
Diffraction of plane waves by apodized finite-radius spiral
phase plates of integer and fractional topological charge

Hipolito Garcia-Gracia and Julio C. Gutierrez-Vega∗

Photonics and Mathematical Optics Group, Tecnológico de Monterrey, Monterrey, México,
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ABSTRACT

An analysis of the diffraction of plane waves by an apodized finite-radius circular spiral phase plate (SPP)
with integer and fractional topological charge and with variable transmission coefficients inside and outside of
the plate edge is presented. We introduce a sinusoidal apodization function at the edge of the plate to allow
for a continuous transition between the transmission coefficients, and between the spiral and uniform phase
distributions inside and outside of the plate edge. The interference between the light crossing the SPP and the
light which undergoes no phase alteration at the aperture plane, and the presence of an apodization at the edge
of the plate, cause some interesting phenomena previously unobserved in this widely known problem.
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1. INTRODUCTION

The classic problem of plane-wave diffraction by a circular aperture or obstacle has been studied for many
years,1 and it still receives a lot of attention nowadays.2–4 The development of new numerical tools and creative
approaches allows one to refine the existing solutions or even encounter alternative ones which shed more light into
some interesting phenomena which had gone unexplained years before. On the other hand, the study of screw-
dislocated light waves caused by spiral phase plates (SPPs) has gained increasing interest in the past few years.5–7

Research into light diffraction by SPPs is relevant in connection with optical micromanipulation, transfer of
orbital angular momentum, and quantum information studies, among other important applications. Most of the
studies have focused on the diffraction produced by infinite-extent SPPs with integer or fractional topological
charges with various types of illumination. Some previous works regarding finite-radius SPPs concentrated
in finding the diffraction of plane and Gaussian waves by hard-apertured SPPs considering both zero light
transmission outside of the SPP,8,9 and variable light transmission outside of the SPP.10 As far as we know, the
problem of finding the diffraction of plane waves by SPPs limited by an apodized aperture was first addressed
by Garcia-Gracia and Gutierrez-Vega.10 Assuming unitary transmission coefficients both inside and outside
of the edge of the SPP, they obtained numerical diffraction patterns for phase apodized spiral phase plates.
However, we consider that the effects of varying the transmission coefficient outside of the SPP and the width
of the apodization region should be studied to gain a better understanding of the consequences of apodizing the
aperture.

In this paper, we study the general problem of plane-wave diffraction by an apodized finite-radius circular
SPP with integer and fractional topological charge and with variable transmission coefficient outside of the plate
edge. We characterize the effect of varying the transmission coefficient and the width of the apodization region
on the propagated field. Particular emphasis is made on the optical vortex structure during the continuous
transition from n to n + 1 topological charge of the SPP. We corroborated that the changes in the apodization
width dramatically change the overall number of vortices found in the propagated field, and that changing the
outer transmission coefficient has unexpected non-global effects on the vortex structure of the wavefront. This
work further extends and consolidates previous studies on the diffraction of SPPs, and generalizes the recently
studied case of the hard-apertured finite-radius spiral phase plate.
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2. STATEMENT OF THE PROBLEM

The general problem of the apodized finite-radius spiral phase plate is formulated as follows: a linearly polarized
plane wave with wave number k, and time dependence exp(−iωt), illuminates a circular SPP with topological
charge α. The wave field at the initial plane (r0, φ0, z = 0+) is

U(r0, φ0) = f(r0) exp[iαφ0g(r0)], (1)

where the amplitude apodization function f(r0) is given by

f(r0) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

A1, r0 ≤ a − δ,

1
2 (A1 + A2) + 1

2 (A1 − A2) sin

[

π
2δ (a − r0)

]

, a − δ < r0 ≤ a + δ,

A2, r0 > a + δ,

(2)

the phase apodization function g(r0) is written as
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a is the radius of the spiral phase plate, and 2δ is the width of the apodization region at the border of the SPP.
The transmission coefficients A1 and A2 within the amplitude apodization function f(r0) are complex in the
most general situation (0 ≤ |A1| , |A2| ≤ 1). Throughout this paper we use the same wavelength λ = 632.8 nm.
and we assume that the aperture dimensions are much larger than the wavelength (i.e. ka � 1 and kδ � 1).

In the paraxial approximation, the complex amplitude U(r) at the observation point r = (r, φ, z) can be
obtained with the Huygens-Fresnel integral11
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, (4)

where U(r0, φ0) is the aperture function of the diffracting object located at the z0 plane. When the aperture
function contains either amplitude or phase discontinuities, Eq. (4) is only valid for distances z − z0 ≥ L, where
the validity threshold distance is given by11

L = 2a

(
2a

λ

)1/3

, (5)

and a is the distance from the propagation axis to the farthest discontinuity. Furthermore, the total vortex
strength Sα of a light distribution is the signed sum of all the vortices threading a large loop including the z
axis, namely

Sα = lim
r→∞

∫ 2π

0

dϕ
∂

∂ϕ
Φ(r), (6)

where Φ(r) is the phase distribution of the diffracted wavefront.

3. APODIZED FINITE-RADIUS INTEGER-STEP SPIRAL PHASE PLATE

Let us first consider the case when the topological charge of the SPP is integer, i.e., α = n. Later, in section 4
we will analyze the apodized spiral phase plate with fractional topological charge α.

In Fig. 1 we can see that due to the apodization at the border of the SPP, the n = 3 negative unitary vortices
are all initially located on the −x axis, whereas the central vortices are too close to the propagation axis to
differentiate. However, as the wave field propagates away from the aperture plane, the total number of vortices
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Figure 1. Intensity (top) and phase (bottom) distribution of the diffraction pattern caused by a n = 3 apodized SPP with
radius a = 500 μm and δ = 0.25a, observed at (a) z/L = 1, (b) z/L = 4, (c) z/L = 7, and (d) z/L = 10.

diminishes, the border vortices gradually move to their 2π/n symmetric positions. In all the remaining figures
throughout this work, +1 vortices are marked with a white circle and −1 vortices with a black circle. It is possible
to see from Figs. 1(c) and 1(d) that there are the same number of +1 and −1 vortices in the phase distribution
of the diffraction pattern, which means that the total vortex strength caused by an apodized finite-radius SPP is
Sn = 0. The intensity distributions of the diffraction pattern gives some additional information: in Fig. 1(a)-(b)
we can see that the central low intensity area is circular and it surrounds the propagation axis, which would
usually indicate a single high-order vortex in the center. However, it has been shown before that the apodized
finite-radius integer-step SPP presents a variable number of unit-strength vortices near the propagation axis but
neither lies exactly on it.10 Furthermore, as we move away from the aperture plane, the central low intensity
region becomes deformed and irregular due to the numerous creation-annihilation events which occur during
propagation.

3.1 Effect of varying δ

As part of the analysis of the effect the presence of amplitude and phase apodization has on the optical vortex
structure of the diffraction pattern, we must study how the width of the apodization region modifies the such
structure. Thus, in Fig. 2 we can appreciate that the apodization width has a very important effect on the vortex
structure of the diffraction pattern, as smaller values of δ are accompanied by a larger number of unit-strength
vortices, which can be observed in Fig. 2(a). Furthermore, we can see from the bottom row of Figs. 2(a)-(c) that
as the apodization width δ grows, the border vortices take longer propagation distances to relocate themselves
at their 2π/n symmetry positions, which can be inferred from the fact that for the same propagation distance
z/L = 10 the top and bottom border vortices are located further left for larger values of δ.

3.2 Effect of varying A2

Although the apodized finite-radius integer-step SPP has been previously studied, it was as an extension of the
hard apertured finite-radius integer-step SPP with unitary transmission coefficients. In order to analyze a more
general case, we study the effects that varying the outer transmission coefficient A2 has on the optical vortex
structure of the diffraction pattern, which is important because it would allow us to observe a smooth variation
between an apodized SPP on a perfectly opaque screen (A2 = 0) and on a perfectly transparent one (A2 = 1).

In Fig. 3 are two important observations worth mentioning as A2 varies within [1, 0): first, we can see that
changing the outer coefficient A2 generates practically no change in the vortex structure near the propagation
axis and the only changes are observed near the border of the SPP; second, as A2 moves away from unity, the
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Figure 2. Intensity (top) and phase (bottom) distribution of the diffraction pattern caused by a n = 3 apodized SPP with
radius a = 500 μm observed at z/L = 10, for apodization widths (a) δ = 0.05a, (b) δ = 0.125a, and (c) δ = 0.25a.

optical vortex structure becomes more unstable near the border of the SPP, and its behavior turns less uniform.
The latter can be appreciated by observing the lower row of Figs. 3(a)-(d), where we can see that as A2 moves
further away from unity, an additional discontinuity structure appears outside the border of the apodization
yet only below the horizontal axis. Furthermore, it would appear that the relocation of the border vortices is
faster for lower values of A2, but that proves to be true only for the upper vortex, as the left-most border vortex
remains almost the same, and the lower vortex appears to move closer to its original position at the −x axis as
A2 → 0 for the same propagation distance.
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(a) (b) (c) (d)
Figure 3. Intensity (top) and phase (bottom) distribution of the diffraction pattern caused by a n = 3 apodized SPP with
radius a = 500 μm and δ = 0.25a observed at z/L = 5, for outer coefficients (a) A2 = 1.0, (b) A2 = 0.75, (c) A2 = 0.5,
and (d) A2 = 0.25.
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4. APODIZED FINITE-RADIUS FRACTIONAL-STEP SPIRAL PHASE PLATE

By allowing the topological charge α of the spiral phase plate to take any real value, we have a continuous
transition between any two integer-step SPPs of adjacent topological orders n and n + 1. In Fig. 4 we can
observe the basic behavior of the diffraction pattern caused by finite-radius fractional-step spiral phase plates.
For α < n + 1/2, there are n negative unit-strength border vortices and at least n positive unit-strength central
vortices surrounding the propagation axis [Fig. 4(a)]. When α > n + 1/2 the other extrema occurs, and now we
count n + 1 negative border vortices and no less than n + 1 positive central vortices near the propagation axis
[Fig. 4(c)]. The most interesting behavior can be observed when α = n + 1/2 since the birth of the (n + 1)-th
discontinuity line at the −x axis causes a chain of unit-strength vortices of alternating sign to appear along
the such axis for r < a + δ, which can be seen in Fig. 4(b). When α approaches a half-integer, the additional
discontinuity line begins to emerge from the −x axis and the chain of vortices starts to appear, which then reaches
the maximum vortex density exactly at α = n + 1/2. On the other hand as α grows beyond the half-integer,
the discontinuity line gradually moves away from the negative horizontal axis and the vortices along it begin to
annihilate with each other (always in pairs of opposite sign) leaving an additional border vortex and at least one
new central vortex.
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(a) (b) (c)
Figure 4. Intensity (top) and phase (bottom) distribution of the diffraction pattern caused by a apodized SPP with radius
a = 500 μm and δ = 0.1a observed at z/L = 2 for fractional topological charges (a) α = 2.2, (b) α = 2.5, and (c) α = 2.8.

4.1 Effect of varying δ

As with the apodized integer-step SPP, we must analyze the effect that variations in the apodization width δ
have on the optical vortex structure of the diffracted wavefront. In Fig. 5 we can see that increasing the width of
the apodization region has the same effect that it had for integer-step SPP: the overall number of unit-strength
vortices in the diffraction pattern diminshes considerably by increasing the apodization width from δ = 0.1a to
δ = 0.2a. This behavior is evident in Figs. 5(a)-(c), where we can see from comparing the top and bottom rows
that the number of vortices in the phase distribution is reduced almost in half by doubling δ for 2 < α < 3.

4.2 Effect of varying A2

As we previously did with the apodized integer-step spiral phase plate, we now analyze the effect of changing
the outer coefficients on the optical vortex structure of the diffraction pattern caused by apodized fractional-step
spiral phase plates.
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Figure 5. Phase distribution of the diffraction pattern caused by a apodized SPP with radius a = 500 μm , δ = 0.1a (top)
and δ = 0.2a (bottom) observed at z/L = 3 for fractional topological charges (a) α = 2.2, (b) α = 2.5, and (c) α = 2.8.

Figure 6 shows the phase distribution of apodized fractional-step SPPs with topological charge α = {2.2, 2.5, 2.8}
with four different values of the outer transmission coefficient A2 = {1.0, 0.75, 0.5, 0.25}. After comparing the
three rows of Fig. 6, we can see that the effect of varying the outer transmission coefficient A2 is practically the
same as the one observed for integer-step spiral phase plates. While A2 is near unity, the vortex structure shows
no discontinuities outside the border of the apodization region. As A2 grows smaller for the same propagation
distance, the border vortices above the horizontal axis move towards their symmetric position whereas the ones
below the horizontal axis move towards their initial position on the −x axis, and the border vortex exactly on the
−x axis suffers no alteration because of variations in A2. Furthermore, when A2 approaches 0, new discontinuity
lines form near the border of the apodization region, giving birth to some additional vortices further away from
the propagation axis. However, these additional vortices do not modify the total vortex strength of the diffracted
wave field, which remains to be Sα = 0.

5. CONCLUSIONS

Throughout this work we analyzed the effects of varying two different parameters of the apodized finite-radius
spiral phase plates on the optical vortex structure of the diffracted wave fields. One important conclusion from
this study is that the effects on the vortex structure does not change whether we consider integer- or fractional-
step spiral phase plates. On the other hand, we were also able to see that variations in the apodization width
δ have a global effect on the vortex structure, which consists in a reduction in the overall number of unit-
strength vortices found in the diffracted wavefront as δ increases. Furthermore, as the value of δ gets bigger,
the border vortices take longer propagation distances to relocate to their symmetry positions. A very interesting
phenomenon we observed is that the outer transmission coefficient has an uncommon localized effect on the
optical vortex structure, which affects vortices in a different way depending on their position within the phase
distribution of the wave field. As A2 diminishes from unity, the border vortices located above the horizontal axis
move faster to their symmetry positions, whereas the lower border vortices remain closer to the −x axis for a
longer propagation distance. It is worth mentioning that the behavior of the central vortices suffers no changes
due to the value of A2.
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A1 = 1.0 A1 = 0.75 A1 = 0.5 A1 = 0.25
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Figure 6. Phase distribution of the diffraction pattern caused by a apodized SPP with radius a = 500 μm , δ = 0.2a
observed at z/L = 4 for fractional topological charges α = 2.2 (top), α = 2.5 (middle), and α = 2.8 (bottom), and outer
transmission coefficients A2 = {1.0, 0.75, 0.5, 0.25}.
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