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Abstract We describe an algebraic multigrid method for the Stokes
equations in two spatial dimensions based on point-block SSOR type
smoothers and an agglomeration type coarse grid correction using
semi-coarsening, constant restriction/prolongation and a coarse-grid
operator scaling. The smoother analysis is carried out by means of
Fourier analysis, the coarse grid correction by means of numerical
experiments. Convergence results obtained using the iterator a pre-
conditioner for the BiCGStab method are presented.
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1 Introduction

Multigrid methods are know to be optimal solvers for large, sparse
systems of linear equations. Algebraic multigrid methods (AMG) ex-
tend the multilevel approach to systems of linear equations without
or with a minimal reference to the underlying geometric structure
of the problem. AMG prove especially to be valuable for complex
geometries, where geometric coarsening is not feasible, if geometric
structures are not available or a greater flexibility of coarsening is
needed. The approach dates back to the 1980’s [1–3].

Our approach applies to sparse matrices arising from a P1 − P1

or Q1 −Q1 discretization of the Stokes system, stabilized by bubble
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functions. The bubble degrees of freedom are eliminated by static con-
densation leading to a diffusion type term for the pressure-pressure
coupling. The degrees of freedom are therefore collocated in the nodes
of a conforming grid. Agglomeration of a maximum of two neighbor-
ing nodes are used for coarsening with an appropriate measure of con-
nection strength. Restriction and prolongation are constant, coarse
grid discretization is performed by the Galerkin product with an addi-
tional scaling of the coarse grid matrices. Smoother of of overlapping
or non-overlapping symmetric point-block SOR-type. A V-cycle mul-
tilevel algorithm is used, which optionally is used as preconditioner
for the BiCGStab iteration.

The paper is organized as follows. In section 2 the proposed smoo-
thers are analyzed by means of Fourier-analysis. In the subsequent
section 3 numerical experiments are carried out and compared to the
theoretical results. In section 4 we describe the coarsening strategy,
coarse level discretization and scaling. Subsequently, in section 5 the
described methods are investigated numerically.

2 Smoother Analysis (1d)

In this section we carry of a Fourier analysis for a point block Jacobi
smoother of the Stokes equations in the one-dimensional case. As a
result we will find an explicit expression the damping parameter of
the pressure term in dependence of the stabilization term (pressure-
pressure coupling). The operator in its differential form reads:

A =
[
−∆ ∂
−∂ η∆

]
. (1)

We identify the differential operators with standard three point sten-
cils. The discrete stencil in turn are then identified with their eigen-
values:

−∆ = [−1, 2,−1] = 2− 2 cos(Θ), (2)
− ∂ = h/2[−1, 0, 1] = hi sin(Θ), (3)

where Θ ∈] − π, π] denotes the Fourier frequency and h denotes the
mesh size. A equidistant grid is assumed. Note that Θ takes only
discrete values in ]− π, π], depending on the mesh size. Let

λ := (1− cos(Θ))/2 ⇔ cos Θ = 1− 2λ. (4)
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Then λ ∈ [0, 1] and −∆ = 4λ ∈ [0, 4] and from (1), (2) and (3) follows

A =
[

4λ ±2hi
√

λ(1− λ)
∓2hi

√
λ(1− λ) −4ηλ

]
. (5)

We choose a separate damping for the velocity and the pressure, ϑ and
θ, respectively. The matrix of the point-block Jacobi type iteration
reads

W =
[
4/ϑ 0
0 −4η/θ

]
. (6)

Definition 1 Let (A,W ) and (Ã, W̃ ) be two pairs of matrices. The
pairs are said to be equivalent, denoted by (A,W ) ' (Ã, W̃ ), if there
are regular diagonal matrices D1, D2 with Ã = D1AD2 and W̃ =
D1WD2.

Let M = I−W−1A. We proving the smoothing property of a damped
version of M by verifying |σ(M) ≤ 1|. Let M̃ = I− W̃−1Ã with

Ã =
[

λ h
√

λ(1− λ)
h
√

λ(1− λ) −4ηλ

]
, W̃ =

[
1/ϑ 0
0 −4η/θ

]
, (7)

then (A,W ) ' (Ã, W̃ ) and therefore σ(M) = σ(M̃). We therefore
investigate the spectrum of M̃ . Let M̃ =: I− T , then

T =

[
ϑλ ϑh

√
λ(1− λ)

− θh
4η

√
λ(1− λ) θλ

]
. (8)

Elementary analysis leads to

σ(T ) = τ
√

λ
[√

1− γ
√

λ±
√

λ− γ
]
, (9)

with

α =
h2θϑ

η(ϑ + θ)2
, γ =

α

1 + α
, τ =

ϑ + θ

s
√

1− γ
.

Note that τ = τ(ϑ, θ, h2/η). We have to investigate two cases.

Case 1 Let λ ≥ γ. Then σ = σ(T ) ∈ R. From λ ≤ 1 it follows√
λ−

√
(λ− γ)(1− γ) ≥ 0 and therefore σ ≥ 0. Let ϑ + θ ≤ 2. Then

τ
√

1− γ ≤ 1. Hence

τ
√

λ
[√

1− γ
√

λ +
√

λ− γ
]

= τ
√

1− γ

[
λ +

√
λ− γ

1− γ

]

≤ λ +
λ− γ

1− γ
≤ 1 +

1− γ

1− γ
= 2.
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Therefore 0 ≤ σ ≤ 2, ∀λ ≥ γ ∧ ϑ + θ ≤ 2.

Case 2 Let λ < γ. Then σ ∈ C, with Re(σ) ≥ 0 and |σ| =
τ
√

γ
√

λ(1− λ). Let tan(β) := Im(σ)/Re(σ). Then

|1− σ| ≤ 1 ⇔ |σ| ≤ 2 cos(β)

⇔ |σ|2 ≤ 4 cos2(β) ∧ |β| ≤ π/2.

⇔ |σ|2 ≤ 4
1 + tan2(β)

∧ |β| ≤ π/2.

⇔ τ2γ2(1− λ)2 ≤ 4(1− γ)
⇔ (ϑ + θ)γ(1− λ) ≤ 4(1− γ)

⇔ ϑ + θ ≤ 4
1− γ

γ(1− λ)

⇐ ϑ + θ ≤ 4
1− γ

γ
=

1
α

=
η(ϑ + θ)2

h2θϑ

⇔ h2

η
≤ 1

θ
+

1
ϑ

.

Hence, we proved the

Lemma 1 Let 0 ≤ ϑ+θ ≤ 2 and 1/ϑ+1/θ ≥ h2/η. Then ρ(M) ≤ 1.

By a lemma of Zulehner et al. [4], M is a smoother if damped
appropriately.

Lemma 2 Let ϑ = 1, θ ≤ min(1
2 , 3η

4h2 ). Then M is a smoother.

Proof Let ϑ = 4
3 , θ ≤ min(2

3 , η
h2 ). Then Lemma 1 applies and ρ(M) ≤

1. A damping of the iteration with 3/4 establishes the smoothing
property of M.

3 Numerical investigation of the smoothing iteration (2d)

We investigate the convergence property of the point-block SSOR
iteration, constructed along the line of the previously investigated
point-block Jacobi iteration, i.e. the multiplicative variant of the Ja-
cobi iteration with one forward and one backward sweep. We inves-
tigate convergence the case ϑ = 1 for a two-dimensional Q1 − Q1

discretization on a square grid with ne elements in both spatial di-
rections. We apply Dirichlet boundary conditions, so the grid con-
tains nn × nn nodes, with nn = ne − 1. We choose h = 1 and vary
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η 100 10−1 10−2 10−3 10−4

θth 1 0.11 10−2 10−3 10−4

θmax 1.95 1.63 0.58 0.075 0.0078

Table 1. Theoretical upper bound (θth) from Lemma 1 and experimentally ob-
tained maximum damping factor (θmax) for the two dimensional model problem.

the number of element ne and the stabilization parameter η and de-
termined experimentally the maximum damping factor θmax which
leads to convergence in the defect for the average of the first 20 it-
erations. We investigated grids with ne = 50, 100 and 200. It turned
out that θmax only marginally depends on the mesh size. In Table 1
are given θmax for η = 10−i, i = 0, 1, 2, 3, 4 together with the theo-
retical upper bound obtained for the point-block Jacobi iteration in
the one-dimensional case.

As can be seen clearly, the theoretical bound is conservative by a
factor of up to 80. This is due to the fact that a SSOR type iteration
is much more stable than a Jacobi type iteration. Nevertheless, the
numerical results show clearly a linear dependency of θmax with the
stabilization parameter η, as predicted by lemma 2.

4 Coarse Level Correction

The AMG algorithm uses a semi-coarsening strategy which is based
on the Frobenius norm of the point-block matrices. It consists of three
stages:
1. Determine the Frobenius norm for every point block.
2. Select strong off-diagonal blocks by comparison with diagonal

block Frobenius norms using a threshold parameter.
3. Perform a coloring algorithm to choose a maximum number of

coarsening pairs.

The restriction/prolongation are chosen to be constant, the coarse
level discretization is obtained by the Galerkin Product. Discrete op-
erator arising from second order differential operators lead to a wrong
scaling with constant restriction/prolongation. To overcome the re-
sulting too small coarse level correction an appropriate scaling factor
for the second order terms in the point-blocks are carried out with a
factor (1/2)d, where d denotes the dimension of the underlying partial
differential equation.

On the coarsest level the linear problem is solved exactly by a
bandwidth optimized LU-factorization.
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ne 50 100 200 400

ρls 0.198 0.261 0.345 0.336
ρbcgs 0.0138 0.0213 0.0268 0.0393

Table 2. Convergence rates in dependence on the problem size. ρls gives the
convergence for the iterative solver, ρbcgs the rates as a preconditioner for the
BiCGStab method.

5 Numerical Investigations

First numerical experiments show a behavior of nearly optimal com-
plexity. We investigated the V-cycle AMG iteration using two pre-
and two post-smoothing steps on discrete problems of different size.
The stabilization parameter was chosen η = 1. The convergence of
the iteration as well as the convergence of the iteration as precondi-
tioner within a BiCGStab method has been investigated. We report
the average convergence rate of the defect over 20 iterations. The
results are given in Table 2.
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