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Alfred B. U’Ren, José H. Garćıa Gracia, Yasser Jerónimo
Moreno

Centro de Investigación Cient́ıfica y Educación Superior de Ensenada (CICESE),
Baja California, 22860, Mexico

tel: +52(646)1750500, fax: +52(646)1750553, auren@cicese.mx

Abstract: We discuss the relationship between the joint intensity of parametric downconversion
photon pairs and certain spectral (temporal) properties of the resulting heralded single photons,
including purity and departure from the Fourier transform limit.
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Single photon wavepackets are a crucial ingredient for a number of quantum-enhanced technologies such
as quantum computation with linear optics and secure quantum key distribution. Recently it has been
shown that single photons can be efficiently “heralded”, whereby photon pairs are generated by the process
of spontaneous parametric downconversion (PDC) and subsequently one of the photons is detected thus
conditionally preparing a single photon wavepacket in the conjugate mode[1]. In Ref. [2] an experimental
criterion which determines source performance, specifically suited to heralded single photon sources including
factors such as optical losses and higher photon-number contributions, was presented. Apart from the quality
of photon number correlations between the two PDC modes, it is important to consider how entanglement
in continuous degrees of freedom (e.g. spectral and transverse wave-vector) translates into the properties of
the conditionally prepared single photon. Specifically, as was shown in Ref. [3], correlations in any degree
of freedom in the photon pairs results in mixedness in the conditionally prepared single photons. Such
impurity is undesirable as it means that multiple single photons produced by more than one source will not
interfere. In this paper we further analyze the spectral (temporal) properties of conditionally prepared single
photon wavepackets, showing that factorable photon pairs lead to both pure and Fourier transform limited
heralded single photons. We show in addition that in a specific source geometry the conditionally prepared
single photons can attain their shortest possible temporal duration, which corresponds to the pump pulse
duration.

It is convenient to study conditionally prepared single photons within the framework of the chronocyclic
Wigner function (CWF) formalism. Let us begin by writing the CWF in terms of the single photon density
matrix ρ̂s:

Ws(ω, t) =
1
2π

∞∫

−∞
dω′〈ω + ω′/2|ρ̂s|ω − ω′/2〉eiω′t (1)

Such a function fully characterizes the spectral and temporal properties of the single photons; indeed, the
marginals resulting from integrating the CWF over frequency or time results in the temporal or spectral,
respectively, single photon intensity profile. The density matrix ρ̂s is given, in terms of the detection efficiency
of the trigger detector g(ω) and the joint spectral amplitude of the PDC photon pair f(ωs, ωi) [in turn given
by the product of the phasematching function (PMF) and the pump envelope function(PEF)[4]], as:

ρ̂s =

∞∫

0

dω0g(ω0)

∞∫

0

∞∫

0

dω1dω̃1f(ω1, ω0)f∗(ω̃1, ω0)|ω1〉〈ω̃1|. (2)

In order to obtain a CWF in analytic form, we approximate the sinc function appearing in the PMF as a
Gaussian [sinc(x) ≈ exp(−γx2) with γ ≈ 1.93] and model the PEF as a Gaussian function with width σ.
Carrying out the integrals and assuming an ideal trigger detector we obtain a CWF of the following form:
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Ws(ω, t) = Aexp(−[ω − ω0]2/∆ω2)exp(−t2/∆t2) [where A is a normalization constant and ω0 is the central
PDC frequency]. From the spectral and temporal widths we compute the time-bandwidth product TB:

TB = ∆t∆ω =
(
1− T 4

si/T 2
ssT

2
ii

)− 1
2 (3)

while ∆t = Tss (and evidently ∆ω = TB/Tss) in terms of the following definition:

T 2
µν = 2/σ2 + γτµτν/2 (4)

where µ, ν = s, i and where τµ = L(k′p − k′µ) represents the pump-PDC group delay mismatches [L is the
crystal length and k′p, k′µ the pump and PDC reciprocal group velocities]. Let us note that the conditionally
prepared single photon is Fourier transform limited (i.e. TB = 1) if and only if the correlation coefficient
T 2

si/TssTii vanishes. One way in which this can occur is if Tsi = 0 which corresponds to the condition derived
in Ref. [5] for spectral factorizability. Furthermore, within the Gaussian approximation, it is possible to
compute a Schmidt decomposition analytically, and thus obtain an expression for the cooperativity parameter
[K = 1/Σnλ2

n in terms of the Schmidt eigenvalues] which quantifies the magnitude of the correlations in the
photon pairs employed. Interestingly, it turns out that the expression for K is exactly the same as that for
TB. Furthermore, in Ref. [3] we have shown that K = p where p is the purity of the conditionally prepared
single photons. Thus, we arrive at the following equation linking the degree of correlations in the photon
pairs (K) with the purity (p) and time-bandwidth product (TB) of the heralded single photons:

K = p = TB (5)

By analyzing Eq. 4 it is evident that the conditionally prepared single photon attains its shortest possible
duration

√
2/σ if τs = 0. It is straightforward to show that in this case the correlation coefficient T 2

si/TssTii

vanishes if τiσ À 1. These two conditions lead to the highly elongated factorable states discussed in Ref. [3].
Furthermore, let us note that for this state the signal photon remains as short as the pump pulse irrespective
of crystal length. This is in contrast to the state resulting from the group velocity matching condition[5]
for which Fourier transform limited behavior requires certain combinations of crystal length and pump
bandwidth and where it can be shown that the conditionally prepared single photons attain a duration of
twice the optimum

√
2/σ.

In conclusion, we have established a clear relationship between the correlation properties of PDC photon
pairs and the spectral (temporal) properties of conditionally prepared single photons. Specifically we have
shown that a PDC source exhibiting factorizability translates into Fourier transform limited and spectrally
pure heralded single photons. In addition, we have shown that highly elongated factorable states permit the
shortest possible heralded single photon duration.
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