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Abstact

We present a new sparsity-promoting and edge-preserving Bayesian inversion
method. In addition we propose a novel method for choosing the prior param-
eter (the regularization parameter) α based on an a priori knowledge about the
level of sparsity of the unknown.

Introduction

Consider an ill-posed inverse problem where a physical quantity (such as the X-ray
attenuation function) f needs to be recovered from the indirect measurements m
modelled by

(1) m = Af + ǫ,

where A is a linear operator and ǫ is the measurement noise. When the data m
is limited, for example the X-ray projections are sparsely sampled in the angular
variable, the reconstruction problem is ill-posed and sensitive to measurement and
modelling errors. We use Bayesian methods to incorporate a priori information
into the inversion process. For example in medical imaging we know a priori that
that the attenuation function f is non-negative and that the presence of sharp
edges in the reconstruction is important since often the most interesting features
are the boundaries of different tissues. Furthermore this kind of information can
be sparsely represented by wavelets. In medical imaging the a priori information
about the sparsity level of the unknown is available via the medical CT atlases. In
this study we consider two prior distributions, the total variation (tv) prior and
the Besov B1

11 space prior distributions and propose a new sparsity-based choice
rule for selecting the prior parameter α. This work is based on the following joint
publications [1, 2].

Method

In Bayesian inversion (for general references see [3], for example) m
and f are modelled as random variables and a complete solution,
the a posteriori distribution, is given by the Bayes formula

(2) πpost(f |m) =
πlikelihood(m|f )πprior(f )

π(m)
.

Often a single representative estimate of the posterior distribution
is presented as the solution. The most common estimates are the
conditional mean (cm) and the maximum a posteriori (map) es-
timate. In this work we study the map estimate

(3) fMAP = max πpost(f |m).

In the case of independent noise ǫ ∼ N (0, σ2), σ > 0 the likelihood
function πlikelihood(m|f ) is given by

(4) πlikelihood(m|f ) = C exp

(

−
1

2σ2
‖Af −m‖2ℓ2

)

.

Here we consider two prior distributions

◮ the B1
11 prior : πprior(f ) = C exp(−α‖f‖B1

11

)

◮ the TV prior : πprior(f ) = C exp(−α‖f‖TV )

where the Besov norm ‖f‖B1

11

can be written in terms of wavelet

coefficients [4].

Using the tv and B1
11 priors the computation of the map estimate

is equivalent with the following non-differentiable and constrained
optimization problem

(5) fMAP = min
f







1

2σ2
‖Af −m‖2ℓ2 + α

n
∑

j=1

|(Uf )j|







f ≥ 0,

where U denotes to 2D total variation, in case of TV prior, or to 2D
wavelet transform, in the case of the B1

11 prior.
We can reformulated (5) into a form of a quadratic programming
(QP) problem with linear constraints. Denoting Uf = u = u+−u−,
u+, u− ≥ 0 the QP problem writes

(6)
minx

{

1
2x
TQx + cTx + d

}

s.t. Ax = b

x ≥ 0
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− 1
σ2
ATm
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 and

d = 1
2σ2
mTm and A =

[

U −I I
]

.

Now the map estimates can be recover using QP methods. In this
work we use primal-dual interior-point methods to solve (6).

Results

Test cases

In this work we study the performance of the map estimates as the num-
ber of the X-ray projections are progressively decreased, thus we consider
the following test cases :

◮ Simulated data using Shepp-Logan phantom with additive Gaussian
noise ǫ ∼ N (0, σ2), σ > 0. Three sparse-angle data sets are considered
consisting of 74, 37 and 13 angles, respectively, from a total opening
angle of 180◦.

◮X-ray projection data measured from a biological specimen. Three pro-
jection data sets are considered consisting of 90, 45 and 30 angles re-
spectively from a total opening angle of 180◦.

As a reference we compute the filtered back-projection fbp reconstruc-
tions.

Sparsity-based choice rule for α

The novel α-choice rule proposed in [1, 2] is as follows. Assume that we
have a priori an estimate Ŝ for the number of nonzero wavelet coefficients
of the unknown function f (for example one could use medical CT atlases
to obtain an estimate for Ŝ), the prior parameter α can be selected using
the following method.

1) Take a collection of α ranging on [0,∞] s.t.

0 < α(1) < · · · < α(M) <∞.
2) Compute the corresponding estimates

fMAP(α(1)), . . . , fMAP(α(M)).
map estimates with B1

11 prior are discretization-invariant [5] thus with

B1
11 prior the map estimates can be computed on a coarser grid.

3) Determine

S(αi) = #
({

|〈fMAP(αi), ψℓj,k〉| > κ
})

, i = 1, . . . ,M .

4) Fit an interpolation curve to the data (αi, S(αi)). Using the interpo-
lation curve find a value for α for which S(α) = Ŝ.

With the experimental data the use of medical X-ray atlases is simulated
by photographing 3 walnuts splitted in half and computing the numbers
essentially nonzero wavelet coefficients from the digital photographs.

For further information according to the results and to the sparsity-based
choice rule see [1, 2]

Simulated data

Ŝ

10−4 α 107

Figure 1 : Sparsity-based choice rule for α using projection data with 74 angles. Left :

The numbers of nonzero wavelet coefficients in map estimates computed with 20 values

of α ranging in the interval [10−4, 107] (denoted by ◦) and the plot of the interpolation

curve used to determine the value of α according to the choice rule, Ŝ = 1622. Right :

Reconstruction (n = 128× 128) using parameter α selected by the choice rule.
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Figure 2 : The map and the fbp reconstruction computed on a 256× 256 grid. The

map reconstructions using B1

11
prior (on the top row) and fbp reconstructions (on the

bottom row). The numbers of equally distributed projections are indicated on the top.

Table 1 :Relative errors of the MAP and FBP reconstructions (computed on a 256×256

grid) with respect to the original Shepp-Logan phantom

74 37 13
δMAP 0.12 0.12 0.17
δFBP 0.16 0.27 0.78

Experimental data

Ŝ

10−6 α 107

Figure 1 : Sparsity-based choice rule for α using projection data with 90 angles. Left :

The numbers of nonzero wavelet coefficients in map estimates computed with 20 values

of α ranging in the interval [10−6, 107] (denoted by ◦) and the plot of the interpolation

curve used to determine the value of α according to the choice rule, Ŝ = 5936. Right :

Reconstruction (n = 128× 128) using parameter α selected by the choice rule.
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Figure 2 : The map and the fbp reconstructions computed on a 256× 256 grid, The

map reconstruction using using tv prior (on the top row), the fbp reconstructions

(on the middle row) and the map reconstructions using B1

11
prior (on the bottom row).

The numbers of equally distributed projections are indicated on the top.

Conclusions

◮ The primal-dual interior-point method provides a natural platform to add constraints into a minimization problem. A similar primal-dual
interior-point method was applied to 1D convolution task in [1] and for recovering reaction-diffusion coefficient of a 1D coupled parabolic
system in [6]. The results of this study show that a similar primal-dual interior-point method is also suitable for for recovering 2D tomographic
reconstruction from sparse-angle projection data.

◮ The proposed method for selecting the prior parameter, based on an a priori knowledge about the level of sparsity of the unknown, seems to
work robustly under noisy conditions.

◮ The Bayesian map estimates of the proposed method are edge-preserving. In addition the map estimates with Besov B1
11 priors are

discretization-invariant and have the same sparsity level as the a priori known.
◮ The proposed Bayesian method performs robustly also when the number of projections are progressively decreased. The results also show that
the traditional fbp method is not suitable for recovering images from sparse-angle data.
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