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y = �x0 + w � RP

Regularized inversion:

Data fidelity Regularity

x� ⇥ argmin
x�RN

1
2

||y � �x||2 + � J(x)

Inverse Problems
Recovering x0 � RN from noisy observations

x0
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Coe�cients � Image x = ��

�
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��RQ
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||y � �⇥�||22 + ⇥||�||1
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Coe�cients � Image x = �� Image x Correlations
� = D�x

� D�

Unless D = � is orthogonal, produces di⇥erent results.
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y = �x0 + w

Recovery:

Observations:

�
�

0+

(no noise)

x� ⇥ argmin
x�RN

1
2

||�x� y||2 + �||D�x||1

x� � argmin
�x=y

||D�x||1

Variations and Stability

(P�(y))

(P0(y))
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||�x� y||2 + �||D�x||1

x� � argmin
�x=y

||D�x||1

Synthesis case (D = Id): works of Fuchs and Tropp.

Analysis case: [Nam et al. 2011] for w = 0.
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D� =

�

���

1 �1 0 0
0 1 �1 0
0 0 1 �1
�1 0 0 1

�

���

B = {x \ ||D�x||1 � 1}TV-1D ball:
Displayed in {x \ ⇥x, 1⇤ = 0} � R3

TV-1D Polytope

mardi 3 avril 12



D� =

�

���

1 �1 0 0
0 1 �1 0
0 0 1 �1
�1 0 0 1

�

���

B = {x \ ||D�x||1 � 1}TV-1D ball:
Displayed in {x \ ⇥x, 1⇤ = 0} � R3

{x \ y = �x}

x� � argmin
y=�x

||D�x||1

TV-1D Polytope

x�

x�

mardi 3 avril 12



D� =

�

���

1 �1 0 0
0 1 �1 0
0 0 1 �1
�1 0 0 1

�

���

B = {x \ ||D�x||1 � 1}TV-1D ball:
Displayed in {x \ ⇥x, 1⇤ = 0} � R3

{x \ y = �x}

x� � argmin
y=�x

||D�x||1

TV-1D Polytope

x�

x�

mardi 3 avril 12



Overview

• Synthesis vs. Analysis Regularization

• Local Behavior of Sparse Regularization

• SURE Unbiased Risk Estimator

• Robustness to Noise

• Numerical Illustrations

mardi 3 avril 12



I = {i \ (D�x�)i �= 0}
J = Ic

(P�(y))

Support of the solution:

Union of Subspaces Model

x� � argmin
x�RN

1
2

||�x� y||2 + �||D�x||1
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I = {i \ (D�x�)i �= 0}
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Support of the solution:

1-D total variation:
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I = {i \ (D�x�)i �= 0}
J = Ic

(P�(y))

I

Support of the solution:

1-D total variation:

Sub-space model:

Union of Subspaces Model

D�x = (xi � xi�1)i

x

GJ = ker(D�
J) = Im(DJ)�

Local well-posedness:

ker(�) � GJ = {0} (HJ)

x� � argmin
x�RN

1
2

||�x� y||2 + �||D�x||1
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To be understood: there exists a solution with same sign.

Local Sign Stability
(P�(y))

Lemma:

dim(GJ)

2

2 2

2

2 2

1
1

1

1
1

0

sign(D�x�) is constant around (y, �) /� H.

x� � argminx
1
2

||�x� y||2 + �||D�x||1
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Linearized problem: = sign(D�
Ix�)

x̂�̄(ȳ) = argmin
x�GJ

1
2

||�x � ȳ||2 + �̄ �D�
Ix, sI�

To be understood: there exists a solution with same sign.
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Linearized problem: = sign(D�
Ix�)

= A[J]
�
��ȳ � �̄DIsI

�
x̂�̄(ȳ) = argmin

x�GJ

1
2

||�x � ȳ||2 + �̄ �D�
Ix, sI�

To be understood: there exists a solution with same sign.

A[J]z = argmin
x�GJ

1
2

||�x||2 � �x, z�

Local Sign Stability
(P�(y))
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2

2 2

2

2 2

1
1
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1
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��ȳ � �̄DIsI

�
x̂�̄(ȳ) = argmin
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2

||�x � ȳ||2 + �̄ �D�
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To be understood: there exists a solution with same sign.

A[J]z = argmin
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2

||�x||2 � �x, z�

Local Sign Stability
(P�(y))

Lemma:

dim(GJ)

2

2 2

2

2 2

1
1

1

1
1

0

sign(D�x�) is constant around (y, �) /� H.

Theorem:
x̂�̄(ȳ) is a solution of P�̄(ȳ).

x� � argminx
1
2

||�x� y||2 + �||D�x||1

If (y, �) /� H, for (ȳ, �̄)

close to (y, �),
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Local parameterization:

y �� x�

� �� x�

Under uniqueness assumption:

are piecewise a�ne functions.

change of support of D�x�

Local Affine Maps

�

x1

x2

�0 = 0 �k

x�k = 0

x�
0

breaking points
��

x̂�̄(ȳ) = A[J]��ȳ � �̄A[J]DI sI
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Estimator: x� = x�(y) of x0. Risk: Ew(||x0 � x�(y)||2).

Projected Generalized SURE

Inverse problem: y = �x0 + w, w � N (0, IdP ).
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� = Projker(�)� = ⇥�(⇥⇥�)+⇥

Projected estimator: µ(y) = �(x�)

Estimator: x� = x�(y) of x0. Risk: Ew(||x0 � x�(y)||2).

Projected Generalized SURE

Inverse problem: y = �x0 + w, w � N (0, IdP ).
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� = Projker(�)� = ⇥�(⇥⇥�)+⇥

µ0(y) = �(���)+yMaximum likelihood estimator:

Projected estimator: µ(y) = �(x�)

Estimator: x� = x�(y) of x0.

GSURE(y)= ||µ0(y)�µ(y)||2��2 tr(���)++2�2 tr
�

(���)+
⇥µ(y)

⇥y

�

Risk: Ew(||x0 � x�(y)||2).

Generalized Stein Unbiased Risk Estimator:

Projected Generalized SURE

Inverse problem: y = �x0 + w, w � N (0, IdP ).
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� = Projker(�)� = ⇥�(⇥⇥�)+⇥

µ0(y) = �(���)+yMaximum likelihood estimator:

Projected estimator:

Ew(||�x0 � µ(y)||2) = Ew(GSURE(y))

Theorem: [Eldar 2009]

µ(y) = �(x�)

Estimator: x� = x�(y) of x0.

GSURE(y)= ||µ0(y)�µ(y)||2��2 tr(���)++2�2 tr
�

(���)+
⇥µ(y)

⇥y

�

If µ is weakly di�erentiable, then

Risk: Ew(||x0 � x�(y)||2).

Generalized Stein Unbiased Risk Estimator:

Projected Generalized SURE

Inverse problem: y = �x0 + w, w � N (0, IdP ).
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Sparse Analysis GSURE

x� ⇥ argmin
x�RN

1
2

||�x� y||2 + �||D�x||1µ(y) = �x� where
Projected estimator:
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Local variations: ⇤ y /⇥ H�, x⇥(y) = A[J]��y � cst

Sparse Analysis GSURE

x� ⇥ argmin
x�RN

1
2

||�x� y||2 + �||D�x||1µ(y) = �x� where
Projected estimator:

Theorem:

tr
�

(⇥⇥�)+
�µ(y)

�y

�
= tr(�A[J]) = tr((⇥⇥�)+Proj�GJ

)

µ is weakly di�erentiable and
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Local variations: ⇤ y /⇥ H�, x⇥(y) = A[J]��y � cst

µ0(y) x�(y)

Compressed sensing: P/N = 1/2, D� = �

�

Sparse Analysis GSURE

x� ⇥ argmin
x�RN

1
2

||�x� y||2 + �||D�x||1µ(y) = �x� where
Projected estimator:

Theorem:
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Fig. 1. Deconvolution problem (with a Gaussian PSF) with wavelet
synthesis regularization, and � = 10. (a) Projected risk and its
GSURE estimate1 using k = 5 random realizations. (b) y. (c)
µ(y) at the optimal �.

automatic choice of the regularization parameter for several
inverse problem instances. The extension of this approach
to other sparsity-promoting penalties, e.g. mixed norms for
block structured sparsity, is currently under investigation.1
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to other sparsity-promoting penalties, e.g. mixed norms for
block structured sparsity, is currently under investigation.1
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degrees of freedom of penalized l1 minimization,” Tech. Rep., Preprint
Hal-00638417, 2011, submitted.

[11] R.J. Tibshirani and J. Taylor, “The solution path of the generalized
Lasso,” The Annals of Statistics, vol. 39, no. 3, pp. 1335–1371, 2011.

[12] F. Luisier, The SURE-LET approach to image denoising, Ph.D. thesis,
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Robustness criterion:

= IC(p)

Robustness to Bounded Noise

RC(I) = max
||pI ||��1

min
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||�pI � u||�
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Robustness criterion:

cJ = ||D+
J ��(�A[J]�� � Id)||2,�

CJ = ||A[J]||2,2

�
||�||2,2 +

�cJ

1� RC(I)
||DI ||2,�

�Constants:

�� When D = Id, results of Tropp (ERC)

= IC(p)

Robustness to Bounded Noise

Theorem:

||x0 � x�||2 � CJ ||w||2

� = ⇥||w||2
cJ

1� RC(I)
with ⇥ > 1

P�(y) has a unique solution x⇥ � GJ and

If RC(I) < 1 for I = Supp(D�x0), setting

RC(I) = max
||pI ||��1

min
u�ker(DJ )

||�pI � u||�
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Discrete 1-D derivative:

Signals with k � 1 steps
Denoising � = Id.
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Example: Total Variation in 1-D
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Figure 2: Evolution of IC for a compressed sensing matrix with a invariant Haar
dictionary. On the left side, a box signal. On the right, the average and the
standard deviation of IC as a mapping of the redundancy Q/N of the random
matrix.

4.5 Fused Lasso

Fused Lasso is introduced in [40] as the following minimization problem

min
x⇥RN

||y � ⇥x||22 subject to ||x||1 � s1 and ||D�
DIFx||1 � s2, (11)

where s1, s2 are two positive constants. The problem (11) is equivalent to P�(y)
for

D =
�
DDIF ⇤Id

⇥
,

where ⇤ and ⇥ are functions of s1 and s2. The associated union of subspaces (7)
is
⇤

k �k where �k is the set of sum of k interval indicators, i.e a signal x ⇥ �k

can be written as

x =
k⌅

i=1

�i1[ai,bi],

where �i ⇥ R and ai � bi � ai+1.
We consider a random matrix inverse problem where ⇥ is a Gaussian i.i.d

random tight frame matrix. Figure 3 shows the evolution of our criteron IC in
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increases. An other choice of ⇤ may lead to di⇤erent results depending if D
favors the �1-sparsity or the total variation sparsity.

Figure 3: Evolution of IC for a compressed sensing matrix with a Fused
Lasso dictionary. On the left side, a signal with a fixed interval size
� = 0.025N, 0.1250N, 0.2N . On the right, the average and the standard
deviation of IC as a function of the redundancy Q/N of the random
matrix.

5 Proofs

This section details the proofs of Theorems 1 – 5. The objective function
Ly,� minimized in P�(y) is

Ly,�(x) =
1
2
||y � ⇥x||22 + �||D�x||1.

We recall that we suppose that condition (H0) holds in every statements. The
following lemma, which is at the heart of the proofs of our contributions, details
the first order optimality conditions for the analysis variational problem P�(y).

Lemma 1. A vector x⇤ is a solution of P�(y) if, and only if, there exists
⇥ ⇥ R|J|, where J is the D-cosupport of x⇤, such that

⇥ ⇥ �y,�(x⇤) (12)
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Conclusion
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