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ABSTRACT: We show how one can compute residue curve maps (RCMs) for the methyl

acetate and isopropyl acetate chemistries at atmospheric pressure. These computations

involve solving a complex system of differential algebraic equations (DAEs). This can be

readily achieved using the built-in functions of Mathematica and MATLAB. The governing

equations, which depend on transformed compositions, are provided. Equations to compute

vapor�liquid equilibrium when there is dimerization in the gas phase are given because of the

presence of acetic acid in both quaternary mixtures. The occurrence of a chemical reaction

leads to the disappearance of an azeotrope in the methyl acetate chemistry. On the other hand,

a reactive azeotrope appears in the isopropyl acetate chemistry. Transformed compositions of

these azeotropes are provided. The MATLAB programs and Mathematica notebooks are

available from the author upon request or via http://library.wolfram.com/infocenter/search/?

search_results¼1;search_person_id¼1536 or http://www.mathworks.com/matlabcentral/

fileexchange/loadAuthor.do?objectType¼author&objectId¼1093893. � 2007 Wiley Periodicals,

Inc. Comput Appl Eng Educ 15: 73�77, 2007; Published online in Wiley InterScience (www.interscience.wi-

ley.com); DOI 10.1002/cae.20099
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equations; reactive distillation

INTRODUCTION

For decades reactors were followed by separation

units such as distillation columns in order to recycle

reactants and to separate products. Reactive distilla-

tion, which combines both operations in a single

equipment, presents many advantages such as increas-

ed selectivity, lower capital investment and operating

costs, higher conversion in the case of equilibrium-

limited reactions such as the esterification reactions

considered in the present article, decreased risks of

reaction runaway, separation of close-boiling com-

pounds, and reduction environmental emissions. . .
The computation and analysis of residue curve maps

(RCMs) is an important tool in the conceptual design

of reactive distillation columns. This undertaking may

seem to be a haunting task to our undergraduate

students. In fact, they have to master chemical and
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phase equilibrium notions, simple distillation theory,

and numerical methods to solve the system of

differential algebraic equations (DAEs). Fortunately,

mathematical softwares such as Mathematica and

MATLAB offer a huge number of built-in functions,

adds-on packages, and toolboxes that can make RCMs

calculation, as well as a large number of chemical

engineering problems, easily tractable. We start by

giving the governing equations for simple distillation

of homogeneous reactive mixtures. Next, we provide

the reader with the fundamental relations needed to

perform phase equilibrium computations. Esterifica-

tion reactions of methanol and isopropanol with acetic

acid form methyl acetate and isopropyl acetate,

respectively. These two products have important

industrial applications. Methyl acetate is an active

solvent for a broad range of coating and ink resins. In

addition, it has a mild odor and a fast evaporation rate.

Methyl acetate was produced using a single reactive

distillation column for the first time in 1983 by

Eastman Chemical Company, Kingsport, Tennessee.

Isopropyl acetate is an active solvent for several

synthetic resins used in paints and glues such as

cellulosics, vinyl copolymers, polyesters, polyamides,

acrylics, and alkyds. RCMs concerning both ester-

ification reactions are provided. The last sections

give few indications concerning the Mathematica

notebooks and MATLAB programs used to perform

the RCMs calculations.

GOVERNING EQUATIONS FOR SIMPLE
DISTILLATION WITH REACTION

We consider simple distillation problems, whose set-

up is shown in Figure 1, in the presence of a single

reaction in the liquid phase:

XC
i¼1

niAi ¼ 0 ð1Þ

Following the treatment of Barbosa and Doherty

[1], we define new variables called transformed

compositions in each of the liquid and vapor phase:

Xi ¼
xi � ni

nk
xk

1� nT
nk
xk

i ¼ 1; ::; c i 6¼ k ð2Þ

and

Yi ¼
yi � ni

nk
yk

1� nT
nk
yk

i ¼ 1; ::; c i 6¼ k ð3Þ

where nT ¼
Pc

i¼1 ni and subscript k corresponds to a

reference component that will be placed at the origin

in the RCMs diagram.

These transformed variables obey the following

summation rules: XC
i ¼ 1

i 6¼ k

Xi ¼ 1 ð4Þ

and XC
i ¼ 1

i 6¼ k

Yi ¼ 1 ð5Þ

The details of the derivation of the governing

equations can be found in the pioneering article by

Barbosa and Doherty [1]. These equations are obtain-

ed from overall and component material balances.

After some algebraic manipulations of the material

balances and the definition of new time variable called

warped time, t, one obtains the following simple form

of DAEs:

dXi

dt
¼ Xi � Yi i ¼ 1; ::; c� 1 i 6¼ k ð6Þ

The singular points are either saddle points,

stable, or unstable nodes and they appear when the

following conditions are verified:

Xi ¼ Yi i ¼ 1; ::; c� 2 ð7Þ

The reaction equilibrium constant can be written

as a function of the activities as follows:

Keq ¼
YC
i¼1
ðxigiÞni ð8Þ

Equations (9) and (10) give the experimental

expressions of the esterification equilibrium constants

for the methyl acetate and the isopropyl acetate

Figure 1 Schematic of a simple distillation with

reaction setup.
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problems, respectively. The equilibrium constant for

the esterification of isopropanol is assumed to be

independent of temperature.

Keq ¼ eð0:83983þ782:98=TÞ ð9Þ

Keq ¼ 8:7 ð10Þ

VAPOR�LIQUID EQUILIBRIUM RELATIONS

To perform the integration of the DAEs governing the

problem, one has to compute the vapor composition in

equilibrium with the liquid phase. Since there is

deviation from ideality in the liquid phase, appropriate

expressions of the activity coefficients must be used.

For the methyl acetate chemistry problem, the Wilson

model [2] is used:

ln gk ¼ � ln
Xm
j¼1

xjAkj

 !
þ 1�

Xm
i¼1

xiAikPm
j¼1

xjAij

ð11Þ

In Equation (11), Aij is the binary interaction

parameter, which depends on the molar volumes

(vi and vj expressed in cm3/mol) and the energy terms

lii and lij (expressed in kcal/kmol),

Aij �
vj

vi
exp � lij � lii

RT

� �
ð12Þ

For the isopropyl acetate chemistry case, the

NRTL model [3] is used:

ln gi ¼

PC
j¼1

tjiGjixj

PC
k¼1

Gkixk

þ
XC
j¼1

xjGijPC
k¼1

Gkjxk

tij �

PC
k¼1

tkjGkjxk

PC
k¼1

Gkjxk

0
BBB@

1
CCCA

2
6664

3
7775

ð13Þ

where xi is the mole fraction of a component and Gij and

tij are written as follows,

Gji ¼ expð � ajitjiÞ tij ¼
ðgij � gjjÞ

RT
ð14Þ

where gij are the energy parameters (expressed in kcal/

kmol) and aij are the non-randomness parameters (non-

dimensional).

The vapor pressure Pi
sat is obtained using

Antoine’s equation,

lnPsat
i ¼ Ai �

Bi

Ci þ T
ð15Þ

Values of the various parameters for the Wilson

and NRTL models and Antoine equation can be found

in the programs and notebooks [4,5].

Finally, one has to use modified vapor�liquid
relations to take into account the dimerization of

acetic acid in the vapor phase [6,7]. For the acetic

acid, this relation is as follows:

zAPyA ¼ Psat
A gAxA ð16Þ

and

zA ¼
1þ 1þ 4KPsat

A

� �1
2

1þ 1þ 4KPyA 2� yAð Þð Þ
1
2

ð17Þ

where the equilibrium constant for the dimerization of

acetic acid, K, is taken to be a function of temperature:

K ¼ 10ð�12:5454þ3166=TÞ ð18Þ

For the non-associating species, the vapor�liquid
relations are given by:

ziPyi ¼ Psat
i gixi ð19Þ

and

zi ¼
2 1� yA þ 1þ 4KPyA 2� yAð Þð Þ

1
2

� �
2� yAð Þ 1þ 1þ 4KPyA 2� yAð Þð Þ

1
2

� � ð20Þ

METHYL ACETATE CHEMISTRY

Esterification of acetic acid with methanol produces

water and methyl acetate according to the following

reaction:

CH3COOHþ CH3OH ! CH3COOCH3 þ H2O

ð21Þ

The residue curves correspond to the solution of

the DAEs obtained starting from different initial

conditions. These curves, computed with MATLAB,

are plotted in Figure 2. The same results are obtained

with Mathematica using a different numerical

approach that is described in the corresponding

section below. The method using MATLAB is far

more superior in terms of speed of computation and

ease of programming. The azeotrope between methyl

acetate and water disappears because of the reaction.

This azeotrope is said to be reacted away. There is an

azeotrope between methanol and methyl acetate. This

azeotrope corresponds to an unstable node and has the

following transformed compositions:

X1 ¼ 0:6693 and X2 ¼ 1
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ISOPROPYL ACETATE CHEMISTRY

Another esterification example, that we consider here,

is the reaction of acetic acid with isopropanol to yield

water and isopropyl acetate as follows:

CH3COOHþ CH3CHðOHÞCH3

 ! CH3COOCHðCH3Þ2 þ H2O
ð22Þ

The residue curves, calculated with MATLAB,

are plotted in Figure 3. The same figure is obtained

with Mathematica. There is a reactive azeotrope that

appears. This azeotrope corresponds to an unstable

node and has the following transformed compositions:

X1 ¼ 0:231 and X2 ¼ 0:748

These values are in agreement with those found

by Maier and coworkers [8] and are slightly different

from those reported by Doherty and Malone [9]. The

experimental determination of reactive azeotropes is

costly and tedious. Thus, predicting reactive azeo-

tropes computationally represents an attractive alter-

native that can be employed in conjunction with

a smaller number of experimental measurements. In

addition to the reactive azeotrope, there are two non-

reactive binary azeotropes. The first is between

isopropanol and isopropyl acetate while the other is

between isopropanol and water. Both non-reactive

azeotropes are saddle points.

RCMs USING MATHEMATICA

The procedure used to solve the DAEs with

Mathematica is based on the built-in command

FindRoot, which allows the computation of the vapor

composition and the bubble temperature knowing the

liquid composition of the quaternary mixture. One has

to input in the notebook the proper model for the

calculation of activity coefficients, the reaction

equilibrium equation as well as the vapor�liquid
equilibrium relations. Then, we find the liquid

composition, corresponding to the next time step, by

using the Euler’s method of integration. The iteration

loop is stopped when we reach a singular point, which

corresponds to a pure component, a non-reactive

azeotrope or a reactive azeotrope. Finally, the list

containing the transformed compositions in the liquid

phase is plotted using the Mathematica command

ListPlot.

RCMs USING MATLAB

The method in the MATLAB environment is based on

the built-in command named ode15s, which can solve

DAEs when correctly called. In fact, this command

uses a diagonal mass matrix, which multiplies the

time derivatives. In the case of DAEs, this mass matrix

is singular because some of its diagonal coefficients

are equal to zero. These coefficients correspond to

the algebraic equations such as the vapor�liquid and

chemical equilibrium equations. We have to also

provide to MATLAB information about the activity

coefficients, the equilibrium constant for the ester-

ification reaction, and the dimerization of acetic acid.

CONCLUSIONS

In the present article, we have shown how one can

easily compute RCMs of quaternary systems under-

going esterification reactions. Both Mathematica

and MATLAB can be used to carry out the calculation

Figure 2 RCMs for methyl acetate chemistry.

Figure 3 RCMs for isopropyl acetate chemistry.
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and we get similar results. The author recommends

using MATLAB, which seems to have superior per-

formances for this kind of numerical problems. These

calculations constitute an excellent study material for

junior and senior level students. DAEs, involved in

this study, have been a good opportunity for the author

to introduce his students, at the National Institute of

Applied Sciences in Tunis, to Mathematica and

MATLAB.

NOMENCLATURE

c number of mixture components

Keq esterification equilibrium constant

K dimerization equilibrium constant

P total pressure

Pi
sat vapor pressure of component i

R gas constant

T temperature

xi liquid mole fraction of component i

Xi transformed composition in the liquid phase

yi vapor mole fraction of component i

Yi transformed composition in the vapor phase

t warped time

ni stoichiometric coefficient of component i

gi activity coefficient of component i
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