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ABSTRACT

The study of open quantum billiards has gained popularity in the last decades, including different common and
uncommon geometries such as the circular and stadium billiards. We study the electromagnetic scattering of a
linearly polarized electric field in the elliptic quantum billiard with hyperbolic channels. We analyze the effect
of different parameters on the scattering in a billiard configuration obtained by displacing both channels by the
same angle. We observed that for the configuration proposed in this work the polarization of the electric field is
conserved.
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1. INTRODUCTION

The study of quantum and classical billiards has become quite popular in the last few decades, mainly because
billiards are a relatively simple, yet rich class of physical systems both in the classical and quantum regimes.
Dynamically billiards correspond to the movement of a free particle, which can be either restricted to a finite
region Ω of space, or allowed in the whole space outside Ω. The first situation is known as the interior problem,
whereas the later is commonly referred to as the exterior problem.

In recent years several billiard geometries have been characterized, such as the square, triangular and circular
billiards,1,2 the cut-circular billiard,3 the hexagonal,4 the elliptic billiards,5,6 and the confocal elliptic billiard.7

On the other hand, the study of open classical and quantum billiards has been gaining importance among
researchers, and some geometries have already been analyzed such as the circular, cut-circular3,8–11 and stadium
open billiards.12

Many different approaches to solving both the interior and exterior quantum billiard problems have been
considered, some of the best known are the plane wave decomposition,13 the boundary integral method,14 scaling
methods, etc. Each of the methods commonly used to find eigenvalues and wave functions of quantum billiards
has its own advantages and challenges, however most of them are aimed at either the interior or exterior solutions
of the system. One of the methods that attempts to exploit connections between scattering solutions (exterior
problem) and closed billiard solutions (interior problem) is plane wave decomposition. However, plane wave
decomposition is unable to provide the solution to both regions whenever the billiard has non-convex domains,
which makes it implausible for general billiard shapes.15 Perhaps the most popular method to solve boundary-
value problems is the boundary integral method, which is based on converting the differential equation into an
integral equation along the border of the billiard. Although the method is very useful, a boundary integral
calculation is only valid on one side of the closed boundary, so we would need obtain different expressions for the
solution inside and outside of the billiard. Furthermore, it is also difficult to solve problems with disconnected
or open boundaries.

On the other hand, O. J. F. Martin and N. B. Piller introduced a vectorial scattering method16 which we
consider to be a generalization of the boundary wall method, which also allows solid scatterers with different
dielectric functions that are embedded on a polarizable background. In 2001 O. J. F. Martins and M. Paulus
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further extended the applications of the vectorial method to study electromagnetic scattering by scatterers
embedded in stratified background, with each layer having a different value of the dielectric function.17,18

To the best of our knowledge, no research has been done on the electromagnetic scattering properties of the
open elliptic quantum billiard. In this work we analyze the electromagnetic scattering of a linearly polarized
electric field when incident on the open elliptic billiard with hyperbolic leads. Since Martin and Piller showed
that when the field propagates parallel to the scatterer plane it is possible to separate TE and TM polarizations,
we will focus on the scattering of TE polarized light since the scattering of TM polarized light follows the
same equations as the scalar scattering problem and the results would be redundant to the ones obtained by H.
Garcia-Gracia and J. C. Gutiérrez-Vega for the quantum tunneling through the system.19

2. VECTORIAL BOUNDARY WALL METHOD

In order to establish notation and necessary formulae, let us describe the boundary wall method. First, we
consider a scattering system described by a dielectric function ϵ(r⃗) embedded in an infinite homogeneous back-
ground medium with dielectric constant ϵB. The scattering system need not be homogeneous, and it can even
be composed by several distinct disconnected bodies embedded in an infinite background. When the background
medium is not vacuum (ϵB ̸= 1), the scatterers may have a lower permittivity ϵ(r⃗) than the background. With
this medium descriptors, realistic metals can be considered by using a complex valued dielectric function.

When this system is illuminated by an incident field E⃗0(r⃗) propagating in the background medium, the total
electric field (incident plus scattered field) is a solution of the vectorial wave equation

∇×∇× E⃗(r⃗)− k2ϵ(r⃗)E⃗(r⃗) = 0⃗, (1)

where k is the vacuum wave number, and k2 = E is the normalized energy. Although it is possible to consider
anisotropic scatterers with tensorial dielectric functions, they are beyond the scope of this work and we limit our
study to scalar dielectric functions. If we wanted to consider anisotropic scatterers, we would take the dielectric
tensor ϵ(r⃗) into account and replace the products ϵ(r⃗)E⃗(r⃗) with the corresponding tensor contraction ϵ(r⃗) · E⃗(r⃗).

Introducing the dielectric constant
∆ϵ(r⃗) = ϵ(r⃗)− ϵB , (2)

we can rewrite (1) as an inhomogeneous equation,

∇×∇× E⃗(r⃗)− k2ϵBE⃗(r⃗) = k2∆ϵ(r⃗)E⃗(r⃗), (3)

where the incident field E⃗0(r⃗) must be a solution of the corresponding homogeneous equation

∇×∇× E⃗0(r⃗)− k2ϵBE⃗
0(r⃗) = 0⃗. (4)

To compute the total field E⃗(r⃗) we introduce the Green’s tensor GB(r⃗, r⃗′) associated with the infinite back-
ground ϵB . The Green’s tensor GB(r⃗, r⃗′) is a solution to the vector wave equation (4) with a point source
term

∇×∇×GB(r⃗, r⃗′)− k2ϵBGB(r⃗, r⃗′) = 1⃗δ(r⃗ − r⃗′), (5)

where 1⃗ = ⃗̂x⃗̂x+ ⃗̂y⃗̂y + ⃗̂z⃗̂z is the unit dyad.

The solution for the total electric field E⃗(r⃗) in Eq. (3) can be written as

E⃗(r⃗) = E⃗0(r⃗) +

∫
V

GB(r⃗, r⃗′) · k2∆ϵ(r⃗′)E⃗(r⃗′)dr⃗′, (6)

where the integration runs over the entire scatterer volume V . Equation (6) shows that the field at any point in
the background is entirely determined from the field inside the scatterer. This can be used to split the calculation:
in a first step only the field inside the scatterer is computed and stored; the field at any desired location in the
background being then computed at a later stage.
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2.1 Two-dimensional Green’s tensor

Even though the method allows us to solve the scattering problem for virtually any three-dimensional (3D)
system of backgrounds and scatterers, in this work we will focus only on two-dimensional (2D) structures. A 2D
geometry simply proceeds from a 3D system which exhibits a translational symmetry in one direction, such as
an infinite cylinder. The study of such a structure can then be restricted to a plane orthogonal to the translation
axis of the system, namely the x − y plane for us. However, it is not necessary that the electromagnetic field
also propagates in that same plane, so the incident field can impact on the system with a propagation vector k⃗B
nonparallel to the x− y plane.

Consider the transverse coordinate ρ = x⃗̂x+y⃗̂y and transverse wave vector k⃗ρ = kx
⃗̂
kx+ky

⃗̂
ky. Green’s tensor

for 2D geometries only depends on the relative position of the source and observation points, so it is convenient
to introduce the relative coordinate

ϱ = ρ− ρ′ = [ϱ cos θ, ϱ sin θ] = (x− x′, y − y′). (7)

Green’s tensor GB(ρ,ρ′) for an infinite homogeneous 2D background medium ϵB is readily obtained from

GB(r⃗, r⃗′) =

(
1⃗ +

∇∇
k2B

)
gB2D(r⃗, r⃗′), (8)

where

gB2D(r⃗, r⃗′) =
i

4
H0(kρϱ) exp(ikzz), (9)

is the scalar two-dimensional Green’s function associated with the background, we use the notation Hi for the

Hankel function of the first kind H
(1)
i , and kB is the wave number in the background medium. Since the scalar

Green’s function only depends on the relative distance ϱ, Green’s tensor is reciprocal, GB(r⃗, r⃗′) = GB(r⃗′, r⃗), and
the (3x3) matrix that represents Green’s tensor is also symmetrical. If the incident field travels nonparallel to

the x− y plane, the x, y, and z components of the total field E⃗(r⃗) are coupled together. If we apply Eq. (8) to
(9) and evaluation of the result for z = 0 gives Green’s tensor for an infinite homogeneous 2D system

GB(ρ,ρ′) =

 GB
xx GB

xy GB
xz

GB
xy GB

yy GB
yz

GB
xz GB

yz GB
zz

 , (10)

with

GB
xx(ρ,ρ

′) =
i

4

(
1−

k2ρ cos
2(θ)

k2B

)
H0(kρϱ) +

i

4

kρ cos(2θ)

k2Bϱ
H1(kρϱ), (11)

GB
xy(ρ,ρ

′) =
i

4

k2ρ sin(2θ)

2k2B
H2(kρϱ), (12)

GB
xz(ρ,ρ

′) =
1

4

kρkz cos(θ)

k2B
H1(kρϱ), (13)

GB
yy(ρ,ρ

′) =
i

4

(
1−

k2ρ sin
2(θ)

k2B

)
H0(kρϱ)−

i

4

kρ cos(2θ)

k2Bϱ
H1(kρϱ), (14)

GB
yz(ρ,ρ

′) =
1

4

kρkz sin(θ)

k2B
H1(kρϱ), (15)

GB
zz(ρ,ρ

′) =
i

4

(
1− k2z

k2B

)
H0(kρϱ). (16)
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Figure 1. The open elliptic quantum billiard.

On the other hand, when the incident field E0(r⃗) propagates on the x− y plane, that is kρ = kB and kz = 0,
Green’s tensor reduces to the form

GB(ρ,ρ′) =

 GB
xx GB

xy 0
GB

xy GB
yy 0

0 0 GB
zz

 , (17)

with

GB
xx(ρ,ρ

′) =
i

4
sin2(θ)H0(kρϱ) +

i

4

cos(2θ)

kBϱ
H1(kρϱ), (18)

GB
xy(ρ,ρ

′) =
i

4

sin(2θ)

2
H2(kρϱ), (19)

GB
yy(ρ,ρ

′) =
i

4
cos2(θ)H0(kρϱ)−

i

4

cos(2θ)

kBϱ
H1(kρϱ), (20)

GB
zz(ρ,ρ

′) =
i

4
H0(kρϱ). (21)

Equation (17) allows us to see that when the incident field propagates parallel to the x−y plane, the distinct
and independent polarization modes can be excited. For transverse electric (TE) polarization, the electric field
has only two x, y components and GB(ρ,ρ′) reduces to a (2x2) matrix; for transverse magnetic (TM) polarization
the electric field becomes a scalar with one single z component and Green’s tensor reduces to the scalar Green’s
function.

2.2 Numerical Implementation

To solve Eq. (6) numerically, we must again discretize the scatterer volume V . Let us define a grid with N
meshes over the system. Each mesh i is centered at position r⃗i and has a volume Vi, for i = 1, . . . , N . For
two-dimensional systems, Vi can represent the area of the mesh for 2D scatterers, or the length of the segment
for 1D scatterers such as a wall or a border.

We introduce the discretized field E⃗i = E⃗(r⃗i), the discretized dielectric constant ∆ϵi = ∆ϵ(r⃗i) and the
discretized Green’s tensor GB

i,j = GB(r⃗i, r⃗j), so we can rewrite Eq. (6) as a dense system of linear equations

E⃗i = E⃗0
i +

N∑
j=1

Mij · k2∆ϵjE⃗j , (22)
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where

Mij =

∫
Vj

GB(r⃗i, r⃗
′)dr⃗′. (23)

The value of the Mij term is obtained using Gauss-Legendre quadrature on each segment Vj in order to
minimize error and reduce the number of integration points required per segment.

For the remainder of this work, we will only consider incident fields propagating parallel to the x− y plane,
so Green’s tensor reduces to the form (17), and the system of linear equations simplfies to

Ex,i = E0
x,i +

N∑
j=1

k2∆ϵj
(
M⃗xx,ijEx,j + M⃗xy,ijEy,j

)
, (24)

Ey,i = E0
y,i +

N∑
j=1

k2∆ϵj
(
M⃗xy,ijEx,j + M⃗yy,ijEy,j

)
, (25)

Ez,i = E0
z,i +

N∑
j=1

k2∆ϵjM⃗zz,ijEz,j , (26)

where we can easily see the independent TE and TM polarization modes. To obtain the total field E⃗(r⃗) we
must first solve the system of linear equations given by Eqs. (24)-(25) for TE polarization, and Eq. (26) for TM
polarization, to calculate the field inside the scatterer. Once the field inside the scatterer is known, the field at
any point r⃗ outside the scatterer can be written as

Ex(r⃗) = E0
x(r⃗) +

N∑
j=1

k2∆ϵjVj

(
G⃗xx(r⃗, r⃗j)Ex,j + G⃗xy(r⃗, r⃗j)Ey,j

)
, (27)

Ey(r⃗) = E0
y(r⃗) +

N∑
j=1

k2∆ϵjVj

(
G⃗xy(r⃗, r⃗j)Ex,j + G⃗yy(r⃗, r⃗j)Ey,j

)
, (28)

Ez(r⃗) = E0
z (r⃗) +

N∑
j=1

k2∆ϵjVjG⃗zz(r⃗, r⃗j)Ez,j , (29)

where we used the mean value approximation for the integrals in (23) since the observation point is outside the
scatterer and no singularity shows up.

3. OPEN ELLIPTIC QUANTUM BILLIARD

First we show the configuration of the open elliptic quantum billiard which is studied throughout this work.
Once the system is defined, we analyze the numerical results obtained with different values of some parameters
for the system. For the remainder of this document, we will use the terms billiard and resonator indistinctively,
since we are studying an open billiard which also functions as a resonator structure.

The open elliptic quantum billiard is shown in Fig. 1. The system consists has two hyperbolic leads, input
and output, centered at elliptic angles ηin and ηout with angular widths ∆ηin and ∆ηout, respectively. Both
leads begin at the elliptic radial coordinate ξmin = acosh(a/f) and end at ξmax = acosh(2a/f), where f = ε a
is the semi-focal distance, ε is the eccentricity, and a is the semi-major axis of the elliptic cavity. Throughout
this work we use normalized units for a and k, which can be converted to any desired physical dimension by
simple linear transformations. Without any loss of generality, the incoming wave will always be incident on the
right-bottom lead. Furthermore, in order to observe the effects of changing the angular position of the leads, we
use the same clockwise angular displacement for both channels, such that for some displacement η0 their angular
positions can be written as ηin = −η0 and ηout = π − η0. Since we will continuously refer the reader to the
elliptic coordinates, Appendix A gives a brief description of the elliptic coordinate system.
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Figure 2. Stokes parameters for a 45◦ linearly polarized incoming field, incident on a misaligned billiard with displacement
angle η0 = π/4: (a) S0, (b) S1, (c) S2, (d) S3.
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Figure 3. Stokes parameters for a 45◦ linearly polarized incoming field with wave number k = 5.4839, incident on a
misaligned billiard with displacement angle η0 = π/4: (a) S0, (b) S1, (c) S2, (d) S3.
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To better visualize the effect of the scattering on the field, we will use the Stokes parameters S0, S1, S2,
and S3, which allow us to describe the polarization of light in terms of measurable quantities.20 The normalized
Stokes parameters for a two-dimensional electric field E⃗ = (Ex, Ey) are given by

S0 = |Ex|2 + |Ey|2 , (30)

S1 =
(
|Ex|2 − |Ey|2

)
/S0, (31)

S2 = 2 Re (E∗
xEy) /S0, (32)

S3 = 2 Im (E∗
xEy) /S0. (33)

It is easy to see that all the Stokes parameters are real quantities, and each of them carries important information
about the polarization of the electric field. The first parameter S0 is simply the intensity of the field. The second
parameter S1 describes whether the optical wave is more horizontally polarized or more vertically polarized. S2

describes the preponderance of the intensity of the +45◦ linearly polarized light over −45◦ linearly polarized
light. Finally, S3 gives information on whereas the wave shows preponderance to the positive (left-handed)
circular polarization over the negative (right-handed) circular polarization.

The number of possible configurations for the open elliptic quantum billiard is very large, so we limit our
study to the configuration when the input and output leads are both displaced by the same angle 0 < η0 < π/2.
We keep the angular width of the channels constant at ∆ηin = ∆ηout = 26.7◦ throughout most of the analysis,
except when we study the effect of varying angular widths on the field scattering. We also fix the wave number
of the incoming field to k = 2.7419, which corresponds to a wavelength of a/2, where a is the semi-major axis
of the billiard cavity. We are free to select any incident field, as long as it is a solution of the vectorial wave
equation, and for simplicity we choose an incident field of the form(

E0
x

E0
y

)
=

(
E0 cosφ
E0 sinφ

)
exp[ik(x cos θ + y sin θ)], (34)

where E0 = 1 is the amplitude of the field, φ is the polarization angle, and θ is the incidence angle of the
incoming field. For this work we limit the polarization of the incident field to be orthogonal to its propagation,
such that the polarization angle can be written as φ = π/2 − θ. Throughout the rest of this paper, we will set
the displacement angle to η0 = π/4, since it is the middle point between the two limiting cases, which in turn
sets the polarization of the incoming field to 45◦ linearly polarized.

Figure 2 shows the Stokes parameters for a 45◦-linearly polarized electric field incident on an open elliptic
quantum billiard with symmetrically displaced channels. We can see from Fig. 2(a) that there is some sort of
interference pattern occurring inside the billiard cavity, which might be caused by part of the field being reflected
by the cavity wall. Figures 2(b)-(d) show the S1, S2 and S3 parameters which allow us a better understanding
of how the polarization behaves after the field interacts with the scatterer. S1 shows that there is no clear
preponderance for either linear horizontal or vertical polarization, whereas S3 tells us that the field also has
no clear preponderance to circular polarization. S2 on the other hand clearly shows that the field is almost
completely linearly polarized at 45◦ with some small artifacts of slight deviation form this value near the exit of
the cavity, which is most likely due to some reflections that occurred at the cavity wall.

Next, we double the wave number of the incoming field from k = 2.7419 to k = 5.4839 to observe the response
of the system to changes in the energy of the incident wave. We can see in Fig. 3 that there is an increased
number of ripples in the interference patterns caused by reflection and scattering, and like in earlier cases, the
general structure of the polarization parameters S1, S2 and S3 is very similar except for finer artifacts within
the cavity.

Figure 4 shows the Stokes parameters for eccentricities ε = 0.20 and ε = 0.50. For the lower value of the
billiard eccentricity we can see that S0 shows a resonance pattern inside the cavity, which is symmetric around
the −45◦ line. On the other hand, the pattern loses that symmetry when we increase the eccentricity, which is
due to the system becoming less circular and more elliptic. The polarization Stokes parameters tell us that the
field exhibits no clear preponderance to horizontal, vertical, circular positive or circular negative polarizations.
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Figure 4. Stokes parameters for a 45◦ linearly polarized incoming field incident on a misaligned billiard with displacement
angle η0 = π/4 and eccentricities ε = 0.20 and ε = 0.50.

On the other hand, S2 shows that the field retains its 45◦ linear polarization in spite of the scattering process
caused by the billiard structure.

As the final modification on the system, we change the angular width of the input and output channels in
Figs. 5 and 6. Increasing the angular width of the input channel causes the resonance pattern to be modified by
the additional field that enters the cavity. The polarization Stokes parameters have low sensitivity to changes in
∆ηin and react smoothly with varying width. On the other hand, changes in ∆ηout allows mode energy to exit
the cavity region of the billiard, and the artifacts parallel to the walls of the output channel show more intensity
which might be caused by the difference in the relative angle between the electric field components and the wall
normal. The polarization parameters behave just as smoothly when we change ∆ηout as they did when we varied
∆ηin. It is important to mention that the Stokes parameters also show that there are no circulating polarization
vortices induced by scattering from the billiard structure.

4. CONCLUSIONS

Throughout his work we observed that since neither of the components of a TE-polarized field were tangential
to the billiard walls, the transmission of the field was not blocked and the system did not behave as a proper
billiard nor a resonator, although it exhibited remnants of that behavior such as resonance patterns inside the
billiard cavity. Although the method allows any polarization to be set for the incident field, in this work we only
used linearly polarized fields with a polarization vector orthogonal to the propagation vector, mainly to be able
to observe the behavior of different linear polarizations after scattering from the billiard structure. One of the
key phenomena we observed was that although the open elliptic billiard is a chaotic system, this chaotic nature
depends strongly on the impenetrability of the walls and the numerous reflections which occur inside the billiard
cavity. However, since x- and y- polarized electric fields are not tangent to every part of the billiard wall, the
field is not canceled inside the wall and thus is able to go through the walls, which changes the problem from a
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Figure 5. Stokes parameters for a 45◦ linearly polarized incoming field incident on a misaligned billiard with displacement
angle η0 = π/4 and input angular widths ∆ηin = 21.4◦ and ∆ηin = 31.9◦.

billiard to a field incident on scatterers. Furthermore, from studying the polarization Stokes parameters S1, S2

and S3, we saw that the scattered fields retains almost 100% of its original polarization, with slight deviations
caused by reflections off near-tangential billiard walls. Finally, we were interested to see whether any C-type
vortices (polarization circulating vortices) were generated through scattering from the billiard, which can be
easily found using the Stokes parameters: the intersection of S1 = 0 and S2 = 0 lines indicate the presence of
C vortices in the field. However, throughout our analysis of the electromagnetic scattering by the open elliptic
billiard we did not observe any C vortices, which was mainly due to the fact that the polarization of the field
did not change drastically through scattering, which was seen in the S1 parameter having only positive values
for x-polarized light and only negative values for y-polarized light, and from the S2 having only positive values
for +45◦ linearly polarized light.

The electromagnetic scattering problem has a multidimensional parameter space, even more extensive than
the scalar problem. These extra dimensions originate from the different polarization configurations we can impose
on the incident electric field, thus further study of the effect of different polarizations, specially arbitrary linear
, positive and negative circular, and elliptic polarizations should give interesting results. In addition to this,
the vectorial scattering method can also be applied to solid two-dimensional scatterers, not only simple walls,
and we are interested to study the scattering phenomena off more complex billiard systems such as the billiard
interior having a different medium from the background, including dielectric, metal, and even negative-refractive
materials.
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de Monterrey (grant CAT141).

Proc. of SPIE Vol. 8495  849519-9

Downloaded From: http://proceedings.spiedigitallibrary.org/ on 01/10/2013 Terms of Use: http://spiedl.org/terms



*-\

1.0185 0.9870 0.0197 -0.0191 0.9999 0.9998 0.0199 -0.0205

S0 S1 S2 S3

∆
η

o
u
t 
=

 3
1
.9

°
∆
η

o
u
t 
=

 2
1
.4

°

1.0189 0.9876 0.0211 -0.0214 0.9999 0.9997 0.0213 -0.0217

Figure 6. Stokes parameters for a 45◦ linearly polarized incoming field incident on a misaligned billiard with displacement
angle η0 = π/4 and output angular widths ∆ηout = 21.4◦ and ∆ηout = 31.9◦.

APPENDIX A. ELLIPTIC COORDINATE SYSTEM

Consider an ellipse in the (x, y) plane given by (x/a)2 + (y/b)2 = 1 with a > b. The semi-focal distance is
f2 = a2 − b2, and the eccentricity ε reads as ε = f/a, ε ∈ [0, 1]. The ellipse is completely defined by any pair of
the four parameters mentioned.

η= π
2

η=π

η= 3π
2

η=0

a

b

f

η
1

η
0

ξ
1

ξ
0

Figure 7. Elliptic coordinate system.
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The elliptic coordinates (ξ, η) are related to the Cartesian coordinates (x, y) by the transformation (x+ iy) =
f cosh(ξ + iη). By equating the real and imaginary parts of each side of the transformation we get

x = f cosh ξ cos η, y = f sinh η sin η, (35)

where ξ is the radial elliptic coordinate and takes values ξ ∈ [0,∞), whereas η is the angular elliptic coordinate
with range η ∈ [0, 2π). Setting ξ = ξ0 traces the ellipse[

x

f cosh ξ0

]2
+

[
y

f sinh ξ0

]2
= 1, (36)

with semi-major axis a = f cosh ξ0, and semi-minor axis b = f sinh ξ0, which can be seen in Fig. 7. On the other
hand, fixing η = η0 traces the hyperbole given by[

x

f cos η0

]2
−
[

y

f sinh η0

]2
= 1, (37)

which originates at the x-axis at f cos η0.
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