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Governing equations

Equations for the density driven flow in porous media can

be derived from conservation laws. A formulation using the

salt mass fraction ω and the pressure p reads

∂t(nρ)+∇ · (ρv) = Qρ, (flow)

∂t(nρω)+∇ · (ρvω−ρD∇ω) = Qρω (transp.)

with

v = −K/µ(∇p−ρg), (Darcy’s law)

D = (αL−αT)v;v/|v|+αT|v| (Scheidegger)

and the material laws

ρ−1 = ρ−1
0 +(ρ−1

1 −ρ−1
0 )ω, (ideal fluid)

µ= µ0+(µ1−µ0)ω. (linear viscosity)

• Q describes a (volumetric) source.

• Appropriate boundary conditions have to be provided for ω
and p. Due to the elliptic character of the flow equation, initial

conditions have to be provided only for ω.
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• The ideal relation of the density ρ and the salt mass fraction

ρ−1 = ρ−1
0 +(ρ−1

1 −ρ−1
0 )ω

follows from the assumption of additivity of volumes

[Herbert et al., 1988]. Let

m0 = m(1−ω), m1 = mω,

V0 = m0/ρ0, V1 = m1ρ1

with ms = m0+m1 and Vs = V0+V1 follows

ρ−1
s = Vs/ms =

m(1−ω)/ρ0+mωρ1

m(1−ω)+mω
=

1−ω
ρ0

+
ω
ρ1

.
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• The dependency of the viscosity on the salt mass fraction is

usually modelled by [Leijnse, 1992]

µ(ω) = µ0e
γω, µ0 = 0.001Ns/m2, γ = 2.35 (exp. law)

µ(ω) = µ0(1+1.85ω−4.1ω2+44.5ω3), (polyn. law)

Compared with the measured values this looks
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Discretization

For the discretization of the governing equations we obey

the following guidelines

• discrete conservation of fluid and salt mass,

• flexibility of geometric resolution,

• monotone and non-monotone schemes,

• maximum reduction of numerical artifacts.

To this end we use

• unstructured spatial grids (triangles/quadrilaterals resp.

tetrahedra, pyramids, prisms, hexahedra),

• variable time step sizes,

• a vertex centered finite volume method,

• schemes of different order in space/time,

• a consistent velocity approximation.
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Spatial discretization

We use an unstructured spatial grid where with each grid

point (node) we associate a finite volume. The union of all

these finite volumes define the dual mesh.

• The unknowns used in the discretization are associated with

the nodes. Values within the finite elements are interpolated

using (bi-, tri-)linear functions.

• The discrete equations are finite (mass-) balance equations

for the fluid and the salt mass built for the elements of the dual

mesh (CVi, control volume)

∂t

Z

CVi

nρ dV +
I

∂CVi

ρv · dS =
Z

CVi

Qρ dV,

∂t

Z

CVi

nρω dV +
I

∂CVi

(ρvω−ρD∇ω) · dS =
Z

CVi

Qρω dV.

• The integrals are carried out using appropriate quadrature

rules.
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• The choice of the approximation in the part (of the

linearization) of the tranport equation

I

∂CVi

ρ0vω0 · dS ≈ ∑
i

ρ0(xi)v0(xi)ω(ξ(xi)) ·Si

determines the scheme

ξ(x) = x, (central differencing),

ξ(x) = s(x) (skewed upwinding).

ξ(x) = f (x) (full upwinding),

where ρ0 and v0 denote the density, velocity at the linearization

point. The following figure illustrates the situation

x

f(x)

s(x)

velocity
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The discretization leads to the semi-discrete nonlinear

system

M∂tρ+Ap(ω, p) = qp(ω),

M∂t(ωρ)+Aω(ω, p) = qω(ω),

where p,ω ∈ R
n are functions of the time (n nb. of grid points)

and M is the mass matrix.

Time discretization

The time discretization of the semi-discrete equations is

done by bi-diagonally Runge-Kutta methods. The simplest of

these methods is the θ-scheme. Let the inverval [0,T] be

subdivided into discrete steps

0 = t0 < t1 < t2 < · · · < tN = T

and let p j,ω j denote the approximations of p,ω at time t j. Let

θ ∈]0,1], then the θ-scheme is defined by

M
ρ j+1−ρ j

∆t
+θ

{

Ap(ω j+1, p j+1)−qp(ω j+1)
}

= (θ−1)
{

Ap(ω j, p j)−qp(ω j)
}

.

and analogous for the transport equation.
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A s-stage bi-diagonally implicit Runge-Kutta scheme

is build by successively performing s θ-schemes. The following

schemes are of interest for the density driven flow.

Backward Euler (1-stage, 1. order)

θ = 1, ∆t = t j+1− t j.

Crank-Nicolson (1-stage, 2. order)

θ = 1/2, ∆t = t j+1− t j.

SDIRK(2) (2-stage, 2. order)

θ1 =
√

2−1, ∆t1 =
√

2/2(t j+1− t j),

θ2 = 1, ∆t2 = (1−
√

2/2)(t j+1− t j).

Frac-Step-θ (3-stage, 2. order) [Rannacher, 1988]

θ1 =
√

2−1, ∆t1 = (
√

2−1)(t j+1− t j),

θ2 = 2−
√

2, ∆t2 = (1−
√

2/2)(t j+1− t j),

θ3 = 2−
√

2, ∆t3 = (1−
√

2/2)(t j+1− t j).
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The algebraic contraint

• The semi-discrete equations lead to a purely algebraic

contraint for a discrete solution at time t. Let

D := ω+ρ
dω
dρ

.

Then from the semi-discrete equations follows

MDM−1(Ap−qp)− (Aω−qω) = 0.

This relation holds at any time t and reflects the fact, that

no time-derivative of the pressure is involved in the equations

(incompressibility).

• A discret analoge holds. Let

D j := ω j+1+ρ j ω j+1−ω j

ρ j+1−ρ j
.

Then from the discrete equations follows

MD jM−1(A j+1
p −q j+1

p )− (A j+1
ω −q j+1

ω ) =

θ−1
θ

{

MD j−1M−1(A j
p−q j

p)− (A j
ω−q j

ω)
}

+

θ−1
θ

M(D j −D j−1)M−1(A j
p−q j

p).
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Let

C j+1 := MD jM−1(A j+1
p −q j+1

p )− (A j+1
ω −q j+1

ω ).

Since D j → D,∆t → 0 the contraint C j should tend to 0. From

the constraint-relation we get

||C j+1|| = 1−θ
θ

{

||C j||+O(∆t)
}

.

• For the Backward Euler scheme (θ = 1) we get C j =

0,∀ j > 0. Up to solving errors the algebraic constraint is

(approximately) fulfilled, irrespective if for previous time steps

the constraint has been violated.

• For 1/2 < θ < 1 the θ-scheme shows geometric convergence

of C j to 0, asymptotically for ∆t → 0

||C j+1|| = ξ j||C1||, ξ < 1.

Asymptotically for t = ∞, the constraint is fulfilled , irrespective

of previous time steps. In order to ensure a time-accurate

solution, the simulation has to start with C1 = 0, i.e. a

Backward Euler step.

• For the Crank-Nicolson scheme (θ = 1/2) solving errors

of previous time steps will not be damped out. Practical

experience shows that the scheme behaves stable, but shows

(large) oscillations.
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• For 0 < θ < 1/2 the θ-scheme is instable. Solving errors will

blow up during the time stepping performed.

• The SDIRK(2) scheme behaves like the Backward Euler

scheme since its second stage is a θ = 1 step.

• The Frac-Step-θ scheme has three stages. For the

applification constant we get

ξ =
1−θ1

θ1
· 1−θ2

θ2
· 1−θ3

θ3
=
√

2/2.

Therefore the scheme shows geometric convergence of C j to 0.

To ensure a time-accurate solution the simulation has to start

with C1 = 0, i.e. a Backward Euler step.
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Consistent velocity approximation

Artifacts in the approximation of

v = −K/µ(∇p−ρg)

arise when directly evaluated from numerical solution of pressure

p and salt mass fraction ω.

We consider the hydrostatic situation

v = 0 ⇔ p(z) = p(0)+g
Z z

0
ρ(z′)dz′.

for a linear density distribution ρ and a constant gravity

vector g. Using the linear interpolation both for p and ρ
the interpolated values at the corners of the triangle are

p1 = p(0), ρ1,

p2 = p(1/2), ρ2,

p3 = p(1), ρ3.

and the linear interpolated

functions

p̃(z) = p1+z(p3− p1),

ρ̃(z) = ρ1+z(ρ3−ρ1).
ρ1

ρ2

ρ3

1p

2p

3p
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The derivation of the Darcy velocity from the linear

functions p̃(z) and ρ̃(z) lead to

v = −K/µ(∇p̃−ρg)

= −K/µ{(p3− p1)ez−g(ρ1+z(ρ3−ρ1))}
= g(ρ3−ρ1)(1/2−z).

Only for z = 1/2 the velocity vanishes, the other points

have a non-zero velocity.

ρ1

ρ2

ρ3

1p

2p

3p

• The artificial velocities do have a strong influence of the flow

pattern due to wrong dispersive effects, ...
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These problems can be overcome using a consistent

velocity approximation. It has been introduced by [Frind,

1982]. Further developments are due to [Voss, Souza 1987],

[Frolkovic, Knabner 1996].

The idea is to rewrite the Darcy velocity

v = −K/µ(∇p−ρg)

= −K
µ
·
(

∂x(p−gxhx)

∂y(p−gyhy)

)

,

(

hx

hy

)

=

(
R xρ(x′,y)dx′
R yρ(x,y′)dy′

)

The consistent velocity is defined by the use of the linear

interpolated functions p̃, h̃ of p, h = (hx,hy)

vc := −K/µ∇(p̃−g · h̃).

The effect on the flow field can be seen when applied to

the well-known Elder test case1

Consistent velocity, Non-consistent velocity.
1Frolkovic, Knabner Consistent Velocity Approximations in Finite Element or Volume

Discretizations of Density Driven Flow, In: Computational Methods in Water Resources
XI, 93-100.
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Solution strategy

The discrete system of nonlinear algebraic equations reads

M
ρ j+1−ρ j

∆t
+θ

{

A j+1
p −q j+1

p

}

= (θ−1)
{

A j
p−q j

p

}

,

M
ω j+1ρ j+1−ω jρ j

∆t
+θ

{

A j+1
ω −q j+1

ω
}

= (θ−1)
{

A j
ω−q j

ω
}

.

The nonlinear mappings Ap and Aω are functions of the

(consistent) Darcy velocity vc

A j
p ≡ Ap(ω j, p j) = Ap(ω j,vc(ω j, p j)),

A j
p ≡ Aω(ω j, p j) = Aω(ω j,vc(ω j, p j),D(vc(ωξ, pξ))),

where D denotes the dispersion tensor. The choice of ξ is

determined both by the type of discretization and the type of

the nonlinear solving scheme

ξ = j (full implicit, full coupled),

ξ = j∗ (full implicit, fixedpoint),

ξ = j −1 (explicit dispersion),

where j∗ denotes the last iterate of Newton’s method.
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The set of non-linear equation is solved by Newton’s
method. Let

L(ω, p,ω∗, p∗,θ) :=

(

Mρ(ω)+∆tθ(Ap(ω, p)−qp(ω))
Mρ(ω)ω+∆tθ(Aω(ω, p,ω∗, p∗)−qω(ω))

)

,

then the full implicit nonlinear problem reads

L(ω j+1, p j+1,ω j+1, p j+1,θ) = L(ω j, p j,ω j, p j,θ−1).

The full coupled solution strategy can be written as the

iteration over k

(ω j+1
k+1, p j+1

k+1) = (ω j+1
k , p j+1

k )+(J f ull(ω j+1
k , p j+1

k ))−1·
{

L(ω j , p j,ω j, p j,θ−1)−L(ω j+1
k , p j+1

k ,ω j+1
k , p j+1

k ,θ)
}

with the full Jacobian

J f ull :=
∂L

∂(ω, p)
+

∂L
∂(ω∗, p∗)

.

The fixedpoint solution strategy uses the fixedpoint

Jacobian instead of J f ull

J f ixedpoint :=
∂L

∂(ω, p)
.

The solution strategy for the explicit dispersion

discretization solves

L(ω j+1, p j+1,ω j, p j,θ) = L(ω j , p j,ω j , p j,θ−1)

using the appropriate full linearization.
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Practical aspects

• The Jacobian can be calculated either by numerical

differentiation or by an analytical implementation.

- The numerical differentiation is much easier to implement

than its analytical counterpart.

- The analytical implementation is considerably faster and

does not spoil the superlinear convergence of Newton’s

method.

• The explicit dispersion scheme leads to a time step restriction

that, if violated, cause non-physical oszillations in the velocities.

• The implicite dispersion scheme solved by fixpoint Newton

iteration has poor convergence.

• The implicite dispersion scheme solved by full Newton

iteration poses severe difficulties to the (linear) multigrid solver.

It requires

- a modification of the solution scheme,

- further research.
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Example

We consider a two-dimensional test problem. The model

domain is

Inflow (C=0) Outflow

0.28284m

0.2m


with the configuration parameters

ne = 0.372, k = 9.8 ·10−10m2,

|g| = 9.81m/s2, Dm = 1.5 ·10−9m2/s,

αL = 1.2 ·10−3m, αT = 1.2 ·10−4m.

• The boundary conditions implement a closed box for the

water and for the solute.

• Initially the box is filled with salt water of 1% salt mass

fraction.

• Through the upper left corner the box is charged by fresh

water with a rate of

Φin = 1.89·10−5 m2/s.
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The time interval simulated is [0,1000s]. The solution at

different points of time is

t = 100s, t = 500s,

t = 1000s.

The solution is displayed using contour lines to the values

0.01%, 0.02%, ... , 0.09% salt mass fraction.
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Results

We have done the simulation on a hierarchy of grid and a

sequence of time step sizes. The table shows the grid Pecelet

and the Courant number

p = hl/αL, hl mesh size, αL long. disp. length,

c = v̄∆t/hl , v̄ mean velocity, ∆t time step size.

level l hl [mm] p ∆t = 4s 8s 16s 32s 64s
6 4.375 3.6 c = 0.1 0.2 0.4 0.8 1.6
7 2.188 1.8 c = 0.2 0.4 0.8 1.6 3.2
8 1.094 0.9 c = 0.4 0.8 1.6 3.2 6.4

The calculations have been carried out using the full

upwinding method. We evaluate the solution at t = 512s
on the diagonal cross line (red)
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• We look at the time-grid convergence on grid level 8 for the

different methods.

Backard Euler
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SDIRK(2)
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Conclusions

• The backward Euler scheme is monotone, but shows a slow

convergence (1. order) w.r.t. the time discretization. On

the coarsest time-grid (∆t = 64s,c = 6.4) the transition zone is

significantly smeared out.

• The Crank-Nicolson scheme resolves the transition zone well,

even on the coarsest time-grid. But strong oszillations can be

seen. They die out in the quadratic mean (L2-norm), but not

in the L∞-norm.

• The SDIRK(2) scheme resolves the transition zone as

well as the Crank-Nicolson scheme, showing significantly less

oszillations.

• The Frac-Step-θ scheme resolves the transition well while

showing a minimum of oszillations. A careful investigation

shows, that even if the higher complexity of the scheme w.r.t.

the SDIRK(2) is taken into account (three-stage vs. two-stage

scheme) the Frac-Step-θ is significantly more efficient.

Note: The transition zone is resolved very well, even for the

Courant number c = 6.4, without oszillations.
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• We look at the behaviour of the oszillations using the Crank-

Nicolson scheme w.r.t. the spatial grid level, with the time

step size fixed.
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 The oszillations increase with decreasing mesh size. The

phenomenon is due to the increase of the Courant number.

 A simultanious refinement of the time and the spatial grid

leads to a decrease of the oszillations.



K. Johannsen

Bibliography

Modelling

Frolkovic P., Knabner P. (1996). Consistent Velocity

Approximations in Finite Element or Volume Discretizations

of Density Driven Flow, Computational Methods in Water

Resources XI, Vol. 1 (A.A. Aldama et al., eds.), Computational

Mechanics Publication, Southhampten, 1996, p. 93-100;

Herbert et al. (1988). Coupled Groundwater Flow and

Solute Transport with Fluid Density Strongly Depending Upon

Concentration, Water Resources Research, 24, 1781-1795.

Leijnse (1992). Three-dimensional Modelling of coupled Flow

and Transport in Porous Media, Dissertation, Notre Dame,

Indiana, USA.

Numeric

Rannacher, R. (1988). Numerical Analysis of Nonstationary

Fluid Flow, Heidelberg University, Germany, Preprint 492.


