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Much of my research belongs to the general area of building canonical inner models for
large cardinals and exploring the connections between inner model theory and descriptive set
theory. I have been mainly occupied with proving the Mouse Set Conjecture (MSC), which is
one of the central open problems of the two aforementioned areas of set theory. In my thesis
(see [13]), I developed the theory of HOD-mice which I used to prove some instances of MSC
and applying the theory of HOD-mice to a more general setting with a goal of solving MSC is
part of my future research plans. The main importance of MSC is that it constitutes one of
the steps of the Steel-Woodin program for solving the 40 years old inner model theory problem.
The resolution of MSC will also increase the power of the core model induction, which is a very
successful technique, due to Woodin, for evaluating lower bounds of the consistency strengths
of various statements. I am also interested in other applications of the theory of HOD-mice.
Examples of such applications are determining the consistency strengths of 1. the existence of
divergent models of AD and 2. the theory ADR + “θ is regular”.

I have also worked on some questions of pure descriptive set theory that can be answered us-
ing techniques from inner model theory. One such question concerns the lengths of ak(ω×n−Π1

1)
prewellorderings. Outside descriptive set theory and inner model theory, I have worked in the
area of large cardinals and forcing where I have been primarily working on problems surrounding
the identity crisis phenomenon. My main contribution is a new way of forcing indestructibility
for strong compactness that can be used to show the identity crisis type of results while main-
taining some form of Laver indestructibility for the strongly compacts.

I also have a couple of amateurish areas of interests that I have never had enough time to
fully pursue. I am very interested in forcing axioms and combinatorial set theory, and I am
fascinated by the recent advances made in those areas, in particular, by the solution of the
long standing open problem that PFA implies SCH. Other interests include applications of set
theory into functional analysis and countable Borel equivalence relations. Again, many of these
applications are just fascinating and I hope that perhaps in the future I will be involved in
those areas more actively than I have been.

Basic terminology. The inner model theoretic objects essential for this note are mice
and their iteration strategies. A mouse is an iterable premouse, which is an extender model of
the form Lα[ ~E] where α is an ordinal and ~E is a coherent extender sequence. An extender is
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a system of ultrafilters coding an elementary embedding. A coherent extender sequence is a
sequence where extenders are indexed according to their strengths. A premouse M is iterable
if player two has a winning strategy called an iteration strategy in the iteration game. The
iteration game on a premouse M is a two player game of length ω1 + 1. In this game, the
players construct a tree of models such that each successive node on the tree is obtained by
an ultrapower of a model that already exists in the tree. I is the player that describes how
to construct this ultrapower. She takes the last model that appeared in the tree and chooses
an extender E from the extender sequence of that model. She then chooses another model in
the tree and takes the ultrapower by E of this model. If the ultrapower is ill-founded then
player I wins; otherewise the resulting ultrapower is the next node on the tree. Player II, then,
handles the limit stages by choosing a cofinal branch of the tree such that the direct limit of
the embeddings along the branch is well-founded. If she fails to do so then she loses.

Hybrid mice, introduced by Woodin, have been used to analyze many descriptive set theo-
retic objects. HOD-mice, special kinds of hybrid mice specifically designed to compute HODs of
models of AD+, feature prominently in the proof of Theorem 1. A HOD-mouse besides having
an extender sequence is also closed under the iteration strategies of its own initial segments.
All HOD-mice have Woodin cardinals and if P is a HOD-mouse and δ is a Woodin cardinal or
a limit of Woodin cardinals but it is not the largest such then P is closed under the iteration
strategy of P|δ. Also, in HOD-mice, no cardinal is strong past a Woodin cardinal implying that
the large cardinal structure of HOD-mice is very limited, a downside that is compensated by the
fact that HOD-mice are closed under complicated iteration strategies. Pairs (P , Σ), where P is
a HOD-mouse and Σ is an iteration strategy for P , are called HOD-pairs. Earlier versions of
HOD-mice were defined by Woodin. In [13], I defined the general concept.

The descriptive set theoretic concepts essential for the project are AD+, the full pointclasses,
and the Solovay sequence . AD+ is a strengthening of the Axiom of Determinacy (AD) due to
Woodin. Non-experts won’t lose much by ignoring the “ + ”. Given two sets of reals A and B,
A is Wadge reducible to B, A ≤w B, if A is a continuous preimage of B. Under AD, ≤w is well-
founded. If A ⊆ R then w(A) is the rank of A in ≤w. The Solovay sequence is defined under
AD as follows. Set θ = sup{α : there is a bijection from R onto α} and θ0 = sup{w(A) : A ⊆ R
is ordinal definable}. For limit α, let θα = supβ<α θβ and for α = β + 1, if θβ < θ then choose
A such that w(A) = θβ and let θα = sup{w(B) : B is ordinal definable from A}. If θβ = θ
then θβ+1 is undefined. A full pointclass is a technical concept but Γ = {A : w(A) < θα} is a
standard example of a full pointclass.

The hyperstrong cardinals will enter into the discussion later. Here is the definition. κ is
0-hyperstrong if κ is strong. κ is α-hyperstrong if there is an extender E with critical point κ
such that κ is < α-hyperstrong in the ultrapower by E. κ is hyperstrong if κ is α-hyperstrong
for all α.

Introduction to the Mouse Set Conjecture. MSC, which is stated in the context of
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AD+, essentially says that a real is definable because it is in a mouse. Earlier instances of MSC
are well known. For instance, it is well known that a real is ∆1

1 because it is hyperarithmetic
or equivalently, is in Lωck

1
(Kleene, [8]). A real is ∆1

2 in a countable ordinal because it is in

L (Schoenfield, [8]). A real is ∆1
3 in a countable ordinal because it is in the minimal proper

class mouse with a Woodin cardinal (Steel and Woodin, [17]). MSC then conjectures that the
ultimate generalization of these results is true. Here is the official statement of MSC.

Conjecture 1 (Steel and Woodin, [15]) Assume AD+ and that there is no mouse with a
superstrong cardinal. Then for all reals x and y, x is ordinal definable from y if and only if
there is a mouse M over y such that x ∈M.

The best partial result is the following.

Theorem 1 ( [13]) If there is no inner model of ADR + “θ is regular” then MSC holds.

Prior to Theorem 1, Woodin, in an unpublished work, showed that MSC holds if there is
no inner model of AD+ + θ0 < θ. Neeman and Steel found a generalization of Woodin’s result
and in particular, showed that MSC is true if there is no inner model of AD+ + θω1 = θ (see
[15]). Both of these hypothesis are much more stringent than the hypothesis of Theorem 1.

The importance of Theorem 1 isn’t that it gives mice with large cardinals beyond the reach
of the inner model theory. One of the applications of the theory of HOD-mice is that ADR+“θ
is regular” isn’t strong at all, even though it was suspected to be quite strong: in fact, it is
weaker than a Woodin limit of Woodins (see Corollary 8). Neeman, in [12], already constructed
a mouse with a Woodin limit of Woodins, which means that Theorem 1 is below where the inner
model theory reaches. The main importance of Theorem 1, or rather its proof, is that it shows
that the theory of HOD-mice is very general and will settle MSC. Once MSC is a theorem, one
can try to solve the inner model theory problem by going through the Steel-Woodin program.
There are other ways to solve the inner model theory problem that avoid the setting of the
Steel-Woodin program but, nonetheless, use MSC. For instance, Steel, recently, using various
descriptive set theoretic hypothesis, showed that, assuming MSC, one can get really close to a
mouse with a measurable Woodin. This is indeed beyond where the inner model theory reaches
but MSC hasn’t been proved that far yet. Another example of such a roundabout way of solving
the inner model theory problem is Theorem 9, though this one only gets what Neeman already
got. In summarizing, the main importance of Theorem 1 is the underlining theory of HOD-mice
which will eventually settle MSC and by doing so will open up quite a few doors for attacking
the inner model theory problem.

The Steel-Woodin program. This program was initially developed by Woodin and then
by Steel and Woodin and has been very successful in recent years. Much of my research is a
contribution to this program. The inner model theory problem asks for extender models, or
inner models, that can have large cardinals in the order of superstrong and beyond. The Steel-
Woodin program for solving the inner model theory problem is different from other approaches
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in that one constructs inner models for large cardinals using the rich structure provided by
AD+. Other approaches try to achieve the same goal using other hypothesis such as the large
cardinal hypothesis itself. There are many advantages that Steel-Woodin program has over
other approaches as illustrated by the recent developments but explaining the exact advantages
is beyond the scope of this note (but see [13] and [15]).

The program has two main steps. The base theory is AD+. The first step constitutes
capturing1 sets of reals via HOD-pairs. MSC is a sufficient condition guaranteing that the
capturing via HOD-pairs can be done. Depending on the structure of the Solovay sequence,
the HOD-mice used in the capturing process have a complicated hybrid structure but not a
sophisticated large cardinal structure. The second step involves removing the hybrid structure
of HOD-mice used in the capturing process via complicated translation procedures that produce
ordinary mice from HOD-mice. Mice obtained by these translation procedures carry significant
large cardinals. The best result that has appeared in print which uses this approach is due to
Woodin.

Theorem 2 (Woodin, [15]) Suppose there is a model M containing the reals such that M ²
AD+ + θ0 < θ. Then there is a non-tame mouse.

If MSC is true then it gives a complete solution to the first step. The goal of my research,
then, is to complete the first step of the Steel-Woodin program by solving MSC. As for the second
step, very recently, Steel, using the techniques developed in [13], defined a more general kind
of translation procedure than the ones used in [15] and used it to prove the following;

Theorem 3 (Steel) Suppose there is a model containing the reals and satisfying AD++θω1+1 =
θ. There is, then, a proper class premouse having a cardinal λ which is a limit of Woodins and
there is κ < λ such that κ is < λ-hyperstrong.

There is a real possibility that combining the techniques for proving MSC with the transla-
tion procedures such as those used in the proof of Theorem 3 will settle the inner model theory
problem via the insight provided by the Steel-Woodin program.

The proof of the Mouse Set Conjecture. There are three main conjectures, that
collectively imply MSC. These are the HOD conjecture, the generation of pointclasses and the
capturing of HOD-pairs. The first conjecture comes out of Steel’s pioneering work of [16] on
HODL(R) and also builds on an unpublished work of Woodin.

Conjecture 2 (The HOD-conjecture, [13]) Assume AD+ + MSC. Then HOD is a HOD-
premouse.

The generation of full pointclass conjectures that if MSC is true then the first step of the
Steel-Woodin program can be carried out.

1A ⊆ R is captured by a pair (P, Σ) if there is a Woodin cardinal δ in P such that whenever i : P → R is a
Σ-iteration embedding and g ⊆ Coll(ω, i(δ)) is R/Coll(ω, i(δ))-generic then i(τ)g = A ∩R[g].
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Conjecture 3 (The generation of full pointclass, [13]) Assume AD+. If Γ  P(R) is a
full pointclass such that L(Γ,R) ² MSC then for some HOD-pair (P , Σ), Γ = {B : for some A
captured by (P , Σ), B ≤w A}.

The capturing of HOD-pairs conjectures that ordinary mice constructed via full background
constructions of [10] inherit the HOD-pairs of the background universe. Thus, this conjecture
is really a covering or a universality conjecture.

Conjecture 4 (The capturing of HOD-pairs, [13]) Suppose δ is a Woodin cardinal and Vδ

is δ+-iterable. Suppose further that there is no mouse with a superstrong and that (P , Σ) is a

HOD-pair such that P ∈ Vδ and Σ is a δ+-iteration strategy. Let N ∗ = (L[ ~E])Vδ and N = L[N ∗].
There is then a Σ-iterate Q of P such that if Λ is the strategy of Q induced by Σ then Q ∈ N
and Λ ∩ (Vδ)

N ∈ N .

In [13], I proved that the three conjectures imply MSC and all three conjectures are true
under an additional assumption that there is no inner model of ADR + “θ is regular”.

Theorem 4 ([13]) Assume AD+ and suppose the HOD-conjecture, the generation of point-
classes, and the capturing of HOD-pairs are true. Then MSC holds.

Theorem 5 ([13]) Assume AD+ and suppose there is no inner model of ADR+“θ is regular”.
Then the HOD-conjecture, the generation of pointclasses, and the capturing of HOD-pairs are
true. Hence, MSC is true as well.

The proof of Theorem 5 is via induction part of which is also the proof of Theorem 4. There
is a good chance that the methods of [13] will generalize and settle all three conjectures and
thus settle MSC. Various new problems that didn’t come up in the proof of Theorem 5 become
serious issues when working in a more general setting. For instance, one needs a more general
comparison theory of HOD-pairs and a more general method for constructing HOD-pairs while
working inside the model N of Conjecture 4. Nevertheless, there are ideas for overcoming these
difficulties and I will work on implementing these ideas.

Other applications. The theory of HOD-mice that was developed for the proof of MSC
can be used to give partial answers to questions from [18]. First application is a partial answer
to Problem 17 of [18], which is the problem of the divergent models of AD. Suppose A,B ⊆ R
are such that L(A,R) ² AD, L(B,R) ² AD, but L(A,B,R) ² ¬AD. Then, L(A,R) and L(B,R)
are called divergent models of AD. Woodin showed that it is consistent relative to a Woodin
limit of Woodins that there are divergent models of AD. It is not hard to see that if L(A,R) and
L(B,R) are divergent models of AD and Γ = L(A,R)∩L(B,R)∩P(R) then L(Γ,R) ² AD and
Γ = P(R) ∩ L(Γ,R). Woodin also showed that L(Γ,R) ² ADR. Thus, the consistency strength
of the existence of divergent models of AD is between a Woodin limit of Woodins and ADR.
Problem 17 of [18] asks; what is the exact consistency strength of the existence of divergent
models of AD? If L(A,R) ² AD and L(B,R) ² AD are divergent models with common part Γ
then Γ is a full pointclass. Using this observation, I showed that if there are divergent models
of AD then there is a model of ADR + “θ is regular”.
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Theorem 6 ( [13]) Suppose L(A,R) and L(B,R) are divergent models of AD. Then there is
M such that M ² ADR + “θ is regular”.

The proof isn’t hard. Suppose not. Then, using Theorem 5, one can get (P , Σ) ∈ L(A,R)
and (Q, Λ) ∈ L(B,R) such that (P , Σ) and (Q, Λ) generate Γ. Then, using the following
comparison theorem from [13], one gets a contradiction.

Theorem 7 (Comparison of HOD-pairs, [13]) Suppose Mi ² AD+ + “there is no inner
model of ADR + “θ is regular” for i = 0, 1. Suppose (Pi, Σi) ∈ Mi are such that (P0, Σ0) and
(P1, Σ1) generate the same pointclass Γ ⊆ M0 ∩M1. There is then (P2, Σ2) such that P2 is a
Σ0-iterate of P0, P2 is a Σ1-iterate of P1 and Σ2 is the strategy induced by Σ0 and Σ1 (i.e. the
two induced strategies coincide).

Applying the theorem to (P , Σ) and (Q, Λ), one gets (R, Ψ) with the properties described in
Theorem 7. But now Ψ ∈ L(A,R) ∩ L(B,R), which is a contradiction because Ψ 6∈ Γ (because
(R, Ψ) generates Γ). Using the above mentioned result of Woodin, we then get the following
corollary;

Corollary 8 It is consistent relative to a Woodin limit of Woodins that there is a model of
ADR + “θ is regular”.

It is not difficult to get the converse of Woodin’s result from MSC and show that indeed,
the existence of divergent models of AD is equiconsistent with a Woodin limit of Woodins.
As mentioned above, Woodin already showed that the large cardinal axiom is enough to get
divergent models of AD. The other direction comes from the following theorem.

Theorem 9 ([13]) Suppose L(A,R) and L(B,R) are divergent models satisfying MSC and that
θ0 = θ in both of them. Then there is a proper class model with a Woodin limit of Woodins.

Woodin showed that the hypothesis of Theorem 9 without MSC is consistent relative to a
Woodin limit of Woodins. The proof of the theorem isn’t hard modulo what is known, but to
complete the real equiconsistency, which is that a Woodin limit of Woodins is equiconsistent
with the existence of divergent models of AD, one needs to prove MSC.

Corollary 8 significantly reduces the upper bound for the consistency strength of ADR + “θ
is regular”. The previously known upper bound for ADR + “θ is regular”, due to Woodin, was
a Woodin cardinal above a supercompcat cardinal. However, one would like to obtain a more
direct proof of Corollary 8, which doesn’t go through divergent models of AD which then can
be used to get better upper bounds for ADR + “θ is regular”. The theory of HOD-pairs can
be used here in a more direct fashion. For instance, I recently showed, answering a question of
Steel, that:

Theorem 10 ([13]) Suppose λ is a limit of Woodin cardinals and κ < λ is < λ-hyperstrong.
Let g ⊆ Coll(ω, λ) be generic. Then in V [g], there is a model of AD+ + θω1 < θ”
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Theorem 3 and Theorem 10 together imply the following corollary.

Corollary 11 (Sargsyan-Steel) AD+ + θω1+1 = θ is equiconsistent with ZFC + “there is a
cardinal λ such that λ is a limit of Woodins and there is a cardinal κ < λ such that κ is
< λ-hyperstrong”.

The proof of Theorem 10 uses ideas from Woodin’s derived model theorem and also the
theory of HOD-pairs. I am convinced that the following is true and can be obtained using the
same approach that gave the proof of Theorem 10;

Conjecture 5 ([13]) Suppose λ is a regular limit of Woodin cardinals, < λ-strongs and car-
dinals κ such that κ is < λ-strong and reflects the set of < λ-strongs. Let g ⊆ Coll(ω, λ) be
generic. Then, in V [g], there is an inner model of AD+ + “θ is regular”.

The proof of the conjecture should be via analyzing the structure of HOD-pairs that are
present in the universe under the hypothesis of the conjecture. The approach is that a cer-
tain full background construction producing HOD-pairs should correspond to a HOD-pair that
generates a full pointclass constituting a model of ADR + “θ is regular”. A more important
conjecture is the following;

Conjecture 6 Suppose M is the minimal sharp mouse with a Woodin limit of Woodins. Then
in the derived model of M, θ is regular.

Steel asked if θ is regular in the derived model of M, where M is as in Conjecture 6 (see
Problem 16 of [18] and also Question 5.5 of [5]). Proving Conjecture 5 and Conjecture 6 is part
of my future research objectives.

Pure descriptive set theory. I am also interested in questions of pure descriptive set
theory that can be answered using techniques from inner model theory. The general goal of
this area is to use inner model theory to investigate the universe under AD. In particular, one
of the motivating questions is whether one can completely analyze the cardinal structure of
L(R) under ADL(R) and perhaps, even redo Jackson’s analysis of projective cardinals (see [7]).
The first major advance made in this area was Steel’s proof that ADL(R) implies that in L(R)
all regular cardinals below θ are measurable (see [16]). I conjecture that the following must be
true but haven’t yet been able to prove it.

Conjecture 7 ADL(R) implies that, in L(R), all cardinals below θ are Jonsson.

One problem of this area that I worked on is the computation of the lengths of a2k+1(ω ×
n−Π1

1)(z) prewellorderings. Here a is the game quantifier. Given a set of reals A ⊆ R2, we let

aA = {x : I has a winning strategy in GAx
2 }.

2For a set of reals A, GA is the two player game on integers with payoff set A.
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ak for k ∈ ω is the kth iterate of the game quantifier. Thus, given a pointclass Γ, akΓ is
the pointclass given by

akΓ = {akA : A ∈ Γ}.
For a countable ordinal α, α−Π1

1(z) is the αth level of the difference hierarchy over Π1
1(z) (see

[8]). Let Mn for n ≥ 0 be the minimal proper class mouse with n Woodin cardinals. Thus,
M0 = L. Neeman, in [11], showed that A is ak(ω×n−Π1

1)(z) for k ≥ 1 iff there is a formula φ
and m < ω such that if sm = 〈u0, u1, ..., um〉 is the sequence of the first m uniform indiscernibles
then

A = {x : Mk−1(z, x) ² φ[x, z, sm]}
Given a real z, let A ∈ Γk

n(z) if there is a formula φ such that

x ∈ A ↔Mk−1(x, z) ² φ[x, z, sn]

We then let

Γ˜
k
n = ∪z∈RΓk

n(z)

and

Γ˜
k = ∪n∈ωΓ˜

k
n.

Hjorth, in [6], using ideas from inner model theory, computed the lengths of Γ˜
1 prewellorder-

ings and showed that their lengths are cofinal in κ1
3 = ℵω. He left the computation of Γ˜

2k+1

prewellorderings open for k > 0. I showed, using some ideas due to Steel, that

Theorem 12 The lengths of Γ˜
2k+1 prewellorderings are cofinal in κ1

2k+3, the predecessor of
δ1
2k+3.

Let ak
n = sup{|≤∗| :≤∗∈ Γ˜

k
n}. As part of proving Theorem 12, I showed that a2k+1

n is a
cardinal for all k and n and that supn<ω a2k+1

n = κ1
2k+3. It is a consequence of Hjorth’s com-

putations from [6] that un = a1
n+2. It is not hard to show, modulo known facts, that ak

0 = δ1
2k.

In an email communication, Jackson conjectured that cof(ak
n) = δ1

2k, but this is still open and
part of my future research objectives.

Forcing and large cardinals. In this area, I worked on questions surrounding the identity
crisis phenomenon. Magidor, in [9], showed that relative to a supercompact cardinal, it is
consistent that the first measurable cardinal is also the first strongly compact cardinal and
that it is consistent that the first strongly compact cardinal is the first supercompact cardinal,
and hence, strong compactness suffers from the identity crisis. My main result in this area is
a generalization of a theorem of Apter and Gitik and it answerers some questions of Apter.
Apter and Gitik showed that the first strongly compact cardinal can be the least measurable
and fully indestructible (see [2]). Apter asked if the same is possible for arbitrary finite number
of strongly compact cardinals and showed that the first two strongly compact cardinals can be
the first two measurable cardinals while the first one is fully indestructible and the second has
some indestructibility properties (see [1]). I showed the following.
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Theorem 13 ([14]) It is consistent relative to n supercompact cardinals that the first n-strongly
compact cardinals are the first n measurable cardinals while the first one is fully indestructible
and the rest are indestructible under Levy collapses.

There are other interesting forcing notions that are covered by Theorem 13. Essentially,
any forcing that doesn’t create measurable cardinals and preserves GCH and is sufficiently
closed cannot destroy the strong compactness of the strongly compact cardinals of the universe
constructed in Theorem 13. Another result along these lines is the following:

Theorem 14 ([14]) It is consistent relative to a proper class of supercompact cardinals that
there are proper class of strongly compact cardinals, all strongly compact cardinals and strong
cardinals coincide, and the strong compactness of any κ is fully indestructible under κ-directed
closed partial orderings that force GCH at κ.

I have also been interested in universal indestructibility introduced by Apter and Hamkins
in [3]. Universal partial indestructibility for strongness is the statement that whenever κ is
α-strong then it remains α-strong after forcing with any κ-directed closed, (κ,∞)-distributive
partial orderings. I, jointly with Apter, showed the following:

Theorem 15 (Apter-Sargsyan, [4]) Universal partial indestructibility for strongness in the
presence of a strong cardinal is equiconsistent with a hyperstrong cardinal.
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