems
differ only in the choice of the initial conditions. Due to the assumed incom-
pressibility, the pressure can be obtained from an elliptic constraint condition,
a linear combination of (1a) and (1b). Therefore (1) is a differential-algebraic
system and initial conditions have to be provided only for the salt mass frac-
tion. For details, see e.g. [24]. Let (x, y, z) ∈ [−L/2, L/2]3, then we define the
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initial salt mass fraction by

ω0(x, y, z) = ωmax



















0 if z ≤ h(x, y) − w(x,y)
2

,

1 if z ≥ h(x, y) + w(x,y)
2

,
1
2

+ z−h(x,y)
w(x,y)

else.

(6)

with

w(x, y) = c2
L2

√

L4 + 16c2
1(x

2 + y2)
,

h(x, y) = h0 + c1
2(x2 + y2)

L2
+ c3p(x, y),

p(x, y) = p0







(

x2

l2
− 1

) (

x
l
+ 1

2

) (

y2

l2
− 1

) (

y

l
− 1

5

)

if |x|, |y| ≤ l

0 else
,

p0 = 2.48262m, l =
L

5
, h0 =

L

10

and ωmax, L from Table 1. Note that p(x, y) is continuous. The initial condition
depends on the three parameters c1, c2 and c3, which have the dimension of a
length. It realizes an instable initial salt distribution with

ω0 < ωmax/2 for z < h(x, y), ω0 = ωmax/2 for z = h(x, y),

ω0 > ωmax/2 for z > h(x, y).

Therefore, the isosurface ω = 0.5ωmax is located at (x, y, h(x, y))∩[−L
2
, L

2
]3. Its

position depends on c1 and c3, in the background only on c1. At the horizontal
center x = y = 0, its vertical position is h0+c3/10, independent of c1, c2. At the
horizontal corners x, y ∈ {−L

2
, L

2
}, its vertical position is h0+c1. The parameter

c2 is the width of the transition zone perpendicular to the 0.5ωmax-isosurface,
in which the salt mass fraction varies linearly from 0 to 1. Within the inclusion,
the vertical position of the isosurface is perturbed by c3p(x, y), a function
without symmetries. The maximum of |p(x, y)| is approximately 1; therefore,
c3 corresponds to the size of the perturbation in the inclusion. It enables the
model problems to develop asymmetric solutions, as has been observed in the
laboratory experiments (see section 2). In our numerical investigations, the
following values of the parameters are used

(c1, c2, c3) ∈ {0, 20, 40, 80} × {8, 16, 24} × {0, 2.5}. (7)

For ease of notation, the unit mm is omitted here and in the following. The
choice of c1 and c2 covers the presumed values of the experimental setting.
The value for c3 is chosen to be the presumed experimental perturbation (ver-
tical extension of the voxels, 2.5mm ) or the value for symmetric simulations
(c3 = 0).
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ω = 0.5ωmax isosurface is displayed. The lifting of the isosurface at the horizontal
corners is indicated on the left side, the width of the transition zone on the right.

For the purpose of illustration, we consider the initial condition for (c1, c2, c3) =
(20, 16, 2.5). The corresponding isosurface (x, y, h(x, y)) is displayed in Fig. 5.
The lifting of the isosurface at the corners is indicated by labels on the left
side of the figure. On the right side, the surfaces (x, y, h(x, y)±w(x, y)/2) in-
dicate the width of the transition zone. The small perturbation of maximum
size 2.5mm can be seen in the inclusion.

4 Numerical treatment

The numerical investigations presented in this paper are carried out with
the software package d3f, a software toolbox designed for the simulation of
variable-density flow problems in porous media. In its full version, it contains
a preprocessor for interactively designing geometry and physical parameters
of model problems, a simulator for discretizing and solving the equations of
the variable-density flow and a postprocessor for visualization and data ex-
traction. The simulator is based on the software package UG [4], a toolbox
for discretizing and solving partial differential equations. The postprocessor is
based on the software package GRAPE [39]. Due to the simple geometry of
the model problems, the preprocessor has not been used here.

Next, we briefly describe the discretization and solution method applied to the
model equations. Further details can be found in [12, 24, 25]. For the spatial
discretization of (1) we use a grid hierarchy, which is created by uniform mesh
refinement [3]. Starting from the coarsest mesh consisting of 500 hexahedra of
size 20×20×40mm3, the subsequent grids are generated by halving the mesh
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Table 2
The hierarchy of grids

Level i # of hexahedra # of grid points

0 500 726

1 4, 000 4, 851

2 32, 000 35, 301

3 256, 000 269, 001

4 2, 048, 000 2, 099, 601

size in each spatial direction. The number of hexahedra and grid points of the
multigrid hierarchy is given in Table 2. Numerical simulations are carried out
for grid level 3 and 4 corresponding to horizontal and vertical grid spacings of
hx = hy = hz/2 = 2.5mm and hx = hy = hz/2 = 1.25mm, resp. The equations
are discretized using a vertex-centered finite volume scheme. The convective
terms are discretized without stabilisation. On the assumption of an essential
front width of ≥ 8mm, i.e. a front resolution of n ≥ 2 elements, this choice
is preferable to stabilized discretizations. A consistent velocity approximation
is applied, see [15]. The discretization is locally mass-conserving and second-
order consistent for the unknowns ω and p. To solve the discrete equations,
a fully implicit solution technique is applied. The arising nonlinear discrete
equations are solved using Newton’s method, for the linear subproblems a lin-
ear multigrid method is applied. The components of the multigrid scheme are
standard. The prolongation used arises from the natural embedding of one
grid into the next finer one. The restriction is chosen to be adjoint to the pro-
longation. The matrices of the linear subproblems on the coarser grid levels
are chosen to be the Jacobi matrices of the corresponding nonlinear problems.
The points of linearization are obtained by restriction. On the coarsest grid,
the linear equations are solved exactly. As a smoother, we use a block variant
of the symmetric SOR method, as described in [24]. The multigrid scheme is
used as a preconditioner for the Bi-CGStab method [51]. For the time dis-
cretization, the fractional-step-Θ scheme [37] is employed. It is a three-step
θ-scheme, which is second-order accurate and especially adapted to convec-
tion dominated transport problems. For a detailed discussion in the context
of variable-density flow, see [24, 25]. Two issues specific to our investigation
require special attention and will be discussed below in more detail. The first
is concerned with the realization of the initial conditions (6), the second with
the time-step control.

In general, the initial conditions (6) cannot be represented exactly on either
of the grids of the hierarchy. We derive the initial condition ωl,0 on grid level
l by the L2-projection of ω0, which is given by

‖ωl,0 − ω0‖L2
= min .
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The resulting linear system of equations involves the mass matrix, which is
well-conditioned. It is solved by a Gauss-Seidel iteration. For the boundary
conditions (5) used in our model problems, the total initial salt mass is rep-
resented exactly on every grid

∫

ωl,0dV =
∫

ω0dV, ∀l ≥ 0. (8)

Note that the L2-projection leads to a non-monotonous initial salt distribution.
If a pointwise interpolation of the initial conditions (6) onto the nodes of the
grid together with tri-linear interpolation is used, eq. (8) is fulfilled only up
to an order O(h), leading to a serious deterioration of the approximation to
the continuous solution.

Due to the density-driven instabilities, the model problems show strongly vary-
ing dynamics in time. In order to control the discretization error introduced by
the time integration, we chose the time-step size to fulfill a Courant criterion.
To this end we define a Courant number nc for each hexahedral element e

nc(e) = |~v(e)|∆t/h(e),

where ~v(e) denotes the Darcy velocity at the midpoint of e, h(e) the shortest
edge of e and ∆t the time-step size of the last time step executed. The new
time-step size is chosen according to

∆tnew = ∆t/ max enc(e),

i.e. an extrapolation of the time-step size in order to fulfill nc(e) ≤ 1, ∀e.
This criterion ensures a stable and accurate discretization of the convection
and an accurate time integration. The initial time-step size was chosen to be
0.1s leading to a maximum Courant number smaller than one on all grids we
considered.

5 Comparison of experiment and numerical simulations

In this section, we compare the laboratory experiments with the numerical
simulations. Due to the high nonlinearity of the problem, an exact reproduc-
tion of the experimental findings cannot be expected. Instead, we aim to gain
a qualitative understanding of the problem. To this end, we define four criteria
to carry out the comparison. Two of these criteria are quantitative and there-
fore allow a quantitative comparison. As the physical results are reproduced
only qualitatively, the considerations will lead merely to qualitative results.
The other two criteria are qualitative and lead to corresponding results. Next,
we give the definitions.
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t = 0 s

t = 2549 s

t = 4883 s

t = 7126 s

Fig. 6. Simulated isolines of the salt mass fraction ω/ωmax = 1/8, 2/8, . . . , 7/8 for
the model problem with parameters (c1, c2, c3) = (20, 16, 2.5), shown in diagonal
cross-sections (left) and parallel cross-sections (right). The section planes as well as
the time sequence correspond to Fig. 4.
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1. The first quantitative criterion is given by the scalar functional on the
solution defined by

mi(t) :=
1

ωmaxρsVinc

∫

Vinc

ρωdV, (9)

where Vinc denotes the volume of the inclusion. It can be evaluated for the
experimental and the numerical findings. This quantity represents the nor-
malized mass of salt within the inclusion. The experimental evaluation will be
denoted by mi,e, the numerical by mi,s. The latter depends on the configura-
tion parameters c1, c2, c3 of the model problem as well as on the discretization
used. For the case that the flow in the inclusion is disconnected from the
flow outside the inclusion, mi(t) is constant in time. Its dynamic behavior is
therefore a measure for the coupling of the two flow regimes. We refer to this
phenomenon as the localization of flow.

2. The second quantitative criterion is the finger-tip velocity. Let

zs(t):= min{z|ω(t, x, y, z) = 0.5ωmax, (x, y, z) ∈ Vinc} (10)

be the finger-tip position of the saltwater finger. The minimum z-coordinate of
the ω = 0.5ωmax-isosurface serves as the z- component of the saltwater finger.
It is not only applicable for the case of one finger but also for two or more
fingers. Its time derivative is called the finger-tip velocity of the saltwater
finger. Note that the finger-position may jump, if the finger concentration
drops below 0.5ωmax. In that case, the next finger is tracked. Correspondingly,
the finger-tip velocity of the freshwater finger is defined by using the time
derivative of

zf (t):=max{z|ω(t, x, y, z) = 0.5ωmax, (x, y, z) ∈ Vinc}. (11)

3. The first qualitative criterion is the effect of a sharpening of the saltwater-
freshwater interface as opposed to the dispersive mixing effect. Since this effect
appears only in localized regions, it is called constriction effect.

4. The second qualitative criterion is the observation of instabilities outside the
inclusion. They can be observed as the development of saltwater-freshwater
fingers. We call this the effect of secondary instabilities.

Before we discuss the criteria in detail, we want to illustrate the extent to which
the physical results can be reproduced by numerical simulations. In Fig. 6,
we display the numerical results obtained for the parameters (c1, c2, c3) =
(20, 16, 2.5) on grid level 4. The section planes as well as the time sequence
correspond to the ones chosen for the experimental results given in Fig. 4. As
can be seen clearly, the qualitative features as well as the speed of the finger
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Fig. 7. Isolines of the salt mass fraction ω/ωmax = 1/8, 2/8, . . . , 7/8 on a
cross-section at t = 4883s for horizontal initial front (c1, c2, c3) = (0, 8, 2.5) (left),
curved initial front (c1, c2, c3) = (80, 8, 2.5) (right). Details are described in the text.

development are reproduced well, whereas the details of the salt distribution
differ significantly.

Remark 5.1 The limitations of reproducibility illustrated by the comparison

of Figs. 4 and 6 are due to the high nonlinearities and the modeling insuffi-

ciencies. They are not due to numerical limitations.

Now we will compare the experimental and the numerical results with respect
to the criteria 1-4. We focus on non-symmetric solutions (c3 = 2.5), which
correspond to the experiment. The results presented were obtained on grid
level 4. Comments on the comparison of solutions obtained on grid levels
3 and 4 as well as on symmetric and non-symmetric solutions are given in
subsection 5.5.

5.1 The localization of the flow

First, we illustrate two extreme flow patterns. The one extreme is obtained for
the parameters (c1, c2, c3) = (0, 8, 2.5) and is shown in Fig. 7 (left). Here, the
flow field is localized mainly in the inclusion. The initially horizontal interface
remains horizontal in the background, even for intermediate times (t = 4883s).
The other extreme is obtained for the parameters (c1, c2, c3) = (80, 8, 2.5) and
is shown in Fig. 7 (right). In this case, the flow field extends over the entire box
and the initially curved interface is bent even more after intermediate times
(t = 4883s). A systematic evaluation of the salt mass in the inclusion (9) as a
function of time is displayed in Fig. 8. The experimental results are indicated
by (x). They document a moderate increase of the salt mass in the inclusion,
which is due to an inflow of salt water into the inclusion in the upper part
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Fig. 8. The normalized salt mass in the inclusion. Experimental results (x), nu-
merical results are grouped by parameter c1. Within the groups, corresponding to
c2 ∈ {8, 16, 24}, c3 = 2.5 and displayed with the same linetype, the variations are
small.

of the domain. The numerical results are indicated by dashed lines, which are
grouped together by parameter c1. Within the groups, the different graphs
(not distinguished by line-types) correspond to different values of the initial
front width (c2 ∈ {8, 16, 24}). This second parameter is of minor importance
for the localization of the flow. An initial interface with zero curvature (c1 = 0)
leads to an essentially localized flow, see Fig. 7 (left). Only at large times can
a small increase of the salt mass be observed, when boundary effects become
noticeable. An increasing initial curvature leads to an increasingly global flow
pattern. In the extreme case c1 = 80, the velocity in the inclusion is only
pointing downward and the upward recirculation occurs in the less permeable
zone. Note that in this case no ascending freshwater finger can be seen, cf.
Fig. 7, (right). The transition from local to global flow is essentially controlled
by c1. The experimental results can be ranged in in this one-dimensional field,
corresponding to mi,s(c1), c1 ∈ [10, 20]. Note that the experimental and the
numerical results are in good qualitative agreement for small and medium
times.

5.2 The finger-tip velocity

First, we compare the experimental findings with the numerical results ob-
tained for (c1, c2, c3) = (20, 16, 2.5). The evaluation of the finger-tip positions
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Fig. 9. The finger-tip positions zs, zf derived from the experiment and the numerical
simulation with (c1, c2, c3) = (20, 16, 2.5). The jump of zf at t = 5000s corresponds
to a change of the freshwater finger tracked.

(10), (11) is displayed in Fig. 9. For a large time interval, the finger-tip posi-
tions show a linear variation with time for the experimental data as well as for
the numerical simulation. This behavior allows us to define a finger-tip veloc-
ity for the experiment and for the simulation, which is independent of time.
It is denoted by vs for the saltwater finger and vf for the freshwater finger.
This is true for almost all simulations using parameters from the range (7).
The finger-tip velocities for the experiment and for the simulation with the
parameters c1 ∈ {0, 20, 40, 80}, c2 ∈ {8, 16, 24} are displayed in Fig. 10. The
numerical results are grouped by the parameter c1. The groups contain the
velocities for a varying initial front width c2 ∈ {8, 16, 24}, which does not have
a significant influence. A velocity vf for c1 = 40 has not been included, since
it could not be identified clearly. Note that for c1 = 80 the freshwater velocity
is negative, i.e. no freshwater finger was ascending. The velocities from the
experiment are indicated by solid lines. We see that the experimental value
for vf can be matched best by simulations using c1 = 20, the experimental
value for vs by simulations using c1 = 0. Both values might be matched to
some extent by an intermediate parameter c1 = 10, which is in good agreement
with the result given in the previous subsection.
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Fig. 10. The finger-tip velocities vs, vf derived from the experiment and the nu-
merical simulations. The numerical results are grouped by the parameter c1. The
results were obtained on grid level 4 using c3 = 2.5.

5.3 The constriction effect

The constriction of the width of the saltwater-freshwater interface with time,
which is opposed to the dispersive mixing effect, is shown in detail in Fig. 11 at
t = 7126s. In the figure, the salt mass fraction of the experiment is displayed
on the left and the numerical solution for (c1, c2, c3) = (20, 16, 2.5) on the
right. The width of the interface at the left side of the inclusion is reduced by
a factor of 0.33 relative to the actual front width. The velocity field obtained
from the numerical simulation explains this effect.

5.4 Secondary instability

The secondary instabilities arise in the region with low permeability and can be
observed within a small parameter range. They can occur only for a sufficiently
narrow and sufficiently horizontal saltwater-freshwater interface. In the range
of the parameters used for our model problem, an initial curvature c1 ≤ 20
and an initial interface width c2 ≤ 16 are necessary. We show the results
for (c1, c2, c3) = (20, 16, 2.5) at time t = 7126 on a diagonal cross-section
on the right-hand side of Fig. 12 together with the experimental results in
the corresponding cross-section. As can be seen such secondary instabilities
are clearly observed under the experimental conditions. Our simulations with
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Fig. 11. Constriction of the saltwater-freshwater interface on a transverse
cross-section at t = 7126s for the experimental results (left) and numerical simula-
tion with (c1, c2, c3) = (20, 16, 2.5) (right). The isolines of the simulation correspond
to of the salt mass fraction ω/ωmax = 1/8, 2/8, . . . , 7/8.

Fig. 12. Secondary instability of the saltwater-freshwater interface on a diagonal
cross-section at t = 7126 for the experimental results (left) and numerical simulation
with (c1, c2, c3) = (20, 16, 2.5) (right). The isolines of the simulation correspond to
of the salt mass fraction ω/ωmax = 1/8, 2/8, . . . , 7/8.

c1 = 0 did not show the secondary instabilities due to lack of perturbation of
the interface.

5.5 Further remarks

Up to now, we have only considered numerical simulations with an initial
perturbation (c3 = 2.5). This leads to non-symmetric numerical solutions,
which corresponds to the experiment. The choice c3 = 0 specifies a symmetric
initial condition and, due to the symmetry of the model problem, will lead
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Fig. 13. Comparison of the numerical results for (c1, c2) = (20, 16) at t = 2549s:
symmetric (c3 = 0, left), non-symmetric solution (c3 = 2.5, right). The isolines of
the salt mass fraction ω/ωmax = 1/8, 2/8, . . . , 7/8 are shown.

to a symmetric solution for all times, provided that non-symmetric numerical
perturbations can be neglected. In Fig. 13, the numerical solutions at t =
2549s for (c1, c2) = (20, 16) are displayed. On the left, the symmetric solution
corresponding to c3 = 0 is shown, on the right the non-symmetric solution
corresponding to c3 = 2.5. The small perturbation is amplified strongly during
the time evolution leading to an essentially non-symmetric flow regime, which
seems to be physically prevailing. The experimental conditions yielded such
non-symmetric fingering in a symmetric experimental setup, which are due to
inhomogeneities in the porous medium or slight disturbances in an otherwise
controlled experimental system.

We conclude this section with two remarks on the precision of the numerical
results. First, we look at the distribution of the salt mass fraction in space
at a certain time. Fig. 14 shows the isosurface ω = 0.5ωmax of the numerical
solutions for (c1, c2, c3) = (20, 16, 2.5) at t = 2549s. The solution obtained
on grid level 3 is shown on the left, the one obtained on grid level 4 on the
right. While qualitatively no differences can be observed, the exact size of
the fingers differs on the two grid levels. Due to the dynamics of the system,
these differences increase in time, with the largest differences at the end of
the simulation. The differences, though significant, are much smaller than the
ones between the experimental and the numerical results. We claim that a
further improvement of the numerical accuracy will not change this situation.
Secondly, we consider the finger-tip velocity vs of the saltwater finger. We
denote its value obtained on grid level l by vl

s. Let δl
s := |vl

s − vl−1
s |/|vl

s|
denote the relative deviation of the velocities on grid level l and l − 1 and
el

s := |vl
s − v∞

s |/|v∞

s | the relative error of the velocity on grid level l. On
the assumption of second-order convergence, from δl

s ≤ 1 follows el
s ≤ 0.5δl

s.
The numerical evaluation of the finger-tip velocities leads to e4

s ≤ 0.5% for
(c1, c2) ∈ (20, 40, 80)× (16, 24), covering the solution depicted in Figs. 6. This
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Fig. 14. Comparison of numerical solutions for (c1, c2, c3) = (20, 16, 2.5) at
t = 2549s. The isosurface ω/ωmax = 0.5 on grid level 3 (left) and level 4 (right)
is shown.

accuracy is sufficient. For c1 = 0 or c2 = 8, errors up to 18% result. The
findings for the freshwater finger velocity are less reliable, showing errors up
to 28%. We do not consider this to be sufficiently accurate. A clear explanation
cannot be given.

6 Discussion

In this paper, we have investigated saltwater-freshwater instabilities. We have
provided results from a laboratory experiment as well as from numerical sim-
ulations. Due to the highly nonlinear character of the problem under con-
sideration and the inevitable modelling errors, an exact reproduction of the
experimental findings could not be obtained. The aim of this paper was to
show the extent to which a numerical simulation of unstable fingering pro-
cesses is feasible. With respect to the model setup investigated in this paper,
a detailed answer can be given. The trivial result is that a detailed reproduc-
tion of the experimental findings cannot be obtained. Furthermore, we claim
that the limiting factor is given by the mathematical model and the uncertain-
ties of the initial conditions. In our opinion, the numerical errors introduced
by the discretization contribute to only a minor extent to the mismatch ob-
served between physical experiment and numerical simulation. On the other
hand, we have identified structural aspects of the solution which coincide.
These are the global flow pattern, referred to as localization of the flow and
the finger-tip velocity, an almost constant velocity of the saltwater-freshwater
propagation. In both cases, a qualitative agreement could be observed. The
relative errors, even though significantly large, seem to be smaller than the
inevitable modelling error. Furthermore, two qualitative phenomena could be
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observed, the constriction effect and the secondary instabilities. Experiment
and simulation show similarities with respect to these phenomena, indicating
that basic features of the laboratory experiment have been captured.
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