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Abstract

By the advent of increased computing capabilities, along with recent theoretical and numerical break-
throughs in the fields of Signal Processing, Advanced Sparse Signal Representations, Inverse Problem solving
and Convex Optimization, the term “Sensing” is no more a synonym for directly rendering human readable
signals. More efficient systems than state of the art can be built by strongly interconnecting sensor design,
signal reconstruction algorithms and prior knowledge of the signals of interest. This is for instance the
paradigm shift advocated by the recent theory of Compressed Sensing (CS).

The aim of iTWIST ’12 workshop is to gather researchers studying sparse signal models in general (e.g.,
model based or structured sparsity, cosparsity, compressibility, . . . ), from a theoretical and/or an applied
point of view, whatever the signal geometry (1-D, n-D, graph, video, ...).

One implicit objective of this workshop is to foster collaboration between international scientific teams
by disseminating ideas through specific presentations. This event will take place in the “Centre International
de Rencontres Mathématiques” (CIRM), surrounded by the wonderful Calanques landscape of Marseille.

Sponsors:

∗Aix-Marseille Univ., CPPM, CNRS/IN2P3, France.
†Aix-Marseille Univ., LATP, CNRS, France.
‡University of Louvain, UCL, ICTEAM/TELE, Belgium.
§University of Louvain, UCL, ICTEAM/TELE, Belgium.
¶Swiss Federal Institute of Technology (EPFL), LTS4, Switzerland.
‖Swiss Federal Institute of Technology (EPFL), LTS2, Switzerland.
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1 Program

1.1 Keynotes

(K1) R. Willett

Wednesday 9, 08h30–9h30: Rebecca Willett, Duke University, USA.

“Sparsity and Scarsity in High-Dimensional Density Estimation”.

Chairman: Justin Romberg, Georgia Tech, USA.

(K2) J. Tropp

Thursday 10, 08h30–9h30: Joel Tropp, California Institute of Technology, USA.

“Sharp recovery bounds for convex deconvolution,

with applications”.

(joint work with M. McCoy)

Chairwoman: Rebecca Willett, Duke University, USA.

(K3) R. Gribonval

Friday 11, 08h30–9h30: Rémi Gribonval, INRIA Rennes, France.

“Sparsity & Co.:

Analysis vs Synthesis in Low-Dimensional Signal Models”.

(joint work with S. Nam, M. Davies and M. Elad)

Chairman: Joel Tropp, California Institute of Technology, USA.

(K4) J. Romberg

Friday 11, 14h00–15h00: Justin Romberg, Georgia Tech, USA.

“Compressed sensing and two problems from array processing:

sampling multichannel signals

and localizing sources in complicated channels”.

(joint work with A. Ahmed, W. Mantzel and K. Sabra)

Chairman: Petros Boufounos, Mitsubishi Electric Research Laboratories, USA.
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1.2 Sessions

(S1) Sparsity in Imaging and Compressive Imaging

Wednesday 9, 09h30–12h00: Chairman: Gabriel Peyré, CMAP, France.

(09h30 – 10h00) A. Jezierska, C. Chaux, J.-C. Pesquet, H. Talbot, “A hybrid optimization approach for vector quantization”

(10h00 – 10h30) Tea/Coffee Break

(10h30 – 10h50) A. Bartels, T. Alexandrov, D. Trede, “Sparsity in Imaging Mass Spectrometry Data”

(10h50 – 11h10) V. Emiya, N. Stefanakis, J. Marchal, N. Bertin, R. Gribonval, P. Cervenka, “Underwater acoustic imaging:
sparse models and implementation issues”

(11h10 – 11h30) M. Golbabaee, P. Vandergheynst, “Spectral Compressive Imaging via Joint Low-Rank and Sparse Recov-
ery”

(11h30 – 11h50) A. González, L. Jacques, P. Antoine, “TV-`2 Refractive Index Map Reconstruction from Polar Domain
Deflectometry”

(S2) Sparsity in Time-Frequency and Source Separation

Wednesday 9, 14h00–15h40: Chairman: Rémi Gribonval, INRIA Rennes, France.

(14h00 – 14h30) H. Rauhut, G. Pfander and Joel Tropp, “Sparse Recovery with Time-Frequency Structured Random Ma-
trices”

(14h30 – 14h50) P. Sudhakar, R. Gribonval, A. Benichoux, S. Arberet, “The use of sparsity priors for convolutive source
separation”

(14h50 – 15h20) A. Mohammad-Djafari, “Bayesian sparse sources separation”

(15h20 – 15h40) A. Gramfort, M. Kowalski, J. Haueisen, M. Hamalainen, D. Strohmeier, B. Thirion, G. Varoquaux, “Ill-
posed problems and sparsity in brain imaging: from MEG source estimation to resting state networks and
supervised learning with fMRI.”

(S3) Sparse Regularization

Wednesday 9, 16h10–17h10: Chairman: Pierre Vandergheynst, EPFL, Switzerland.

(16h10 – 16h40) G. Peyré, S. Vaiter, C. Dossal, J. Fadili, “Robust Sparse Analysis Regularization”

(16h40 – 17h10) J. Fadili, C. Deledalle, S. Vaiter, G. Peyré, C. Dossal, “Unbiased Risk Estimation for Sparse Regularization”
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(S4) Learning and Machine Learning

Thursday 10, 9h30 – 10h30: Chairwoman: Sandrine Anthoine, Aix-Marseille Univ., LATP, CNRS, France.

(9h30 – 10h00) V. Cevher, T. Hemant, “Learning non-parametric basis independent models from point queries via low-rank
methods”

(10h00 – 10h30) L. Ralaivola,“On the Use of Matrix Concentration Inequalities in Machine Learning”

(S5) Robust Signal Estimation against Noise and Quantization

Thursday 10, 14h00–15h30: Chairman: Holger Rauhut, University of Bonn, Germany.

(14h00 – 14h30) P. Weiss, “VSNR: variational algorithms to remove stationary noise from images”

(14h30 – 15h00) P. Boufounos, “Universal Finite-Range Embeddings”

(15h00 – 15h30) L. Jacques, D. Hammond, J. Fadili, “Compressed Sensing and Quantization: A Compander Approach.”

(S6) New Sparsity Models and New Geometries

Friday 11, 09h30–12h00: Chairman: Pascal Frossard, EPFL, Switzerland.

(09h30 – 10h00) R. E. Carrillo, Y. Wiaux, “Sparsity Averaging Reweighted Analysis (SARA)”

(10h00 – 10h30) Tea/Coffee Break

(10h30 – 11h00) M. Kowalski, “Social Sparsity and Structured Sparse Approximation”

(11h00 – 10h30) D. I. Shuman, B. Ricaud, P. Vandergheynst, “A Windowed Graph Fourier Transform”

(11h30 – 12h00) I. Tosic, S. Drewes, “Learning joint image-depth sparse representations”

(S7) Sparse Signal Recovery and Compressed Sensing

Friday 11, 15h00–17h00: Chairman: Laurent Jacques, University of Louvain, Belgium.

(15h00 – 15h30) I. Loris, C. Verhoeven, “On a generalization of the iterative soft-thresholding algorithm for the case of
non-separable penalty”

(15h30 – 16h00) Tea/Coffee Break

(16h00 – 16h20) U. Ayaz, “Sparse Recovery with Fusion Frames”

(16h20 – 16h40) G. Chardon, L. Daudet, A. Cohen, “Sampling the solutions of the Helmholtz equation”

(16h40 – 17h00) M. H. Kamal, M. Golbabaee, P. Vandergheynst, “Light Field Compressive Sensing”
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1.3 Poster Sessions

Thursday 10, 09h30–12h00:

(P1) Sparse Signal Recovery and Compressed Sensing

• M. Ehler, C. Bachoc, “Tight p-Fusion Frames and Robustness Against Data Loss”

• J.-M. Feng and C.-H. Lee, “Subspace Pursuit-based Algorithm for Sparse Signal Recovery from Multiple Measurement
Vectors”

• F. Krahmer, S. Mendelson, H. Rauhut, “Compressed sensing using subsampled convolutions”

(P2) Compressive Imaging

• S. Merlet, E. Caruyer, R. Deriche, “Accelerating Diffusion MRI via Compressive Sensing”

• M. Hügel, H. Rauhut and T. Strohmer, “Compressed Sensing in Radar”

• E. Niemi, “Total variation regularization for X-ray tomography”

• I. Toumi, S. Caldarelli, B. Torrésani, “BSS Estimation of components in DOSY NMR Spectroscopy”

(P3) Sparse Bayesian Models

• A. Fraysse and T. Rodet, “A Bayesian algorithm for large dimensional problems involving sparse information”

• K. Niinimaki, “Sparsity promoting Bayesian inversion”

(P4) Sparsity in Image Processing

• H. Luong, B. Goossens, J. Aelterman, A. Pizurica, W. Philips, “Color Image Restoration and Reconstruction”

• L. Perrinet, “Edge statistics in ”natural” images: implications for understanding lateral connectivity in V1 and improving
the efficiency of sparse coding algorithms”

• A. Zakharova, O. Laligant, C. Stolz, “Depth reconstruction from defocused images using incomplete measurements”
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2 Schedule

Wednesday 9 Thursday 10 Friday 11
08h30-09h00

(K1) R. Willett (K2) J. Tropp (K3) R. Gribonval
09h00-09h30

09h30-10h00 (S1) (S4) Learning and Machine
Learning

(S6)

10h00-10h30 Tea/Coffee Break Tea/Coffee Break

10h30-11h00
(S1) Sparsity in Imaging and

Compressive Imaging

Poster Sessions
+ Tea/Coffee

(S6) New Sparsity Models and
New Geometries

11h00-11h30

11h30-12h00

12h00-14h00 Lunch Lunch Lunch
14h00-14h30

(S2) Sparsity in Time-Frequency
and Source Separation

(S5) Robust Signal Estimation
against Noise and Quantization

(K4) J. Romberg
14h30-15h00

15h00-15h30 (S7)

15h30-16h00 Tea/Coffee Break
Poster Sessions

+ Tea/Coffee Break

Tea/Coffee Break

16h00-16h30
(S3) Sparse Regularization

(S7) Sparse Signal Recovery and
Compressed Sensing16h30-17h00

Evening Gala Dinner
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Ulaş Ayaz Hausdorff Center for Mathematics, University of Bonn

Sparse Recovery with Fusion Frames
Abstract

Fusion frames are generalization of frames that provide a richer description of signal
spaces. Instead of frame vectors, we have a collection of subspaces Wj ⊂ RM , j = 1, . . . , N ,
where M is the dimension of the space. Then it holds that

A‖x‖2
2 ≤

N∑

j=1

v2
j‖Pjx‖2

2 ≤ B‖x‖2
2

for some universal fusion frame bounds 0 < A ≤ B < ∞ and for all x ∈ RM , where Pj

denotes the orthogonal projection onto the subspace Wj. Weight coefficients vj will be
taken 1 in our talk. The generalization to fusion frames allows us to capture interactions
between frame vectors to form specific subspaces that are not possible in classical frame
theory. In this model, a sparse signal has energy in very few of the subspaces of the fusion
frame, although it does not need to be sparse within each of the subspaces it occupies.
This sparsity model is captured using a mixed `1/`2 norm for fusion frames.

Main idea is to extend the concepts of Compressed Sensing to fusion frames. In other
words, as in classical compressive sensing setup, a sparse signal in a fusion frame can
be sampled using very few random projections and exactly reconstructed using a convex
optimization that minimizes the mixed `1/`2 norm. In this talk, we provide a result on
conditioning of random submatrices for fusion frames. This type of conditioning is essen-
tial in both nonuniform and uniform recovery results, which will be the next goal of our
research. There are already results which show uniform recovery for fusion frames with
m measurements of order O[(s ln(N/s)]. Novelty in our research is to exploit the prop-
erty of fusion frames which is the angle between frame subspaces. If α(Wi, Wj) denotes
the angle between subspaces Wi and Wj and λ := maxi6=j cos(α(Wi, Wj)) then number of
measurements m needs to be order of

m = O[(1 + λs) ln(N)]

in order to recover s sparse vector with high probability. As one can see, as λ becomes
smaller, i.e., as frame subspaces get closer to being mutually orthogonal, number of mea-
surements needed for recovery decreases.

1
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Sparsity in Imaging Mass Spectrometry Data

Andreas Bartels1,* , Theodore Alexandrov1,2, Dennis Trede1,2

1 Center for Industrial Mathematics, University of Bremen, Bremen, Germany
2 Steinbeis Innovation Center SCiLS (Scientific Computing in Life Sciences),

Bremen, Germany

Abstract

Given a thin sample, imaging mass spectrometry (IMS) is one of the few measurement
technologies of biochemistry, which is able to reveal the spatial chemical composition in
the full molecular range [6]. It produces a hyperspectral image where for each pixel a high-
dimensional mass-spectrum is measured. In matrix-assisted laser desorption/ionization
imaging mass spectrometry (MALDI-IMS) the sample is ionized by intense laser pulses
over a short duration. In practice, for a tissue slice, at each point on a grid on the sample
200–300 measurements are taken. Summing all measurements at a point together, the
result is a grid where each pixel represents a mass spectrum at the according point.
Therefore, measuring takes quite a long time.
As the mathematical theory of compressed sensing (CS) has shown, under certain

conditions it is possible to recover a signal from a number of linear measurements below
the Shannon/Nyquist sampling rate [1–3]. As a result of this pleasant suprise, many
applications of CS in image processing and computer vision have been widely explored
[4, 5]. Since in IMS the data consists of hyperspectral imaging data, the idea arises to
apply CS to IMS as well. In this talk, basics of imaging mass spectrometry are presented,
i.e. its technique and data, as well as a possible application of CS to IMS.

References
[1] E. Candès and J. Romberg. Sparsity and incoherence in compressive sampling. In-

verse Problems, 23(3):969–985, 2007.
[2] E. Candès, J. Romberg and T. Tao. Stable signal recovery from incomplete and

inaccurate measurements. Commun. Pure Appl. Math. 59(8):1207–1223, 2006.
[3] E. Candès and T. Tao. Decoding by linear programming. IEEE Trans. Inform. The-

ory, 51(12):4203–4215, 2005.
[4] M. Golbabaee, S. Arberet and P. Vandergheynst. Distributed compressed sensing

of hyperspectral images via blind source separation. Presentation given at Asilomar
conf. on signals, systems, and computers, Pacific Groove, CA, USA, November 7-10,
2010.

[5] D. Takhar et al. A new compressive imaging camera architecture using optical-
domain compression. Computational Imaging IV, 6065:43–52, 2006.

[6] J.D. Watrous, T. Alexandrov and P.C. Dorrestein. The evolving field of imaging
mass spectrometry and its impact on future biological research. Journal of Mass
Spectrometry, 46(2):209–222, 2011.

*author to whom correspondence shall be addressed: bartels@math.uni-bremen.de
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1Universal Finite-Range Embeddings
Petros T. Boufounos

Mitsubishi Electric Research Laboratories, petrosb@merl.com

Abstract

The advent and success of Compressive Sensing (CS) has brought to the forefront the importance of randomized
embeddings, such as the ones realizing the Johnson-Lindenstrauss lemma. Such embeddings consist of projections from
high dimensional spaces to low-dimensional ones such that the geometry of point clouds, subsets or subspaces is similar
in the two spaces. The implications are several, including efficient distance computation in the low-dimensional space, and
stability guarantees for CS sampling and reconstruction, among others.

This talk discusses how to construct embeddings using projections quantized by a non-monotonic finite-range quantizer.
The resulting embeddings preserve the distance of two vectors very efficiently if and only if the vectors are sufficiently close.
This property enables—depending on how the embedding is used—very fast universal nearest-neighbor computation, rate-
efficient universal signal quantization, as well as information-theoretic security guarantees for privacy-sensitive applications.

Johnson-Lindenstrauss embeddings are linear operators A that map signals in a finite set S ⊂ RN to an embedding space
RM such that the distance between pairs of signals x1,x2 ∈ S is approximately preserved in their images [1]:

(1− δ)‖x1 − x2‖2
2 ≤ ‖Ax1 −Ax2‖2

2 ≤ (1 + δ)‖x1 − x2‖2
2. (1)

Extending this set to signal subspaces in RN leads to the restricted isometry property (RIP), commonly used in Compressed
Sensing to guarantee stable sparse signal reconstruction [2].

It is often necessary or convenient to quantize the image of the signal and use quantized measurements of the form
q = Q(Ax), where Q(·) is a finite-range scalar quantizer, operating element-wise to all the elements of Ax. For example,
Q(y) = sign(y) produces a 1-bit quantized representation that preserves the angles between signals in the hamming distance
of the quantized measurements [3]. Similarly a classical uniform multi-level quantizer can be used instead, approximately
preserving distances subject to the quantization error. However, it has been shown that such quantizers are not the most
efficient signal representation from a rate-distortion point of view [4].

…! …!

0!
1! 2! 3!-1!-2!-3! x!

Q(x)!

1!

Fig. 1. Non-monotonic 1-bit quantizer

This work, instead, uses an unconventional 1-bit quantizer, combined with dither,
to implement a rate-efficient quantized embedding with several desirable properties.
Specifically, the representation is computed using q = Q(∆−1Ax + w), where ∆ is
a diagonal scaling matrix, w is a vector of random dither and Q(·) is the quantizer
shown in Fig. 1. Using this quantizer with an appropriately randomized operator A
enables a much more rate-efficient representation of the signal [5], and provides an
embedding of the form

f(‖x1 − x2‖2)− δ ≤ dH(q1, vq2) ≤ f(‖x1 − x2‖2) + δ,

where f(·) is a non-linear increasing function of the signals distance, determined by the choice of ∆, and dH(·, ·) is
the hamming distance in the binary embedding space. This means that a very efficient hamming distance computation
provides accurate information on the signals’ distance, similarly to locality sensitive hashing (LSH) approaches [6]. While
reconstruction from such measurements seems difficult, appropriate choice of the scaling factor matrix ∆ enables efficient
reconstruction by modifying the distance-mapping properties of the embedding. The embedding is universal in the sense
that it does not need to be designed with the structure of the signal set in mind. Furthermore, the embedding can be easily
extended to multi-bit quantizers.

An important property of f(·) is that for sufficiently large distances it becomes flat. In other words, if the signals are
sufficiently far apart, the hamming distance in the embedding space provides no information on the distance of the two
signals. Furthermore, if the operator A is properly randomized and hidden, then the mutual information between quantized
measurements of two signals approaches zero exponentially as the distance of the signals increases. This provides an
information-theoretic security guarantee that this embedding does not leak information about the signals if the signals are
far apart, making it very useful in privacy-sensitive applications in which a near-neighbor search is necessary.
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Sparsity Averaging Reweighted Analysis (SARA)
Rafael E. Carrillo∗ and Yves Wiaux∗‡

∗ Signal Processing Laboratory, Ecole Polytechnique Fédérale de Lausanne (EPFL), CH-1015 Lausanne, Switzerland
‡ Medical Image Processing Laboratory, University of Geneva (UniGE), CH-1211 Geneva, Switzerland

Abstract—We propose a novel algorithm for sparse image recon-
struction from under-sampled data. The regularization of the ill-posed
inverse problem relies on the conjecture of average signal sparsity over
representations in multiple wavelet bases. The algorithm, defined in the
versatile framework of convex optimization, is dubbed Sparsity Averaging
Reweighted Analysis (SARA). We have tested it in the context of Fourier
imaging, for particular applications to radio-interferometric (RI) and
magnetic resonance (MR) imaging. The proposed approach largely
outperforms state-of-the-art imaging methods based on the assumption
of signal sparsity in a single basis.

While spikes are well represented in a Dirac basis, piecewise
smooth structures exhibit gradient sparsity, and continuous extended
structures are better encapsulated in wavelet bases. Natural images
are often complex and all of these types of structures can be present
at once. We conjecture that promoting average sparsity or compress-
ibility over multiple bases rather than single bases sparsity represents
an extremely powerful prior. It should be closer to optimality (in the
sense that the required number of measurements for accurate recovery
is optimal) and universality (in the sense that it applies to all signals
of interest) than single bases priors. Note on a theoretical level that a
single signal cannot be extremely sparse simultaneously in any pair of
bases, due to the incoherence between theses bases. For illustration, a
signal extremely sparse in the Dirac basis is completely spread in the
Fourier basis. We understand that, for any pair of bases, there might
exist a lower bound on the average sparsity of a signal. In essence,
our prior consists in assuming that the natural signals of interest are
those that saturate this “uncertainty relation” between multiple bases.
The image of interest is denoted as x ∈ CN . We propose to use a
dictionary composed of a concatenation of orthonormal bases, i.e.

Ψ ≡ 1√
q

[Ψ1,Ψ2, . . .Ψq] ∈ CN×D, (1)

where q identifies the number of bases, and D = qN . We
favor an analysis-based approach over synthesis-based approaches [1],
a constrained minimization problem over regularized problems, as
well as `0-minimization over `1-minimization. The `0-minimization
is approached through reweighted `1-minimization, which solves a
sequence of weighted `1-problems using as weights essentially the
inverse of the values of the solution of the previous problem [2].

The proposed algorithm, dubbed Sparsity Averaging Reweighted
Analysis (SARA), is defined on the basis of the following weighted
`1-minimization problem:

min
x̄∈CN

‖WΨTx̄‖1 subject to ‖y − Φx̄‖2 ≤ ε, (2)

where the matrix Φ ∈ CM×N identifies the measurement matrix
(M < N ), y ∈ CM and n ∈ CM identify the measurement vector
and measurement noise (i.i.d. Gaussian) respectively, and W ∈ RD×D

is a diagonal matrix with reweighing weights. ε is an upper bound
on the `2-norm of the residual noise.

We have implemented a preliminary version of SARA using a
Douglas-Rachford splitting method coded in MATLAB, and tested
it for the reconstruction of RI and MR images from under-sampled
Fourier data with random variable density sampling [4]. The data are
affected by 30 dB of input SNR. The RI image is a real-valued and
positive 256 × 256 intensity image from the so-called M31 Galaxy
(see Fig. 1). The MR image is a real-valued and positive 224× 168
brain image from [3] (see Fig. 2). For this first proof of concept,
we have considered the concatenation of nine bases (q = 9). The
first basis is the Dirac basis, correctly modelling spikes. The eight
remaining bases are the first eight Daubechies wavelet bases, Db1-
Db8. The first Daubechies wavelet, Db1, is the Haar wavelet, which

is used as an alternative to a gradient sparsity representation to model
piecewise smooth structures. The remaining wavelet bases can model
continuous extended structures in the image. SARA is compared with
the following minimization problems: (i) BP, where a constrained
`1-minimization in the Dirac basis is used, (ii) BPDb8, where a
constrained analysis-based `1-minimization in the Db8 basis is used,
(iii) TV, where constrained TV-minimization is used, (iv) IUWT,
where a the sparsity in the redundant undecimated wavelet transform
is promoted through a regularized synthesis-based `1-minimization
(with regularization parameter optimized by hand). Note that we
have implemented the reweighting approach also for BP, BPDb8, TV,
and IUWT. It was found that the reweighting process at best did
not enhance the corresponding results, which are not reported here.
Note that for all problems reality and positivity have been imposed
as additional constraints to (2).

SNR graphs of reconstructions are shown as a function of coverage
in the half-Fourier plane in Fig. 1 for M31. Our results suggest a
important superiority of SARA relative to all other techniques. The
reconstructions for a 10% coverage of the MR image are shown in
Fig. 2. Again SARA provides significant SNR increase, together
with an impressive reduction of visual artifacts relative to the other
methods.
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Figure 1: From left to right: M31 and reconstruction SNRs (vertical lines
identify 1σ errors around the mean, over 100 simulations).
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tions from 10% coverage with SARA (18.8 dB), BP (16.6 dB), BPDb8
(16.2 dB), TV (17.2 dB), and IUWT (16.5 dB).
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Learning non-parametric basis independent models

from point queries via low-rank methods

Volkan Cevher∗, Tyagi Hemant∗

February 21, 2012

Abstract: We consider the problem of learning multi-ridge functions of
the form f(x) = g(Ax) from point evaluations of f . We assume that the
function f is defined on an `2-ball in Rd, g is twice continuously differen-
tiable almost everywhere, and A in Rk×d is a rank k matrix, where k is much
greater than d. We propose a randomized, polynomial-complexity sampling
scheme for estimating such functions. Our theoretical developments lever-
age recent techniques from low rank matrix recovery, which enables us to
derive a polynomial time estimator of the function f along with uniform
approximation guarantees. We prove that our scheme can also be applied
for learning functions of the form: f(x) =

∑k
i=1 gi(aT

i x), provided f satis-
fies certain smoothness conditions in a neighborhood around the origin. We
also characterize the noise robustness of the scheme. Finally, we present
numerical examples to illustrate the theoretical bounds in action.

∗Lions, Swiss Federal Institute of Technology (EPFL), Switzerland
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Sampling the solutions of the Helmholtz equation
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I. INTRODUCTION

Our goal is here to sample solutions of the Helmholtz equation

∆u + k2u = 0 (1)

to, for instance, interpolate plate impulse responses [1]. A large va-
riety of physical phenomena (acoustics, electromagnetism, quantum
mechanics, etc.) can be modeled this way. To this end, we must solve
two sub-problems. The first is the construction of a sparsity model,
here directly obtained from the Helmholtz equation. The second is
the design of a sampling method. We use, for experimental reasons,
pointwise samples. However, the question of choosing the probability
measure used to draw the sample positions remains. We compare for
a disk, theoretically and numerically, two classes of distributions.
Finally a simple algorithm is used to recover the solution.

II. SPARSITY OF SOLUTIONS OF THE HELMHOLTZ EQUATION

Sparsity of the solutions of the Helmholtz equation is a particular
case of a more general theory by Vekua [2].

In the case of the Helmholtz equation, he proved that solutions
of eq. 1 on a star-convex domain of R2 can be approximated by a
sum of Fourier-Bessel functions Jn(kr)einθ (r and θ begin the polar
coordinates, and Jn the nth Bessel function of the first kind), a result
similar to Runge’s theorem for holomorphic functions:

u ≈ uL =

L∑

n=−L

αnJn(kr)einθ (2)

Further work by Moiola et al. [3] shows that the convergence of this
approximation in L2 is algebraic, with order the Sobolev regularity
of the function of interest.

When the parameter k of the equation is unknown, a common
situation in experimental applications, these solutions can be modeled
with structured sparsity : the atoms (i.e. Fourier-Bessel functions)
used in a decomposition all share the same parameter k.

III. DESIGNING A SAMPLING STRATEGY

In the applications we are interested in (i.e. sampling acoustic
fields), signals are usually measured pointwise (microphones, laser vi-
brometer, etc.). The only choices left are the number of measurements
and the probability measure used to draw the sampling positions.

In the case where k is known, we evaluate here two sampling
strategies in a disk:

• samples drawn with the uniform measure in the disk
• samples drawn uniformly in the disk and on the border, with a

proportion β of samples on the border.
Results from [4] allow us to prove that the second strategy is

more efficient than uniform distribution, in the sense that it allows to
truncate the sum in eq. 2 at a higher rank: with uniform sampling, the
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Fig. 1. Approximation error in function of truncation order for different
probability measures

optimal rank scales like the square root of the number of measure-
ments, while it is linear for the mixed sampling. The approximation
error as a function of the truncation order L with 750 samples is
plotted figure 1 for the uniform measure, and the mixed measure for
3 values of β. The strategy with the best performance is here the
mixed measure with β = 1/2.

IV. RECOVERY ALGORITHM

In the general case, k is not known, as it can vary with the
temperature in the case of aerial acoustics, the thickness of the
plate in the case of vibrations, etc. To estimate k, we project the
measurements on the span of the Fourier-Bessel function for a given
k′. The estimation of k is taken as the k̃ for which this projection
has the largest norm. This algorithm allows to accurately sample a
solution of eq. 1 with a number of samples scaling linearly with
k, while this number would scale quadratically using the standard
sampling theorem.

V. CONCLUSION

The construction of a sparse model from the physics of the signal to
be recovered (i.e. the partial differential equations it verifies) can help
the sampling, with possibility of compressed sensing. Additionally,
we show that the probability measure used to draw the sampling
positions has to be chosen with care to avoid instabilities.
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A hybrid optimization approach for vector quantization

Anna Jezierska, Caroline Chaux, Jean-Christophe Pesquet
and Hugues Talbot

A classical solution for designing an optimal quantizer of a monochrome image is provided by
the celebrated Lloyd-Max (LM) algorithm [1, 2]. An extension to the general vector case is
the LBG algorithm [3]. The LBG algorithm proceeds iteratively by alternatively optimizing
codevectors and decision classes so as to minimize a flexible quantization error measure.
One drawback is the lack of spatial regularity of the quantized image. Spatially smooth
properties may be useful in low-rate compression when using advanced coding algorithms
(e.g based on run length, differential or multi-resolution techniques).
We propose a quantization method that enforces some global spatial smoothness. This is
achieved by introducing an adjustable regularization term in the minimization criterion, in
addition to a quantization error measure. Similarly to the LBG algorithm, the optimal design
of the quantizer is performed iteratively by alternating the minimization of a label field iP
and of a codebook r. The latter minimization reduces to a convex optimization problem
whereas the former is carried out by efficient combinatorial optimization techniques.
More precisely, the minimization concerning the codebook r is achieved by using the PPXA+
method recently developed in [4] which belongs to the class of parallel proximal splitting
approaches [5]. The minimization concerning the label field iP is performed using graph-cut
approaches [6, 7] allowing to take into account various regularizations such as, the ℓ1-norm
that promotes sparsity, but also non convex function such as Potts model.
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Bayesian sparse sources separation
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Abstract—In this paper, first a Bayesian estimation approach is
proposed for sources separation which is viewed as an inference
problem where we want to estimate the mixing matrix, the
sources and all the hyperparameters associated to modeling
(likelihood and prios). Then, the sources separation problem is
considered in three steps: i) Estimation of the sources whenthe
mixing matrix is known; ii) Estimation of the mixing matrix w hen
the sources are known; and iii) Joint estimation of sources and
the mixing matrix. In each of these cases, we consider also the
cases where we do not know the hyperparameters and we want to
estimate them too. In all cases, one of the main steps is modeling
of sources and the mixing matrix prior laws. We propose to
use sparsity enforcing probability laws (such as Generalized
Gaussians, Student-t, Elastic net and mixture models) both
for the sources and the mixinig matrix. For algorithmic and
computational aspects, we consider either Joint MAP, MCMC
Gibbs sampling and Variational Bayesian Approximation tools.

I. I NTRODUCTION

The general sources separation problem can be viewed as an
inference problem where first we provide a model linking the
observed data (mixed signals)g(t) to unknown sourcesf (t)
through a forward model. In this paper, we only consider the
instantaneous mixing model:

g(t) = Af(t) + ǫ(t), t ∈ [1, · · · , T ] (1)

whereǫ(t) represents the errors of modelling and measure-
ment.A is called mixing matrix and when it is invertible, its
inverseB = A−1 is called the separating matrix. The second
step is to write down the expression of the joint posterior law:

p(f , A, θ|g) =
p(g|f , A, θ1) p(f |θ2) p(A|θ3) p(θ)

p(g)
(2)

where p(g|f , A, θ1) is the likelihood andp(f |θ2) and
p(A|θ3) are the priors on sources and the mixing matrix,
θ = (θ1, θ2, θ3) represent the hyperparameters of the problem
andp(θ) = p(θ1) p(θ2) p(θ3) their associated prior laws.

In this paper, we will consider different prior modelling for
sourcesp(f |θ2) and different priors for the mixing matrix
p(A|θ3) and use conjugate prios forp(θ). In particular,
we consider the Generalized Gaussian (GG), Student-t (St),
Elastic net (EN) and Mixture of Gaussians (MoG) models.
Some of these models are well-known [1]–[7], some others
less. In general, we can classify them in two categories: i)
Simple Non Gaussian models with heavy tails and ii) Mixture
models with hidden variablesz which result to hierarchical
models.

The second main step in the Bayesian approach is to do the
computations. The Bayesian computations in general can be:
• Joint optimization ofp(f , A, θ|g) which needs optimisation
algorithms;
• MCMC Gibbs sampling methods which need generation of
samples from the conditionalsp(f |A, θ, g), p(A|f , θ, g) and
p(θ|f , A, g);
• Bayesian Variational Approximation (BVA) methods which
approximatep(f , A, θ|g) by a separable

q(f , A, θ|g) = q1(f |Ã, θ̃, g) q2(A|f̃ , θ̃, g) q3(θ|f̃ , Ã, g)

one and then using them for the estimation.
The rest of the final paper will be organized as follows: In

section II, we review a few prior models which are frequently
used in particular when sparsity has to be enforced [7] and
select a few most importan ones such as the Generalized
Gaussian (GG) with two particular cases of Gaussian (G)
and Double Exponential (DE) or Laplace, the Student-t model
which can be interpreted as an infinite mixture with a variance
hidden variable, Elastic net and the mixture modeld. In Section
III, first we examine in details the estimation of the sourcesf
when the mixing matrixA is known, then the estimation of
the mixing matrixA when the sourcesf are known, then the
joint estimation of the mixing matrixA and the sourcesf , and
finally, the more realistic case of joint estimation of the mixing
matrix A, the sourcesf , their hidden variablesz and the
hyperparametersθ. In section IV, we give principal practical
algorithms which can be used in real applications, and finally,
in section V we show some results and real applications.
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TIGHT p-FUSION FRAMES AND ROBUSTNESS AGAINST
DATA LOSS

M. EHLER

In modern signal processing, basis-like systems are applied to derive sta-
ble and redundant signal representations. Frames are basis-like systems that
span a vector space but allow for linear dependency, that can be used to
reduce noise, find sparse representations, or obtain other desirable features
unavailable with orthonormal bases. Fusion frames enable signal decompo-
sitions into weighted linear subspace components, and tight fusion frames
provide a direct reconstruction formula. If all the subspaces are equiangular,
then fusion frames are maximally robust against two subspace erasures.

We first verify that the maximal number of mutually equiangular sub-
spaces in Rd is

(
d
2

)
. We circumvent this limitation by extending the concept

of fusion frames and by changing the measure for robustness against sub-
space erasures. Our main contribution is the introduction of the notion of
tight p-fusion frames, a sharpening of the notion of tight fusion frames, that
is closely related to the classical notions of designs and cubature formulas
in Grassmann spaces. We analyze tight p-fusion frames with methods from
harmonic analysis in the Grassmannians. For subspaces of equal dimension,
we give several characterizations of tight p-fusion frames; the most prac-
tical one involves only the principal angles between subspaces and certain
multivariate Jacobi polynomials.

We verify the existence of tight p-fusion frames for any integer p ≥ 1.
Moreover, we present general constructions of tight p-fusion frames. Finally,
we verify that tight p-fusion frames are robust against up to p subspace
erasures. More precisely, by using list decoding, we show that tight p-fusion
frames, which are also cubatures of strength 4, allow for signal reconstruction
even if the projections onto up to p subspaces are erased. Here, the output in
list decoding is a list of potential signals of size bounded by 2p!, one of which
is the correct one. Further analysis reduces this list to only two elements.

(This is a joint work with Christine Bachoc, Univ. Bordeaux)

Helmholtz Zentrum München, Institute of Biomathematics and Biometry,
Neuherberg, Germany

E-mail address: martin.ehler@helmholtz-muenchen.de

National Institutes of Health, National Institute of Child Health and
Human Development, Section on Medical Biophysics, Bethesda MD, USA
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Underwater acoustic imaging: sparse models and

implementation issues

Valentin Emiya, Nikolaos Stefanakis, Jacques Marchal,
Nancy Bertin, Rémi Gribonval, Pierre Cervenka∗

Abstract

We present recent work on sparse models for underwater acoustic imaging and on im-
plementation of imaging methods with real data.

By considering physical issues like non-isotropic scattering and non-optimal calibra-
tion, we have designed several structured sparse models. Greedy algorithms are used to
estimate the sparse representations.

Our work includes the design of real experiments in a tank. Several series of data
have been collected and processed. For such a realistic scenario, data and representations
live in high-dimensional spaces. We introduce algorithmic adaptations to deal with the
resulting computational issues. The imaging results obtained by our methods are finally
compared to standard beamforming imaging.
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Unbiased Risk Estimation for Sparse Regularization

J. Fadili∗, C. Deledalle†, S. Vaiter†, G. Peyré† and C. Dossal‡

February 21, 2012

Abstract: I this work, we will focus on unbiased estimation of the `2-risk of a large class
of nonlinear estimators f(y) of an image f0 living in RN from P noisy measurements y where
the noise additive white Gaussian, and the linear bounded measurement operator entails loss of
information so that P < N or is rank-deficient for P = N , and the recovery problem is typically
an ill-posed inverse problem. More specifically, we will concede nonlinear estimators that are
solutions of variational problems minimizing non-smooth convex objective functionals. Typically,
such functionals are structured as the sum of a data fidelity term and one or several (generally
non-smooth) regularization terms (e.g. total variation regularization, `1-norm sparse synthesis or
analysis regularization in a redundant synthesis dictionary).

In the first part of this work, capitalizing on our work [1] (see also talk by G. Peyré), we propose
a rigorous derivation of the expression of the projected Generalized Stein Unbiased Risk Estimator
(GSURE) [2,3,4] for the estimation of the (projected) `2-risk associated to regularized ill-posed
linear inverse problems using sparsity-promoting `1 penalty. The projected GSURE is an unbiased
estimator of the recovery risk on f0 projected on the orthogonal of the degradation operator kernel.
Our framework can handle many well-known regularizations including `1 synthesis- (e.g. wavelet)
and analysis-type priors (e.g. total variation). A distinctive novelty of this work is that, unlike
previously proposed `1-risk estimators (e.g [4,5]), we have a closed-form expression that can be
implemented efficiently once the solution of the inverse problem is computed.

In the second part, we develop a novel framework to compute the GSURE for a broader class of
sparsely regularized solutions of inverse problems when no closed-form is available. Toward this end,
a key step is to compute the (weak) derivative of a solution w.r.t. the observations y. However, as
the solution is not available in analytical form but rather through the now popular iterative proximal
splitting schemes, we propose to iteratively compute the GSURE by differentiating the sequence
of iterates. This provides us with a sequence of differential mappings, which, hopefully, converge
to the desired derivative and allows to compute the GSURE. This extends previously proposed
iterative methods [4,5] to a larger class of regularizations without appealing to the computationally
intensive Monte-Carlo integration [6].

To support our claims, numerical examples on a variety of ill-posed inverse problems with analy-
sis and synthesis regularizations are reported where our GSURE estimates are used to automatically
tune the hyperparameters such as the regularization parameter or the block size for group sparsity
priors.
∗GREYC, Caen, France.
†CEREMADE, Paris, France
‡CMAP, France
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Subspace Pursuit-based Algorithm for Sparse Signal Recovery from

Multiple Measurement Vectors

Joe-Mei Feng and Chia-han Lee

Research Center for Information Technology Innovation

Academia Sinica

Taipei, Taiwan

Abstract

Extending from the single-measurement vector (SMV) problem to the multiple-measurement

vector (MMV) problem in compressed sensing allows us to recover a k-jointly-sparse signal with

larger k. We propose the generalized subspace pursuit (GSP) algorithm which generalizes the

subspace pursuit algorithm for the MMV problem. The simulation results show that GSP

easily outperforms simultaneous orthogonal matching pursuit (SOMP), the widely-used MMV

algorithm, under different scenarios with noiseless and noisy measurements. In the figure below

we show the performance of GSP comparing to SOMP. Let M be the number of measurement

vectors, and the 128×256 sampling matrix be standard normally distributed. The performance

is compared by the rate of exact recovery from 500 realizations.
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A Bayesian algorithm for large dimensional
problems involving sparse information

A. Fraysse and T. Rodet

Abstract

In this talk we provide an algorithm allowing to solve a variational
Bayesian issue as a functional optimization problem. The main issue
is to develop an unsupervised method for large dimensional problems.
In this context classical methods, such as MCMC or classical vari-
ational Bayesian method have a limited range of validity. We thus
define a novel method, based on the exponentiated gradient optimiza-
tion method.

This algorithm is thus applied to a class of linear inverse problems
where the prior information enhances sparsity. This sparsity assump-
tion is modelised by a Student-t probability density function. The
main advantage of Student-t distributions is that it is an heavy tailed
distribution that can be written as a Gaussian Scale Mixture, thus a
Gaussian density knowing an hidden random variable.

Finally, we compare the performances of our method with classical
ones on a tomographic problem.
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SPECTRAL COMPRESSIVE IMAGING VIA JOINT LOW-RANK AND SPARSE RECOVERY

Mohammad Golbabaee and Pierre Vandergheynst

Signal Processing Institute, Ecole Polytechnique Fédérale de Lausanne (EPFL), Switzerland
E-mail: {mohammad.golbabaei, pierre.vandergheynst}@epfl.ch

I. PROBLEM STATEMENT
Hyperspectral Images (HSI) are huge collection of images that

are acquired simultaneously from a scene in a few hundred narrow
adjacent frequency bands. Due to the high spatio-spectral resolution,
hyperspectral imagery finds a wide variety of applications in remote
sensing and becomes a very powerful tool for characterizing the
components of the observed scenes. However, the price to pay for such
high spatio-spectral resolution is to handle extremely large data size.

Compressive sampling (CS) becomes particularly interesting for
the Hyperspectral imagery mainly because of two reasons: i) the
hyperspectral imagers are extremely expensive devices since such
high spatio-spectral resolution requires a huge number of very costly
photodiodes sensitive to the light out of the visual wavelength range, ii)
handling such huge amount of informations, even at the compression
step, brings serious challenges, particularly, to the embedded systems,
such as spacecrafts, where the power consumption, memory storage,
computational complexity and bandwidth are posing tight constraints
on the system implementation. Despite their high dimensionality,
hyperspectral images are known to contain massive correlations along
both spatial and spectral domains and with such inspiration, there has
been many works over the past twenty years on compression of HSI.
Considering such enormous redundancy, one major question would
naturally arise; Why do we need to make such costly effort to entirely
acquire data while only very few percentage of it is kept after yet
another computationally-expensive compression procedure?

II. PRIOR ARTS
In order to address the question above, a few number of novel

designs have been recently proposed based on the new compressive
sampling paradigm, aiming for spectral image acquisition by very few
number of measurements [1] [2]. The main idea is to benefit from
the asymmetric complexity of the CS (i.e., low-complex sampling,
high-complex reconstruction) to overcome the aforementioned practical
limitations.

Let us represent the HSI by a matrix X ∈ Rn1×n2 whose columns
contain the 2D spatial images (reshaped in a vector) in the correspond-
ing spectral bands. Here, n2 denotes the number of the spectral bands
and n1 is the resolution of the spatial images per each band. In a
compressive acquisition setup, sensors are collecting m� n1n2 linear
measurements from the HSI matrix X in a vector y ∈ Rm through the
following sampling model:

y = A(X) + z. (1)

wherein, A : Rn1×n2 → m is a linear mapping (typically corresponds
to a random matrix) characterized by the acquisition setup and z ∈ Rm

in the sampling noise.
For data reconstruction, the authors of [2] apply the standard TVDN

approach independently on each spectral band in order to find smooth
spatial images with few gradient variations. This approach clearly
neglects the existing correlations along the spectral domain. Recently,
its has been shown in [3] that incorporating the low-rank structure
of the HSI can better handle the underlying spatial correlations, and
together with the assumption of spatial sparsity in a 2D wavelet basis,
one can achieve a significant enhancement in HSI reconstruction for
severely under-sampled regimes by using a joint Nuclear/`2,1 norm
minimization approach.
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Fig. 2: Reconstruction of the Moffett field HSI using the joint nuclear/TV norm minimization (Nuclear/TV) and TVDN, under various subsampling ratios and sampling SNRs.
Results are demonstrated for the spectral band j=50.

standard CS recovery methods such as TVDN totally fail.

5. CONCLUSIONS

In this paper we have proposed a novel convex optimization formu-
lation for recovering the spectral images from very few CS mea-
surements. Our approach penalizes both the nuclear norm and the
TV norm of the data matrix in order to reconstruct simultaneously
the low-rank and spatially piecewise smooth structure of the data.
An algorithm to solve this convex optimization has been proposed
based on the proximal splitting methods. By number of simulations
we have shown that, our approach is robust against noise and the
number of measurements required for the HSI reconstruction is sig-
nificantly reduced comparing to the standard TVDN method.
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Fig. 2: Reconstruction of the Moffett field HSI using the joint nuclear/TV norm minimization (Nuclear/TV) and TVDN, under various subsampling ratios and sampling SNRs.
Results are demonstrated for the spectral band j=50.
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TV norm of the data matrix in order to reconstruct simultaneously
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Fig. 2: Reconstruction of the Moffett field HSI using the joint nuclear/TV norm minimization (Nuclear/TV) and TVDN, under various subsampling ratios and sampling SNRs.
Results are demonstrated for the spectral band j=50.
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TV norm of the data matrix in order to reconstruct simultaneously
the low-rank and spatially piecewise smooth structure of the data.
An algorithm to solve this convex optimization has been proposed
based on the proximal splitting methods. By number of simulations
we have shown that, our approach is robust against noise and the
number of measurements required for the HSI reconstruction is sig-
nificantly reduced comparing to the standard TVDN method.

6. REFERENCES

[1] D.L. Donoho, “Compressed sensing,” IEEE Trans. on Inf. Theory, vol. 52, no. 4,
pp. 1289–1306, 2006.

[2] E. J. Candes, J. Romberg, and T. Tao, “Stable signal recovery from incomplete
and inaccurate measurements.,” Pure Appl. Math., vol. 59, pp. 1207–1223, 2005.

[3] E. J . Candes and Y. Plan, “Tight oracle bounds for low-rank matrix recovery from
a minimal number of random measurements.,” IEEE Trans. on Inf. Theory, 2009.

[4] M. Golbabaee and P. Vandergheynst, “Guaranteed recovery of a low-rank and
joint-sparse matrix from incomplete and noisy measurement,” in Workshop on
Signal Processing with Adaptive Sparse Structured Representations (SPARS11),
2011.

[5] M.F. Duarte, M.A. Davenport, D. Takhar, J.N. Laska, T. Sun, K.F. Kelly, and
R.G. Baraniuk, “Single-pixel imaging via compressive sampling,” IEEE Signal
Processing Magazine, vol. 25, no. 2, pp. 83–91, 2008.

[6] J. Romberg, “Compressive sensing by random convolution,” SIAM J. Imaging
Sciences, 2009.

[7] L.I. Rudin, S. Osher, and E. Fatemi, “Nonlinear total variation based noise re-
moval algorithms,” Physica D: Nonlinear Phenomena, vol. 60, pp. 259 – 268,
1992.

[8] T. Sun and K.F. Kelly, “Compressive sensing hyperspectral imager,” Comp. Opti-
cal Sensing and Imaging (COSI), San Jose, CA, Oct. 2009.

[9] A. Wagadarikar, R. John, R. Willett, and D. Brady, “Single disperser design for
coded aperture snapshot spectral imaging,” Applied Optics, vol. 47, pp. B44–B51,
2008.

[10] M.F. Duarte and R.G. Baraniuk, “Kronecker Compressive Sensing,” to appear in
the IEEE Trans. on Image Processing, 2009.

[11] M. Golbabaee and P. Vandergheynst, “Hyperspectral image compressed sensing
via low-rank and joint-sparse matrix recovery,” in IEEE International Conference
on Acoustics, Speech, and Signal Processing (ICASSP), 2012.

-N
u

cl
ea

r/
T

V
-S

am
p

li
n

g
S

N
R

In
f

S u b samp l i n g 8 : 1 Sub samp l i n g 16 : 1 Sub samp l i n g 32 : 1

-N
u

cl
ea

r/
T

V
-S

am
p

li
n

g
S

N
R

20
d

B
-T

V
D

N
-S

am
p

li
n

g
S

N
R

In
f

Fig. 2: Reconstruction of the Moffett field HSI using the joint nuclear/TV norm minimization (Nuclear/TV) and TVDN, under various subsampling ratios and sampling SNRs.
Results are demonstrated for the spectral band j=50.
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Fig. 1: Reconstruction of the Moffett field HSI using the joint nuclear/TV norm
minimization and TVDN, for two subsampling ratios.

II-A. Our Main Contributions
This work aims to present a novel compressive HSI reconstruction

method based on the following joint Nuclear/TV norm minimization:

argmin
X∈Rn1×n2

‖X‖∗ + λ
Pn2

j=1 ‖Xj‖TV (2)

subject to ‖y −A(X)‖`2 ≤ ε.
Wherein, the TV norm of a 2D image (in a certain spectral band) is
defined as the sum of the magnitudes of the gradient over all image
pixels. Our approach brings two important priors of the HSI into the
consideration; (i) sparse gradient variations along the spatial domain,
and (ii) the low-rank structure due to the high correlations.

We develop an iterative algorithm to solve minimization (2) based
on the proximal splitting method with the capability of a parallel
implementation. By number of simulations we will show our approach
significantly enhances the conventional compression rate-distortion
tradeoffs. In particular, for the severe under-sampling regimes our
method outperforms the standard TV denoising image recovery scheme
by more than 17dB improvement in the reconstruction MSE.

Figure 1 demonstrates the quality of the reconstruction using these
two approaches (i.e., the Nuclear/TV norm minimization in (2) and
the classical TVDN) for the well-known Moffett Field HSI, and for
the compression rates m/n1n2 = 1/8, 1/32. More experiments has
been done on the real CS measurements captured by the CASSI
hyperspectral camera and we compare our results to [2].
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TV−`2 Refractive Index Map Reconstruction
from Polar Domain Deflectometry

Adriana Gonźalez∗†, Laurent Jacques† and Philippe Antoine∗
∗IMCN. †ICTEAM. Universit́e catholique de Louvain, Belgium.

I. I NTRODUCTION

The refractive-index map (RIM), defined asn : x = (x1, x2) ∈
R2 → n(x), can optically describe a complex transparent material
such as optical fibers or lenses. Through Optical Deflectometry, a
tomographic modality described in [1], [2], it is possible to determine
the 2-D RIM by measuring the deflection angle∆(τ, θ) of a light
ray of equation{x : x · pθ = τ}. With τ ∈ R, θ ∈ [0, 2π), and
pθ = (− sin θ, cos θ) the perpendicular to the light ray direction
tθ = (cos θ, sin θ). The deflection angle∆(τ, θ) is mathematically
related to the Radon Transform of the transverse gradient ofn as
follows:

∆(τ, θ) =

∫

R2

(
∇n(x) · pθ

)
δ(τ − x · pθ) d2

x. (1)

Using the Deflectometric Central Slice Theorem as described in [1]
and denotinĝn as the 2-D FT ofn, we have

y(ω, θ) :=

∫

R
∆(τ, θ) e−iτωdτ = iω n̂

(
ω pθ

)
. (2)

The relation described above is known on a regular polar coor-
dinate grid of sizeNτ × Nθ. With Nτ as the amount of parallel
light rays passing through the object andNθ the amount of angles
considered during the deflectometric acquisition. It is of great interest
to makeNθ as small as possible, which corresponds to the knowledge
of only M values ofn̂ in the polar frequency grid.

In previous works [1], the forward deflectometric model has been
based on the polar to Cartesian Fourier interpolation in order to
use the FFT algorithm to recover the RIM. The main goal of this
work is to decrease and control the interpolation noise by including
the operatorF ∈ CNp×N that performs a Non-equispaced Fourier
Transform (NFFT) [3] between the Cartesian spatial grid (sizeN )
and the polar frequency grid (sizeNp).

Assuming that the continuous RIM is approximated byN values
(n ∈ RN ) distributed on aN1×N2 2-D regular Cartesian coordinate
grid, Eq. (2) shows that optical deflectometry can be associated to
the following linear model:

y = SDF n + η. (3)

Where y = (y(k1), · · · , y(kM ))T ∈ CM is the measurement
vector on the observed frequency setK = {kj}16j6M ; D =
diag(i sign(ω1)|ω1|, · · · , i sign(ωNp) |ωNp |) ∈ CNp×Np is a di-
agonal operator that models the effect of the transverse gradient
(i ω factor) andS ∈ {0, 1}M×Np is a binary matrix selecting the
values defined onK in any vector ofCNp . The presence of the
operatorS, provides a realistic sampling of the Fourier plane where
M = M(Nθ) < N . This causes the inverse problem in Eq. (3) to
be ill-posed. Finally,η ∈ CM represents the sensing noise.

II. REFRACTIVE-INDEX MAP RECONSTRUCTION

Filtered Back-Projection (FBP) is a very well-known and intuitive
method used to solve inverse problems in common tomography. It
uses a ramp function in frequency to filter the signal before perform-
ing the back projection along the projection paths. In contrast with
tomography, the deflectometric FBP uses an imaginary filter, which
has the following Fourier representationh(ω) = 1/(2πi sign(ω)) [4].

Part of this work is funded by the DETROIT project (WIST3/SPW, Belgium). LJ is
funded by the F.R.S-FNRS.

However, the FBP method does not take into account the sensing
noise neither the ill-posedness of the inverse problem (3), thus
introducing spurious artifacts in the estimated RIM. For this reason,
we will work within the Compressed Sensing framework to build a
RIM reconstruction method that deals with both the noise and the
lack of sensing measurements. The FBP method will only be used
as a standard for comparison purposes.

As the RIM of transparent materials presents a slowly varying areas
separated by sharp boundaries (”Cartoon shape” model), the problem
described in Eq. (3) can be regularized by promoting a small Total-
Variation norm defined as‖n‖TV :=

∑N
k=1 ‖∇n(xk)‖. Taking this

regularization and imposing data fidelity via the`2-norm, we have
the following TV−`2 minimization problem:

nest = arg min
n∈RN

‖n‖TV subject to‖y − SDFn‖ 6 δ. (4)

Numerically, the convex minimization described above can be
recast asarg min

n∈RN ıC(An) + ‖n‖TV , whereA = SDF ∈
CM×N , C = {v ∈ CM : ‖y − v‖ 6 δ}, and ıC(v) is the indicator
function, which is equal to 0 ifv ∈ C and∞ otherwise. The presence
of the diagonal operatorD, a particularity of optical deflectometry
compared to other tomographic techniques, and the operatorF ,
makes the sensing matrixA to be an untight operator (AA∗ 6= I).
The algorithm proposed by Chambolle and Pock (Algorithm 1 in [5])
relax the conditions on the operator and, as it uses proximal methods,
it allows to have a non-differentiable objective function (the TV-
norm). This makes this method suitable for solving (4).

III. R ESULTS AND DISCUSSION

The TV−`2 minimization method was analyzed using a homoge-
neous sphere phantom (Fig.1). Through the reconstruction SNR, we
studied the behavior of both algorithms regarding the compressive-
ness (Fig.1). We show that, when we consider a low amount of angles
such thatM � N , FBP degrades rapidly, while TV−`2 provides a
good RIM reconstruction. However, when we increase the number of
measured angles towards180 such thatM ' N , we have no longer
an ill-posed problem and FBP provides a better reconstruction.
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Fig. 1: SNR vsNθ .
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Ill-posed problems and sparsity in brain imaging:
from MEG source estimation to resting state
networks and supervised learning with fMRI.

A. Gramfort12, M. Kowalski5, J. Haueisen4, M. Hamalainen3, D. Strohmeier4,
B. Thirion12, G. Varoquaux12

1 INRIA, Parietal team, Saclay, France
2 LNAO/NeuroSpin, CEA Saclay, Bat. 145, 91191 Gif-sur-Yvette Cedex, France
3 Laboratoire des Signaux et Systèmes (L2S), SUPELEC (C-4-20), Plateau de

Moulon, 91192 Gif-sur-Yvette Cedex, France
4 Dept. of Radiology, Martinos Center, MGH, Harvard Medical School, Boston, MA.
5 Inst. of Biomedical Engineering and Informatics, Ilmenau University of Technology,

Ilmenau, Germany

Abstract. If the number of parameters to estimate exceeds the number
of measurements, an estimation problem is said to be ill-posed. Due to
limited acquisition times, physics of the problems and complexity of the
brain, the field of brain imaging needs to address many ill-posed prob-
lems. Among such problems are: the localization in space and time of
active brain regions with MEG and EEG, the estimation of functional
networks from fMRI resting state data and the mining of fMRI data us-
ing supervised learning techniques. In all these problems sparsity plays a
key role, e.g., few brain regions are activated by a cognitive task, M/EEG
signals have sparse time-frequency decompositions etc. I am willing to
discuss my recent contributions to the three problems going from math-
ematical modeling to estimation using convex optimization, sparse and
structured priors. I am also interested in discussing some challenges for
such methods like model selection and the conditions for support recov-
ery.
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Max Hügel HCM Uni Bonn

Abstract

Compressed Sensing in Radar

In radar, n antenna elements a1, . . . , an ∈ [0, A]2 mounted on an aperture [0, A]2 emit an

isotropic electromagnetic wave of wavelength λ > 0. The spatial part of this wave emitted

in ak = (ξ, η, 0) and recorded in a point r` = (x, y, z0) at distance z0 can be approximated

by

G(ak, rj) :=
exp (iωz0)

4πz0

exp

(
iω

(x− ξ)2 + (y − η)2

2z0

)
,

where ω := 2π/λ denotes the wavenumber. If we discretize the target space into a grid of

resolution cells of meshsize d > 0, we may assume that possible targets at distance z0 are

located in a discrete set of points {r`}`=1,...,N ⊂ [−L,L]2 × {z0}, where L > 0 is the size of

the target domain. Set v(ak, aj) := (G(ak, r`)
∗G(aj, r`)

∗)`=1,...,N ∈ CN . The sensing matrix

for the inverse scattering problem is then given by

A := (v(ak, aj)
∗)k,j=1,...,n ∈ Cn2×N

and the inverse problem is to recover a vector of re�ectivities x ∈ CN from the knowledge of

y = Ax ∈ Cn2
. In many situations, the number of resolution cells N is much larger than the

actual number of targets occupying them, meaning that ‖x‖0 := |{j ∈ {1, . . . , N}|xj 6= 0}| =
s � N , or in other words, that the targets are sparse in the number of resolution cells.

Therefore, compressed sensing techniques are applicable. In this talk, we will show that

if we choose the antenna elements a1, . . . , an uniformly at random in the aperture [0, A]2,

then a �xed target scene x ∈ CN which is s-sparse can be recovered from y = Ax by basis

pursuit with probability at least 1− ε provided

n2 ≥ Cs log2 (cN/ε) , c, C > 0 universal constants.

We will furthermore show that the recovery is robust if the measurements are corrupted by

noise and we will present numerical results validating the theoretically obtained bounds.

The results are joint work with Holger Rauhut and Thomas Strohmer.

1
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Compressed Sensing and Quantization: A Compander Approach

L. Jacques∗, D. Hammond†, J. Fadili‡

Abstract: In this work, we study the problem of reconstructing sparse or compressible signals
from compressed sensing measurements that have undergone non-uniform quantization. Previous
approaches to this Quantized Compressed Sensing (QCS) problem based on Gaussian models (e.g.
bounded `2-norm) for the quantization distortion yield results that, while often acceptable, may not
be fully consistent: re-measurement and quantization of the reconstructed signal need not match the
initial observations. Quantization distortion instead more closely resembles heteroscedastic uniform
noise, with variance depending on the observed quantization bin. Generalizing our previous work on
uniform quantization [1], we show that for non-uniform quantizers described by the “compander”
formalism [2,3], quantization distortion may be better characterized as having bounded weighted
`p-norm (p ≥ 2), for a particular weighting. We develop a new reconstruction method, termed
Generalized Basis Pursuit DeNoise (GBPDN), which minimizes the sparsity of the reconstructed
signal under this weighted `p-norm fidelity constraint. We prove that under the oversampled QCS
scenario, i.e.,when the number of measurement is large compared to the signal sparsity, if the
sensing matrix satisfies a proposed generalized Restricted Isometry Property, then GBPDN results
in a reduction of the reconstruction error of sparse signals by a factor

√
p + 1 relative to that

produced by using the `2-norm. Interestingly, GBPDN is also shown to be applicable to the
related case of CS measurements corrupted by heteroscedastic Generalized Gaussian noise. Finally,
we describe an an efficient numerical procedure for computing GBPDN via a primal-dual convex
optimization scheme, and demonstrate its effectiveness through extensive simulations.

References:
[1] L. Jacques, D. K. Hammond, and M. J. Fadili, “Dequantizing Compressed Sensing: When Oversampling and

Non-Gaussian Constraints Combine.,” Trans. Inf. Th., IEEE Transactions on, vol. 57, no. 1, pp. 559–571,
Jan. 2011.

[2] R. M. Gray and D. L. Neuhoff, “Quantization,” IEEE Transactions on Information Theory, vol. 44, no. 6,
pp. 2325–2383, 1998.

[3] P. F. Panter and W. Dite, “Quantization distortion in pulse-count modulation with nonuniform spacing of
levels,” Proceedings of the IRE, vol. 39, no. 1, pp. 44–48, 1951.

∗ICTEAM/ELEN, University of Louvain (UCL), Belgium
†Neuroinformatics Center, University of Oregon, USA.
‡GREYC, Caen, France.
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Light Field Compressive Sensing
Mahdad Hosseini Kamal, Mohammad Golbabaee and Pierre Vandergheynst

Ecole Polytechnique Fédérale de Lausanne (EPFL), Switzerland
E-mail:{mahdad.hosseinikamal, mohammad.golbabaei, pierre.vandergheynst}@epfl.ch

Abstract—This paper presents a novel approach to capture
light field in camera arrays based on the compressive sens-
ing framework. Light fields are captured by a linear array
of cameras with overlapping field of view. In this work, we
design a redundant dictionary to exploit cross-cameras correlated
structures in order to sparsely represent cameras image. We show
experimentally that the projection of complex synthetic scenes
into the designed dictionary yield very sparse coefficients.

Index Terms—Redundant Dictionary, Compressive Sensing,
Light Fields, l1-minimization.

I. INTRODUCTION

The growing flood of data, particularly due to the emergence
of image processing systems with multiple visual sensors,
causes an increasing need to quickly process large data sets
in compressed domain. Newly introduced light field cameras
are one of the widely used class of computational cameras.
In order to tackle the large amount of data, we employ the
Compressive Sensing (CS) technique [1] that has superiority
over traditional schemes because of low complexity in the
encoder and universality with respect to scene model.

II. LIGHT FIELD RECOVERY SCHEME

The CS technique holds for signals that are sparse either
in their standard coordinate or in any orthogonal basis. Al-
though bases such as Fourier and wavelet can provide a good
representation of signals, they are generic and not specific
enough to very restrictive class of signals. An alternative signal
representation is to consider a redundant dictionary.
The geometric features of a signal are the heart of dictionary
design. A piecewise constant function is sparsely represented
in the 1D wavelet domain. For epipolar images (EPI) sim-
ilar to fig. 1(a), it would be best to consider the reordered
version of the image grid to have a piecewise-constant-like
images [2]. The reordering process is described by selecting
a direction η, which is as parallel as possible to the real
geometry of the curve. As it is shown on Fig. 1(b), we select
grid points Lη and reorder the image grid according to the
indices of image samples on these lines Fig. 1(c). Afterwards,
we make a piecewise smooth 1D discrete function f from
the reconstructed image, which can be sparsely represented
using 1D wavelet domain. Selecting a proper direction η for
reordering lines is a crucial task. In the case of EPIs with
different directions, we do not have a preferential orientation.
Therefore, we can benefit from a redundant dictionary, which
consists of the concatenation of several reordered wavelet
transform Φr with different directions η. Hence, the designed
dictionary Ψ =

[
Φr

1,Φ
r
2, · · · ,Φr

γ

]
benefits from different

(a)

L✓

(b) (c)

Fig. 1: The reordering example of EPI. (a) Original E image. (b) Parallel
reordering lines Lη to capture regularity along direction η. (c) Reordered 2D
EPI along Lη .

reordering directions to exploit the geometry induced by the
natural correlations within light field images. For the camera
array, we stack all the cameras image to make an image
volume X ∈ Ri×j×k. The image volume would have EPI
structure along (i, k)-planes. In addition, a suitable 1D wavelet
transform can be applied to sparsify X along the remaining
dimension. To achieve an efficient representation, we reshape
X into a matrix X̂ ∈ Rik×j whose columns contain the
information of (i, k)-planes. Following the discussion above,
there exists a sparse matrix of coefficients Θ ∈ Rγik×j such
that X̂ = ΨΘΓT where Ψ ∈ Rik×γik is the previously
defined dictionary transform along (i, k)-plane and Γ ∈ Rj×j
denotes the 1D wavelet basis along j dimension. Thus, if we
rewrite X̂ and Θ matrices in vectorial format, we will have
X̂vec = ΩΘvec with Ω = Ψ ⊗ Γ ∈ Rnk×γnk, where ⊗
denotes the Kronecker product between two matrices and Ω
is the dictionary that is applied to encode the whole image
volume into a sparse vector Θvec. The following convex
problem can be applied to reconstruct X from the compressive
measurements,

argmin
Θvec∈Rγnk

‖Θvec‖1 subject to ‖Y − ÂΩΘvec‖2 ≤ ε. (1)

Here Â contains the same elements as A (a block diagonal
measurement matrix for the camera array), and is reshaped
with respect to X̂vec = ΩΘvec so that ÂX̂vec = AX . This
optimization can be solved iteratively using Douglas-Rachford
splitting method [3]. The experimental results demonstrate the
superiority of our methods by about 3 dB in compare with the
state-of-the-art 3D wavelet transform.
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SOCIAL SPARSITY AND STRUCTURED SPARSE APPROXIMATION

MATTHIEU KOWALSKI

A wide range of inverse problems arising in signal processing have taken benefits of sparsity. In-
troduced in the mid of 90’s by Chen, Donoho and Saunder, the idea is that a signal can be efficiently
represented as a linear combination of elementary atoms chosen in an appropriate dictionary. Here,
efficiently may be understood in the sense that only few atoms are needed to reconstruct the signal.

The natural measure of the cardinality of a support, and then its sparsity, is the `0 “norm”
which counts the number of non-zero coefficients. Minimizing such a norm leads to a combinatorial
problem which is usually relaxed into a `1 norm which is convex. Solving an inverse problem by using
the sparse principle can be done using convex optimisation problem known as the Basis Pursuit
(Denoising) or the Lasso. This approach, can be viewed as a synthesis model of the signal : one
directly estimates its coefficients inside a dictionary in order to synthesize the signal from these
coefficients.

One of the main limitations of this approach to sparse modeling is that all the coefficients are
treated independently. However, when one performs an analysis of the signal, some structures appear
corresponding to the physical prior one could have on a signal. For example with audio signals, time-
frequency representations can be considered as sparse, but the organisation of coefficients depends
of the choice of the basis. To take this observation into account, an idea is to construct a dictionary
as an union of two others, each adapted to the “morphological layer”. Such an approach is known
as hybrid or morphological decompositions.

However, inside each representation one can observe a grouping effect of the coefficients. This
is our main subject in this talk : how can this grouping effect be taken into account ? Several
approaches have been proposed, most of them dealing with “overlapping groups”. However, it is not
always simple to define the groups a priori, even with overlaps, because their size can change, the
beginning and the end of a group is not always clear etc. Moreover, defining groups can lead to
some kind of “block artifacts”.

Ou main contribution is then to propose a solution of social sparsity where the neighborhood of
a given coefficient is taken into account in order to take a decision : keeping or discarding it. For
this purpose, we construct some structured shrinkage operators. We establish some links between
these shrinkage operators and the minimization of a convex functional, even if the minimizer is not
reached. Intensive experiments show that one can use these new operators inside iterative shrin-
kage/thresholding algorithm (ISTA), but because their non-expansivness, the proof of convergence
remains an open question. Then, the comparison between the use of these operator and a more
formal convex formulation is discussed.

1
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Compressed sensing using subsampled convolutions

Felix Krahmer

Institute for Numerical and Applied Mathematics, University of Göttingen

The theory of compressed sensing considers the following problem: Let A ∈ Rm×n and let
x ∈ Cn be s-sparse, i.e., xi = 0 for all but s indices i. One seeks to recover x uniquely and
efficiently from linear measurements y = Ax, although m � n. A sufficient condition to
ensure that this is possible is the Restricted Isometry Property (RIP). A is said to have the
RIP, if its restriction to any small subset of the columns acts almost like an isometry.

We study matrices A with respect to the RIP which represent the convolution with a random
vector ε followed by a restriction to an arbitrary fixed set of entries. We focus on the scenario
that ε is a Rademacher vector, i.e., a vector whose entries are independent random signs.
We reduce this question to estimating random variables of the form sup

A∈A
|‖Aε‖22 − E‖Aε‖22|,

where A is a set of matrices, and derive a general bound for the expectation of such random
variables. As a consequence, we obtain that the matrices under consideration have the RIP
with high probability if the embedding dimension satisfies m ≥ Cs log(n)4. This bound
exhibits optimal dependence on s, while previous works had only obtained a suboptimal
scaling of s3/2.

This is joint work with Shahar Mendelson and Holger Rauhut.
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On a generalization of the iterative soft-thresholding

algorithm for the case of non-separable penalty

Ignace Loris∗ and Caroline Verhoeven∗

February 21, 2012

Abstract

An iterative algorithm for the minimization of an `1 penalized least
squares functional

arg min
1
2
‖Kx− y‖2 + λ‖Ax‖1

with non-separable `1 term is proposed. Each step in the iterative al-
gorithm requires four matrix vector multiplications and a single simple
projection on a convex set (or equivalently thresholding). No smooth-
ing parameter is introduced. Convergence is proven in a finite dimen-
sional setting for ‖K‖ <

√
2 and ‖A‖ < 1. A 1/N convergence rate

is derived for the functional. In the special case where the matrix A
in the `1 term is the identity (or orthogonal), the algorithm reduces
to the traditional iterative soft-thresholding algorithm. In the special
case where the matrix K in the quadratic term is the identity (or or-
thogonal), the algorithm reduces to a gradient projection algorithm for
the dual problem.

Furthermore, an explicit iterative algorithm is presented for the
equivalent constrained problem

arg min
‖Kx−y‖≤ε

‖Ax‖1.

In this case too, the algorithm depends on simple projection and thresh-
olding steps and four matrix-vector multiplications per iteration. Con-
vergence is proven for ‖K‖ < 1 and ‖A‖ < 1. We also discuss the
specials cases ε = 0 and A = 1.

An example of such a penalty is the total variation penalty often
used in image restoration (A = grad) where it promotes solutions with
sparse gradients (i.e. piece-wise constant images). Another possible
application is found in the solution of analysis-sparsity problems and
of group sparsity problems (with or without overlapping groups).

∗Université Libre de Bruxelles, Belgium
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Color	  image	  restoration	  and	  reconstruction	  
	  
Hiêp	  Luong,	  Bart	  Goossens,	  Jan	  Aelterman,	  Aleksandra	  Pizurica	  and	  Wilfried	  Philips	  
Ghent	  University,	  TELIN-‐IPI-‐IBBT,	  Sint-‐Pietersnieuwstraat	  41,	  B-‐9000	  Ghent,	  Belgium	  
	  
	  
In	  this	  abstract,	  we	  present	  a	  generic	  primal-‐dual	  algorithm	  for	  tackling	  various	  linear	  
color	   and	   multispectral	   image	   restoration	   and	   reconstruction	   problems.	   The	  
proposed	   algorithm	   promotes	   the	   spatial	   sparsity	   of	   both	   discrete	   gradient	   and	  
shearlet	  coefficients	  as	  prior	  knowledge,	  which	  is	  very	  effective	  for	  different	  types	  of	  
natural	  images.	  In	  order	  to	  deal	  with	  this	  sparsity	  across	  the	  color	  channels,	  we	  first	  
decorrelate	  the	  signals	  in	  color	  space	  before	  sparsifying	  them	  spatially,	  resulting	  in	  a	  
separable	   transform.	   Rather	   than	   using	   a	   fixed	   decorrelation	   matrix,	   for	   example	  
using	   a	   YCrCB	   color	   transform	   to	   decorrelate	   the	   RGB	   data	   into	   luminance	   and	  
chrominance	   components,	   we	   propose	   to	   update	   the	   decorrelation	  matrix	   during	  
the	   reconstruction	   by	   applying	   the	   ℓ1–norm	   principal	   component	   analysis	   (PCA)	  
transform,	   which	   is	   less	   sensitive	   to	   outliers	   in	   comparison	   with	   ℓ2-‐PCA.	   This	  
approach	  results	  in	  significant	  improvement	  in	  peak	  signal-‐to-‐noise	  ratio	  (PSNR).	  We	  
also	   demonstrate	   that	   our	   approach	   yields	   better	   results	   than	   employing	   group	  
sparsity	   strategies,	   i.e.	   treating	   the	  RGB-‐values	   as	   a	   single	   vector	   instead	  of	   taking	  
the	  exact	  correlation	  between	  the	  color	  channels	  into	  account.	  
	  
By	   relaxing	   the	  sparsity	  of	   the	  “chrominance”	  signals	  of	   the	  gradient	  data	  by	  using	  
e.g.	  the	  ℓ1.5-‐norm,	  we	  obtain	  both	  better	  objective	  and	  subjective	  image	  quality.	  In	  
the	  case	  of	  joint	  demosaicking	  and	  deconvolution	  image	  problem,	  by	  this	  relaxation	  
color	   artifacts	   due	   to	   demosaicking	   are	   better	   suppressed.	   There	   are	   two	   reasons	  
why	   we	   investigate	   the	   ℓ1.5-‐norm	   here:	   the	   first	   reason	   is	   that	   by	   the	   ℓ1-‐norm	  
coloring	   artifacts	   are	   not	   suppressed	   very	   well,	   these	   artifacts	   originate	   from	   bad	  
high-‐frequency	  chrominance	  signals	  due	  to	  chromatic	  aliasing.	  It	   is	  well	  known	  that	  
“chrominance”	   signals	   are	  much	   smoother	   than	   the	   “luminance”	   channel.	   On	   the	  
other	  hand,	  the	  ℓ2-‐norm	  smooths	  the	  chrominance	  information	  too	  much	  over	  the	  
edges,	  therefore	  a	  balance	  is	  found	  in	  the	  ℓ1.5-‐norm.	  The	  second	  reason	  is	  that	   its	  
Legendre-‐Fenchel	   transform	   (required	   by	   the	   primal-‐dual	   formulation)	   is	   given	   by	  
the	  ℓ3-‐norm,	  which	  happens	  to	  have	  a	  quite	  simple	  closed-‐form	  resolvent	  proximal	  
operator.	  
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Accelerating Diffusion MRI via Compressive Sensing

Merlet Sylvain and Deriche Rachid

Athena Project-Team, INRIA Sophia Antipolis - Méditerranée, France

Introduction : Diffusion MRI (dMRI) is a recent Magnetic Resonance Imaging technique introduced by [2,4,6]. Sincethe first acquisitions of diffusion-weighted
images (DWI) in vivo , dMRI has become an established research tool for the investigation of tissue structure and orientation.

In 1965, [5] introduced the pulsed gradient spin-echo (PGSE) sequence. It allows the quantification of the diffusion by estimating the displacement of particles
from the phase change that occurs during the acquisition process. When the gradient pulses are sufficiently short, [5] also showed that the measured signal E(q), after
normalization, is written as the Fourier transform of the Ensemble Average Propagator (EAP) P (R)

E(q) =

Z

R∈R3
P (R) exp(−2πiq ·R)dR, (1)

where q and R are both 3D-vectors that respectively represent the effective gradient direction and the displacement direction.
Using dMRI to infer the EAP requires the acquisition of many diffusion images sensitized to different orientations in the sampling space. The number of diffusion

weighted images (DWI) required depends on how the diffusion is modeled. In Diffusion Spectrum Imaging (DSI) [7], we obtain the EAP P (R) by directly taking the
inverse Fourier transform of the normalized signal E(q) measured in the q-space. It aims to reconstruct the EAP in a numerical way without any prior knowledge
about the tissue shape. This results in estimating the EAP in a more accurate fashion than any other methods. However, many measurements are necessary to obtain
high-resolution EAP. In brief, while this technique has the advantage of a very good approximation of the water diffusion phenomenon, it is limited by the long time
for acquisition due to the large number of samples required. That is where the Compressive Sensing (CS) comes in.

CS is a recent technique to accurately reconstruct sparse signals from under sampled measurements acquired below the Shannon-Nyquist rate. In this article, we
present a CS based method for accelerating the reconstruction of the Ensemble Average Propagator (EAP) by significantly reducing the number of measurements.
Contrarily to the time consuming acquisition technique in DSI, our method is developed and implemented to efficiently reconstruct the EAP from reduced and non
uniformly under sampled Diffusion Weighted (DW) MRI images combined to an efficient and accurate l1 norm based reconstruction algorithm. We qualitatively and
quantitatively demonstrate good results in recovering the EAP while reducing the number of measurements over DSI. This opens an original and very interesting road
to shorten the dMRI acquisition time and opens new opportunities to render High Angular Resolution Diffusion Imaging (HARDI) feasible in a clinical setting.

Method : The Compressed Sensing (CS) [1] technique has been proved useful in recovering Magnetic resonance images by significantly undersampling their
k-spaces [3]. By analogy with the 2D-images case, we know that the EAP P and the normalized diffusion signal E are related by a 3D Fourier transform (see eq. 1).
We use this relation combined with a regularized CS reconstruction to recover P from a small number of measured coefficients. Accurate CS recovery relies on several
conditions : 1) the signal to recover admits a sparse representation 2) the acquisition domain and the sparse domain are incoherent 3) the acquisition protocol respects
the Restricted Isometry Property (RIP) and 4) recovery is done via an `1 minimization scheme. First, the reconstruction is based on the assumption that P admits
a sparse representation, that is composed by a small number of non-zero coefficients. Considering the signal sparse, we can constrain most of its components to be
zero by minimizing the number of non-zero elements, that is the l1 norm defined by ‖ x ‖1=

PN
i=1 |xi|. If the signal is not sparse, we apply a sparse transform. A

sparse transform enables to represent a signal with a smaller number of non-zero elements than originally and thus enforce the sparsity constraint. It comes to promote
sparsity by minimizing ‖Ψx‖1 where Ψ is a sparse transform. In our study, we consider two cases : a) Ψ = Id and b) Ψ is the Discrete Wavelet Transform (DWT)
represented by the Coiflets discrete wavelet. The second condition, the incoherence, has already been proved correct by [1,3], while taking samples in the Fourier space
and sparsely representing the signal either in spatial and Wavelet domain. Third, the RIP property is respected while randomly acquiring the signal. The possibility
to acquire q-space samples in a random fashion is an important aspect in DSI that facilitates the application of the CS technique. We will exploit this property to
recover the 3 dimensional EAP P . Finally, the solution x of our problem is given by solving the following convex optimization problem [1] :

argminxJ(x) = ‖TFu0(x)− Eu‖22 + λ‖Ψx‖1 (2)

The first term is the data consistency constraint, ‖Ψx‖1 is the sparsity constraint. λ is the Lagrange parameter that defines the confidence we put in the measured
signal Eu. The data consistency constraint enables the solution to remain close to the raw data acquisition. TFu0 is the 3D undersampled Fourier operator defined by
three operations. The first operation consists in applying a 3D Fourier transform. The latter is undersampled in a random manner. Then, the other coefficients are
replaced by zero values. Hence, the acquired data are defined by Eu = TFu0(P ) with P the propagator to be recovered. x is the estimated propagator so TFu0(x) is
the undersampled Fourier transform of the estimated propagator. Equation (2) finds the sparsest solution that corresponds to the acquired data.

Experiments and results : We first show quantitative results on the reconstruction of synthetic data. On this purpose, we assume the normalized diffusion
signal E(q) is computed from the multi-tensor model,

E(qu) =
FX

f=1

pf exp(−4π
2
τq

2
u

T
Dfu), (3)

where a fiber f is defined by a tensor matrix Df and weight pf . q denotes the norm of the effective gradient and u is a unitary vector in Cartesian coordinate. This
model is commonly used to simulate synthetic multi-crossing fibers. In this study, we consider three cases : one fiber, two fibers crossing at 90◦ and two fibers crossing
at 60◦. Then, we generate the normalized diffusion signal on a 11× 11× 11 cartesian grid (1331 samples). The ground truth EAP P is the inverse Fourier transform
of E.

DSI CS with no sparse transform CS with a wavelet
One fiber 0.0399 0.0305 0.0239

90◦-crossing fibers 0.0277 0.0196 0.0123
60◦-crossing fibers 0.0266 0.0227 0.0189

Table 1 : nmse while reconstructing one fiber, two fibers crossing at 90◦ and two
fibers crossing at 60◦

We show results on three different reconstructions : 1) the classical DSI
technique where the EAP is obtained via an inverse Fourier Transform; 2) the
CS recovery with no sparse transform, i.e. Ψ = Id; and 3) the CS recovery
while using the DWT as sparse transform Ψ. Due to the symmetry of the
diffusion signal E, we only need to acquire data on half cube, and the second
half cube is obtained by taking the symmetric samples. Then, for DSI, we
generate 257 DWIs on a halfcube plus an additional unweighted image. This
number corresponds to the number of samples comprised within the half sphere
of five lattice unit radius. It is the common sampling protocol with the DSI
technique. The EAP is obtained by appling an inverse Fourier Transform. For
the two CS recoveries, we randomly take 100 DWIs on a half cube plus the additional unweighted image. These samples are distributed along a Gaussian density of
probability in order to sample more the origin of the signal, where the energy is the most concentrated. Then, we use the CS recovery scheme described above to
obtain the EAP. For these experiments, we add a Rician noise to the signal with SNR = 20.

Figure 1 : Real brain data set reconstruction.

Table 1 shows the nmse of reconstruction between the ground truth EAP and the three kind of recoveries
while reconstructing one fiber, two fibers crossing at 90◦ and two fibers crossing at 60◦. These results show
that the CS recoveries outperform the common DSI recovery even with less than half the number of samples
used with DSI. These important results is due to denoising effect of the `1 minimization scheme. Indeed, high
frequency components, which mainly contains noise, is set to zeros during the CS reconstruction. Within the
CS recoveries, the use of the wavelet transform leads to a better reconstruction in terms of nmse.

We also validate the reconstruction on a real brain data set. This data set consists in DSI acquisitions, in
which 515 DWIs were acquired. We cautiously choose a region where two fibers are crossing and reconstruct
it with 1) DSI using all the measurements N=515; 2) CS without wavelet transform with N=100 and N=200;
3) CS using the Coifman wavelet transform with N=100 and N=200. Because, it is not easy to visualize the
EAP, we commonly visualize the radial integration on the EAP. Figure 1 shows these results. DSI, on the left,
can be seen as the ground truth. Surprisingly, we do not see a large qualitative difference between the CS
reconstruction using the wavelet and the one without wavelet. Perhaps, another kind of sparse transform would
be more appropriate for the EAP based CS recovery. Now, if we look at the CS reconstructions at N=200, it is
difficult to distinguish from DSI. It means, the CS technique leads to really good estimation of the EAP with
few measurements. However, even if we can recognize the crossing structure with N=100, we perceive a light
deterioration compared to the ground truth DSI (on the left).

Conclusion : In this abstract, we showed that it is worth to use the CS technique in order to accelerate
the DSI acquisition. 200 DWIs , and even 100 DWIs , are sufficient to obtain an accurate EAP estimation, while 515 are required for DSI.

References : [1] E. Candès and M. Wakin, Signal Processing Magazine 2008. [2] D. Le Bihan and E. Breton, CR Académie des Sciences 1985. [3] M. Lustig,
D. Donoho, and J. Pauly, MRM 2007. [4] K. Merboldt, W. Hanicke, and J. Frahm, JMR 1985. [5] E. Stejskal and J. Tanner, Journal of Chemical Physics 1965. [6]
D. Taylor and M. Bushell, Phys. Med. Biol 1985. [7] V. Wedeen, P. Hagmann, W. Tseng, T. Reese, and R. Weisskoff, Magnetic Resonance in Medicine 2005.
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Total variation regularization for x-ray
tomography

Esa Niemi
University of Helsinki, Finland

Abstract
Total variation regularization (TV) is an effective regularization method for
inverse problems of recovering “blocky” reconstructions from incomplete and
noisy measurement data. It leads to a minimization problem for which many
kind of approaches have been proposed. To further regularize the (ill-posed)
inverse problem we additionally impose non-negativity constraint to the TV
minimization problem, i.e., our aim is to find the minimizer

arg min
x ∈ Rn

x ≥ 0

{‖Ax−m‖22 + δ‖Dx‖1}, (1)

where A ∈ Rm×n models the linear forward map, m is a measurement, D is
a finite difference operator and δ > 0 is a so-called regularization parameter.
We note that the non-negativity constraint x ≥ 0 is reasonable in many
applications, e.g. in x-ray tomography.

To apply a gradient-based optimization method to (1), we replace the non-
continuously-differentiable 1-norm ‖ · ‖1 by a smooth approximation ‖ · ‖1,β
defined by ‖x‖1,β =

∑n
i=1

√
x2
i + β, where β > 0 is a small parameter. Af-

ter this modification, we apply the so-called projected Barzilai-Borwein opti-
mization method for solving the resulting constrained minimization problem.
The advantage of this method is that it is computationally simple and its
memory requirements are relatively low; thus it can be applied to problems
of very high dimension.

To illustrate the proposed method in a real-life application, results com-
puted from real x-ray tomographic data are presented.

References

[1] Hauptmann A, Hämäläinen K, Kallonen A, Niemi E and Siltanen S
2012, Total variation regularization for x-ray tomography, manuscript.

[2] Niemi E 2008, Projected Barzilai–Borwein method for total variation
regularization with nonnegativity constraints, Bachelor of Science Thesis,
Tampere University of Technology, 2008.
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Sparsity promoting Bayesian inversion
Kati Niinimäki

Department of Applied Physics
University of Eastern Finland

Consider an ill-posed inverse problem where a physical quantity f needs to be recovered
from an indirect measurements m modelled by

m = Af + ǫ (1)

where m ∈ Rk is the measurement data vector, f ∈ Rn is the unknown, A is a linear
operator modelling the measurement and ǫ ∼ N (0, σ2) is Gaussian noise with standard
deviation σ > 0. Bayesian inversion methods is a well-suited framework for such ill-posed
problems. The key idea in Bayesian inversion is to formulate the inverse problem in a
well-posed statistical form where a prior model compensates for the limited information in
the data. Using the Bayes formula we get the complete solution to the inverse problem i.e.
the posterior distribution. As a single representatives of that distribution we study MAP
and CM estimates.
We are interested in developing sparsity promoting Bayesian inversion methods. The use
of ℓ1-norms instead of ℓ2-norms in regularization is known to promote sparsity. Hence in
this study we combine the Bayesian inversion framework and sparsity-promoting methods
thus we consider two prior distributions; total variation (TV) and Besov space prior. B1

11

prior space norm involves ℓ1 integrals of band-limited first derivatives and is thus closely
related to the total variation norm leading to a non-smooth posterior. The computation of
the MAP estimates with TV- and B1

11 -priors is equivalent to minimizing

fMAP
TV = arg min

{
1

2σ2
‖Af −m‖2ℓ2 + αn‖f‖TV

}
(2)

fMAP
B1

11
= arg min

{
1

2σ2
‖Af −m‖2ℓ2 + αn‖f‖B1

11

}
(3)

respectively. The minimization problem with such mixed ℓ2−ℓ1-norms is non-differentiable
and gradient based minimization methods are not applicable hence we reformulate the min-
imization problem into a form of a quadratic programming (QP) problem where we mini-
mize the resulting quadratic objective function under linear constraints. We use primal-dual
interior-point methods to solve the constrained optimization problem. In addition in this
study we propose a new Bayesian method for choosing the prior parameter such a way
that, assuming we know a priori the sparsity level of f , we can enforce that sparsity in our
reconstructions as well.
Numerical results are presented in the context of a one-dimensional deconvolution and two-
dimensional tomographic tasks. The results suggests that with the proposed method we
are able to obtain wavelet-based Bayesian MAP estimates which are sparsity-promoting
and discretization-invariant. In addition the proposed new method for selecting the prior
parameter seems to perform robustly under noisy conditions.

References

V. Kolehmainen, M. Lassas, K. Niinimäki and S. Siltanen, 2012 Inverse Problems 28
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Edge statistics in “natural” images: implications for understanding

lateral connectivity in V1 and improving the efficiency of sparse

coding algorithms

Laurent Perrinet∗

March 15, 2012

Abstract: Oriented edges in images of natural scenes tend to be aligned in collinear or co-
circular arrangements, with lines and smooth curves more common than other possible arrange-
ments of edges (Geisler et al., Vis Res 41:711-24, 2001). The visual system appears to take ad-
vantage of this prior information, and human contour detection and grouping performance is well
predicted by such an ”association field” (Field et al., Vis Res 33:173-93, 1993). One possible can-
didate substrate for implementing an association field in mammals is the set of long-range lateral
connections between neurons in the primary visual cortex (V1), which could act to facilitate detec-
tion of contours matching the association field, and/or inhibit detection of other contours (Choe
and Miikkulainen, Biol Cyb 90:75-88, 2004). To fill this role, the lateral connections would need
to be orientation specific and aligned along contours, and indeed such an arrangement has been
found in tree shrew primary visual cortex (Bosking et al., J Neurosci 17:2112-27, 1997). However,
it is not yet known whether these patterns develop as a result of visual experience, or are simply
hard-wired to be appropriate for the statistics of natural scenes. Also it is not known if such a
priori knowledege of the structure of images as a function of their category can increase the ef-
ficiency of sparse coding methods. To investigate this issue, we examined the properties of the
visual environment of laboratory animals, to determine whether the observed connection patterns
are more similar to the statistics of the rearing environment or of a natural habitat. Specifically,
we analyzed the cooccurence statistics of edge elements in images of natural scenes, and com-
pared them to corresponding statistics for images taken from within the rearing environment of
the animals in the Bosking et al. (1997) study. We used a modified version of the algorithm from
Geisler et al. (2001), with a more general edge extraction algorithm that uses sparse coding to
avoid multiple responses to a single edge. Collinearity and co-circularity results for natural images
replicated qualitatively the results from Geisler et al. (2001), confirming that prior information
about continuations appeared consistently in natural images. However, we find that the largely
man-made environment in which these animals were reared has a significantly higher probability of
collinear edge elements. To quantify this difference, we used the computed a priori information on
edge co-occurence to code images from both natural and laboratory databases. We used a modified
version of the Matching Pursuit algorithm that takes into account the statistics of images thanks
to an analogy with Bayesian inference. Results were compared by computing the coding efficiency
while including different colinearity structures, tested on different databases and comparing these

∗INCM, UMR6193, CNRS & Aix-Marseille University, 31 ch. Aiguier, 13402 Marseille Cedex 20, France
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results with behavioural data. We found that compared to a flat prior (Matching Pursuit), includ-
ing an a apriori information on the structure of the images helped to improve the coding efficiency
of the sparse coding scheme. More surprisingly, we discovered that including the information on
the precision of colinearity alone, independently of scale or distance between edges, was enough to
explain differences between two classes of images, suggesting a simple solution for improving the
efficiency of sparse coding algorithms.

References:
[1] W.H. Bosking and Y. Zhang and B. Schofield and D. Fitzpatrick (1997) Orientation selectivity and the ar-

rangement of horizontal connections in tree shrew striate cortex Journal of Neuroscience 17:2112-27.

[2] E.M. Callaway and L.C. Katz (1990) Emergence and refinement of clustered horizontal connections in cat
striate cortex. Journal of Neuroscience 10:1134-53.

[3] Y. Choe and R. Miikkulainen (2004) Contour integration and segmentation with self-organized lateral connec-
tions Biological Cybernetics 90:75-88.

[4] D.J. Field, A. Hayes, and R.F. Hess (1993) Contour integration by the human visual system: Evidence for a
local ”association field”, Vision Research 33:173-93.

[5] W.S. Geisler, J.S. Perry, B.J. Super, and D.P. Gallogly (2001) Edge co-occurrence in natural images predicts
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Robust Sparse Analysis Regularization

G. Peyré∗, S. Vaiter∗, C. Dossal∗, J. Fadili†

Abstract: In this talk I will detail several key properties of `1-analysis regularization for the reso-
lution of linear inverse problems [5]. With the notable exception of [1,3], most previous theoretical
works consider sparse synthesis priors where the sparsity is measured as the norm of the coefficients
that synthesize the signal in a given dictionary, see for instance [3,4]. In contrast, the more general
analysis regularization minimizes the `1-norm of the correlations between the signal and the atoms
in the dictionary. The corresponding variational problem includes several well-known regulariza-
tions such as the discrete total variation, the fused lasso and sparse correlation with translation
invariant wavelets. I first give a sufficient condition to ensure that a signal is the unique solution of
the analysis regularization when there is no noise in the observations. The same criterion ensures
the robustness of the sparse analysis solution to a small noise in the observations. Lastly I will de-
fine a stronger condition that ensures robustness to an arbitrary bounded noise. In the special case
of synthesis regularization, our contributions recover already known results [2,4], that are hence
generalized to the analysis setting. I will illustrate these theoritical results on practical examples
to study the robustness of the total variation, fused lasso and translation invariant wavelets regu-
larizations.
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[1] E. Candes, Y.C. Eldar, D. Needell, and P. Randall. Compressed sensing with coherent and redundant dictio-

naries. Applied and Computational Harmonic Analysis, 31(1):59-73, 2010.

[2] J.J. Fuchs. On sparse representations in arbitrary redundant bases. IEEE Transactions on Information Theory,
50(6):1341-1344, 2004.

[3] S. Nam, M.E. Davie, M. Elad, R. Gribonval, The Cosparse Analysis Model and Algorithms, preprint arXiv:1106.4987,
2011. Robust Sparse Analysis Regularization.

[4] J.A. Tropp. Just relax: Convex programming methods for identifying sparse signals in noise. IEEE Transac-
tions on Information Theory, 52 (3):1030-1051, 2006.

[5] S. Vaiter, G. Peyré, C. Dossal, J. Fadili, Robust Sparse Analysis Regularization, preprint arXiv:1109.6222v1,
2011.
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Sparse Recovery with Time-Frequency Structured
Random Matrices

Holger Rauhut

Hausdorff Center for Mathematics, University of Bonn

Joint work with:
Götz Pfander and Joel Tropp

Compressive sensing predicts that sparse signals can be recovered from only a small number
of linear measurements. Several recovery algorithms apply, most notably `1-minimization
and greedy algorithms.

Suitable constructions of measurement matrices A are usually based on randomness. Simple
choices are either Bernoulli random matrices or Gaussian random matrices A, where in
particular, all entries are stochastically independent. A typical result in compressive sensing
states that an s-sparse vector x ∈ CN can be recovered exactly (and stably) from y = Ax with
high probability on the random draw of A using `1-minimization provided m ≥ Cs ln(N/s).

Despite the optimality of Bernoulli and Gaussian random matrices in this context, they are
of limited use for practical purposes since they do not possess any structure. In this talk we
will consider a particular structured measurement matrix that arises from time-frequency
analysis. Let T denote the translation operator, and M the modulation operator on Cn,
defined by

(T kg)q = gq−k mod n and (M `g)q = e2πi`q/ngq.

The operators π(λ) = M `T k, λ = (k, `), are called time-frequency shifts. The matrix
Ψg ∈ Cn×n2 whose columns are the vectors π(λ)g, λ ∈ Zn×Zn, of a Gabor system, is referred
to as a Gabor synthesis matrix. Here, we choose the vector g at random by taking all entries
to be independent and uniformly distributed on the complex torus {z ∈ C, |z| = 1}. Then
Ψg becomes a structured random matrix.

We show that a (fixed) s-sparse vector x ∈ Cn2 can be recovered from y = Ψg ∈ Cn with
probability at least 1− ε via `1-minimization provided

n ≥ Cs log(n/ε).

Further, we give an estimate of the restricted isometry constants of Ψg. This implies uniform
and stable s-sparse recovery using `1-minimization and other recovery algorithms.

Potential applications of compressive sensing with time-frequency structured measurement
matrices include radar, wireless communications and sonar.
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A Windowed Graph Fourier Transform

David I Shuman1, Benjamin Ricaud2, and Pierre Vandergheynst1

1Ecole Polytechnique Fédérale de Lausanne (EPFL), Lausanne, Switzerland
2Aix-Marseille University, Marseille, France

Email: david.shuman@epfl.ch, bricaud@cmi.univ-mrs.fr, pierre.vandergheynst@epfl.ch

In an increasing number of applications such as social networks, electricity networks, trans-
portation networks, and sensor networks, data naturally reside on the vertices of weighted graphs.
Moreover, weighted graphs are a flexible tool that can be used to describe similarities between
data points in statistical learning problems, functional connectivities between different regions
of the brain, and the geometric structures of countless other topologically-complicated data do-
mains. Unfortunately, weighted graphs are irregular structures that lack a shift-invariant notion of
translation, a key component in many signal processing techniques for data on regular Euclidean
spaces. Thus, the existing techniques cannot be directly applied to signals on graphs, and an im-
portant challenge is to design localized transform methods to efficiently extract information from
high-dimensional data on graphs (either statistically or visually), as well as to regularize ill-posed
inverse problems.

In this talk, we define generalized translation and modulation operators for signals on graphs,
and use these operators to adapt the classical windowed Fourier transform to the graph setting,
enabling vertex-frequency analysis. We show that when the chosen window is localized around
zero in the graph spectral domain, the generalized modulation operator is close to a translation
in the graph spectral domain. If we apply the proposed transform to a signal with frequency
components that vary along a path graph, the resulting spectrogram matches our intuition from
classical discrete-time signal processing. Yet, our construction is fully generalized and can be
applied to analyze signals on any undirected, connected, weighted graph. We conclude with some
examples demonstrating that the windowed graph Fourier transform may be a valuable tool for
extracting information from signals on graphs, as structural properties of the data that are hidden
in the vertex domain may become obvious in the transform domain.
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Title of the talk: The use of sparsity priors for convolutive source sepa-
ration

Speaker: Prasad Sudhakar, UCL, Belgium

Collaborators:

1. Rémi Gribonval, INRIA Rennes, France

2. Alexis Benichoux, IRISA Rennes, France

3. Simon Arberet, EPFL, Switzerland

Abstract of the talk: Sparsity finds its use as a prior for solving wide
variety of inverse problems, ranging from underdetermined systems of linear
equations to complex machine learning problems. In this talk, we elabo-
rate the use of sparsity context of blind source separation from convolutive
mixtures.

Two objects of interest in a source separation problem are 1) the sources
which give raise to the mixtures and 2) the mixing filters. Blind source
separation is often performed by first estimating the mixing filters and sub-
sequently using them to estimate the sources. Sparsity of the sources has
been extensively used as a prior to develop approaches, which fall under
a broad name of Sparse Component Analysis (SCA), for source separation
under simpler mixing model assumptions. In a general convolutive setting,
SCA answers only a part of the puzzle.

In our work, we consider the use of sparse priors on mixing filters, in
addition to the sources, which enables us to address the problem in a general
setting. Firstly, we show that just with the sparse filter hypothesis alone,
one can address the classical permutation problem that arises in traditional
frequency domain approaches for convolutive source separation.

Further, by combining the notions of source sparsity and filter sparsity,
we propose a general framework for the source separation task. Both the
filter estimation and the source estimation stages of the proposed frame-
work are formulated as convex optimisation problems. The framework is
sufficiently general to incorporate a general notion of sparsity beyond the
time/time-frequency domain sparsity that is often considered by the existing
methods.
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Abstract:  
We present a method for learning overcomplete dictionaries composed of 
two modalities that describe a 3D scene: image intensity and scene 
depth. We propose a novel Joint Basis Pursuit (JBP) algorithm that finds 
related sparse features in two modalities using conic programming and 
we integrate it into a two-step dictionary learning algorithm. JBP differs 
from related convex algorithms because it finds joint sparsity models 
with different atoms and different coefficient values for intensity and 
depth. This is crucial for recovering generative models where the same 
sparse underlying causes (3D features) give rise to different signals 
(image and depth). We give a theoretical bound for the sparse coefficient 
recovery error of JBP and show experimentally its superiority to the state 
of the art Group Lasso algorithm for recovering image-depth generative 
models. When applied to the Middlebury depth-image database, our 
learning algorithm converges to a set of related features, such as pairs of 
depth and image intensity edges or image textures and depth slants. 
Finally, we show that the learned dictionary and JBP achieve the state of 
the art depth inpainting performance on time-of-flight 3D data. 
 
This	  work	  has	  been	  supported	  by	  the	  Swiss	  National	  Science	  Foundation	  under	  the	  
fellowship	  PA00P2-‐134159	  awarded	  to	  I.	  Tosic	  .	  
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BSS Estimation of components in DOSY NMR Spectroscopy 
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2.  LATP CMI, Aix-Marseille Univ., 13453 Marseille Cedex 13 France 

 
NMR spectroscopy is a very popular technique that exploits the magnetic properties of certain 

atomic nuclei (e.g. 1H, 13C…) to determine molecular structures. From a practical point of view, the basic 
monodimensional NMR spectrum bears some resemblance to FM radio signals, as the molecular spectrum 
(different complex signals for each chemical function) covers an acoustic bandwidth superimposed on a 
carrier radiofrequency (typically a few hundreds of MHz). In order to study molecules of increasing 
complexity, NMR has developed a panoply of multidimensional experiments, in order to gain resolution by 
spreading and filtering the signal quanto-mechanically. 

An analytical problem that is finding increasing interest is the separation of the complex NMR 
spectra of mixtures of molecules into the simpler ones of the pure compounds, one example being the 
study of biofluids to characterize the state of a biological system by the variation in the metabolism.  

A bidimensional experiment that is suitable to analyze mixtures is dubbed DOSY (diffusion 
ordered spectroscopy). In this, a series of monodimensional NMR spectra are recorded, modulated in a 
second dimension by an exponential decay with coefficients proportional to the molecular mobility (see 
[1] for a review). Thus, NMR signals in a mixture with appreciably different mobility can be distinguished 
by an appropriate data processing. This is typical BSS problem, the compound spectra in the analyzed 
mixture and their concentration being unknown [2]. In this work we evaluated several BSS-based 
methods [3, 4] for unmixing complex Dosy spectra. The best results, outperforming state-of-the-art 
DOSY processing methods, are currently obtained by a Non-negative Matrix Factorization algorithm. This 
is justified by the non-negativity of the spectra as well as the concentrations. More precisely, we use 
quadratic data fidelity term, and an L1 prior to model the sparsity of the spectra. The optimization 
algorithm was the one developed by Hoyer in [5], involving iteration of a projected gradient step for the 
mixing matrix, and a MM step for the sources. A main issue is the choice of the regularization parameter 
that tunes the sparsity of the estimated spectra. Our approach involves an ad hoc procedure, based on 
an analysis of the residuals that exploits the shrinkage effect of the algorithm. 

An example of un-mixing from real Dosy data is displayed in Figure 2. The estimated sources 
reproduce very accurately the ground truth (obtained by a separate experiment). Further results will be 
displayed at the conference. We hope to take advantage of the conference and the late breaking/demo 
session to get feedback from BSS experts and improve a number of aspects of our current approach, 
including hyper-parameter estimation and algorithmic aspects. 

 

 
Fig.1. Dosy NMR spectra of a mixture of two sugars, processed 
with a fitting to two exponential decays of the NMR signals along 
the second dimension 
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Fig.2. Real vs. Estimated  Sources NMR Spectra 
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Sharp recovery bounds for convex deconvolution, with applications

Joel Tropp∗ and Michael McCoy∗

Abstract: Suppose that we observe the sum of two structured signals, and we are asked to
identify the two components in the mixture. For example, this setup includes the problem of
separating two signals that are sparse in different bases, as well as the problem of separating a
sparse matrix from a low-rank matrix. This talk describes a convex optimization framework for
solving these deconvolution problems and many others.

We present a randomized signal model that encapsulates the notion of “incoherence” between
two structures. For this model, the calculus of spherical integral geometry provides exact formulas
that describe when the optimization problem will succeed (or fail) to deconvolve the component
signals with high probability. This approach yields summary statistics that measure the complexity
of a particular structure (such as a sparse vector or a low-rank matrix). We argue that our ability
to separate two structured signals depends only on the total complexity of the two structures.

As applications of these ideas, we consider several stylized problems. (1) Separating two signals
that are sparse in mutually incoherent bases. (2) Decoding spread-spectrum transmissions in the
presence of impulsive noise. (3) Removing sparse corruptions from a low-rank matrix. In each case,
our theoretical prediction of the performance of convex deconvolution closely matches its empirical
behavior.

This research is primarily due to Michael McCoy (Caltech, Computing and Mathematical Sci-
ences).

∗Caltech, Computing and Mathematical Sciences
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VSNR : variational algorithms to remove stationary

noise from images

Pierre Weiss∗

March 16, 2012

Abstract: In many imaging modalities, the white noise assumption
fails: structured patterns (e.g. stripes) appear on the images. We propose a
correlated noise model that describes accurately this class of distortions: it
is obtained simply by convolving white noise with a user given kernel. This
novel noise modelling allows us to propose noise removal algorithms based
on standard statistical estimators such as Maximum A Posteriori or Stein.
We then discuss the interest of using sparsity assumptions in order to model
this class of noise based on extensions of the central limit theorem such as
Lindeberg-Feller theory.

∗Institut National des Sciences Appliquées, France.
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Depth reconstruction from defocused images using incomplete measurements

Anastasia Zakharova (INSA Rouen), Olivier Laligant et Christophe Stolz (Université
de Bourgogne)

We consider an optical system designed to acquire 2d images of the object in order
to use them for the 3d reconstruction. A light pattern is projected on the object and
the image of the pattern on the object surface becomes blurred if not in the focal plane.
One can then measure the blur (or the diameter of circle of confusion) in order to
calculate the depth (in general, at least two measurements are needed since the same
blur value corresponds to two possible locations - in front of the focal plane or beyond
it). Normally the projected patterns are sparse since otherwise the intersection of circles
of confusion will complicate the task.

The aim is to reconstruct the depth map of the measured object using incomplete
measurements. The main difficulty comes from the fact that during one measurement
we obtain depth information only in a few points of the object. Another problem is
that the obtained measurements of the depth are not linear (as in classical compressed
sensing theory).

We therefore adapt the compressed sensing ideas in order to apply them to the given
optical system.

1
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