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 FROM GALAXY TO GALAXY: MUSIC OF THE SPHERES 

By P J Stewart 

 

 

The cosmic music box 

 

Would intelligent beings in another galaxy use musical scales with the same mathematical 

basis as ours? If the philosopher Plato had known of galaxies, he would surely have answered 

yes. In his Timaeus he made creation start with the division of the World Soul in the ratios of a 

Greek scale, which then became the model for the movements of the stars and planets and 

everything else – the music of the spheres.   

 

A related question is whether the notes of an extra-terrestrial piano would come in twelves 

rather than, say, tens or sixteens.  The answer places irrational numbers at the heart of modern 

Western music, which would have horrified Plato.  His whole philosophy was based on the 

primacy of logos, which means both ‘reason’ and ‘ratio’.  With regard to music, he can be held 

responsible for what may be called the Whole-Number Dogma – the notion that only rational 

numbers (whole numbers and their ratios) give rise to musically significant intervals. 

 

Early humans banging sticks or tapping stalactites must have discovered very long ago that 

musical pitch depends partly on the length of the object that produces it. Bone flutes have 

provided evidence that this knowledge was being used empirically to make instruments many 

thousands of years ago. Chinese scientists knew perhaps 3000 years ago that certain whole-

number ratios between lengths (or rather, as we now know, between frequencies) produce 

special relationships between musical notes. When one object is twice as long as another, the 

ear hears the ‘same’ note on a different ‘level’. Conventionally the sound of the longer object is 

said to be ‘lower’ and the other ‘higher’, and the interval between them is an ‘octave’. The 

impression of sameness between notes one or more octaves apart explains why a musical 

keyboard has a repeating pattern. 

 

2/1 is not the only whole-number ratio that yields intervals heard as special. The ancient 

Chinese also knew that a succession of five strings or bamboo pipes with lengths varying 

alternately in ratios of 2/3 and 4/3 yielded the notes of their pentatonic scale (roughly the black 

notes on the piano). This fitted with their number mystique, according to which everything is 

compounded of yang, the bright, active and masculine principle, represented by 1, 3 and 5, and 

of yin, the dark, yielding and feminine principle, represented by 2 and 4. 

 

Pythagoras repeated the Chinese findings about 2500 years ago. Taking a bottom note or 

‘fundamental’ as the first note of a scale, the notes reached by intervals of 4/3 and 3/2 

respectively became the fourth and fifth notes of the ancient Greek scale. These were separated 

by an interval of 9/8 - a ‘tone’. There was room for a little more than two whole tones between 

the fundamental and the fourth and between the fifth and the octave above, so the second and 

third notes and the sixth and seventh were fitted into these gaps, leaving two smaller gaps or 

'lemmas' of 256/243. Counting up or down from any note taken as the first, the number of the 

nth note gave its name to the interval between them, the eighth being the octave.  The word 

‘tone’ is confusing, being used both for notes or pitches and for intervals or degrees.  For 

clarity, scales are characterized by the number of their degrees, e.g. the seven degrees between 

the eight notes or tones C-D-E-F-G-A-B-C’, (though this is also called a ‘seven-tone’ scale). 
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The Pythagorean third was two tones, or 81/64. The astronomer Ptolemy noted that this was 

just over 5/4, which could be reached by using a ‘minor tone’ of 10/9, instead of 9/8, for one of 

the two steps. Similarly he adjusted the sixth from 27/16 to 5/3. In consequence the 'lemma' 

was widened to a ‘semitone’ of 16/15. He found these simpler ratios more satisfying 

mathematically, but they made no appreciable difference musically as long as notes were just 

heard sequentially in melody. It was only when medieval Europeans started singing notes 

simultaneously in harmony that Ptolemy's thirds and sixths were found to sound better together 

– ‘concordant’. 

 

Besides the octave, 2/1, the essential concordant intervals are the third, fifth and sixth, with 

frequency ratios of 5/4, 3/2 and 5/3, together with their respective differences from an octave, 

the minor sixth, the fourth and the minor third, 8/5, 4/3 and 6/5.  Musical scales in very 

different cultures all over the world, some with only five notes, others with more than twenty, 

include these intervals, even where notes are not sounded together, which suggests that our ears 

and brains are innately attuned to them. 

 

When the keyboard appeared in the 1400s, its white keys represented the seven notes or pitches 

of a Western scale. Because there were two semitones in the sequence, when a new scale was 

started in a new key - on a note other than the original fundamental - one or more extra keys – 

the black ones - were needed above a white note (‘sharp’) or below (‘flat’) to give the necessary 

semitone difference with the neighbouring note.  Because the semitone is more than half a tone, 

there should ideally be separate sharps and flats, but most instrument makers made do with five 

black keys, giving a total of twelve. 

 

For centuries there was controversy over how to tune the pipes or strings controlled by the 

keyboard or the frets of a fingerboard. For a start, Ptolemy's two different sizes of tone caused 

problems and needed to be replaced by a compromise value. As for the sharps or flats, they 

could not be exactly right for some keys without being horribly wrong for others. The trouble is 

that adding intervals means multiplying frequency ratios, and whole-number powers of prime 

numbers such as 2, 3 and 5 can never exactly coincide.  No number of octaves is ever equal to 

any number of thirds, fifths or sixths.  A piano is mistuned so that three thirds or four minor 

thirds make an octave, which they can never do in reality.  The cosmic music box seems to 

have the wrong numbers of teeth on its cogs. 

 

In the search for better solutions, musicians over the past five centuries have experimented with 

keyboards that had more than 12 degrees to the octave – usually 19 or 31. However, keyboards 

built on these principles did not solve the tuning problem, and they proved to be more than 

human fingers could handle.   

 

 

Saved by the irrational 

 

Opposition to the Whole-Number Dogma had existed since ancient times. Aristoxenus, a pupil 

of Aristotle and Theophrastus, argued that we perceive certain intervals as special only because 

we have an organ, the ear, that responds to them. He was of course right, though without 

knowing the necessary physiology to prove it. The eye does not enable us to experience 

anything special in the relationship of colours whose wavelengths stand in whole-number ratio 
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to each other. It is to the ear that we owe the feeling that some musical intervals are special, 

though mathematics does play its part.  The ear does not hear anything special in very small 

ratios such as the comma, 81/80 – the ratio between a Pythagorean and a Ptolemaic third. 

 

Eventually, instrument tuners abandoned the attempt to tune the keyboard in whole-number 

ratios and turned to irrational solutions. ‘Equal temperament’ divided the octave into 12 equal 

intervals - in effect the 12th root of 2 - so that every key has the same amount of mistuning. 

This idea was first proposed in China in 1584 by Prince Zhu Zaiyu (Chu Tsai Yü), as a means 

of tuning ensembles of instruments, but it was eventually abandoned there because of ‘the 

violence done to numbers’.  It was put forward in Europe in 1608 by Simon Stevin (1548-

1620), a Dutch engineer and mathematician, who anticipated Galileo's work on gravitation, 

conceived the triangle of forces, established decimal notation and foretold the universal 

decimalization of weights, measures and coinage, finding time also to design sluices and 

ferries.  He may have found it independently, or it may have reached Europe through trade 

contacts. 

 

The system works because the powers of the 12th root of 2 include close approximations to the 

rational values of the concordant intervals: a very good fifth, with tolerable thirds and sixths - 

though how tolerable depends on the instrument; for example, they sound much better on the 

piano, where the sounds die away fast, than on the organ. Indeed the mistuning is part of the 

piano's character and its charm. The sharpness of the major third and sixth and the flatness of 

the minor third and sixth may contribute to the feeling that major keys are ‘bright’ and ‘happy’ 

and minor keys ‘dark’ and ‘sad’. 

 

Logarithms were invented soon after equal temperament, and the use of logarithmic units for 

intervals allows them to be combined by addition. The most widely used unit is the cent, ¢, 

which is 1/100 of a piano semitone or 1/1200 of the octave: log2(frequency ratio)x1200. The 

true third, fifth and sixth are 386.3¢, 702.0¢ and 884.4¢, respectively. The corresponding 

intervals in 12-degree equal temperament are 400¢, 700¢ and 900¢, the third and sixth being 

closer to their Pythagorean values (407.8¢ and 905.9¢). 

 

Dissatisfaction with the thirds and sixths of 12-degree equal temperament led people to 

experiment with other ways of dividing the octave. One of these was the Dutch polymath 

Christiaan Huygens (1629-95), better known as the inventor of the pendulum clock, the 

discover of Saturn's satellite Titan and a writer on optics. Part of the attraction of music theory 

for him was his belief that these were fundamental problems that would have to be solved by 

rational beings anywhere in the universe. In his speculative work on the inhabitants of other 

planets, (English 1698), he wrote that 'the laws of musick are unchangeably fixed by Nature,' 

and that 'the inhabitants of the planets may possibly have a greater insight into the theory of 

musick than has yet bin discovered among us.' He showed that 31-degree equal temperament, 

with degrees of 38.7¢, gave an excellent rendition of the concordant intervals. 

 

More adventurously, Nicolaus Mercator (1620-87), a Danish mathematician and astronomer, 

divided the octave into 53 degrees. This number had long ago been noticed by the Han Dynasty 

scholar Jing Fang (Ching Fang), who found that in a sequence of rising fifths and falling 

fourths, the 53rd note is almost exactly 5 octaves above the fundamental.  However, Mercator’s 

discovery was probably independent, since he arrived at the number in a different way, as will 

be described below. 
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19-degree equal temperament seems to have waited longer for its advocate, though it may have 

been used for 19-note keyboards before they were abandoned. It was explicitly proposed by 

Wesley Woolhouse in 1835. He was Head Assistant of the Nautical Almanach Establishment, 

an applied mathematician who wrote also on steam engines, on mortality in the Indian Army, 

on ‘the Christian, Hebrew and Mahometan calendars’ and on ‘the measures, weights and 

moneys of all nations’. He surmised that the 19-degree keyboard ‘would on account of its 

simplicity and easy adaptation to the construction of the instrument, be a useful improvement in 

the correctness of the harmony without infringing on its practicability as regards the performer’.  

  

The most theoretical of all theorists was Holford Bosanquet (1841 to 1912), Fellow of St 

John’s College Oxford, who devised a series of 13 theorems applicable to equally tempered 

scales of any number of degrees. His search for perfection extended to the division of the 

octave into as many as 612 degrees. This is perhaps not surprising in the brother of Bernard 

Bosanquet, a Platonist who wrote, for example: ‘By logic we understand, with Plato and Hegel, 

the supreme law or nature of experience, the impulse towards unity and coherence... by which 

every fragment yearns towards the whole to which it belongs and every self towards its 

completion in the Absolute’.  He had an organ built with 84 keys to the octave, tuned in the 53-

degree system.  It looked like a giant hedgehog.  George Bernard Shaw thought it sounded 

‘unpleasantly slimy’. 

 

These theorists still showed the influence of the Whole-Number Dogma.  Though working with 

irrational powers of 2, they divided the octave according to numbers derived from small 

rational intervals. The original basis for the 19-degree octave was the ‘greater diesis’, the ratio 

of four minor thirds to an octave or 1296/1250 (62.6¢), which is almost exactly 1/19 of an 

octave (63.2¢) and roughly a third of a tone and half of a semitone, making an octave of 

5x3+2x2=19 intervals.  The 31-degree scale came from the ‘lesser diesis’, the ratio of an octave 

to three thirds or 128/125 (41.1¢), which is about 1/5 of a tone (40.8¢) and 1/3 of a semitone 

(37.3¢), making an octave of 5x5+2x3=31 intervals.  

 

Mercator justified his choice of 53 by reference to the comma, the ratio of a Pythagorean to a 

Ptolemaic third, 81/80 (21.51¢). He calculated that there were about 55 commas to the octave 

but, when this gave disappointing results, he experimented with neighbouring numbers and hit 

on 53 ‘for better accommodation’, calling his unit (22.6¢) ‘the artificial comma’. Bosanquet 

chose 612 as the nearest multiple of 12 to 614.2, the number of schismas in an octave, (a 

schisma being the minute interval that divides five octaves from eight fifths plus a third - 

32805/32768 or 1.953¢). He could have called his unit (1.961¢) ‘the artificial schisma’.  

 

It is just a happy chance that these classical ratios inspired four of the best equal temperaments, 

though an even closer coincidence occurs in the fifth good way of dividing the octave, to be 

described below.  Actually the best approximations to the 19
th

, 31
st
, 53

rd
 and 612

th
 roots of two 

are given by other ratios, 28/27, 45/44, 77/76 and 883/882 respectively, but these were not 

noticed, not being derived from the concordant intervals. 

 

In the Twentieth Century, many 'serious' composers such as Schoenberg, seeing traditional 

harmony as a constraint on their freedom, wrote music that took no account of the specialness 

of the concordant intervals. However, popular music remained within the Western tradition, 

and its world-wide spread, together with instruments such as the piano, accordion and guitar, 
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brought universal familiarity with the harmonies of 12-degree equal temperament. 

 

 

Ratio's Revenge 

 

As regards alternative forms of equal temperament, the twentieth century brought nothing new. 

A theorist called Joseph Yasser designed a 19-degree keyboard, on which our white keys 

became 7 black keys.  With 13 white keys to the octave it would have needed the hands of a 

giant.  A 31-degree organ was built and briefly used, but there seemed no practical way of 

introducing new systems in face of the global triumph of 12 degrees. The irony is that hundreds 

of years of theory and experiment petered out just when new possibilities were opened up by 

the computer, which dispenses with the need for new designs of instrument and skilled 

performers, since these can be replaced by virtual performers on virtual instruments. Nor is 

there any need for specialist composers, for the computer allows anyone to experiment without 

years of study. All that is needed is a keyboard to provide the input, and appropriate software to 

process it. 

 

       
Fig. 1:  Combined mistuning of the concordant intervals, in cents, for n=10 to 60. 

 

There are two reasons to divide the octave into more than 12 equal degrees: to get closer to true 

thirds and sixths without losing good fifths, and to allow division of the semitone. The first 

would bring back pure harmonies little heard since the Renaissance. The second would open 

the possibility of imitating the small intervals that give so much oriental music its character. 

Conservatism has so far ensured that only the 12-degree keyboard has been used with the 

computer, dividing the octave into multiples of 12. However, 72 is the smallest such number 

that does (slightly) better overall than 34.  In any case, once 12 keys no longer represent an 

octave, the pattern of black and white notes loses its rationale. On traditional instruments, each 
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key plays a fixed pitch, and performers have to learn different patterns of white and black keys 

in order to start scales on different notes. For our little hands, that would evidently be very 

difficult with 34 degrees, but the same effect could be achieved by using software to shift all 

the pitches simultaneously to new levels. 

 

Before fixing on an alternative keyboard, it is necessary to be sure that all the possibilities have 

been examined. Figure 1 shows the results of a systematic search. For every number of degrees 

per octave, n, from 10 to 60, this shows the sum of the mistunings of third, fifth and sixth, 

expressed in cents. It is clear that within this range only five ‘magic numbers’ render the overall 

mistuning progressively smaller: 12, 19, 31, 34 and 53. They stand out even if the values are 

weighted to represent the extent to which the ear tolerates departures from the rational values, 

for example assigning to the fifth twice the weight of the third and three times that of the sixth. 

Four of these equal temperaments have been discussed above. The remaining one, of 34 

degrees, is a recent discovery.  This sequence of numbers seems arbitrary, though it is 

noticeable that two of them are the sums of pairs of others: 31=12+19 and 53=34+19. 

 

 
Fig. 2:  Mistuning of the concordant intervals, in degrees, for n=0 to 120. 
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The explanation for these magic numbers lies in periodic variation in the closeness with which 

successive numbers of degrees reproduce true thirds, fifths and sixths.  The values of these 

intervals, expressed as the logarithm to base 2 of the frequency ratio, are respectively 

0.32193…, 0.58496…, and 0.73697…. These are the values that must be approximated by 

fractions in which the number of degrees (notes or keys) in the interval, d, is numerator, and the 

number of degrees in the octave, n, is denominator.  For example the piano represents the fifth 

as the seventh of twelve degrees, or 7/12=0.58333 of an octave, very close to 0.58496.  In 

effect, whole-number ratios must be used to approach the irrational logarithms of whole-

number ratios – enough to placate Plato?! 

 

Good approximations come cyclically, as seen in figure 2.  For example the third, 0.32193..., is 

close to 1/3 and further from 1/4, so there is a new close approach every time n increases by 3, 

periodically 4. This first order of increments generates a second-order cycle with particularly 

close approaches at 3+3+3+3+4+3+3+3+3[+3]=28 [or 31]; with 9/28=0.32143... and with 

10/31=0.32258.... Similarly, the fifth, 0.58496..., is between 3/5 and 4/7 and is still more nearly 

7/12, so it is approached with alternate increments in n of 5 and 2, with second-order cycles of 

4x12+5=53. The sixth, 0.73697..., is close to 3/4 and further from 2/3, giving approaches with 

every increment of 4, periodically 3, in a second-order cycle of 4+4+3+4+4=19. The second-

order series of denominators add up to third-order series, and so on ad infinitum, in a process 

that can reach any desired degree of approximation. 

 

The magic numbers occur where the three cycles most nearly coincide. For example, 34 

combines 31+3 in the thirds, 12x2+5+5 in the fifths and 19x2-4 in the sixths. There is an 

infinite succession of ever closer approximations, forming higher-order cycles: 2x53+12=118, 

4x118-31=441, 12x53-2x12=612... The smallest number on which all three second-order 

cycles end almost exactly together is 5x612+12=4296 (the completed answer to Life, the 

Universe and Everything?!). Fortunately, the human ear can barely detect finer discrimination 

than is given by n=53, so any higher numbers are of purely theoretical interest. 

 

Closeness of fit in cents, which is what matters for the ear, depends on the size of a degree, 

which is 1200¢/n. Table 1 compares the mistuning of the concordant intervals for the five 

‘magic’ numbers (positive=sharp; negative=flat). 19 degrees give the best sixths and good 

thirds, but fifths that are only just tolerable. 31 degrees give the best thirds and good sixths, and 

fifths better than with 19 degrees. In terms of ‘Olympic medals’, 53 gets a gold (bold italic) and 

two silvers (bold), 19 and 31 win a gold each and 12 a silver, but 34 is an excellent triathlon 

performer with all three bronzes (italic). 

 

 True n=12 mis. n=19 mis. n=31 mis. n=34 mis. n=53 mis. 

Third 386.3  400 +13.7 378.9  +7.4 387.1 +0.8 388.2 +1.9 384.9 -1.4 

Fifth 702.0 700  -1.95 694.7  -7.2 696.8 -5.2 705.9 +3.9 701.9 -0.1 

Sixth 884.4  900 +15.6 884.2  -0.2 890.3 +6.0 882.4 -2.0 883.0 -1.3 

(abs)     31.3  14.7   11.9      7.9      2.8 

 

Table 1:  Value in cents of the concordant intervals compared with true values. 

 

The reason the piano has 12 notes is that it is the smallest number that gives equal temperament  

with tolerable approximations of the concordant intervals. If we had enough fingers we could 
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have gone for a higher number.  Given that 19 degrees offer such poor fifths and that 53 is an 

excessively large number, 34 is the best solution after 12. With only three more degrees than 

31, it reduces the overall mistuning more than the previous increase of 12.  34 is interesting 

also in that it is the smallest number of degrees that distinguishes minor from major tones.  An 

interval of two degrees, 70.59¢, almost exactly coincides with the true difference between a 

major and minor third or sixth, 25/24 or 70.67¢, making for excellent sharps and flats in the 

minor tones.  (With 53, three degrees equal 67.9¢).  Figure 3 shows one octave from a design 

for a 34-degree keyboard, to be used as a computer input device. 

 

      
Fig. 3:  A 34-degree keyboard.  Red=sharpish; yellow=sharp; violet=flattish; blue=flat; 

green=flat/sharp in major tones. 

 

If intelligent beings anywhere in the Universe have frequency detectors that work like our ears, 

they should sooner or later discover the magic numbers discussed here. They provide the best 

solutions to the problems posed by the cogwheels of the cosmic music box.  Somewhere out 

there in another galaxy, ‘right now’, in a relativistic sense, a many-fingered being may be 

strumming on 34 keys. 
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